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ON SPECTRAL CONVERGENCE
FOR SOME PARABOLIC PROBLEMS
WITH LOCALLY LARGE DIFFUSION

MARIA C. CARBINATTO — KRzYSZTOF P. RYBAKOWSKI

ABSTRACT. In this paper, which is a sequel to [1], we extend the spectral
convergence result from [5] to a larger class of singularly perturbed families
of scalar linear differential operators. This also extends the Conley index
continuation principles from [1].

1. Introduction

In the important paper [5], Carvalho and Pereira approached a problem
previously considered by Fusco [6] from the point of view of spectral conver-
gence. Specifically, they considered a family of linear differential operators
u +— —(asuy), on the interval |0, 1] with boundary conditions

u— (1 —plasu, =0, x=0,
(S.) P ( p)asty

ou+ (1 —o)au, =0, x==1,
and made the following

AssumpTION 1.1. n € N, g9 € ]0,00], (&) ecn.np> (j)jco.m)> (05)jc0..n]
are sequences of positive constants and (1});e(o..n], (0})je[0..n) are sequences of

positive functions defined on ]0, e[ such that I3(e) > I; and b (e) > b; for j €
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[0..n] and € € ]0, o[ and for some ¢ € |0, 1[ and all j € [0..n], I;(¢) —1; = O(e9)
and b’;(¢) — b = O(e?) as ¢ — 0.

(ac)ee)o,20] is a family of positive C? functions defined on [0, 1] and () je[o..n]
is a strictly increasing sequence in [0, 1] with z¢ = 0 with z,, = 1 and such that
for each j € [1..n)]

o

as(x) > L, for xj_q —|—5l;-71 <z<uz;— sl;-,
€

ac(z) > ebj, for x; — el; <z<zj+ sl;,

IN

/
eb;, forx; —el; <x<xj+el;.

ae(x) ’

Here x¢ — ely = x9 —elp =0 and z,, + &ll, = x,, + l, = 1.

(Note that Carvalho and Pereira write v instead of e and (a;);e[0..n) and
(a%)jef0..m) instead of (bj);cjo..n) and (b’)je(o..n], Tespectively.)

The above differential operator generates, for e € ]0, &g, a linear operator A,
in L%(0, 1) which has a simple spectrum (A )i, Ai.e < Ai41,, and corresponding
appropriately normalized eigenfunctions (¢;);. The authors proved the exis-
tence of a linear operator Ag on R™ which has simple spectrum (A;0)ie[1..n]5 Ai,0 <
Ai+1,0, and corresponding appropriately normalized eigenvectors (¢;,0)ie1..,,) Such
that, for e — 0, A\ — Ao for [ € [1..n] and A\ . — oo for [ > n. Moreover,
for [ € [1..n], in some sense, ¢; . — @10 as € — 0. Cf [5, Lemma 3.1 and
Theorem 3.5] for the precise statement of these results.

As remarked in [5], the above results continue to hold, with some modifica-
tions and essentially the same proofs if, in the above hypothesis, we remove the
‘wells’ close to the boundary points.

Some impressive spectral convergence results were also obtained in the pa-
pers [2] and [4]. In [2] Carvalho extends some of the spectral convergence results
from [5] to rectangular domains in R? and to domains whose intersection with
a vertical strip in R? is a rectangle. Moreover, he also discusses, for the Neumann
case without wells and n = 2, an extension of Assumption 1.1 under which the
spectral convergence result from [5] continues to hold, cf. Section 4.

In the paper [4], Carvalho and Cuminato prove a spectral convergence result
for genuinely higher dimensional domains which are composed of a finite number
of subdomains (cells) and their boundaries (membranes). Here, diffusion is large
in the cells and small on the membranes.

In the above papers the spectral convergence results are used to obtain infor-
mation on asymptotic dynamics for a corresponding family of semilinear para-
bolic equations with dissipative nonlinearities. In particular, existence and upper
semicontinuity of attractors as well as structural stability results, as ¢ — 0, are
established.

In the interesting recent paper [3], a general functional analytic framework
is developed for the study of singularly perturbed semilinear parabolic equations
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with finite dimensional limit problem using invariant manifold techniques. That
paper also contains various practical examples.
In the recent paper [1] we considered the abstract parabolic problem

(1.1) u=—Au+ fe(u)
on H'(0,1) and a corresponding limit problem
(1.2) 2= —Apz+ fo(2)

on R™. Here, A, € € ]0,¢0[, and Ay are as above while f., e € ]0,e0[, and
fo are Nemitski operators generated by nonlinearities satisfying an appropriate
condition [1, Assumption 4.2]. Let us note that no dissipativeness conditions on
the nonlinearities are imposed.

Using the spectral convergence theorem from [5] together with some nonlin-
ear convergence and compactness results we proved singular Conley index and
homology index braid continuation principles for the families of local semiflows
generated by (1.1) and (1.2), cf. [1, Theorem 4.5].

In this paper we introduce a linear hypothesis, Assumption 2.1 (respectively,
Assumption 4.1), which is more general than the hypothesis from [5] (respec-
tively, the condition discussed in [2]), cf. Sections 2 and 4.

It turns out that a spectral convergence result can be proved under this
more general assumption, cf. Theorem 2.6 (resp. Theorem 4.2), extending the
corresponding results from [5] (resp. [2]).

Now, using Theorem 2.6 (resp. Theorem 4.2) instead of results from [5], we
extend, in Section 5, the Conley index continuation principles from [1] to the
present more general situation, c¢f Theorem 5.3 (resp. Remark 5.4).

In this paper, m is the one-dimensional Lebesgue measure.

2. The spectral convergence result

In this section we state and discuss our main hypothesis, Assumption 2.1.
Under this assumption, we define a family (A.).¢jo,c, of linear operators and
the limit operator Ag. Then we state Theorem 2.6, which is the main result of
this paper.

We begin by stating our linear assumption:

ASSUMPTION 2.1.

(l1a) n € N, g €0, 00];

(1b) (ac)ee)o,e, is a family of continuous positive functions defined on [0, 1];

(1c) (x)je[0..m) 1s a strictly increasing sequence in [0,1], with zo = 0 and
Tn = 1, (7j)jej0.m] 18 a sequence in |0,00[ and & ., &je, j € [1..7]
and (je, (., j € [0..n — 1] are families in |0, 1] with z;1 < (j-1. <

1. <& <<z, je[l.n], e€]0,el.
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(1d) If (I'c)egjo,e,[ is any of the families:

([5,;'@ C,;',EDEE]O,SU[’ ([an C[/LE])EE]O,EO[? ([gz,av xn])ee]O,Eo[a
je[l..n—1], then m(I';) - 0 as e — 0.
(2a) If (I'c)cejo,e0[ is any of the families:
([le‘,ev §;+1,6])56]0750[7 ([Cj»‘?? C;’,s])EE]O,Eo[a JE [O SN 1] )
or else the family ([¢ ., &j.el)cejo.co 7 € [1..7], then

inf a,

e

— 00 ase— 0.

m(['.)
(2b) For each j € [0..n] and € € ]0,e¢[, set T'j - = [§j, (], if j € [1..n— 1],
F07a = [an CO@] and Fn,& = [fn,ffamn]' Then
inf a. Sup ae

2t — 7, and
m(l;c)

Tje

——— —> 71, ase — 0.
m(T,.)

Notation. In this and the next section, we write, for j € [1..n],
Kje=[G18:), Kio=[Gaa8) Ki=[zj-2], Ly =m(K;).

REMARK 2.2. For j € [1..n] we have the following picture:

i1 G-t Cjoie Ee e T

Let j € [1..n] be arbitrary. Since m(Kj ) — L; > 0 as ¢ — 0, part (2a) of
Assumption 2.1 implies that a. — oo for € — 0, uniformly in K ;E Moreover,
by part (2b), on the small intervals [¢; ., (; ] around z;, a. is of the same order
as the measure of these intervals so a. — 0 for ¢ — 0, uniformly in [§; ., ;]
Finally, there is some transitional behavior on the remaining small intervals
€55 65.] and [Gje, (] around =, as ac is of lower order than the measure of
these intervals.

The following result further clarifies the above assumption. It provides a nec-
essary and sufficient condition, in terms of the relative positions of the partition
points z;, & ¢, 5;76, (j,e and CJ’-,E, for the existence of diffusion coefficient functions
ae such that Assumption 2.1 holds.

PrOPOSITION 2.3. If Assumption 2.1 holds, then
m([¢) ., &el) + m((Ge, GG )

(2.1) m(E,2.C.) =0, ase—0,j€[l..n—1]
and
(2.2) 7m([<0’€’ 46’6]) —0 and 7m([£;’67§n’8]) —0 ase—0.

m([zo, CO,E]) m([§n787 Tp))
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Conversely, if parts (1a), (1c) and (1d) of Assumption 2.1 together with esti-
mates (2.1) and (2.2) hold, then there is a family (ac)zc)o,c,[, such that parts
(1b), (2a) and (2b) of that assumption are also satisfied. In addition, we may
assume that each function a. can be extended to a C*°-function defined on all
of R.

PROOF. If Assumption 2.1 holds, then, by (2a),

a:(Cje) a:(&5.0) .
m*}oo and m%oo ass%O,]E[l..nfl]
and
m(lGo- G 0 M mg e T T
while, by (2b),
ac(Gje) ac(&je) .
m—ﬂy and m—w'j ase —0,j€[l..n—1]
and
a:(Co,c) ac(én.e)
m_)'ﬁ) and m—)’rn as € — 0.

