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EXISTENCE OF SOLUTIONS

FOR A CLASS OF DEGENERATE ELLIPTIC EQUATIONS

IN P (X)-SOBOLEV SPACES

Benali Aharrouch — Mohamed Boukhrij — Jaouad Bennouna

Abstract. We study the Dirichlet problem for degenerate elliptic equa-
tions of the form

−div a(x, u,∇u) + H(x, u,∇u) = f in Ω,

where a(x, u,∇u) is allowed to degenerate with respect to the unknown u,

and H(x, u,∇u) is a nonlinear term without sign condition. Under suitable

conditions on a and H, we prove the existence of bounded and unbounded
solution for a datum f ∈ Lm, with 1 ≤ m ≤ ∞.

1. Introduction

Let Ω be a bounded subset of RN , N ≥ 2. In [10], the authors have studied

the quasi-linear elliptic problem

A(u) +H(x, u,∇u) = f in Ω,

where Au = −div((a(x, u)∇u)) is a Leray–Lions operator from H1
0 (Ω), the

Carathéodory function H satisfies the growth conditions and no sign condition

is posed (i.e. H(x, s, ξ)s ≥ 0), the data f belongs to Lm(Ω). They showed the

existence of weak solutions if m > N/2, and existence of entropy solutions if
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2N/(N + 2) ≤ m < N/2. These results were extended by Porretta and Segura

de León in 2006, [17], to the model case−div(α(u)|∇u|p−2∇u) = β(u)|∇u|p + f(x) in Ω,

u = 0 on ∂Ω,

with 1 < p <∞. Also under the additional hypothesis

lim
s→∞

β(s)

α(s)
= 0

they obtained an L∞-estimate. Aharrouch and al. [1] proved the existence

results in the setting of Orlicz space for the unilateral problem associated to the

equation

A(u) +H(x, u,∇u) = f in Ω,

where Au = −div((a(x, u)∇u)) is a Leray–Lions operator and no sign condition

is posed on H, and f ∈ L1(Ω).

To deal with this kind of problems, it is natural to work under the framework

of Sobolev spaces with variable exponents. The study of differential equations

with variable exponents has been a very active field in recent years, with appli-

cations in electro-rheological fluids and image processing, and so on. We refer

the readers to [15] and references therein.

In [3] Azroul, Hjaij and Touzani proved the existence of entropy solutions for

the following problem:−div a(x, u,∇u) +H(x, u,∇u) = f − div(φ) in Ω,

u = 0 on ∂Ω,

with f ∈ L1(Ω) and φ ∈ C0(R,RN ).

Our purpose is to study the existence of a solution for the following degen-

erate problem:

(1.1)

−div a(x, u,∇u) +H(x, u,∇u) = f in Ω,

u = 0 on ∂Ω,

in the setting of the Sobolev space with variable exponent W
1,p( · )
0 (Ω), where Ω

be a bounded subset of RN , N ≥ 2, a and H are a Carathéodory functions. We

assume that there exists a continuous function α : R+ → R+ with α(0) = 0, such

that a(x, s, ξ)ξ ≥ α(s)|ξ|p(x) for s ∈ R, ξ ∈ RN and almost every x ∈ Ω.

There exist two main difficulties in dealing with this problem, which are

related to the facts that the main operator is degenerate for the subset {x ∈ Ω :

u(x) = 0} and we cannot use the classical method of Stampacchia to prove L∞-

estimates for the solution. To overcome these difficulties, we shall employ a test

function method with respect to the boundary of α, and then following the ideas
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of [6], we make a partition of Ω into a finite number of balls Bi (such that for

all continuous functions f < g on Ω, we have sup(f) < inf(g) on Bi), and assure

conditions of [19, Lemma 4] are verified.

This paper is organized as follows: in Section 2 we recall some preliminaries

and useful lemmas. In Section 3, we first prove an estimation for solutions in

L∞(Ω), then we prove the existence of the weak solution when f ∈ Lm(Ω),

m > N/p( · ) and m ≥ p′( · ). In the last section, we prove the existence of the

entropy solution when f ∈ L1(Ω).

2. Preliminaries

In this section we define Lebesgue and Sobolev spaces with variable exponent

and recall some of their properties. Let Ω be an open bounded set in RN , N ≥ 2.

The function p( · ) satisfies the log-Hölder continuity on Ω if

(2.1) |p(y)− p(x)| ≤ C

| log |y − x||
, for all x, y ∈ Ω such that |y − x| ≤ 1

2
,

with C being a positive constant.

We denote C+(Ω) = {p : Ω→ R is a log-Hölder continuous function such that

p(x) > 1 for any x ∈ Ω}. For every p ∈ C+(Ω) we put

p+ = max
x∈Ω

p(x) and p− = min
x∈Ω

p(x).

The variable exponent Lebesgue space is defined as

Lp( · )(Ω) =

{
u : u is a measurable real-valued function,

∫
Ω

|u(x)|p(x) dx <∞
}
.

We can introduce the norm on Lp( · )(Ω) by

‖u‖p( · ) = inf

{
λ > 0 :

∫
Ω

∣∣∣∣u(x)

λ

∣∣∣∣p(x)

dx ≤ 1

}
.

The variable exponent Lebesgue spaces resemble classical Lebesgue spaces in

many aspects: they are Banach spaces, the Hölder inequality holds, they are

reflexive if and only if 1 < p− < p+ <∞ and continuous functions are dense in

Lp( · )(Ω) if p+ <∞ (see Kováčik and Rákosńık [18]).

We denote by Lp
′( · )(Ω) the conjugate space of Lp( · )(Ω) where 1/p( · ) +

1/p′( · ) = 1 (see [13], [14]). For any u ∈ Lp( · )(Ω) and v ∈ Lp
′( · )(Ω), the

generalized Hölder inequality∣∣∣∣ ∫
Ω

uv

∣∣∣∣ ≤ ( 1

p−
+

1

p′−

)
‖u‖p(x)‖v‖p′(x),

holds true.

