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Abstract The aim of this paper is to shbe tisefulness the discrete spectral analysis in
identification cyclical fluctuations. The subsammgliprocedure was applied to construct the
asymptotically consistent test for Fourier coeéfiti and frequency significance. The case of
monthly production in industry in European courgrgthirty countries) was considered. Using
proposed approach the frequencies concerning lssfuetuations, seasonal fluctuations and
trading-day effects fluctuations were recognizedansidered data sets. The comparison with
existing procedures was shown.
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Introduction

The main part of monthly or quarterly macroeconotime series con-
cerning industry, trade, service, national accquoriges, etc. exhibit both:
seasonal fluctuations and business cycle fluctnatibhe problem of analys-
ing these cyclical fluctuations is widely considkri@ the literature using
different statistical tools. One popular nonparaioedpproach is based on
a spectral analysis.
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28 tukasz Lenart

The spectral analysis of macroeconomic time sésiesnsidered mainly
in continuous counterpart (see Ftiti, 2010; Me2Q2 Orlov, 2006; Orlov,
2009; Pakko, 2004; McAdam and Mestre, 2008; UebetE Ritschl, 2009).
Under stationarity assumption the continuous fumctalledspectral den-
sity functionis defined. Based on spectral density functiord (e defini-
tion of harmonizable time series) the popular gpéatharacteristics are
defined: modulus of coherency function, dynamiaelation, dynamic cor-
relation on a frequency band, cohesion, cohesitiirwthe frequency band,
phase shift (see Priestley, 1981; Hamilton, 1994u&, 2001 for more de-
tails). These measures are broadly used in anglysebusiness cycle fluc-
tuations. They are estimated under fundamentahgstson that time series
is zero mean. But this assumption is not suppdriedny formal statistical
test in most empirical macroeconomic real datayaisl

In this paper the more general assumption is ftated concerning non-
trivial mean function. This general assumption wassidered in Lenart,
2011; Lenart and Pipie 2013a; Lenart and Pigie 2013b (in univariate
case) and recently in Lenart and Pipi@015 (in multivariate case) with
application to macroeconomic time series. In trapgy we show that the
parameters of the discrete spectrum can be ideshtifot only with the sea-
sonal and business cycle fluctuations but additiprveith the trading-day
effect.

In the section 2, based on Lenart and Rip@013a and Lenart and
Pipiea, 2015 the model was formulated and illustrativaragle was pre-
sented. In the next part the empirical analysis prasented. The production
in industry — monthly data (mining and quarryingamafacturing; electric-
ity, gas, steam and air conditioning supply) froein F2000 to Dec. 2014 was
considered. In the first subsection the graphicatthomds to iden-
tify/recognize the frequency (concerning to businflactuations, seasonal
fluctuations and trading-day effect fluctuationgsipresented. Such graphi-
cal methods to identify 'periodic phenomena’ in thgocovariance function
in class of Almost Periodically Correlated time isgrwere presented in
Hurd and Gerr, 1991 and recently in Lenart, 20libhalfy in the second
subsection formal statistical test for frequenangicance was applied to
data sets.

1. Model specification

Let Y, be macroeconomic time series (index, gross daiti) possible:
seasonal fluctuations with periol, business fluctuations and trading-day
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fluctuations. Let us denote the natural Iogaritf(n:EIn(Yt). Based on Le-
nart and Pipig, 2013a we assume that

E(Y) = f (t.A)+u(), (1)
where u(t) is almost periodic function (ap in short) of therm

u(t) =D mw)e”, where

Yow

n-oo

M) = lim = > p(he

We assume that the set of frequendiés {¢/ 0[0,2n7):Imy¢ [ )|HDinite
and unknown. This set¥ can be decompose in natural way via:
Y=y 0W,0¥,, where ¥, corresponds to business fluctuations,

W, O0{2kAT,k=0,1T -1} corresponds to seasonal fluctuations &adis

a set of remaining frequencies (corresponding terattion between sea-
sonal and business fluctuations and frequenciesgmonding to trading-day
effects). Equivalently, the model (1) can be writtéa:

E(Y) = f(t.8)+ M) + (), )
where g4 (t) is a periodic function with period which represents the sea-

sonal fluctuations angy,(t) = Z m(@)e” . The function z4(t) can be
Yo\,

equivalently represented by the vector (sequenceseasonal values)
W=ty phr ] aNd pir = =y + fly + ...+ iy ).
The sequenceX; =\7t —\Z_l represents the monthly log growth rate. If
f (t, B) is a polynomial of order one then