These estimates imply estimates (2.1) and (2.2). Conversely, suppose that parts
(1a), (1c) and (1d) of Assumption 2.1 together with estimates (2.1) and (2.2)
hold. For j € [1..n] let h;: ]0,e9] — R be an arbitrary positive function with
hj(e) = oo as € = 0. Then, for each € € ]0,¢¢[ there is a uniquely determined
continuous function a.: [0,1] — R such that: for each j € [1..n], a.(z) = hj(e)
on K} ; for each j € [1..n — 1], ac(x) = 7 - m([{j e, je]) on [, el Ge(x) =
7o - m([0, Co.e]) on [0, Co.c], @e(x) = T - M([€ne, Tn]) ON [€p e, n], and G is affine
on [§).,&je]) for j € [0..n—1] and on [(j.,(}.]) for j € [1..n]. With this
choice of (ac)cejo,¢,[ and estimates (2.1) and (2.2) it is easily proved that parts
(1b), (2a) and (2b) of Assumption 2.1 also hold. Each function @. is constant
on [0,¢p,e] and [&,,e, T,] so it can be extended to a continuous function (again
denoted by a.) defined on all of R. Choose a family (bc).ejo,c,[ in |0, 00 with
be < [10111'1"] a. for € € ]0,¢0[ and such that b./m(I'.) — 0 and b./m(T';.) — 0 as

e — 0%, where (I'c).¢jo,e,[ is any family occurring in Assumption 2.1 (1d) and
(2a), and (I'j <)oo,y J € [0..7], is any family occurring in Assumption 2.1
(2b). Applying to the function a. the usual smoothing procedure via mollifiers,
we obtain, for every e € ]0,£¢[ a smooth function a. on R, which differs from a.
by at most b. on [0,1]. We see that with this choice of the family (a.).cjo.c];
parts (1b), (2a) and (2b) of Assumption 2.1 also hold. O

REMARK 2.4. If Assumption 1.1 is satisfied, then define ;. = z; + ¢lj,
ie =z +eli(e) for j € [0..n—1] and & = x; —ely, . = x; — eli(e) for
j € [1..n]. Moreover, set 7; = (b;/2l;) for j € [1..n—1] and 7; = (b;/l;) for
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j € {0,n}. With these definitions, taking ¢ € ]0, co[ smaller, if necessary, it is
easy to prove that Assumption 2.1 holds.

REMARK 2.5. On the other hand, Assumption 2.1 may hold without Assump-
tion 1.1 being satisfied. In fact, let n € N, (z;);e0..n] be a strictly increasing
sequence in [0, 1], with 7o = 0 and x,, = 1 and (7}),¢[0..n) be a sequence in 0, col.
For each € € ]0, oo[ define (j . = z; + €2, Ge=1aj+ g2 4¢3 forje[0..n—1],
and & . = z; —e? and §io = x5 — g2 — &3, for j € [1..n]. Choose gy € |0, 00|
such that z;_1 < (jo1e < Gy <& < &e <z, j € [1..n], € €]0,60[ If
(I'c)ceo,e] is any of the following families:

yE

([5;‘,57 Cgl‘,eDEE]O,Eo[’ ([CIL‘(), C(/),s])EG]O,Eo[7 ([5;1,6? wn])€€]0,€0[7 JE [1' -n—= 1] )

it is easy to show that m(I';) — 0 as ¢ — 0. Hence (1a), (1c) and (1d) of
Assumption 2.1 are satisfied. Moreover,

m( 3’€7£j’6]) +m([<j767g’€]) = E =e—0, ase—0,5€[l..n—1],

m([&je: Giel) 22

and

m([Co,e, C(l),eD m([ﬁ%,ev Enel) €3

m([z0, o)) m([Ene, ) =5=c720 ase—~0

It follows from Proposition 2.3 that there is a family (ac)-¢jo,¢,[, such that parts
(1b), (2a) and (2b) of Assumption 2.1 are also satisfied.
Suppose that, with this choice of (x;);c..n) and the family (ac)ccjo,e,[, As-

sumption 1.1 from [5] is satisfied and fix a j € [1..n — 1]. Then, in particular,

there is a constant [ = [; and a positive function a; of ¢ € ]0,&o[ such that
aj(e) = 0 as e = 0 and ac(z) < aj(e) for x € [z; —el,x; +¢l] (simply take
a’j(e) = eb;(e), where b’; is as in Assumption 1.1). Now there is an 1 € ]0, o[
such that ¢f_, = x; 1+ 4+ < aj —el < xj — &

€ € ]0,e1]. For each such e choose a point y. with z; — el < y. < &’ _. Then,

3 _ ¢t .
—e® =g, <z for

on the one hand, a.(y:) > : inf ]aE — 00 as € — 0 and, on the other hand,
Cio1,e85e

ae(ye) < al(e) — 0 as ¢ — 0. This is a contradiction.

For the rest of this section we suppose that Assumption 2.1 holds.
In the sequel we write H' = H'(0,1) and L* = L?(0,1). Let b.: H x H! —
R be the bilinear form defined by

1
bs(u,v):/ aec-u' -v'dx, w,ve H'.
0

We fix numbers p, o € [0, 1].

For ¢ € ]0,&0[ let A. be the set of all pairs (u,w) with u € H' and w € L?
such that acu € HY, pu(0) — (1 — p)a-(0)u/(0) = ou(1) + (1 — 0)ac(1)u'(1) =0
and w = —(asu)’.
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It is known that A, is (the graph of) a densely defined nonnegative self-
adjoint linear operator in L2.

Let (-, )z be the standard scalar product on L? and define the bilinear
form b.: Z x Z — R by

be(u,v) = bz (u, ) + Sou(0)v(0) + dru(1)v(1), wu,v € Z.
Here we have the following cases:

(a) p<land o <1. Then Z := H', §y:=p/(1 —p) and §; := o /(1 — 0);
(b) p=1and ¢ < 1. Then Z := {u € H' | u(0) = 0}, & := 0 and

0 :=0/(1—0);

(c) p<lando=1. Then Z :={ue H' |u(l) =0}, & := p/(1 — p) and
01 :=0;

(d) p=1and 0 = 1. Then Z := {u € H' | u(0) = u(1) =0}, & := 0 and
61 :=0.

It follows that the operator A, is generated by the pair (be, (-, -)r2). This means
that (u,w) € A, if and only if u € Z, w € L? and b.(u,v) = (w,v)z2 for all
v € Z. Let (\,c); denote the increasing sequence of eigenvalues of A, (which are
all simple).
Now define the ‘limit’ bilinear form by: R™ x R” — R by
n—1
bo(y,2) = Foyr1z1 + 75 (Y541 — ¥;)(Z541 = 25) + TuYnn,

j=1

where
?0 _ 7'0/)2 + (507‘02(1 - p)z
(o o(1— 7))?

and the scalar product (-, - ), on R™ by

~ Tt + 6721 —0)?
and 7, = )
(0 +7(1—0))?

n
<y,Z>]L = ZL]y]Z]a y = (yla"'ayn)7 z = (217"'7ZTL) E Rn
j=1

(2.3) Let Ag: R" — R" be the linear map defined by the pair (bo, (-, - )L).

The matrix representation of Ay in terms of the standard basis on R" is given
as A = L7 B, where L = diag(L1, ..., L,) and B is the matrix

ma T1 0 0 0 0 0
ri me2 T2 0 0 0 0
0 T2 ms T3 0 0 0
0 0 T3 ma T4 0 0
0 0 e 0 Tn—3 Mp—2 Tn—2 0
0 0 e 0 0 Tn—2 Mnp—1 Thn—1

0 0 0 0 0 Tn_1 M
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with
my = To + 71, My, = Tp, + Tn—1,
mg = Tk—1 + Tk, kel2..n—1]
and 7, = =7, k € [1..n — 1]. Since the matrix Ais tridiagonal with non-zero

product of the off-diagonal entries, it has n distinct eigenvalues.
It follows that the map Ag is (-, - )L-symmetric and all of its eigenvalues are
simple. Denote by (Ai,0)ie[1..n] the increasing sequence of eigenvalues of Ay.
We can now state the main result of this paper.

THEOREM 2.6. With the above notation and definitions the following asser-
tions hold:

(a) Apg1,e = 00 ase — 0.

(b) For eachl € [1..n], \ie = Mo ase — 0.

(c) There is a family (Pr.e),e)e[1..n]x[0,e0] SUch that if (I,€) € [1..n] x]0,&0]
then @y . is an eigenfunction of Ae corresponding to A . with ||@;¢|lr2 =
1, if I € [1..n] then §yo is an eigenvector of Ay corresponding to Ao
with ||@roll = 1 and such that for j € [1..n]

sup |@re(z) — 105l =0, ase—0,
z€K; .

where P10, is the j-th component of the vector oo € R™. Moreover,
there is an ¢’ € ]0, o[ such that

sup sup sup |Pe(z)| < oo.
e€0,e’] l€[1..n] z€[0,1]

3. Proof of the main result

This section is devoted to the proof of Theorem 2.6, which is accomplished
through a series of technical lemmas. Although we follow, in spirit, the proof of
the spectral convergence result from [5], the various technical differences require
a detailed treatment.

For the rest of this section we suppose that Assumption 2.1 holds.

LEMMA 3.1. If M € ]0,00[, I C [0,1] is a compact interval, a: I — R is
a continuous positive function and ¢ € H' is such that [, a-(¢')*dz < M, then

\w(ﬂ?)—w(y)FSM%, z,y €l
ProoF. For z,y € 1,
T 2 2
o) — ot = | [l < ([Io1as) < [r2as [12a
Y

1

IN
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This proves the lemma. O

For each ¢ € ]0,¢0[ and j € [1..n] define ¢;.: [0,1] — R as the uniquely
determined continuous function such that

(a) if j € [2..n —1], then ¢, (x) = 1 for & € [(j_1.,&], Vj(x) = 0 for
x ¢ [£j—1.,Cje) and 9, . is affine on each of the intervals [§;_1,¢,(j—1,¢]
and [gj,sa Cj,s}'

(b) Y1e(x) = 1 for € [Coe,&1), Y1e(w) =0 for & [0,C1e], Y1(x) =
1+ (p/(pCoe + (1 = p)as(0)))(z — Co,e) for x € [0, (.| and affine on the
interval [£1,¢, 1 ¢)-

() Yne(z) = 1 for © € [(uo1,6,8ne), Yne(z) = 0 for o & [§uo1e, 0],
Une(@) =1—=(0/(0(1 = &ne) + (1 = 0)ac(1)))(z — &n,e) for @ € [€n e, 1]
and affine on the interval [,—1.¢,(n—1.¢)-

Notice that ;. € Z for all j € [1..n] and € € ]0, go].