Proposition 2.1 (see [12], [21]). If we denote

ρ(u) =

∫
Ω

|u|p(x) dx, for all u ∈ Lp( · )(Ω),
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then the following assertions hold:

(a) ‖u‖p( · ) < 1 (resp. = 1, > 1) if and only if ρ(u) < 1 (resp. = 1, > 1),

(b) if ‖u‖p( · ) > 1 then ‖u‖p−p( · ) ≤ ρ(u) ≤ ‖u‖p+p( · ),
if ‖u‖p( · ) < 1 then ‖u‖p+p( · ) ≤ ρ(u) ≤ ‖u‖p−p( · ),

(c) ‖u‖p( · ) → 0 if and only if ρ(u)→ 0,

‖u‖p( · ) →∞ if and only if ρ(u)→∞.

We define the variable Sobolev space by

W 1.p( · )(Ω) = {u ∈ Lp( · )(Ω) : |∇u| ∈ Lp( · )(Ω)},

normed by

(2.2) ‖u‖1.p( · ) = ‖u‖p( · ) + ‖∇u‖p( · ) for all u ∈W 1.p( · )(Ω).

We denote by W
1.p( · )
0 (Ω) the closure of C∞0 (Ω) in W 1.p( · )(Ω) and

p∗(x) =


Np(x)

N − p(x)
for p(x) < N,

∞ for p(x) ≥ N.

Proposition 2.2 (see [12]).

(a) Assuming p− > 1, the spaces W 1.p( · )(Ω) and W
1.p( · )
0 (Ω) are separable

and reflexive Banach spaces.

(b) If q ∈ C+(Ω) and q(x) < p∗(x) for any x ∈ Ω, then

(2.3) W
1.p( · )
0 (Ω) ↪→ Lp( · )(Ω)

is compact and continuous (for more details see [11, Theorem 8.4.2]).

(c) (The Poincaré inequality) There exists a constant C > 0 such that

‖u‖p( · ) ≤ C‖∇u‖p( · ) for all u ∈W 1.p( · )
0 (Ω).

(d) (The Sobolev inequality) There exists a constant C > 0 such that

‖u‖p∗( · ) ≤ C‖∇u‖p( · ) for all u ∈W 1.p( · )
0 (Ω).

Remark 2.3. By (c) of Proposition 2.2, we know that ‖∇u‖p( · ) and ‖u‖1.p( · )
are equivalent norms on W

1.p( · )
0 (Ω).

Some technical lemmas.

Lemma 2.4 ([4]). Let q ∈ C+(Ω), g ∈ Lq( · )(Ω) and (gn)n ∈ Lq( · )(Ω) with

‖gn‖q( · ) ≤ C. If gn(x) → g(x) almost everywhere in Ω, then gn(x) → g(x) in

Lq( · )(Ω), where C is a positive constant.
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Lemma 2.5 ([4]). Let F : R → R be a uniformly Lipshitz function, with

F (0) = 0 and p ∈ C+(Ω). If u ∈W 1.p( · )
0 (Ω), then F (u) ∈W 1.p( · )

0 (Ω). Moreover,

if the set of discontinuity points of F ′′ is finite, then

∂(F ◦ u)

∂xi
=

F
′(u)

∂u

∂xi
for a.e. x 6∈ Ω \ u(x) ∈ D,

0 for a.e. x ∈ Ω \ u(x) ∈ D.

Lemma 2.6 ([12]). Let u ∈W 1.p( · )
0 (Ω), then Tk(u) ∈W 1.p( · )

0 (Ω), with k > 0.

Moreover, Tk(u)→ u ∈W 1.p( · )
0 (Ω) when k →∞.

Lemma 2.7 ([3]). Let (un)n be a sequence in W
1.p( · )
0 (Ω) with un ⇀ u in

W
1.p( · )
0 (Ω), then Tk(un) ⇀ Tk(u) in W

1.p( · )
0 (Ω).

Lemma 2.8 ([4]). Assume that (3.1)–(3.3) hold and there exists λ > 0 such

that α( · ) ≥ λ. Let (un)n be a sequence in W
1.p( · )
0 (Ω) such that un ⇀ u in

W
1.p( · )
0 (Ω) and ∫

Ω

[a(x, un,∇un)− a(x, un,∇u)]∇(un − u)→ 0.

Then un → u in W
1.p( · )
0 (Ω).

3. Basic assumptions, notations and definitions

First, we suppose that the functional −div(a(x, u,∇u)) is a Leray–Lions

operator defined on W
1.p( · )
0 (Ω) into W−1.p′( · )(Ω), where a : Ω×R×RN → RN

is a Carathéodory function, satisfies the following assumptions:

|a(x, s, ξ)| ≤ L(x) + |s|p(x)−1 + |ξ|p(x)−1,(3.1)

a(x, s, ξ)ξ ≥ α(s)|ξ|p(x),(3.2)

[a(x, s, ξ)− a(x, s, ξ′)][ξ − ξ′] > 0 for ξ 6= ξ′,(3.3)

for almost every x ∈ Ω, for all (s, ξ) ∈ R×RN , where L( · ) is a positive function

of Lp
′( · )(Ω). Moreover, H(x, s, ξ) is a Carathéodory function satisfying

(3.4) |H(x, s, ξ)| ≤ β(s)|ξ|p(x),

where α, β : R 7→ R+ are continuous functions, with α > 0,

β

α
∈ L1(R), α1/(p±−1) 6∈ L1([0,∞[) ∪ L1([−∞, 0[),

f ∈ Lm(Ω).(3.5)

We define

(3.6) γ(s) =

∫ s

0

β(τ)

α(τ)
dτ,

(3.7) A(s) =

∫ s

0

α(τ)1/(p+−1) dτ if α is unbounded,
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(3.8) A(s) =

∫ s

0

α(τ)1/(p−−1) dτ if α is bounded,

4. Existence of bounded solutions

Definition 4.1. For all k > 0 and s ∈ R, the truncation function Tk( · ) can

be defined by

Tk(s) =

s if |s| ≤ k,
k · sign(s) if |s| > k,

and we define Gk(s) = s− Tk(s).