E(X,) = (1) + (1), (3)
where £ (t) = 44 (t) - 4, (t =1) is periodic function that corresponds to sea-

sonal pattern and,(t) = i, (t) — 4, (t-1) = z m(y)e'¥ . The sequence
Yo\,

X' =\?; —\-(:_1 represents the annual log growth ratef It B( js ) polyno-
mial of order one then

E(X%)= 1 (1), 3)
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where [7', (1) = () = 1 (t =12)= " W (@)e* . In future work we as-

Yo\,
sume that the autocovariance function of the tireges {X,:t0Z} (or
{X',:t02Z}) is a periodic function with the same periodThis is a natural
generalization of the assumption concerning seavddr stationarity. This
assumption follows from the natural hypothesis ttwat monthly data at
some months the variability can be higher thannatter month. With no
loss of generality we assume that exists natorakuch thatn=ms. Then
the time serie¢ X, :t0Z} can be represented as a second order statidnary
-valued time series with almost periodic mean fiomctMore precisely the
time seriesY; = [ X, 11)s X2+(t—1)s"'xts]T is T values second order station-

ary time series with almost periodic mean functidhis mean function can
be decomposed (in natural way) to two main pansiopic function (that

corresponds to seasonal frequenciés and almost periodic function (that
corresponds to frequencigsd W;)

The natural estimator ofy, (k=1,2,..T-1) based on sample
{X1, X,,..., X} wheren=mT has the following form

N 18
Hin = _zxk+(j—1)T' 4)
m4

The estimatorfi, = [f4, fo .- fr,] IS asymptotically normally distrib-

uted with known variance covariance matrix.
Theorem 2.1 Assume that there exist constaidtss0, A< and K <o
such that

a) supg, Xl s< A,

w 0
b)Y (k) <K.
k=0
Then

M, - p) = N, (0.5) (5)

Proof. The proof can be found in the Appendix.
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The problemy OW is equivalent tojm ¢ Y|=0(or |m'¢ )|E0). The
natural estimator of Fourier coefficient based amgle X, X,,..., X, has
the following form:

W)= 1Y xe™ 6)

This estimator is asymptotically normally distribdt(see Lenart and Pigie
2013a). The frequencies from the $t W, are estimated in nonparametric
way using procedure introduced in Lenart and Rip2®13a. This procedure
is based on subsampling approach applied for (ataetry) almost peri-
odically correlated time series (for more detaéde $0 Lenart, 2013; Lenart
and Pipi&, 2013a). Note that using similar technique thebfgnm of testing
seasonality effect (in nonparametric framework) niacroeconomic time
series was considered in Lenart and RipR013b. The multivariate case of
the model (1) was considered in Lenart and Ripg®15, where the testing
procedure for common length of the business cyas wonsidered in se-
lected European countries.

To show the impact of frequencies from thes:sét,, W,, ¥, to the
dynamic of time series we consider the followirigstrative example.
Example 2.1 Let us consider time seri§¢X, :t[0Z} of the form:

X, = Y m@)e” +n, 7
Yow
u(t)
where {n,:t0Z} is zero mean time series with finite variance oteger
line. It is assumed (in this example) that the @#red time series is not
necessary second order stationary. To explainnipadt of the frequencies
from the sets:¥,, W,, W, (under decompositio® =¥, +¥, +¥,;) we
consider four cases (T1-T4):
T1 ¥,=0,¥,=0, ¥Y,={2kn12:k=1,2,..,5}, with n, =0.95,_, +¢&
, Where{¢, :t0Z} is gaussian white noise with zero mean and vagianc

equal one. In this case only seasonal pattern (pettod T =12) is
present in mean function.
T2 ¥, ={0.15}, W, =0, W,={2kr12:k=1,2,..,5}, with

n, =(0.95—O.5|sin(%) D7, + &, where{g, :t0Z} is gaussian white

noise with zero mean and variance equal one. B dhse considered
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time series has periodic autocovariance functioth \weriod equal to
12 and seasonal pattern (in mean function) with leraftthe season
equal12. In the mean function we put additional frequelegual to
0.15) that corresponds to cyclical fluctuationshwgeriod approx. to
3.5 years.