For each € € ]0, ], let W, be the span of the functions ¥, ., j € [1..n], i.e.

the n-dimensional subspace of Z given by

We = {Zujwj,e

u; €R, for j e [1n]}
j=1

LEMMA 3.2. There exists a Cf € ]0,00[ and an £} € ]0,e0[ such that

be (u, u)

e < C1 foralle €]0,€)] and all u € W, with u # 0.
ul|2,

PROOF. There is a ¢ € ]0,00[ and an &1 € ]0, [ such that
¢< min (§,.—(j-1,e), forallee]0,eq].
JE[1..n]
Let € € ]0,&1] and let u € W, be arbitrary with |[ul|?, = 1. Hence u = Y u;v;.
j=1
with u; € R, for j € [1..n]. Thus

n

n e n
L=l 2 3 [ e =D G e u
j:1 Cj—l,s j=1

j=1

s0 u;| < /2 for all j € [1..n]. Notice that u/(x) =0 for z € |J [(j—1.e,&5c]-
i=1
Moreover, for j € [1..n —1] and z € [§; ., (el

u(x) = ujj e () + ujp1jie(x)

with [9] (@) = |1 (@) = (1/(Ge = &e))-



640 M.C. CARBINATTO — K.P. RYBAKOWSKI

For x € [0, Co,c], u(z) = w1 o(x) and for = € [§, ., 1], u(x) = upthp (x). It
follows that

gs(u,u)/ol de/le

j=1
n—1 Cie n T
= / ae - (W) dz + Z/ ae - (u')? dax
j=0Y%; &je
Co,e n—l og.
= / ac - (u')*dx + Z / ac - (u)? dx + / ac - (u')*dx
0 £ e

Now

Co,e Co,e
/ ae - (u')2 dr = / ae - (U11/)/1,5)2 dx
0 0

CO,E p2
< ( sup a ) dx
/o 0.0 7 ¢(ploe+ (1= p)ac(0))?
2

—( L sup a) P — ToP
Cocloco) Jelp+(1=p)az(0)/Coe))? "~ clp+ (1 —p)o)?’

as ¢ — 0.

<7€ n— 1 C]E
Z/ 2 g = Z/ (g e+ gt ) da

— Cj,f-: 4
< / ( sup a5> ——dx
Z e N\ / Ge—&e)?

j=1 Jse
n—1

sup a) T,
Z<€]Ev<gs] : C(CJE 5_]6 721 J

as € — 0, and

/1 ac - (u')? da = /1 O (TR

: / <[§‘fi’u ) (o — &)+ (1 —o)aa()2 ™
1 o2
B << —&ne) 5‘“‘5]“5) o+ (1 =) a1 =& ))?

Tno?
clo+ (1 —0)1,)%’

as € — 0. These estimates prove the assertion. O
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Notation. For C € ]0,00[ and € € ]0,¢¢] let Es,c be the set of all u € H!
such that b (u,u) + [Jul|?. < C2.
LEMMA 3.3. The following two assertions hold:

(a) There exist an €y € ]0,&0[ and a C% € ]0, 00| such that for every v € H'
and every e € ]0,¢€h]

(3.1) sup |v(z) — v(y)| < Chbe(v,v)'/?
$7y€[071]
and
(3.2) sup [v(x)| < Ch(be(v,v) + [[v]|32)"/2.
z€[0,1]

(b) Let M €10, 00[ be arbitrary. For each j € [1..n] we have

(3.3) sup  sup J|u(z) —v(y)| —0, ase—0.
UGEE,]\J w:fyeKj,a

PROOF. By our assumptions there are an ¢; € ]0,¢¢[ and a C; € ]0, 0o[ such
that, for € € 10, 4],

infa
r. ©

where I'; is any of the ¢ = 5n intervals [x;_1, (j—1,¢]s [Ci—1,e; Cg/'—l,s]v [ ]/'—1,E7§5',8]7
&) 2 &l [€j.e5 x5, 5 € [1..n]. Thus, whenever € € ]0,1] and v € H', it follows
from Lemma 3.1 that
diam v(I'z) < (Cybe (v, v))"/2.
The above ¢ intervals can be ordered to form a sequence (I});e[1.., such that for
Jj € [1..£ — 1] the endpoint of I; is the initial point of I;;,. Consequently,
diam v([0, 1]) < 5n(Cybe (v, v))*/?,
SO
[o(2)] < |o()] +5n(Cibe(v,0)) 2, 2,y €[0,1],
which implies
[o()] < Ca(b(v,0) + [[ol|72)"?, @ € [0,1],
where Cy =1+ 5n011/2. These estimates prove part (a) of the lemma. Now, let
M €10, 00[ be arbitrary and for each e € ]0, o[ let 5. be the maximum of all the

M <m(F€) ) 1/27
inf a.
r

€

values

where T'; is any of the intervals [(j 1.6, | [(G_1.0: el [€) e, 6ie)s 7 € (1.2 m].
For j € [1..n] Lemma 3.1 implies that

sup  sup |v(z) —v(y)| < 30
v€Be pr TYEK
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Now Assumption 2.1 implies that 5. — 0 as € — 0. This proves the second part
of the lemma. O

LEMMA 34. Let (gm)m be a null sequence in 10,&0[. Let (um)m, (Vm)m
be sequences in H' such that u,, € B, v and v, € B, v for some M,
M’ €]0,00[ and all m € N. Let (Vjm)jeq1..n],men be such that vjm € Kj.  for

m €N and j € [1..n]. Then
(U, Um) 2 — ZLjum(’Yj,m)vm(Wj,m) —0, asm — co.
j=1

PRrOOF. For each m € N we have

1 n QZJ'
/ Uy, Uy, AT = Z/
0 j:1 :L’j71
n Cj*l,e‘,” n n 1]
= Z/ U U, AT + Z/ Uy Uy, AT + Z/ Uy Uy, AT
j=17%i-1 j=17K j=17%em

It follows from Lemma 3.3 that all functions w,, and v, are uniformly bounded

U Uyn, AT

J:em

by a common constant C. Thus Assumption 2.1 implies that

(3.4) Ei:l /x

For each j € [1..n],

Ci—1l.em n z;
U Uy, dT + E UmUm dx — 0, as m — oo.
-1 j=1"&em

- /K (mvm =t (Y5, ) 0m (V5m)) dz.

For z € K., we have

[tn (2)vim () = Un (V,m ) Vm (Vj,m )|
< m (@) = m (Yj,m )| - [vm (2)] + [0m (2) = v (Vj,m )| - [tan (7,m)]
S C(Jum () = wm (Vim)| + [vm (@) = vm (V.m)])-
Again, Lemma 3.3 implies that

S;gp (Jum(z) = wm (vj.m)| + [vm(2) = vm(vjm)|) = 0, as m — oo.
S Js€m

Therefore

(3.5) / (umvm — um(’yj)m)vm('yjm)) dr — 0, asm — oo.
K

J:em
Moreover, it follows from Assumption 2.1 that m(K ., ) — L; — 0, as m — oo,
for each j € [1..n]. This together with (3.4) and (3.5) implies the assertion of
the lemma. 0
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COROLLARY 3.5. Let M’ € 10,00 and (gm)m be a null sequence in 10, ]
Let (Vm)m and (Yjm)m, J € [1..n], be sequences such that vy, € Be,, v and
Yjm € Kje, form eN and j € [1..n]. Then, for each j € [1..n],

(Wjems>Umir2 — Lijvm(Vjm) — 0,  as m — oo.

PROOF. Lemma 3.2 and the fact that the functions u,, = ¢,.,., j € [1..n],
m € N, are nonnegative and bounded by 1 imply that u,, € EEW m for some
constant M € ]0,00[ and for all m € N. Hence the assumptions of Lemma 3.4
are satisfied. Now that lemma implies that, for each j € [1..n],

1 n
/ Vi Vm dr =Y Litbj e, (Ym)Vm(Yim) — 0, as m — oo
0 1=1

The definition of the map ;.. , m € N, implies that ¢, . (vim) =1if j =1
and v .. (V,m) = 0 otherwise and so

Z Lle,sm (Vl,m)vm (’Yl,m) = Ljvm (’Yj,m)
=1

and this completes the proof. O

LEMMA 3.6. Let ey € ]0,e0] be as in Lemma 3.3. Then for every M € ]0, oo
there is an ¢y = e4(M) € ]0,&4] such that v ¢ W2 for all v € B with
lv]lrz2 = 1 and € € ]0,e4]. (Here, the orthogonal complement is taken with
respect to the L?-scalar product.)

PROOF. Suppose the conclusion of the lemma does not hold. Then, for some
M €10, 00, there exists a null sequence (g, ), in ]0, 5] such that for each m € N
there exists a v, € EEWM NWZL with [[up, |2 = 1. Thus (vm, ¥j.,, )12 = 0 for
allm e Nand j € [1..n].

For each j € [1..n] choose ; € ]z;_1,z;[ independently of m € N. Then
there exists an my € N such that v, € K ., forall j € [1..n] and m > my. Now
Corollary 3.5 implies that, for each j € [1..n],

Um(y;) =0, asm — oo

and so Lemma 3.3 implies that
n—1
Um(x) = 0 as m — oo for each z € ]0,1] \ U {z;}.
j=1
Moreover, it follows from Lemma 3.3 that there exists an m; € N such that the
functions v,,, for all m > m;, are pointwise bounded by the same constant. This
implies that

1
/ v2 dr — 0 asm — oo.
0

However, this is a contradiction as fol vZ, dz =1 for all m € N. 0
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LEMMA 3.7. The following statements hold:

(a) Apy1,e > 00 ase — 0.
(b) There exists an ) € ]0,&0[ and a C4 € 10, 00] such that

A <CL foralle €]0,)].