Definition 4.2. A measurable function u ∈ W 1,p( · )
0 (Ω), is a weak solution

of (1.1), if a(x, u,∇u) ∈ Lp′( · )(Ω), H(x, u,∇u) ∈ L1(Ω) and

(4.1)

∫
Ω

a(x, u,∇u)∇ϕdx+

∫
Ω

H(x, u,∇u)ϕdx =

∫
Ω

fϕ dx

for all ϕ ∈W 1,p( · )
0 (Ω) ∩ L∞(Ω).

Theorem 4.3. Assume (3.1)–(3.5) hold with m ≥ p′( · ) and m > N/p( · ),

if u is a weak solution of (1.1) such that A(u) may be taken as a test function,

then ‖u‖∞ ≤ C, where C > 0 only depends on m, on the norm of f in Lm(Ω)

and on the parameters of (1.1).

Proof. Case 1. The function α is unbounded, i.e. lim
s→+∞

α(s) = +∞. Then

there exists α0 > 0 such that α(s) > 1 for all s ≥ α0 since lim
s→+∞

α(s) = +∞.

For every k > A(α0), with

A(s) =

∫ s

0

α(τ)1/(p+−1) dτ,

taking v = eγ(u)(Gk(A(u)))+ as an admissible test function in (1.1), we have∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p+−1)eγ(u) dx

+

∫
{A(u)≥k}

a(x, u,∇u)∇u β(u)

α(u)
eγ(u)Gk(A(u)) dx

+

∫
{A(u)≥k}

H(x, u,∇u)eγ(u)Gk(A(u)) dx

=

∫
{A(u)≥k}

feγ(u)Gk(A(u)) dx.

On the other hand, by (3.2) and (3.4), we have∫
{A(u)≥k}

a(x, u,∇u)∇u β(u)

α(u)
eγ(u)Gk(A(u)) dx

≥
∫
{A(u)≥k}

β(u)|∇u|p(x)eγ(u)Gk(A(u)) dx,
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and∫
{A(u)≥k}

H(x, u,∇u)eγ(u)Gk(A(u)) dx

≥ −
∫
{A(u)≥k}

β(u)|∇u|p(x)eγ(u)Gk(A(u)) dx.

So we conclude that∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p+−1)eγ(u) dx ≤
∫
{A(u)≥k}

feγ(u)Gk(A(u)) dx.

By assumption (3.2) we have∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p+−1)eγ(u) dx

≥ C
∫
{A(u)≥k}

|∇u|p(x)α(u)p
+/(p+−1) dx

≥ C
∫
{A(u)≥k}

|∇u|p(x)α(u)p(x)/(p+−1) dx

≥ C
∫
{A(u)≥k}

|∇A(u)|p(x) dx,

and consequently∫
{A(u)≥k}

|∇A(u)|p(x) dx ≤ C ′
∫
{A(u)≥k}

|f ||Gk(A(u))| dx,

which give ∫
Ω

|∇Gk(A(u))|p(x) dx ≤ C ′
∫

Ω

|f ||Gk(A(u))| dx.

Case 2. The function α is bounded, i.e. there exists a constant M > 0 such

that α(s) ≤M for every s ∈ [0,+∞[.

Taking v = eγ(u)(Gk(A(u)))+ as an admissible test function in (1.1), with

A(s) =

∫ s

0

α(τ)1/(p−−1) dτ,

we have ∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p−−1)eγ(u) dx

+

∫
{A(u)≥k}

a(x, u,∇u)∇u β(u)

α(u)
eγ(u)Gk(A(u)) dx

+

∫
{A(u)≥k}

H(x, u,∇u)eγ(u)Gk(A(u)) dx

=

∫
{A(u)≥k}

feγ(u)Gk(A(u)) dx.
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The reasoning as above gives∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p−−1)eγ(u) dx ≤
∫
{A(u)≥k}

feγ(u)Gk(A(u)) dx.

By assumption (3.2) we have∫
{A(u)≥k}

a(x, u,∇u)∇uα(u)1/(p−−1)eγ(u) dx

≥ C1

∫
{A(u)≥k}

|∇u|p(x)α(u)p
−/(p−−1) dx

≥ C ′1
∫
{A(u)≥k}

|∇u|p(x)α(u)p(x)/(p−−1) dx

≥ C ′1
∫
{A(u)≥k}

|∇A(u)|p(x) dx,

and consequently,

(4.2)

∫
{A(u)≥k}

|∇A(u)|p(x) dx ≤ C ′′1
∫
{A(u)≥k}

|f ||Gk(A(u))| dx.

Now let eγ(u)(Gk(A(u)))− be an admissible test function in (1.1), and reasoning

as above we get

(4.3)

∫
{A(u)<k}

|∇A(u)|p(x)dx ≤ C2

∫
{A(u)<k}

|f ||Gk(A(u))|dx,

(4.2) and (4.3) give

(4.4)

∫
Ω

|∇GkA(u)|p(x) dx ≤ C3

∫
Ω

|f ||Gk(A(u))| dx.