T3 ¥ =0, WY,={273+0.1}, W,={2kn12:k=1,2,..,5}, with
n, =-0.67,_, + &, where{g, :t0Z} is gaussian white noise with zero
mean and variance equal one. In this case theiaualitfrequency
2713+ 0.1 was put in mean function.

T4 W ={0.15}, W,={273+0.1}, W,={2kn12:k=1,2,..,5}, with
n,=0.57,+¢&, where{¢ :t0Z} is gaussian white noise with zero
mean and variance equal one. In this case we amiid case where
both set:¥, and W, are not empty.
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Figure 1. The realizations §f}, :t (1 Z} for considered cases, =180
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Figure 3. The estimated magnitude of Fourier trams$ |m, ()| for considered
casesy [0, 71]
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In all cases we clearly observe peaks at seasfmguencies
{2kn12:k=1,2,...,5} (see Figure 3). Note that the Fourier coefficiaht

frequency 71 equals zero. In the case T1 considered time serisscond
order stationary and the peak close to zero caoredpto second order
properties of considered time series. In the c&earid T4 the peak at fre-

quency 0.15 is observed while the frequency from set W, (273+0.1)
can be recognized easily only in the case T4.

2. Empirical analysis

We consider production in industry — monthly dataning and quarry-
ing; manufacturing; electricity, gas, steam andcainditioning supply) from
Feb 2000 to Dec 2014. We consider monthly and dnraia of change
(gross data and data adjusted by working days).prbéuction in industry
for thirty countries were considered (with ordimaimbers): Belgium (1);
Bulgaria (2); Czech Republic (3); Denmark (4); Gary (5); Estonia (6);
Greece (7); Spain (8); France (9); Croatia(10)ylIfa1); Cyprus (12); Lat-
via (13); Lithuania (14); Luxembourg (15); Hungdfy); Malta (17); Neth-
erlands (18); Austria (19); Poland (20); Portugdl)( Romania (22); Slove
nia (23); Slovakia (24); Finland (25); Sweden (28)iited Kingdom (27);
Norway (28); Former Yugoslav Republic of Macedoi(2®); Serbia (30);

2.1. Graphical methods for frequency identification

In this section we introduce two graphical methfdsual methods) for
recognise cyclical fluctuations. The first methedased directly on observ-
ing the estimates of magnitude of Fourier coeffitigm(y )| (as a function
of frequency). In this graphical method we try ézagnise maximum local
values (peaks). The second method is based on dmedd. In this method
we consider only the m-0-m change cantered at gamith by appropriate
estimatesfs, , of seasonal coefficient, . The aim of this method is to rec-

ognize any cyclical fluctuations around estimaigs .

In the first step we consider monthly rate of dergross data — data
not adjusted by working days). For each considesmhomies the test pre-
sented in Lenart and Pipie2013b reject the null hypothesis concerning
empty set of seasonal frequenci¥s. In this case the estimated magnitude
of Fourier coefficients (fory [0, 77 ) clearly support the existence of the

peaks at seasonal frequencies (see Figure 8). ddlest frequencies that
correspond to business cycle fluctuations are heéwved jointly for consi-
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dered countries. But the additional frequency thelongs to the se®; is

clearly observed. This frequency is approx.2d9 and is connected with
trading-day effect in considered data. This freqyeis a main theoretical
frequency associated with a monthly trading-dagatf{see Ladiray, 2012,
page 262). The peak at this frequency is obsereedlimost all considered
data sets also in the case of annual rate of chiaegeFigure 10). When the
estimates of Fourier coefficieftn, ()| are considered for data adjusted by

working days (monthly and annual rate of change) gbaks at frequency
approx.2.19 are not observed.

Belgium Bulgaria Czech Republic Denmarl k German, v

00 03 05 03 13 16 19 22 25 28 31
Portugal
00 03 05 03 a

0305 05 13 15 19 22 25 28
Sweden
00 03 06 0 13 16 19 22 25 28 31

Figure 8. The estimated magnitude of Fourier trams$ | M, ()| for m-o-m data
— not adjusted by working day#g, (0[O0, 71]

Using second graphical method, the trading-dagcefis clearly ob-
served. The Figure 4 and 5 presents the resulteeain subtraction sepa-
rately at each different month. Obtained resuleady show the common
fluctuations (around their estimates) for almostheeountries. Note that the
phase of this fluctuations (above or below meafigidi in different consecu-
tive month at the same year (compare for examplel Agth May in the
same years). Therefore, such fluctuation seemsande the effected by
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business cycles. Finally, these fluctuations ateobeerved for the data after
working day adjustment (see Figure 6 and 7).