PROOF. For each positive integer p and € € ]0,¢¢[ let Uy, . be the span of
the eigenfunctions ¢; ., for I € [1..p]. Moreover, let Uy . = {0} C L?. If the
first assertion is not true, then there is a null sequence (&), in |0, o[ such that
(An+1.e,, )m is bounded by some C € ]0, oo|.

We claim that Uy41.,, N W2 = {0} for all m € N large enough. If this
is not true, then there is a subsequence (¢l,), of (€)m such that for each
m € N there is a vy, in Upyqer N WEL}n with ||vp||2 = 1. It easily follows
that b.1 (v, vm) < C so, (as ge}n (Vm, ¥m) < ber (U, Um))s Um € EE%L,K for all
m € N, where K? = C + 1. However, this contradicts Lemma 3.6 and the claim
is proved.

The claim implies that n + 1 < n, a contradiction which implies the first
assertion. Let D be the set of all nonnegative integers ¢; such that, for some
£ € ]0,&0[ the eigenvalue family (Mg, c)-cj0,5 is bounded by some C; € ]0,00].
Let ¢ be the supremum of D if D is nonempty and ¢ = 0 otherwise. From what
we have proved so far, we have £ < n. If £ < n, then Uﬁa N W, # {0} for each
g €0,e0[ and so there is a w. # 0 lying in UZL’E NW.. It follows from Lemmas 3.2
and 3.3 that there exist a constant C’ € ]0,00[ and an &’ € ]0, go[ such that

bg(w,’w) be(we7we)

)\[ = mf >~
T wezonwery, w2 lwe 17

be (e, we) + Sowe(0)? + Frwe (1)
< )
l[well7

2
<C

for all e € ]0,¢’]. This shows in particular, that D is nonempty. Moreover,
this also shows that £+ 1 € D, a contradiction proving that £ = n. Since D is
nonempty and finite, we have ¢ € D. This proves the second assertion. O

In the sequel

(3.6)

LEMMA 3.8. Let (€m)m be a null sequence in 10, e[ and (7;m)m be a (double)
sequence with v m € K., , form € N and j € [1..n]. For each i,j € [1..n],

for each € € ]0,[ fix an arbitrary L2-orthonormal sequence (),
such that ¢; . is an eigenfunction of A, corresponding to X; ., [ € N.

we then have
(@) (Vjem> Piemirz = LjPie,,(Vjm) = 0 as m — oco.
n

(b) _Zl Ljic,, (Viom)Ph.em (Viim) = ik as m — oo.
J:

Proor. This follows from Lemma 3.7, Corollary 3.5 and Lemma 3.4. (]
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Notation. For each ¢ € ]0,¢q[, define ¥.: W, — R" by
n
V. (u) == := (uj)jepn.n), foru= Zujwj,g e Ww..
j=1
Consider the n x n matrix B = (b ;)7 ;—; given by
bije = (ViesVje)rz, fori,je[l..n].

Assume that

(3.7)

(@) (j,e)€lL..n)x]0,e0] 18 an arbitrary family such that o . € Kj ., for
(4,€) € [1..n] x ]0,e0].

Let || - ||l be the norm on R™ induced by the scalar product (-, -)r. In what
follows (-, ) (respectively, || - ||) denotes the canonical inner product (respec-
tively, the induced norm) on R™. Let a, b € ]0, 00| be such that

allz||lL < 2] <b||z||L, for all z € R™.

LEMMA 3.9. Let ¢ € ]0,e0] be as in Lemma 3.7. There is an €f € ]0,&}]
such that for each € €10, ¢t], there are constants c., Ce € 10, 00[ such that

cel|e(u)ln < llullz> < CellPe(u)ln,  ue We.

Moreover, cc -+ 1, C. — 1 ase — 0.

n
PROOF. Let € €]0,¢] and v = ) u; ;. € W.. Hence
j=1

1 n 1 n
/ u? dx = Z ul,sup,e/ wl,swp,e dr = Z Ul,aup,€<1/}l,sa ¢p,€>L2 = <Beaa a>
0 0

l,p=1 l,p=1

Let (€1,)m be an arbitrary null sequence in |0, £9[. For each m € N and j € [1..n)]
define v;.m = ajc,, and v, = Y., . It follows as in the proof of Corollary 3.5
that there is a constant M € ]0, c0[ such that v,, € B.,, a for all m € N. Now
Corollary 3.5 implies that for each i, j € [1..n],

(Viserns Vjenyrz — Litvje, (ie,) =0, asm — oo

and 50 b; e, = (YiensVjentr2 — Lidi; as m — oo. Therefore, for each
1,7 € [1..n],
(38) bi,j,s = <¢i,€a¢j,E>L2 — Liéi,j, as € — 0.

Recall that L. = diag(Ly,...,Ly). It follows from formula (3.8) that ||B. —
L| £&n rn) — 0 as € — 0. Therefore,

(3.9) [(Beu,u) — (Lu, w)| < [|Be — Ll Lz ) all?.

a||* < ¥?||B. — Ll £ mn)
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Define 3. := b?||B. — L||z(&n rny. Therefore 3. — 0 as € — 0. Therefore,
Be < 1 for some ef € ]0,¢4] and all £ € ]0,e5]. Moreover, it follows from (3.9)
that

(1= Bo)llallf, = (La, @) — Be|lall, < (Bea, ) < (L, @) + Bel|allf = (1+ Be)|[allE.-
Define ¢ =1 — 3. and C? = 1 + B for € € ]0,%]. Thus

cel|We(u)ll = eelfufln < lullze < Celfulln = Cel|Pe(w) L,
with ¢c - 1, C. - 1ase — 0. O

Notation. Define the n xn matrix G. = (i)' j=1 bY Gij.e = (Pire, Yje) 12
for i, j € [1..n] and € € ]0,g¢[. Clearly,

(310) GE\IIE(U) = (<ua gpi,&‘)Lz)iE[l..nh €c ]07‘50[7 u € WE'

LEMMA 3.10. There exists an eg € 10, 5] and for each k € [1..n] there exists
=1 fore €]0,eq4] and

(Vke, 0ie) =0 fori#k.
Moreover, if (3.7) holds, then vk () — k() — 0 ase — 0.

a family (Uk,e)ae]o,ag] such that vy . € We,

PRrROOF. Let i, j € [1..n]. It follows from Corollary 3.5 that

<¢j,ea (pi,€>L2 - Lj(pi,s(aj,e) —0, ase—0.
Lemmas 3.7 and 3.3 imply that sup sup |¢g.(z)| < co. Therefore for each
e€]0,e] z€[0,1]
k € [1..n] we have

<’(/}j,sa Spi,s>L2(Pk,a(aj,a) - Lj(pi75(aj,6)§0k7a<aj7a) —0, ase—0

and so
Z@/h‘,ea Pie) 2Pk, (e) — Z Ljpie(aje)pre(aje) =0, ase—0.
j=1 j=1

Thus Lemma 3.8 implies that

n

(3'11) Z<¢j76a @i75>L2@k,s(aj,£) — 5i,k, as e — 0.

j=1
Define the n x n matrix G, = (9ij.e )i j=1 DY Gije = @jelaie) for i, j € [1..n]
and € € ]0,&0[. Since

n

Z 1/}] 67@26 L2Pk,e ajE Zgz,j egjkrs

Jj=1

for all i, k € [1..n], it follows that |G.G. —Id | L mny — 0 as e — 0, where Id
is the identity matrix. Hence

detGE-detéE—>1, as ¢ — 0.
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Since the entries of the matrices G- and G, are uniformly bounded in ¢ € ]0, €],
it follows that there exist a constant C € |0, 00[ and an g € ]0, €] such that

det G. > C, for all € € ]0,eg).

This implies by the formula for inverse matrices that

G.: R" — R" is bijective and there is a constant Cj € ]0, oo[ such

3.12
(312) that ||GZYop < Cf, for all € €0, 5],

where || -||op is operator norm with respect to the norm ||- [, in R”. In particular,
given k € [1..n] and ¢ € ]0,g;] there exists a unique u. = Uy € R™ with
G.u. = ey, where ey, is the k-th vector of the canonical basis of R™. Set

Ue = Upe = (‘Pk,E(O‘j,E))je[l..ny
It follows from (3.11) that G.u. — ex as e — 0 and so G¢(u: —u:) — 0 ase — 0.
Notice that

e — el < 1GZ lopl|Ge(te — @)L < ChllGe (e — e -

Therefore ||t. — @l — 0 as ¢ — 0. Notice that Lemma 3.8 implies that
|ge|l. — 1 as e — 0. Hence ||uc|lL — 1 as ¢ — 0. This and Lemma 3.9 imply
that ||ucl|zz — 1 as € — 0, where u. = ¥Z1(%.). Since

U e 1 — |Juellzz ~
luellz uellz
it follows that
”uuﬁ—ﬁe%(), ase — 0
e||lL
and so
Ue -
W_UE—)O7 as € — 0.
el L

Set ve = vk,e = Ue/||uc|| 2. It follows that

n

Zae,j<’¢j)5,g0i)5> = Oi k-

el ™

~

n
Ue
<U57 Wi,a) = < Z = qu}ea (Pi7e>
j=1

[[ere| 2

" Tl &

In particular, (ve, ;) = 0 for i # k. Moreover, for each j € [1..n]

1
’UE(ajvE) - HUEHL2

~

ue,j.
Hence v.(aje) — e ; — 0 as e = 0 and so v () — Yi(aje) = 0ase — 0.0

LEMMA 3.11. Let ) € ]0,0[ be as in Lemma 3.7 and let (uc)cc)o,c;) be such
that u. € W, and ||uc||pz = 1 for each € € ]0,¢)]. Then

be (e, ue) — bo(We(ue), Ue(ues)) = 0, ase—0.
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n
PROOF. Set u. = W.(u.), where u. = ) . ;v;. € W.. Thus, u. =
i=1

(Ue,j)jefn..n)- We have
Co,e n=1 ¢,
bE(us7u6) :/ ae * (u;)2 dx —+ Z ae - (,u/s)z dx
0

1
+ / ae - (u’g)2 dz + Sou(0)% + d1u-(1)?

n,e

Co,e n—1 Cie
< sup ae/ (ul)? d + Z sup ag/ (ul)? dx
[0,¢0.e] 0 =1 (€25 e

1
+ sup ae / (ul)? dz + Souc(0)? + duc(1)?