By the Hölder inequality and Sobolev embedding, we have∫
Ω

|∇GkA(u)|p(x) dx ≤ c3‖fχAk
‖p′∗( · ).‖Gk(A(u))‖p∗( · )

≤ c3‖fχAk
‖p′∗( · ).‖∇Gk(A(u))‖p( · )

≤ c3‖fχAk
‖p′∗( · )

(∫
Ω

|∇Gk(A(u))|p(x) dx

)1/γ1

,

with

γ1 =

p− if ‖∇Gk(A(u))‖p( · ) ≥ 1,

p+ if ‖∇Gk(A(u))‖p( · ) < 1,

and Ak = {x ∈ Ω, |A(u)| > k}. The Young and Hölder inequalities give

c′′
∫

Ω

|∇Gk(A(u))|p(x) dx ≤ c′1‖fχAk
‖γ
′
1

p′∗( · )
+ c′2

∫
Ω

|∇Gk(A(u))|p(x) dx,
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and

c′′′
∫

Ω

|∇Gk(A(u))|p(x) dx ≤ c′1‖fχAk
‖γ
′
1

p′∗( · )
≤ c′1

(∫
Ak

|f |p
′
∗(x) dx

)γ′1/γ2
(4.5)

≤ c′1‖|f |p
′
∗‖γ

′
1/γ2
s( · )/p′∗( · )

.‖χAk
‖γ
′
1/γ2
s( · )/(s( · )−p′∗( · ))

≤ c′3(Φ(k))γ
′
1/(γ2.γ5) ≤ c′3(Φ(k))γ

′
1/(γ2.γ5),

with c′′′ = c′′ − c′2 > 0, Φ(k) = mes(Ak) and

γ2 =

(p′∗)
− if ‖fχAk

‖p′∗( · ) ≥ 1,

(p′∗)
+ if ‖fχAk

‖p′∗( · ) < 1,

γ5 =


(

s(x)

s(x)− p′∗(x)

)−
if ‖χAk

‖s( · )/(s( · )−p′∗( · )) ≥ 1,(
s(x)

s(x)− p′∗(x)

)+

if ‖χAk
‖s( · )/(s( · )−p′∗( · )) < 1.

By Sobolev embedding, we have

(4.6)

∫
Ω

|∇Gk(A(u))|p(x) dx ≥ c4
(∫

Ω

|Gk(A(u))|p∗(x) dx

)γ4/γ3
,

where

γ3 =

(p∗)
− if ‖Gk(A(u))‖p∗( · ) ≥ 1,

(p∗)
+ if ‖Gk(A(u))‖p∗( · ) < 1,

γ4 =

p− if ‖∇Gk(A(u))‖p( · ) ≥ 1,

p+ if ‖∇Gk(A(u))‖p( · ) < 1.

So, by (4.5) and (4.6), we get

(4.7)

∫
Ω

|Gk(A(u))|p∗(x) dx ≤ c′4(Φ(k))γ
′
1.γ3/(γ2.γ5.γ4).

Choose h such that h − k > 1 and in Ah = {x ∈ Ω : |A(u)| > h} we have

h− k < Gk(u). Hence, in view of (4.7), we obtain

Φ(h) ≤ C

(h− k)(p∗)−
(Φ(k))γ

′
1.γ3/(γ2.γ5.γ4).

First, let p+ be a constant satisfying p+ < min
x∈Ω

(1 + 1/N)p(x) which implies that

p+ < min
x∈Ω

(Np(x)/(N − p(x))), then γ3/γ4 > 1 and γ′1/γ2 > 1. By a suitable

choice of s( · ), we have β = γ′1.γ3/(γ2.γ5.γ4) > 1. Now, we use the result of

Stampacchia [19]; then there exists a constant C, such that ‖u‖∞ ≤ C.

Now, let p ∈ C+(Ω) be such that

p(x) <
Np(x)

N − p(x)
and p(x) <

(
1 +

1

N

)
p(x).
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By the continuity of p( · ) on Ω, there exist two constants δ1, δ2 > 0 such that

max
y∈B(x,δ1)∩Ω

p(y) < min
y∈B(x,δ1)∩Ω

Np(y)

N − p(y)
,(4.8)

max
y∈B(x,δ2)∩Ω

p(y) < inf
y∈B(x,δ2)∩Ω

(
1 +

1

N

)
p(y)(4.9)

for all x ∈ Ω. So, recalling that Ω is compact, we can cover it with a finite

number of balls (Bj)j=1,...,k. Moreover, there exists a constant λ > 0 such that

min(δ1, δ2) > |Ωi| > λ, Ωi = Bi ∩ Ω, for all i = 1, . . . , k.

We denote by (pj)
+ and (p∗j)

+ the local maxima of p and p∗ = Np/(N − p)
on Ωj (respectively, (pj)

− and (p∗j)
−, the local minima of p and p∗ on Ωj). By

(4.7) and the fact that (p∗i)
− ≤ p∗ = Np/(N − p) on Ωi, we have

(4.10)

∫
Ωi

|Gk(A(u))|(p∗i)
−
dx ≤ c′4(Φi(k))(γi

1)′.γi
3/(γ

i
2.γ

i
5.γ

i
4), i = 1, . . . , k,

with Φi(k) = mes({x ∈ Ωi : |A(u)| > k}) and γij are the restrictions of γj on Ωi.

Choose h such that h − k > 1, and in Aih = {x ∈ Ωi : |A(u)| > h} we have

h− k < Gk(u). Hence, in view of (4.10), we obtain

Φ(h) ≤ C

(h− k)(p∗i)−
(Φ(k))(γi

1)′.γi
3/(γ

i
2.γ

i
5.γ

i
4), i = 1, . . . , k.

It follows from (4.8)–(4.9) that γj3/γ
j
4 > 1 and (γj1)′/γj2 > 1 for all x ∈ Ω and

j = 1, . . . , k, which give γj3(γj1)′/(γj4γ
j
2) > 1 and, by a suitable choice of s( · ), we

have (γi1)′.γi3/(γ
i
2.γ

i
5.γ

i
4) > 1, for all x ∈ Ω and i = 1, . . . , k. By Lemma 4 of [19]

we get ‖u‖∞ ≤ C. �

Theorem 4.4. Under assumptions (3.1)–(3.5), there exists a weak solution

of (1.1) in the sense of Definition 4.1.

Proof. We obtain the solution u by approximation. Consider the following

sequence of problems:

(4.11)

−div an(x, un,∇un) +Hn(x, un,∇un) = f in Ω,

un = 0 on ∂Ω,

where

an(x, s, ξ) = a(x, Tn(s), ξ),

Hn(x, s, ξ) = min [Tn(βn(s)|ξ|p(x)), max (−Tn(βn(s)|ξ|p(x)), Hn(x, s, ξ))],

αn(s) = α(Tn(s)), βn(s) = αn(s)
β(s)

α(s)
.