Belgium Bulgaria Czech Republic Denmark Germany (until 1990 former

territory of the FRG)

Estonia Greece
Croatia Cyprus Lithuania
Mﬁmw MJLJLM fwmm
Luxembourg Malta Austria
Poland Romania Slovenia Slovakia
Finland United Kingdom Norway Former Yugoslav Republic of

Flgure 9. The estimated magnltude of Fourier trams$ |r’r11(l//)| for m-o-m data
— adjusted by working dayg/ ([0, 71]

2.2. Testing for frequency significance

In this part we consider formal statistical totsdetect significant fre-
guencies in mean function for considered data $#ts.use nonparametric
test presented in Lenart, 2013; Lenart and Rji#2813a and we compare our
results with parametric estimates obtained by sled@ontraction method
(CM in short) introduced by Li and Song, 2002. Bhsm Lenart, 2013;
Lenart and Pipi 2013a we consider the following testing problem:

Hy: ¢DY @)
H: ¢OW
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with the test statistics/n |Mm,@)| and critical values of the test calculated

by subsampling approach (we take 2.5Jﬁ). Based on the test (8) and
estimation procedure proposed in Lenart, 2013 ¢hefsfrequency was es-
timated. In our analysis we consider both: grods dad data adjusted by
working days for both m-o-m and y-o-y case.

To compare our results we use parametric CM. ik ¢hse the number
of iterations is 100 on the interval fD, (ith the resolution equal to 300).

The bandwidth parameters arg; =096 for m< 20,7, =098 for m<40,
n, =099 for m<60,7, =0995 for m<80.

Belgium Bulgaria Czech Republic Denmarl k Germany

Estonia ece ince roatia
Italy rus ia ia

Hungary Malta wustria

Portugal i a inlan

Figure 10. The estimated magnitude of Fourier faanss | M, ()| for y-o-y data —
not adjusted by working dayg/ (1[0, 71]

In the case of m-0-m data sets method based @asydling procedure
clearly confirm the existence of seasonal frequenéor data not adjusted
and adjusted by working days (see Figure 12 (a)-{p)he case of data not
adjusted by working days the significant frequeapprox. 2.19 is observed
for most considered countries, while in the casdaté adjusted by working

days this frequency is clearly not significant oonsidered significance
level. In the case of y-o0-y data sets not adjubtediorking days the method

DyNAMIC ECONOMETRIC MODELS 15 (2015) 27-47
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based on subsampling procedure also confirm thefisignce of frequency
approx. 2.19 for most considered countries (se@r€id2 (c)—(d)). In the
case of data adjusted by working days the frequeppyox. 2.19 is clearly
not significant (under considered significance lgve

Belgium Bulgaria Czech Republic Denmarl k Germany

M /\A\/M\ ﬂV |

s

Hungary Malta Netherlands

Figure 11. The estimated magnitude of Fourier faanss |M, (/)| for y-o-y data —
adjusted by working days/ ([0, 71]

The procedure proposed by Li and Song, 2002 giiraflar results for
frequency approx. 2.19. But for the frequency tt@responds to business
cycle fluctuations the CM gives different resuits gomparison with method
based on subsampling). In the case of CM for almbistountries the fre-
guencies that correspond to business cycle fluohsare included in esti-
mated set. It should be emphasized that in the alasebsampling the non-
parametric test is applied — based on resampliageolure, while in the case
of CM the only estimation procedure (based on patdmmodel) is used
without any test procedure (see estimation proeduti and Song, 2002).
Therefore Figure 12 a)-d) presents results ofriggtrocedure while e)—f)
only results of the estimation procedure.
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(c) subsampling for y-0-y data, not ad- (d) subsampling for y-o-y data, adjusted
justed by working days by working days
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(e) CM for y-0-y, data not adjusted by (f) CM for y-0-y, data adjusted by work-
working days ing days

Figure 12. (a)—(d) Estimated frequency sets (détsyizontal axis — estimated fre-
guency; Vertical axis — the ordinal number of cdaséd country. (a)—(d)
— nonparametric approach based on subsampling oatigy introduced
in Lenart, 2013; (e)—(f) CM introduced by Li andrfgp 2002
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Conclusions