[En,e)1] n.e
Co,e )
= sup aE/ (Ue 19y . )° do
[O CO E] 0

<j,5
oS oo [ et P
] 1 5] EvC] 5] fj,s

1
+ sup a. / (ﬂs7nw;76)2 dx + Soue(0)? 4 61u.(1)2.
[éner1] n,e

Notice that

’ o P
1/11,5(93) - pCO,s + (1 _ ,0)(15(0) for z € [07 CO,E]v
V) (x) = 1 for x € [§;,(je] and j € [1..n — 1],
’ G — e
w;+1,a( ) ! : for x € [, () and j € [1..n — 1]
C é‘j,E
and
, B o
B (T e
Moreover,

o~ o~ . pCo. o~ (1—p)a:(0)
Ue(0) = Ue 191.(0) = Ugq (1 Cos (0)> =1

+(1- p)ac 7 0o + (1= p)ac(0)
and
_z (1 - U)as(l)
ue(1) = ol —€ne) + (1 —0)ac(1)

Therefore be (ue,u:) < c., where
Sup a.
[Ovcf).,s] /\ [5] €1CJ 5 /\ 2

Ce = + (Ue g1 — e,

‘ CO,E (P+(1* ) ( )/COE 61 Z st fjs It EJ)

sup  a
52 —1 S
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Sup Q. )

n,esl g ~
(6n,e1] 72

1—&ne (0 + (1 —0)ac(1)/(1 - fn,s))Q o

(1 - p)ae(o)/CO,e 2/\ (1 - U)“E(l)/(l - ﬁn,e) 2/\2
- 5”(;) +(1- p>a5<o>/<o,€) tert 0 (o- +(1—0)ac(1)/(1 - sn,a)

n—1

2

P ~2 =~ AL

(To+h2,)( +h3,>u +§ (75 + h1j.e) (Ue jr1 — Uej)
TN+ U—pro)? )T gt e

0.2

+ (Tn + hae) ((o—k(l—o)7)2 + h5,e)17§,n

(1- P)QT(? ~2 (1—0)?r ~2
So ——LT0 s (=T,
+ O((p+ (1= p)m)? + hee JUuz 1 + 01 0+ (1=0)m)? +hre Uz,
SO
TOP2 -~ _'_nil (A -~ )2 + Tn0'2 .
Ce=F7—"""—5 U Ti(Ue ji1 — e S Y
€ (p+ (1 — p)TO)Q g1 = J\Ye,j+1 €,J (0_ T (1 . O')Tn)2 e,n
So(1—p)?rg H(l—o)212 o
—u " 7
b+ (A=pmo) ' o+ (1—0)r)? =n "
n—1
=70tz 1+ > 7 (e 41 — Uz ) + Tnlll, + hse,
j=1

with hi ;. = 0, j € [l..n—1], and h;r — 0, i € [2..8], as ¢ — 0. This
follows from Assumption 2.1, the hypothesis that ||u.||pz = 1, for € € ]0,¢}], and
Lemma 3.9. Similarly, working with ‘inf’ instead of ‘sup’, we show that
n—1
be(ue,us) > T2, + Z 75 (Ue jy1 — Te,j)” + Tplly, + ho e,
j=1

with hg . — 0 as € — 0. Therefore

n—1

(3.13) be(ue,ue) — (7’017?1 + Z 7 (Ue j1 — Ue j)* + %naﬁn) —0, ase—0.
j=1

Now estimate (3.13) and the definition of by and . imply the assertion. O

COROLLARY 3.12. Let €5 € ]0,e0[ be as in Lemma 3.10 and k € [1..n] be

arbitrary. Then
{b-(u,u) Jue We, Jlullpz =1, ue Uiy} #0,
{bo(We(w), We(u) | u€ We, |lullrz =1, u € Uiy . } #0,
for all € €]0,e5]. Moreover, the following holds:
inf{b.(u,u) |u € We, |u|lpz2=1, ue Uk{LE}
—inf{bo (V. (u), U (u)) | u € We, |ullpz =1, ue U,il’s} —0, ase— 0.0
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LEMMA 3.13. Let e € ]0,e0[ and for k € [1..n] let the family (vk.c)-cj0.e;)
be as in Lemma 3.10. Then

Ake — inf{ b (Ve (u), Ue(u) [u € We, |lullz =1, ue Uy} —0,
ase — 0, and A e — be (Ve  Vie) = 0, as e — 0.

ProOOF. Lemma 3.10 implies that {bo(Pe(u), ¥e(u)) | u € We, |lullf2 = 1,
u € UkL—l,s} # () for all € € ]0,e;5]. It follows from Lemma 3.10, choosing
first ;. = & for (j,€) € [1..n] x ]0,¢0[ and then «; . = (j_1, for (j, &) €
[1..n] x ]0, o[, that

(3.14) Vke(§je) = pre(§je) =0 ase—0,5€](l..n],

Ve (Ge) — Pre(Ge) =0 ase—0,7€(0..n—1].
Thus

Co,e n—-1 ,

be(Ghe phe) > / G (P )P de+ S / ae - (¢h.)? da
0 y — 5‘,5
=175

1
* / ae - (©hc)” dx + 801, (0)* + G101, (1)

n,e

Co,e n—1 Cie
> inf a / Pre)’ do + inf a / o) ) dx
[0,¢0,¢] ‘ 0 ( k’s) ;[ﬁj,ij,g] € ;. ( k,s)

1
+ [ginfl] Qe / (@%,5)2 dx + 50@1@,&(0)2 + 51<Pk,8(1)2'

n,e

Thus

inf a.

b > [OyCo,a] CO:E / ?
6(()0]6,67 (pk,a) = CO 0 (Pk,s dx
,€

n—1 inf a X
Z [5]‘,57Cj,5] c </CJ’E S0/ dl’)z
(=& \Je, . TPE

+
Jj=1 »e
[Einfl} Qe 1 2
+1—§(/ so;,gdx) +000k,(0) + S1pp,6(1)?
inf Qg
g CLC

: (gok,s@o,s) — o1.(0))”
0,e

E

Z ? E,CJ ‘] (re(Gie) — Pre(€e))”
j=1 J,€

J,€

[gmfl] Qe

n,es 2

+ ? (‘Pk,s(l) - @k,a(gn,a)) + 5O<Pk,a(0)2 + 514;01@,5(1)2'
n,e
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Define h1 e, j € [1..0], hoje, j €[0..n—1] hg e, j € [1..n—1], har and hs .
such that ¢ (§jc) = Vr,e(&e) + P1gies Pre(Ce) = Vre(Ce) + hajies

" inf ]as : i?f ]a‘S : inf ]as

J'757CJ'15 0,Co,= Enesl
=T+ h3j., ——— =To+hy.,, ———F— =T+ hse.
Ge—&e e Co.e Tol-&. " :

Assumption 2.1 and (3.14) imply that hy j . — 0, haj. — 0, hg j = 0, hae = 0
and hs . — 0 as ¢ — 0. Therefore

bs(@k,sa (Pk,s) > (TO + h4,s)(vk,s(<0,s) + h?,O,s - @k,s(o))2
n—1

) (Tt hajie) Wk e(Gie) + hoje — vie(ie) = haje)?
j=1

+ (Tn + h5,5)(90k,6(1) - Uk,s(gn,s) - hl,n,s)z + 50§0k,s(0)2 + 519016,6(1)2

n—1
=70(vk,e(Co,e) — P, (0))% + Z 75 (Ve (Ghe) — Uk (€,))°

j=1
+ Tn(cpk,s(l) - Uk,s(gn,s))z + 509016,6(0)2 + 51§Dk,5(]—)2 + h6,s>

where hg. — 0 as ¢ — 0. Notice that if p = 1, then §y = 0 and vy -(0) =
vr(0) =0and if o = 1, then ¢; = 0 and vg (1) = pr (1) = 0.
Suppose p < 1, then 6y = p/(1 — p). Notice that the function

a = 70(Vk,e(Coe) — O‘)Q + % o

assumes its minimum at the point a. = 79(1 — p)vk.e(Co.e)/(p + T0(1 — p)). Since
pCO € > (1 — p)as(o)/CO €
v O = 1-— ’ = ; )
0 = clion) (1 o ) =)
it follows from Assumption 2.1 and Lemma 3.10 that a. = vy o(0) + h7, with
h7 e — 0 as € = 0. Therefore,

TO(Uk,a(CO,E) - @k,e(o))Q + 50901@,5(0)2 > TO(Uk,E(CO,a) - 048)2 + 50a§
= 70(k.e(Co,e) — Vk,2(0))? + S0k (0) + hs e,

with hg . — 0 as ¢ — 0. Similarly if o < 1 then

Tn(vk,s(gn,a) _Wk,s(l))Z +61§0k75(1)2 > Tn(vk,s(fn,a) _Uk,a(l))Q +51Uk,s(1)2 +h9,57

with hg . — 0 as ¢ = 0. Thus in all cases we have,

n—1
bs((Pk,ev @k,s) > TO(U]{),E(CO,E) - @k,e(o))Q + Z Tj (Uk?,E(Cj,E) - Uk,&(ﬁj,a))Q
=1
+ T (@r,e (1) — Ve (€ne))? + 000k, (0)% + 6160, (1)% + hg e
n—1