Solutions for a Class of Degenerate Elliptic Equations 399

Note that α is continuous, so there exists λ ≥ 0 such that αn(s) ≤ λ and since

αn 6∈ L1([0,∞[) ∪ L1(]−∞.0]), we obtain

(4.12) (a(x, s, ξ))ξ ≥ αn(s)|ξ|p(x) ≥ λ|ξ|p(x).

On the other hand, the function Hn is bounded and

(4.13) |Hn(x, s, ξ)| ≤ Tn(βn(s)|ξ|p(x)−1) ≤ βn(s)|ξ|p(x)−1.

We also observe that βn/αn = β/α ∈ L1(R) and

βn ≤ max {α(s) : |s| ≤ n} β
α
, so that βn ∈ L1(R).

Consider

An(s) =

∫ s

0

αn(τ)1/(p+−1) dτ.

Applying the classical result by Lions [14], for each n ∈ N, there exists a weak

solution un ∈W 1,p( · )
0 (Ω), which is an admissible test function in the weak sense

(4.11). By Theorem 4.3, we have un ∈ L∞(Ω), and so An(un) ∈ W 1,p( · )
0 (Ω) ∩

L∞(Ω) for all n ∈ N.

Estimates for the sequences {un}. We have un ∈ L∞(Ω), so let v =

eγ(un)u+
n be a test function in (4.11),∫

un≥0

a(x, un,∇un)∇uneγ(un) dx(4.14)

+

∫
un≥0

a(x, un,∇un)un
β(un)

α(un)
eγ(un)∇un dx

+

∫
un≥0

H(x, un,∇un)une
γ(un) dx =

∫
un≥0

fune
γ(un) dx.

On the other hand, by (3.2) and (3.4) we have∫
un≥0

a(x, un,∇un)un
β(un)

α(un)
eγ(un)∇un dx ≥

∫
un≥0

β(un)|un||∇un|p(x)eγ(un) dx,

and∫
un≥0

H(x, un,∇un)une
γ(un) dx ≥ −

∫
un≥0

β(un)|un||∇un|p(x)eγ(un) dx.

So (4.14) becomes∫
un≥0

a(x, un,∇un)∇uneγ(un) dx ≤
∫
un≥0

|f ||un|eγ(un) dx,

or γ is bounded, so for some C6 > 0, we have

(4.15)

∫
un≥0

|∇un|p(x) dx ≤ C6

∫
un≥0

f+|un| dx ≤ C6‖un‖L∞(Ω)

∫
Ω

|f | dx.
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Now, let v = −e−γ(un)u−n be a test function in (4.11), by the same way as before

we get, for some C7 > 0,

(4.16)

∫
un≤0

|∇un|p(x) dx ≤ C7‖un‖L∞(Ω)

∫
Ω

|f | dx.

This estimate proves that (un)n is bounded in W
1,p( · )
0 (Ω). Hence, up to subse-

quences, (un)n converges weakly; moreover, Rellich–Kondrachov’s theorem im-

plies that we may also assume that converges almost everywhere in Ω. Let u be

that limit; then u ∈W 1,p( · )
0 (Ω) ∩ L∞(Ω)

un ⇀ u weakly in W
1,p( · )
0 (Ω),(4.17)

un → u strongly in Lp( · )(Ω) and a.e. in Ω.(4.18)

Strong convergence of {un}. Let v = eγ(un)(un − u)+ be a test function

in (4.11), then we have∫
un≥u

a(x, un,∇un)(∇un −∇u)eγ(un) dx(4.19)

+

∫
un≥u

H(x, un,∇un)(un − u)eγ(un) dx

+

∫
un≥u

a(x, un,∇un)(un − u)
β(un)

α(un)
eγ(un)∇un dx

=

∫
un≥u

f(un − u)eγ(un) dx.

In view of (3.2) and (3.4); we conclude that∫
un≥u

H(x, un,∇un)(un − u)eγ(un) dx

+

∫
un≥u

a(x, un,∇un)(un − u)
β(un)

α(un)
eγ(un)∇un dx ≥ 0.

Consequently, we have

(4.20)

∫
un≥u

a(x, un,∇un)(∇un −∇u)eγ(un) dx

≤
∫
un≥u

|f |(un − u)eγ(un) dx ≤ C8

∫
un≥u

|f |(un − u) dx.

Now let v = −e−γ(un)(un − u)− be a test function in (4.11), we obtain∫
un≤u

a(x, un,∇un)(∇un −∇u)e−γ(un) dx(4.21)

−
∫
un≤u

H(x, un,∇un)(un − u)−e−γ(un) dx
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+

∫
un≤u

a(x, un,∇un)(un − u)−
β(un)

α(un)
e−γ(un)∇un dx

= −
∫
un≤u

f(un − u)−e−γ(un) dx.

By the same way as above we, get

(4.22)

∫
un≤u

a(x, un,∇un)(∇un −∇u)e−γ(un) dx

≤
∫
un≤u

|f |(un − u)−e−γ(un) dx ≤ C9

∫
un≤u

|f ||un − u| dx.

Adding up (4.20) and (4.22), we conclude that there exists C10 > 0 such that

(4.23)

∫
Ω

a(x, un,∇un)(∇un −∇u) ≤ C10‖f‖p′(x)‖un − u‖p(x).

On the other hand we have∫
Ω

(a(x, un,∇un)− a(x, un,∇u))(∇un −∇u) dx(4.24)

=

∫
Ω

a(x, un,∇un)(∇un −∇u)−
∫

Ω

a(x, un,∇u)(∇un −∇u) dx

≤C10‖f‖p′(x)‖un − u‖p(x) −
∫

Ω

a(x, un,∇u)(∇un −∇u).

Then, by letting n tend to infinity in the right-hand side of (4.24), we conclude

that

(4.25)

∫
Ω

(a(x, un,∇un)− a(x, un,∇u))(∇un −∇u) dx→ 0.