The discrete spectral analysis can be useful suppitary analysis to
usual spectral analysis based on continuous spectPuesented methods
(graphical and formal statistical test) are uséfutecognizing frequencies
that corresponds to business fluctuations, seadmmaliations and trading-
day effects. One of the main open problems is mdbrstatistical test for
trading-day effect. Corresponding test for businfsstuations was intro-
duced in Lenart and Pigie2013a and in Lenart and Pipje2013b for sea-
sonal pattern. Note that in the literature theypaipso-calledsisual test(see
Ladiary, 2012) for trading-day frequencies playsatral role.

Appendix

Proof of the Theorem 2.We start from auxiliary Lemma.
Lemma A.1 If assumptions of the Theorem 2.1 holénthfor any

K.k, {1,2,.... T =1} the limit

] 1 m m
lim E[EZZ(ka(jl—l)T = i )(Kiagjyay _:Ukz)} 9)

m- oo ]-1:]_]-221

exists and it's finite.

Proof of the Lemma\otice that

1 m m
E[_zz(xkﬁil—lﬁ _lukl)(xk2+(j2—1)T _:Ukz)}

j1:lj2:l

1 m m
m ZZCO\’(Xkl+( T Xk2+( j2—1)T) (10)
PETE]

f 1—m cov(X, , X )
= m kll k2+rT

Using now Theorem 3, page 9 form Doukhan, 1994 wt igequality
o

|cov(Xk1, szﬂT ) 8A2a§5(| k, —k, +7T |). Since (10) is a Feyer's sum at a

point X, =0 the limit for m - c exists. This finish the proof of the
Lemma.
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We use the same technigque as presented in L&tdr8 in proof of
Theorem 2.1. Let us consider the decomposition:

Jm@@, - p) = Vm(ii, - E@i,)) + Vm(E(@,) - p).

n(n) rp()

Using the same arguments it is sufficient to skimevconvergence:

L) S Np4(0,.9) (11)
and
,(n) - 0. (12)

To show (11) it is enough to use the Cramér-Woldiake Theorem 3.3.1
from Guyon, 1995 and Lemma 5.1. To prove (12) mofibat for any
k=1,2...,T -1 we have

- 18
Jm |E(Un) =t | = \/EEZE(XH(]—DT) — My

j=

1 RS-~ .
= k+(j-1)T
Jﬁ%?“*“ T)
1 | & _ . -
= m()e < a-um
T2,
1 ~ 2 1
Sﬁzpu;w m(l//)l_em i O[ EJ -
2

This completes the proof.
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Analiza spektrum dyskretnego na przyktadzie produkciji
przemystowej w wybranych krajach europejskich

Zarys tréci. Artykut przedstawia analizspectrum dyskretnego dla produkcji przemy-
stowej wybranych gospodarek europejskich. Analg@gldano dane o egtotliwosci mie-
siccznej. Przyjto zalozenie o prawie okresowej postaci funkcji wadiooczekiwanej wokot
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dtugookresowej tendencji rozwojowej. W artykule gugtawiono dwie metody graficzne
identyfikacji waha cyklicznych (koniunkturalnych, sezonowych oraz wajgcych z r@nej
liczby dni roboczych w miegtu). Pierwsza z nich bazuje na identyfikacji najsaych war-
tosci estymatora wspétczynnika Fouriera, jako funkaggstotliwosci. Metoda ta mze by
stosowana dla miegiznej oraz rocznej stopy wzrostu. Druga metodaigma® mae by
zastosowana jedynie dla migsinej stopy wzrostu. Bazuje ona na graficznej tigféciji
waha cyklicznych w danych po ogjiu od nich wartéci estymatora wspotczynnikdw sezo-
nowych. W kolejnej ogci artykutu przedstawiono wyniki formalnego tesstoindgci czesto-
tliwosci w oparciu o prace: Lenart, 2013 oraz Lenart ¢tgmen, 2013a. Warto zaznaozyiz
test ten pozwolit na formalne zidentyfikowanie¢stotliwoici korespondujcej do waha
zwigzanych z elektem ediej liczby dni roboczych w kolejnych migsach roku.

Stowa kluczowe: analiza spectrum dysiggo, funkcja prawie okresowa, identyfika-
cja czstotliwosci, test graficzny.
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