> 70 (ke (Co.e) = 0, (0))” + Y 7i(0he () = vk (§.2))°

j=1
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+ T (Ve (€ne) — Vrc(1))? + Sovk e (0)% + d1vg (1) + hyo -

n—1
:;ka,s(<0,5)2 + Z Tj (Uk,E(Cj,e) - vk,s(&j,E))Q + ;nvk,e(gnﬁ)z +hi1e
j=1
n—1
=Fobpc1+ Y Ti(Okcjt1 — Dkes)” + Talpen + hite,
j=1

with hig. — 0 and hq1, — 0 as € — 0. Here, we write Uy . = U, (vk,e) and Uk
is the I-th component of v} . € R". By Lemma 3.11,

n—1
Folher + Y T (Bkejtt — Oke)® + Tnlpen = bo(Pe(vre), Ue(vke))
j=1

= bs(vk,ea Uk:,s) + h12,5
with his . — 0 as € = 0. Thus,
(315) bs((pk:,m @k,e) - h13,5 Z bs(vk,a Uk,s)

with h13. — 0 as ¢ — 0. For ¢ € ]0,e¢[ small enough and for all k£ € [1..n] we
have

be(h,er or,e) = f{be(p,0) | ¢ € Z, [lollz =1, p € Upy . }
< inf{b.(u,u) |u e W, |lullpz =1, u € U,ﬂ;l’s }.

It follows from (3.15) that

bs(@k,sv (Pk,s) - hlS,s > bs(vk,savk,s)

> inf{b.(u,u) |ue W, ||lullz2=1, ue U,i‘_LE }.

Since be(@k,e, Phe) = Ak,e, we conclude that

Mioe —Inf{ b (u,u) | u € We,|lullpz =1, u e Ukl_lﬁ} —0, ase—0,
and Ag e —be (Vk.e, Vk,e) = 0, as e — 0. Now Corollary 3.12 completes the proof.[]

LEMMA 3.14. Let e € |0,e0[ be as in Lemma 3.10. Let (gm)m be a null
sequence in |0, 5] and suppose that there exists a sequence (21)eq1..n) 1 R™ such
that for each l € [1..n] and j € [1..n],

sup |¢re,, () — 215 =0, asm — oo.
zeK;

J:Em

Here 2z = (z15)jep.n) € R". Then (21)ie1..m) 95 an (-, - )L-orthonormal se-
quence. Define Yy = {0} C R™ and for each p € [1..n], let Y, be the span of the
vectors z, for 1 € [1..p|. Moreover, let Y;-, p € [0..n], be the (-, -)L-orthogonal
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complement of Y,,. Then, for each k € [1..n],

(3.16) inf{bo(¥e,, (u), Ve, () [u€ We,,, llullz =1, we Uiy, }
—inf{bo(y,y) |y €R™, lyllL=1andy€Y-,} =0, asm — co.
Moreover, A, e, — bo(zk, 2r), as m — oo.
PRrROOF. Let k, j € [1..n]. It follows that
(3.17) Ohoep (A, ) = 2k, a8 m — 00.

Lemma 3.8 part (b) with v;.m = o .,,, for j € [1..n] and m € N, implies that
lzellL = 1 and (zx, z;)L = 0 for all k, [ € [1..n] with k # I. Therefore (21);c1..0)
is an (-, - )p-orthonormal sequence.

Now let k € [1..n] be arbitrary. For each m € N define

En={yeR"||lylo=1andy € V;~,},

E, = {yeR"[FueW,,, [lulp2=1,uc Uch—l,am and y =¥, (u)}.

m?

Note that all these sets are nonempty. It is clear that the (constant) family
(Em)men is bounded. Lemma 3.9 implies that the family (E,,)men is also
bounded. Notice that the map F: R" — R, y — by(y,y) is bounded below
and Lipschitzian on bounded subset of R™.
Thus, in order to establish (3.16), we only have to show that
for each (Jm)m € [ Em there is a (ym)m € [] Em such that
meN meN

(3.18) Um — Ym — 0 as m — oo and, conversely, that for each (y,,)m €

I1 E. there is a (gm)m € ]I E,, such that Um — Ym — 0 as
meN meN
m — oo.

Consider first the case k = 1. In this case for each m € N

En={yeR"|[lyllL =1},
En, = {7 € R" | there exists a u € W, , |[ullp2 =1 and § = ¥, (u)}.

Let (Im)m € 1 Em. Then, for each m € N, there is a u,, € W, with
meN
ltumllzz =1 and g = P, (um). It follows that g, # 0.

Since ||t |lr2z = 1, it follows from Lemma 3.9 that | U,  (um)|lL — 1, as
m — 0o and $o ||Um |l — 1, as m — 00. Set Ym = Ym/||Um||L, for m € N. Hence,

(Ym)m € ]I Em and
meN

(3.19) Ym — Ym — 0, as m — oo,
proving the first half of (3.18). Conversely, let (ym)m € [[ Em. Then, for each

meN
m €N, y, € R" with ||y [l = 1. Let wy, = U2 (ym), m € N. It follows that

Wy, 7 0.
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Since ||ym |l = 1, it follows from Lemma 3.9 that |wy,] 2 — 1 as m — co.
For each meN define u,, =w,, /|| wm||r2. It follows that wmy, € We | ||um |z =1.
Set Ym = U, (Upm). Then

~ 1
Y = Ym = 77— Ym — Ym, m € N,
[[wm|| L2
and this implies that
(3.20) Ym —Ym — 0, as m — oo,

proving the second half of (3.18). This proves (3.18) and thus (3.16) for k = 1.
Now let k € [2..n]. Let (Jm)m € [Lneny Em- Then, for each m € N there is
a Uy € W, with |Jum|lr2 =1, unm € U,ﬁ_lﬁm and Y, = Pe, (Up,). Define

k-1
Ym =Ym — Z(‘I’sm (um), zi)L21-
1=1
Since (21)ie[1..k—1] is an orthonormal basis of Y;_; with respect to the inner
product (-, - )y, it follows that 3, € Y- ,. Moreover,

k—1

1T = G IE = D (e, (), 200l
=1

Now, for [ € [1..k — 1] Lemma 3.4 with 7, ., = @, , for j € [1..n] and m € N

Em>?

implies that

n
(U, e, )2 = Y Li(We,, (Um)jPre,, (A e,) = 0, asm — oo,
j=1
Since (Um, re,, )2 = 0 and for j € [1..n|, ¢1., (ajc,.) — 21,5 — 0, as m — oo,
it follows that

n

ZLJ-(\I/EW (um));z1,; — 0, as m — 0o

j=1
so (Ue, (um),z). — 0, as m — oo. Thus ||gm — Um|/Z2 — 0, as m — oo. Since
[|tem |2 = 1, it follows from Lemma 3.9 that |U. (un)|lL — 1, as m — oo and
SO ||Um|l. — 1, as m — oo. Therefore, ||g,|l. — 1, as m — oco. In particular,
Um # 0 for some my € N and all m > mg. Set Yy, = U /||UmlL, if m > mg and

Ym = Ym, Otherwise. Hence, (ym)m € [[ Em and
meN

(3.21) Ym — Ym — 0, as m — oo,

proving the first half of (3.18).

Now let (¢m)m € [] Em be arbitrary. Then for each m € N, y,,, € R™ with
meN

[ymlle = 1 and y,,, € Y-,
For each m € N, let p,,, be the vector in R™ such that p,,; = 0 for [ €
[1..k—1] and ppoi = (U2 (ym), Pre,) 12, for L € [k..n].
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Set wm = V-1 (G2 (om)), m € N. Thus G, (Y., (wm)) = 0m, m € N. On
the other hand, in view of (3.10), for each I € [1..n] we have (G, (V.. (wm))) =
(Wi P ey, )12 Therefore (wy,, pie,, )2 =0 for l € [1..k —1] and

<wm7 @l,Em>L2 = <\I/;,1L (y7m )7 @l,am,>L2a for [ € [k . n}

This implies that w,, € U,j;l,am.
In order to show that ¥,  (wy)—ym — 0 as m — oo it is enough, by (3.12),
to prove that G, (V. (wm) — ym) — 0 as m — oo. Notice that G  (ym) =

Gam(‘pem(q’;ﬁ (Ym))) s0
(Ge,, (Ym))1 = <\II;Y1L (Ym), Pren )2, forle[l..n].
Thus (Ge,, (Ye,, (W) — Ym)) =0 for I € [k..n]. For I € [1..k — 1] we have

(Gam(\llam (Wm) = Ym))1 =0 — <\I/s_,,1L (ym)a <pl757n>L2

and
(O W) ren)e = Y Li(We, (92 (4m)jPren (Qe,) = 0, as m — o0
j=1

Since @i, (e, ) = 21,5 a8 m — 00 and |[ym|lL = 1, it follows that

n

n
> L, (92 Ym))i0ten Qo) = Y Liym 215 = 0, as m — oo.
Jj=1 j=1

Now > Liymz; = (Ym,zi). = 0. Therefore, (\I’E‘i(ym),@,gmhz — 0 as
=1

m — 0o. We conclude that ¥, (wy,) — ym — 0 as m — oco.

Since ||ym|lL = 1, it follows that ||¥., (wp,)|lL — 1 as m — oco. And this
implies that U2 (U., (wy,))||L2 = 1asm — oo. Thus |[wy,||L2 — 1asm — oc.
In particular, w,, # 0 for some mg € N and all m > my.