In view of Lemma 2.8, we deduce that

(4.26) un → u in W
1,p( · )
0 (Ω), a.e. in Ω.

The equi-integrability of (H(x, un,∇un))n. Since, by (3.4) and (4.26),

we already know that H(x, un,∇un) → H(x, u,∇u) almost everywhere in Ω, it

is enough to see the equi-integrability of this sequence and then apply Vitali’s

convergence theorem. Observe that βn(un) = β(un) for n big enough, so that

the sequence (βn(un))n is bounded, there is C11 > 0 such that

|H(x, un,∇un)| ≤ βn(un)|∇un|p(x) ≤ C11|∇un|p(x).

Finally, the equi-integrability of (|∇un|p(x))n, which follows from (4.26), implies

that of H(x, un,∇un), so we have

(4.27) H(x, un,∇un)→ H(x, u,∇u) in L1(Ω).

By the condition (3.1), we have

(4.28) a(x, un,∇un)→ a(x, u,∇u) in Lp( · )(Ω).
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Let ϕ ∈W 1,p( · )
0 (Ω) ∩ L∞(Ω), then

(4.29)

∫
Ω

a(x, un,∇un)ϕdx+

∫
Ω

H(x, un,∇un)ϕdx =

∫
Ω

fϕ dx,

it follows from (4.27) and (4.28) that we may pass to the limit in (4.29) obtaining

that u is a weak solution of (1.1). �

5. Existence of unbounded solutions

Definition 5.1. We will say that a function u ∈ W 1,p( · )
0 (Ω) is an entropy

solution of (1.1) if H(x, u,∇u) ∈ L1(Ω) and

(5.1)∫
Ω

a(x, u,∇u)∇Tk[u− ϕ] dx+

∫
Ω

H(x, u,∇u)Tk[u− ϕ] dx ≤
∫

Ω

fTk[u− ϕ] dx

for all ϕ ∈W 1,p( · )
0 (Ω) ∩ L∞(Ω).

Theorem 5.2. Assume that (3.1)–(3.8) hold and f ∈ L1(Ω), then problem

(1.1) has at least one entropy solution.

Proof. Approximate problem. Let (fn)u∈N be a sequence of smooth func-

tions such fn → f in L1(Ω) and |fn| ≤ |f |, we consider the following problem:

(5.2)

−div a(x, un,∇un) +H(x, un,∇un) = fn in Ω,

un ∈W 1,p( · )
0 (Ω).

By Theorem 4.3 we have the existence of a weak solution to problem (5.2).

A priori estimates of (Tk(A(un)))n. Let (Tk(A(un)))+eγ(un) be a test func-

tion in (5.2), we have∫
Ω

a(x, un,∇un)∇Tk(A(un))eγ(un) dx(5.3)

+

∫
Ω

H(x, un,∇un)(Tk(A(un)))+eγ(un) dx

+

∫
Ω

a(x, un,∇un)∇un
β(un)

α(un)
(Tk(A(un)))+eγ(un) dx

=

∫
Ω

fn(Tk(A(un)))+eγ(un) dx.

By (3.2) and (3.4), we have∫
Ω

H(x, un,∇un)(Tk(A(un)))+eγ(un) dx

+

∫
Ω

a(x, un,∇un)∇un
β(un)

α(un)
(Tk(A(un)))+eγ(un) dx ≥ 0.
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It follows that∫
A(un)>0

a(x, un,∇un)∇Tk(A(un))eγ(un) dx ≤
∫

Ω

|fn|(Tk(A(un)))+eγ(un) dx,

so we get, using (3.7),∫
0<A(un)≤k

a(x, un,∇un)∇unα1/(p+−1)(un)eγ(un) dx

≤
∫

0<A(un)

|fn||(Tk(A(un)))|eγ(un) dx.

By assumption (3.2), there exists C12 > 0 such that

(5.4)

∫
0<A(un)≤k

|∇A(un)|p(x) dx ≤ C12k‖fn‖L1 ,

and, by (3.8), we obtain∫
0<A(un)≤k

a(x, un,∇un)∇unα1/(p−−1)(un)eγ(un) dx

≤
∫

0<A(un)

|fn||(Tk(A(un)))|eγ(un) dx.

By using the test function −(Tk(A(un)))−e−γ(un), and reasoning as before, we

get

(5.5)

∫
−k<A(un)≤0

|∇A(un)|p(x) dx ≤ C13k‖fn‖L1 .

Combining (5.4) and (5.5), we get

(5.6)

∫
Ω

|∇Tk(A(un))|p(x) dx ≤ C14k.

Therefore,

(5.7) ‖∇Tk(A(un))‖θ4p( · )dx ≤ C14k

with

θ4 =

p+ if ‖∇Tk(A(un))‖p( · ) < 1,

p− if ‖∇Tk(A(un))‖p( · ) ≥ 1.

Let k ≥ 1, we have

kmes{|A(un)| > k} =

∫
|A(un)|>k

|Tk(A(un))| dx ≤ C14k
1/θ4 ,

which implies that

mes{|A(un)| > k} ≤ C14
1

k1−1/θ4
→ 0 as k →∞.
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By the usual method we get that Tk(A(un)) is bounded in W
1,p( · )
0 (Ω), then

there exists a subsequence still denoted (Tk(A(un)))n∈N such that

Tk(A(un)) ⇀ ηk weakly in W
1,p( · )
0 (Ω),

and, by the compact embedding, we have

Tk(A(un))→ ηk strongly in Lp( · )(Ω), and a.e. in Ω.

Consequently, we can assume that (Tk(A(un)))n∈N is a Cauchy sequence in mea-

sure. Thus,

mes{|Tk(A(un))− Tk(A(um))| > δ} ≤ ε

2
for all m,n ≥ n0(δ, ε).

We conclude that for all δ, ε > 0 there exists n0 = n0(δ, ε) such that mes{|un −
um| > δ} ≤ ε for all δ, ε > 0.

It follows that (Tk(A(un)))n∈N is a Cauchy sequence in measure, then it

converges almost everywhere, for a subsequence, to some measurable function u.

Consequently, we have

Tk(A(un)) ⇀ Tk(A(u)) weakly in W
1,p( · )
0 (Ω),

Tk(A(un)) → Tk(A(u)) strongly in Lp( · )(Ω), and a.e. in Ω.

Strong convergence of truncations. Let w+
n e

γ(un) be a test function in prob-

lem (5.2), where wn = T2k(Zn) with Zn = (A(un) − Th(A(un)) + Tk(A(un)) +

Tk(A(u))), for h > k > 0. Taking M = 4k + h we have

(5.8)

∫
wn>0

a(x, un,∇un)∇wneγ(un) dx+

∫
wn>0

H(x, un,∇un)w+
n e

γ(un) dx

+

∫
wn>0

a(x, un,∇un)∇un
β(un)

α(un)
w+
n e

γ(un) dx =

∫
wn>0

fnw
+
n e

γ(un) dx,

by (3.2) and (3.4), we have

∫
wn>0

H(x, un,∇un)w+
n e

γ(un) dx

+

∫
wn>0

a(x, un,∇un)∇un
β(un)

α(un)
w+
n e

γ(un) dx ≥ 0.

So, we get that∫
wn>0

a(x, un,∇un)∇wneγ(un) dx ≤
∫
wn>0

fnw
+
n e

γ(un) dx.
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We have ∫
{wn>0}

a(x, un,∇un)∇wneγ(un) dx(5.9)

=

∫
{wn>0}∩{|A(un)|>k}

a(x, un,∇un)∇wneγ(un) dx

+

∫
{wn>0}∩{|A(un)|≤k}

a(x, un,∇un)∇wneγ(un) dx.

Concerning the first term in the right-hand side of (5.9); since ∇wn = 0 on

{|A(un)| > M}, we have

∫
{wn>0}∩{|A(un)|>k}

a(x, un,∇un)∇wneγ(un) dx

=

∫
{wn>0}∩{|A(un)|>k}

a(x, T
M̂

(un),∇T
M̂

(un))∇zneγ(un) dx

≥ −
∫
{wn>0}∩{|A(un)|>k}

a(x, T
M̂

(un),∇T
M̂

(un))∇Tk(A(u))eγ(un) dx

≥ −eγ(∞)

∫
{|A(un)|>k}

a(x, T
M̂

(un),∇T
M̂

(un))∇Tk(A(u)) dx ≥ −ε0(n),

with M̂ = A−1(M). For the second term in the right-hand side of (5.9); we have

for k̂ = A−1(k)

∫
{wn>0}∩{|A(un)|≤k}

a(x, Tk̂(un),∇Tk̂(un))(∇Tk(A(un))−∇Tk(A(u)))eγ(un) dx

≤ eγ(∞)

∫
{wn>0}

|fn||wn| dx+ ε0(n).

On the other hand, we have

∫
{wn>0}∩{|A(un)|≤k}

a(x, Tk̂(un),∇Tk̂(un))(∇Tk(A(un))−∇Tk(A(u)))eγ(un) dx

=

∫
{wn>0}∩{|A(un)|≤k}

(a(x, Tk̂(un),∇Tk̂(un))− a(x, Tk̂(un),∇Tk̂(u)))

× (∇Tk(A(un))−∇Tk(A(u)))eγ(un) dx

+

∫
{wn>0}∩{|A(un)|≤k}

a(x, Tk̂(un),∇Tk̂(u))

× (∇Tk(A(un))−∇Tk(A(u)))eγ(un) dx.
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The second and third terms in the right-hand side tend to 0, as n tends to

infinity. So, we have∫
{wn>0}∩{|A(un)|≤k}

(a(x, Tk̂(un),∇Tk̂(un))(5.10)

− a(x, Tk̂(un),∇Tk̂(u)))(∇Tk(A(un))−∇Tk(A(u)))eγ(un) dx

=

∫
{|A(un)|≤k}

a(x, Tk̂(un),∇Tk̂(un))(∇Tk(A(un))

−∇Tk(A(u)))eγ(un) dx+ ε1(n))

≤ eγ(∞)

∫
{wn>0}

|fn(x)||wn| dx+ ε1(n) + ε0(n) ≤ ε2(n),

as fn → f strongly in L1(Ω), and wn ⇀ 0 weakly* in L∞(Ω).

Let −(wn)− exp(−γ(un)) be a test function in problem (5.2), we obtain∫
wn<0

a(x, un,∇un)∇wn exp(−γ(un)) dx

+

∫
wn<0

a(x, un,∇un)(wn)−∇un
β(un)

α(un)
exp(−γ(un)) dx

+

∫
wn<0

H(x, un,∇un)wn exp(−γ(un)) dx

=

∫
wn<0

fnwn exp(−γ(un)) dx,

so we get∫
w≤0

a(x, un,∇un)∇wn exp(−γ(un)) dx ≤
∫
w≤0

|fn||wn| exp(−γ(un)) dx.

Reasoning as before, we get that∫
{w≤0}∩{|A(un)|>k}

a(x, un,∇un)∇wn exp(−γ(un))dx ≥ −ε3(n),

where ε3(n) tends to 0 as n tends to infinity.∫
w≤0

a(x, Tk̂(un),∇Tk̂(un))(∇Tk̂(un)−∇Tk̂(u)) exp(−γ(un)) dx

≤
∫
w≤0

|fn||wn| exp(−γ(un)) dx+ ε3(n).

Since wn tends to 0 weakly * in L∞(Ω) and fn converges strongly to f in L1(Ω),

we conclude that∫
w≤0

a(x, Tk̂(un),∇Tk̂(un))(∇Tk(A(un))−∇Tk(A(u))) exp(−γ(un)) dx ≤ ε4(n).
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By adding the term to the last expression, we get

(5.11)

∫
w≤0

[a(x, Tk̂(un),∇Tk̂(un))− a(x, Tk̂(un),∇Tk̂(un))]

× (∇Tk(A(un))−∇Tk(A(u))) exp(−γ(un)) dx ≤ ε5(n).