For m > my define u,, = wp,/||wml 12 and for m < my let u, be an arbitrary
element of W,_nN U,ﬂ-_lﬁm with |[um|lz2 = 1 (e.8. um = Vke,,). It follows that
Um € We, umllrz = 1, um € UkL_Lam for m € N. Set g, = ¥, (um). Then,
for m > mg,

Tt = ., (|wm) = (‘I’(“””) v, (wm> (Ve (W) — )

|win|| L2 [wm |22

and this implies that
(3.22) Ym — Ym — 0, as m — oo,

proving the second half of (3.18). This proves (3.18) and thus (3.16).
By estimate (3.17) and Lemma 3.10 together with the definition of ¥, we
have, for j € [1..n]

(Ye,, (Vke,))j = 2,5, asm — oo.
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Hence, bo(V.,, (Vke,,)s Ve, (Vke,.)) — bo(zk, 21) = 0, as m — oco. This together
with Lemma 3.11 implies that
be.,, (Vk,e s Ve ) — bo(Zk, 26) = 0, as m — oo.
Now, Lemma 3.13 implies that
Mgy — bo(2k,2) = 0, asm — oo.
The proof is complete. O

LEMMA 3.15. Let (€p)m be a null sequence in |0,eq] and suppose that there
exists a sequence (z1)ie1..n) i R™ such that, for alll € [1..n] and j € [1..n],

sup @i, () — 215 =0, asm — oo.
ZEKJ',E,M

For each k € [1..n] consider the following statement (Py):

(Px) Foreachl e [l..k], z; is an eigenvector corresponding to A .

Then (Py) holds for each k € [1..n]. Moreover, for each k € [1..n],
Ak = Ak,0, G5 T — OO.

PRrROOF. Let k € [1..n]. Lemma 3.13 implies that
(3.23)
lim ()\k,am —inf{bg(V, u, V. u)|ueW,, , |lurz=1, ue U,ﬁ;l,sm }) =0.

m—r o0

Now the estimates (3.16) and (3.23) imply that

Men —f{bo(y,y) [y R, Iyl =1, y € ¥Y;,} =0, asm — oo
Therefore, Lemma 3.14 implies
(3.24) bo(zk, zx) = inf{bo(y,y) | y € R™, [lyllL =1, y € Y3, }.

Now let £k = 1. Then inf{bo(y,y) | ¥y € R", |lyllL = 1} = A o. Esti-
mate (3.24) implies that bo(z1,21) = A1,0. It follows that z; is an eigenvector
corresponding to Aj ¢. Thus (P;) holds.

Let k € [2..n] be such that (Py_1) holds. This implies that

Mo = inf{bo(y,y) [y €R™, [lyllL=1, y € Ylel }

Moreover, estimate (3.24) implies that bo(zx,2r) = Ago. Therefore z; is an
eigenvector corresponding to Ago. Thus (Py) holds for all £ € [1..n] and the
lemma is proved. O

LEMMA 3.16. For every null sequence (€, )m in ]0,eq[ there are a subsequence
(el )m of (em)m and a sequence (21)ieq1..n) in R™ such that, for each I € [1..n]
and j € [1..n],

sup |(Pl,g}n (z) — Zl,j| —0, asm — oo.
reK.

gl
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PRrROOF. Since sup sup |¢e,,(x)| < oo for each | € [1..n], there exists
meN z€[0,1]

r)m of (em)m and z = (215)jen..n) € R™ such that for each

a subsequence (g,,

l,jel..n]
(3.25) Grer (o1 ) = 215, asm — o0,
Now estimate (3.25) and Lemma 3.3 imply that, for each I, j € [1..n],

sup |<Pl,51 (x) — Zl,j| — 0, asm — oo. O
IEKJ)E}n m

COROLLARY 3.17. For each null sequence (€m,)m in ]0,&o[ there exist a sub-

1

sequence (€,

Jm 0f (Em)m and an (-, -)L-orthonormal sequence (z1)i[1..n) Such
that, for each 1 € [1..n], z is an eigenvector of Ay corresponding to Ao and

such that for each j € [1..n]

sup |901,5}n (x) — 2151 = 0, as m — oo,

IGKJﬁ%
where 2y ; is the j-th component of the vector z;.

PrOOF. This follows from Lemma 3.16, Lemma 3.14 and statement (P,)
from Lemma 3.15. 0

PrOOF OF THEOREM 2.6. Notice that part (a) of the theorem was estab-
lished in Lemma 3.7.

To prove part (c) fix an arbitrary L-orthonormal sequence (¢1,0)ef1..n] in R”
such that ¢; o is an eigenvector of A corresponding to A;¢. Fix ! € [1..n]. There
exists a j; € [1..n] such that ¢; 9, # 0. Define @0 = v¢;,0, where v; = 1 if
1,05, > 0and v = —11if ;9,5 <O0.

We claim that there exists an & € ]0,eo[ such that ¢;.(¢;,,c) # 0 for all
e € ]0,;[. Indeed, suppose the claim does not hold. Then there exists a null

sequence (ep,)m in |0,e0[ such ¢., ((e,,) = 0 for each m € N. It follows

1

from Corollary 3.17 that there exist a subsequence (e,

)m of (€m)m and an
(-, -)L-orthonormal sequence (zx)re1..n) such that, for each k € [1..7n], 2 is an
eigenvector of Ay corresponding to i and such that for each j € [1..n]

sup  [per (@) — zx,5| = 0, asm — oo,
zeK, 1

J:€m

so, in particular, 0 = ¢ ¢, (Cjy e, ) = 21,5, a8 m — oo. Thus z;;, = 0 a contra-

diction, as z; = £¢; . This proves the claim. Set &€= ln[lin | g.
€[l.n

Let € € ]0,e9[. Define @ = (sign; «(Cj,.e))pre if L € [1..n] and € € ]0, €]
and ;. = ¢ . otherwise.

It follows that for each € € ]0, o[, (#1,c); is a L*-orthonormal sequence such
that @ is an eigenfunction of A, corresponding to A, I € N. We claim that
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for all [, j € [1..n]

sup |Pre(z) — Pi0,] =0, ase—0.

IEK]-,E
Suppose the claim does not hold. Then there exist ZAJ € [1..n], a null sequence
(Em)m in ]0,&] and B > 0 such that
(3.26) sup  |gr_ (%) — @ro3/ > B forallmeN.

x -~
€ JEm

An application of Corollary 3.17 to the family (&i.c),c)e[1..n]x]0,e0[ Shows that

1

m Of (€m)m and an (-, - )p-orthonormal sequence
m) ; q

there exist a subsequence (e
(21)1€[1..n) such that, for each [ € [1..n], 2 is an eigenvector of Ay corresponding
to Ao and for each j € [1..n]

sup @1 (@) —2;] =0, asm — oo.
a:EKj,E}n m

In particular, gBlA’E}n(leA,sgn) — 2z, a8 m — 00. The definition of @775371 implies

that o7 _, (ij)el ) > 0 for all m € N. Since 2 % 0, it follows that 2 > 0 and
sEm m 3J7 »J7

so z; = o7, Hence, in particular,

but this contradicts (3.26).

The last statement of part (¢) follows from Lemma 3.3. This completes the
proof of part (c) of the theorem.

The arbitrariness of the sequence (&,,)., in part (¢) and Lemma 3.14 imply
part (b) of the theorem. The proof is complete. O

4. A case without wells at the boundary

We will now formulate Assumption 2.1 for the case in which there are no
wells close to the boundary points. This simply means that we remove in that
hypothesis the points (o, (¢ &n.e» &5, - and the numbers 79 and 7,

ASSUMPTION 4.1.

(la) n €N, g €0, 00];

(1b) (ac)ee)o,e, is @ family of continuous positive functions defined on [0, 1];

(1c) (xj)jef0..m) 1s a strictly increasing sequence in [0,1], with xp = 0 and
Tp = 1, (T)je1.m—1] I8 a sequence in ]0,00[ and &} _, ;- and (e, (.,
j € [1..n — 1] are families in ]0, 1[ with xp < & . < &1c < @1, 71 <
G1e < (1. <& . <&e<wmj,jel2.n—1]and v, 1 < (uo1e <
C’:’L—l,& < T, € €]0,0].

(1d) If (FE)EE]O,EO[ is the family ([53‘757 CJ/‘75])6€]0,50[’ J €[l..n—1], then m(T;)
—0ase—0.
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(2a) If (I'2)cejo,e0[ is any of the families:

([Cj/',sv 53’+1,s])56]0,50[a JE [1 -n= 2} (lf n > 3)7
([Cjﬁv C]/',e])se]o,ao[v ([6;’,57 £j75])£€]07€o[7 J € [1' -n = 1] )

([I()?Ei,e])ae]o,ao[ or else the famﬂy ([Cvlz—l,mmnDEE]O,EO[’ then

inf a.
Le —00 ase—0
m(I'.)
(2b) For each j € [1..n — 1] and € € ]0,0[, set I'; . = [€;.¢,(j.c]. Then
inf a, Sup ae
Live — 7; and Do -7 se—0
m(T;.) ! m(T;c) !

Notation. In this section, for n = 2 we write K1 . = [z0,&1,] and Kz =
[C1,6,®2]. For n > 3 we write

Kic=1[v0,616)s Kje=1[(-168el, JE€2.n—1], Knpe=I[(n-1eTn].
Moreover,
K; =[zj_1,z;], L;j =m(Kj;), forje[l..n].
Again we write H! = H'(0,1) and L? = L?(0,1). Let b = b.: H' x H' - R
be the bilinear form defined by

1
bg(u,v):bg(u,v):/ ac-u' v dv, wu,v€ H'.
0

We also assume the Neumann case: for € € ]0,e0[ let Ac be the set of all pairs
(u,w) with u € H' and w € L? such that a.u € H', 4/(0) = v/(1) = 0 and
w = —(au).
As before, A, is (the graph of) a densely defined nonnegative self-adjoint
linear operator in L2. Again let (-, - )72 be the standard scalar product on L2.
Define the ‘limit’ bilinear form by: R™ x R™ — R by

n—1
bo(y,2) = D 7 (W1 — v;) (2541 — 25)
j=1
and the scalar product (-, - ), on R by

n
<y7 Z>]L = Z LJyJZj7 y= (y17 v 7yn)a z = (Z17 CE) Zn) S R™.
j=1
Let Ag: R™ — R™ be the linear map defined by the pair (b, (-, - )L).
It follows that the map Ag is (-, - )p-symmetric and all of its eigenvalues are
simple. Denote by (A,0)ie[1..n] the increasing sequence of eigenvalues of Ay.
We can now state the spectral convergence theorem for the case in question.

THEOREM 4.2. Let Assumption 4.1 be satisfied. With the above notation and
definitions the following assertions hold:
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(a) Apg1,e = 00 ase — 0.

(b) For eachl € [1..n], \ie — Mo ase — 0.

(c) There is a family (Pre),e)eft..n]x[0,e0] Such that if (l,e) € [1..n] x
10,e0[ then @ is an eigenfunction of A. corresponding to A\ . with
|@relle =1, ifl € [1..n] then @ o is an eigenvector of Ay corresponding
to Ao with ||@iollL =1 and such that, for j € [1..n],

sup |@1e(z) — @i0,5] = 0, ase — 0,
z€EK; o

where P10, is the j-th component of the vector @, o € R™. Moreover,
there is an ¢’ € ]0, €9 such that

sup sup sup |@re(z)| < oo.
e€0,e’] l€[1..n] z€[0,1]

PROOF. The proof is very similar to (and simpler than) the proof of Theo-
rem 2.6. We omit the details. (]

REMARK 4.3. With appropriate modifications, other boundary conditions
may also be treated, cf also the corresponding discussion in [5].

Carvalho in [2] considers the following

ASSUMPTION 4.4. Let € € ]0,00]. Let I3 be a positive constant and 1} > Iy
be a positive function of € € ]0, g¢[ such that

. 12 _
;1_%11(5) =1.

Let a1, a} and ey, e be positive functions of € € |0, gg[ such that
ai(e) < dl(e), fore€]0,eg],
li ! =1 =0 d I ; = for:=1, 2.
lim ay (e) lim ay () and  lim ei(e) =00, fori=1,

Let (ac)cej0,¢,[ be a family of positive C? functions defined on [0, 1] and ; € ]0,1]
be such that

a-(z) > e1(e), for xg <z < —elf,
a.(z) > ey(e), for xq +el] <z < @,
ac(z) > a1(e), for zy —el] <z <z +elf,
as(z) <al(e), formy —ely <z <z +elr.

Here g = 0 and 2 = 1. Assume that IJ — 13 = o(1) and and o} — a1 = o(1).
Assume also that

(a) di(e)/(emin{es(e), e2(e)}) = o(1),
(b) €% min{e;(¢), ea(e)}/a1(e) = O(1), and
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(c) there exists an a; € R such that

lim inf L(E) =i m =
e—0 2811 e—0 2{:‘[1
Under this hypothesis, Carvalho states without proof an analogue of The-
orem 4.2 for n = 2 (with 71 = a1), see [2, Lemma 2.1 and the assumptions
preceding equation (2.5)].
We will now show that Carvalho’s Assumption 4.4 implies our Assumption 4.1
(with n = 2) but not necessarily vice versa.

Suppose Assumption 4.4 holds. For each ¢ € ]0,¢q], define

gi,s =1 — 61/1(5)7 51,6 =1 — 5117
Ci,s =x+ 81/1(5)3 Cl,e =z +ely.

Choosing &¢ smaller, if necessary, we see that parts (1a), (1b) and (1c) of As-
sumption 4.1 hold.

Notice that m([¢] ., (] .]) = 2¢elj(e) — 0 as € — 0, so (1d) in Assumption 4.1
holds. Moreover, m([C1¢,(; ]) = m([€] ., &1e]) = e(lh(e) — 1n).

For each ¢ € ]0, ¢, let T'c = [C1c, (7 Jor T'e = [€] ., &1.c]. Then ac(x) > ai(e)
for all x € I',, so Iiéllfs as(z) > ay1(e) and so

11{1f Qe (&)

€

a _ai(e)
m(T.) ~ m(.)  e(h(e) )

Therefore,
infa
P . a(e) . a1(e) 214
1 f———>1 f———r—— =1 f .
T M) TRt (o) — ) e < 2l (I1(e) — Iy)
Since
liminf 2 (&) =a; and lim 2 = 00,
e—0  2ely e—0 (lll({—:) — ll)
it follows that lim i(I)lf a1(€)/(2ely) = oo and this implies that
e—
inf a. inf a.
. . I . e
lim inf =00, SO = 0.

|
250" m(T,) =20 m(T,)
Now for I'. = [z, &.] we have ilpf a: > e1(e) > oo and m(T'.) —» x1 —xp =

z1>0ase—0so

iII}f Qe
: —o00 ase— 0.
m(T,)
Analogously, the same statement holds for I'. = [¢/,z2]. This proves pro-

perty (2a) of Assumption 4.1.
Now, for each € € ]0,¢¢[, let I's = [&1,¢,¢1,e). Then m(T';) = 2el;. Moreover,

(4.1) as(z) > ai(e), foralzel,
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and so,
inf a, a1 (c)
lim inf — > lim inf ! = a.
e—0 m(Fa) e—0 26[1
Furthermore
(4.2) as(z) < aj(e), forallxel,
and so,
inf a, ,
: . ay(e)
lim su . < lim sup — =aj.
5—>0p m(Fs) o 5—>0p 2¢ely !
This implies that
inf a,
r.
= aj.

2 m(T)
It follows from (4.1) and (4.2) that

ar1(e) < sup a.(x) < d} (&),

zel's
Hence
© Sup a. sup a. (@)
. . ~a1le .. . . . ay(€
a1 = liminf < lim inf < limsu lim su =
! e=0 2l T =0 m(I'.) ~ b m(I'.) ~ o0t 26l !
Thus,
Sup a.

lim e
e—0 m(]_—‘s)

so (2b) of Assumption 4.1 holds with 7, = a;. Thus Assumption 4.1 holds.
Now an easy adaptation of the example given in Remark 2.5 shows that,

:al

for n = 2 and an arbitrary choice of x; € 10,1, ¢g € ]0,00] and 7 € ]0, 00]
there is a family (ac)eejo,e,[ of C°°-functions such that, for & . = 21 —? — &%,
e=x1—¢% (1 =21+ and (e=m1 +e2 4¢3, Assumption 4.1 is satisfied,
but Assumption 4.4 cannot be satisfied with this choice of x; and the family

(as)ee]o,so[~

5. Conley index continuation

In this section we will briefly extend the Conley index continuation results
from [1] to the present more general case. We assume the reader’s familiarity
with the paper [1]. Moreover, recall that we suppose that Assumption 2.1 is
satisfied with the ensuing definitions and notation of Sections 2 and 3.

For each ¢ € ]0, go[ define H® = L?, (-, )y = (-, )2 and A, as in Section 2.
Define also H® = R", (-,-)go = (-,- )1 and A as in (2.3).

Consider the following norms:

]2 += be(u,u) + [lulliz, e €]0,e0], u e H'(0,1),

lullg = bo(u,u) + [lulf, ueR™

(5.1)
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Notice that for each ¢ € ]0,e0[, Hf = H'(0,1) and | - |gs = || - ||.. Moreover,
HY =R" and | - [go = || - [lo.

THEOREM 5.1. There exists an €7 € ]0,e0[ and a family (J:)ccjo,e;] such that
the family
(H®, (5 ) me, Aey Je)ecio.er)
satisfies condition (FSpec).

PROOF. This is proved exactly like [1, Theorem 4.1]. d

For the rest of this section assume the nonlinear convergence hypothesis [1,
Assumption 4.2].

Let ¢ € ]0,g0[. Note that each u € H'(0,1) is (uniquely represented by)
a continuous function. Hence the map g.(u): [0,1] — R defined by

ge(u)(2) = ge(z, u(z)), = €][0,1],
is continuous and bounded. Moreover, g.(u) is Lebesgue measurable and so it
lies in L?(0,1). Therefore, for each £ € ]0,g[, we obtain a well defined map
fe: HY(0,1) — L? given by f-(u) = g-(u), v € H'(0,1). Moreover, define
fo: R" = R™ by fo(u) = (fo(U)1,~--,fo( In);
fo(uw); = Li/ go(z,u;) dz,
K

JJK;

where

u=(u1,...,u,), for j € [1..n].

THEOREM b5.2. Let (H®, (-, ->H5,AE,JE)€€[O’E/7] be as Theorem 5.1. There
exists an g € |0,e7] such that the family (f:)cc(o.c4) satisfies condition (Conv).

PrOOF. This is proved exactly as [1, Theorem 4.4] except that we use
Lemma 3.3 in place of [1, Lemma 4.3]. O

Now consider, for each e € ]0,¢eg], the abstract parabolic equation
(5.2) U= —Acu+ f(u)
on H'(0,1). This equation generates a local semiflow 7. on H'(0,1). Equa-
tion (5.2) is an abstract formulation of the boundary value problem
up = (aetz)z + ge(z,u), 0<zx <1, t>0,
(Ee, Se) ou—(1—placu, =0, x=0,1t>0,
ou+ (1—-o0)acu, =0, x=1,¢t>0.
Moreover, we may also consider the system of ordinary diferential equations
(5.3) z2=—Aoz+ fo(2)

on R™. This system generates a local (semi)flow 7y on R™.
Now, exactly as in [1], we obtain the following
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THEOREM 5.3. The Conley index and homology index braid continuation
results, [1, Theorems 2.4 and 2.5], hold for the family (7:)-c(o.cy)-

REMARK 5.4. Theorem 5.3 remains valid (with the same proof) if we replace
Assumption 2.1 by Assumption 4.1 and Theorem 2.6 by Theorem 4.2.
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