Combining (5.10) and (5.11), we get

∫
Ω

[a(x, Tk̂(un),∇Tk̂(un))− a(x, Tk̂(un),∇Tk̂(un))]

× (∇Tk(A(un))−∇Tk(A(u))) exp(−γ(un)) dx ≤ ε6(n),

so, by Lemma 2.8, we conclude that Tk(A(un)) → Tk(A(u)) in W
1,p( · )
0 (Ω),

∇A(un)→ ∇A(u) almost everywhere in Ω.

By assumption (3.7), we have

|∇Tk(A(un))|p(x) = |∇A(un)|p(x)χ|A(un)|≤k

= αp(x)/(p+−1)(un)χ|A(un)|≤k|∇un|p(x),

αp(x)/(p+−1)(un)χ|un|≤k̂|∇un|
p(x) = αp(x)/(p+−1)(Tk̂(un))|∇Tk̂(un)|p(x),

|∇Tk̂(un)|p(x) =
|∇Tk(A(un))|p(x)

αp(x)/(p+−1)(Tk̂(un))
,

and, by (3.8), we have

|∇Tk(A(un))|p(x) = |∇A(un)|p(x)χ|A(un)|≤k

= αp(x)/(p−−1)(un)χ|A(un)|≤k|∇un|p(x),

αp(x)/(p−−1)(un)χ|un|≤k̂|∇un|
p(x) = αp(x)/(p−−1)(Tk̂(un))|∇Tm(un)|p(x),

|∇Tk̂(un)|p(x) =
|∇Tk(A(un))|p(x)

αp(x)/(p−−1)(Tk̂(un))
.

Since α is continuous we have α(Tk̂(un)) ≥ min
[0,k̂]

(α(s)) = αk̂. Finally, we have

(5.12) |∇Tm(un)|p(x) ≤ c|∇Tk(A(un))|p(x).

The equi-integrability of H(x, un,∇un). In order to pass to the limit in the

approximate problem, we shall show that

H(x, un,∇un)→ H(x, un,∇un) in L1(Ω).



408 B. Aharrouch — M. Boukhrij — J. Bennouna

Let E be a set of Ω such that mes(E) = 0 and l > 0. We have∫
E

|H(x, un,∇un)| dx ≤
∫
E

β(un)|∇un|p(x) dx

=

∫
E∩|un|>l

β(un)|∇un|p(x) dx+

∫
E∩|un|≤l

β(un)|∇un|p(x) dx

=

∫
E∩|un|>l

β(un)|∇un|p(x) dx+

∫
E∩|un|≤l

β(Tl(un))|∇Tl(un)|p(x) dx

≤
∫
E∩|un|>l

β(un)|∇un|p(x) dx+ max
[0,l]

(β(s))

∫
E∩|un|≤l

|∇Tl(un)|p(x) dx.

From (5.12), we deduce that the second term in the right-hand side of the last

inequality equals to 0 as mes(E) = 0. We prove that∫
E∩|un|>l

β(un)|∇Tl(un)|p(x) dx→ 0.

Let (T1(un−Tl(un))+ exp(2γ(un)) be a test function in problem (5.2). We have∫
l<un≤l+1

a(x, un,∇un)∇T1(un − Tl(un)) exp(2γ(un)) dx

+

∫
l<un

2a(x, un,∇un)∇un
β(un)

α(un)
(T1(un − Tl(un))+ exp(2γ(un)) dx

+

∫
l<un

H(x, un,∇un)T1(un − Tl(un))+ exp(2γ(un)) dx

=

∫
l<un

fn(T1(un − Tl(un))+ exp(2γ(un)) dx.

By assumption (3.2) we have

(5.13)

∫
l<un

|∇un|p(x)β(un)(T1(un − Tl(un))+ exp(2γ(un)) dx

≤ C15

∫
l<un

|f | dx.

Let −(T1(un − Tl(un))− exp(−2γ(un)) be a test function as in problem (5.2).

Reasoning as above, we get

(5.14)

∫
un<−l

|∇un|p(x)β(un)(T1(un − Tl(un))+ exp(2γ(un)) dx

≤ C16

∫
un<−l

|f | dx.

From (5.13) and (5.14) we conclude that

(5.15)

∫
l<|un|

|∇un|p(x)β(un) dx ≤ C17

∫
l<|un|

|f | dx.
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Let l tend to infinity. We get∫
l<|un|

|∇un|p(x)β(un) dx→ 0.

Finally, we get the equi-integrability of H.

Passage to the limit. Let φ ∈ W 1,p( · )
0 (Ω) ∩ L∞(Ω). Taking Tk(un − φ) as a

test function in the approximate problem, we get

∫
Ω

a(x, un,∇un)∇Tk(un − φ) dx

+

∫
Ω

H(x, un,∇un)Tk(un − φ) dx+

∫
Ω

fnTk(un − φ) dx.

Choosing M = k+‖φ‖∞, if |un| > M then |un−φ| ≥ |un−‖φ‖∞| > k. Therefore

{|un − φ|} ⊂ {|un| ≤ un}. Now, we can write the first term in the right-hand

side of the above relation as∫
Ω

a(x, un,∇un)∇Tk(un − φ) dx

=

∫
Ω

a(x, TM (un),∇TM (un))(∇TM (un)−∇φ)χ|un−φ|≤k dx

=

∫
Ω

(a(x, TM (un),∇TM (un))− a(x, TM (un),∇φ))

× (∇TM (un)−∇φ)χ|un−φ|≤k dx

+

∫
Ω

a(x, TM (un),∇φ)(∇TM (un)−∇φ)χ|un−φ|≤k dx.

According to Fatou’s lemma we obtain

lim inf

∫
Ω

a(x, un,∇un)∇Tk(un − φ) dx(5.16)

= lim inf

∫
Ω

a(x, TM (un),∇TM (un))(∇TM (un)−∇φ)χ|un−φ|≤k dx

≥
∫

Ω

(a(x, TM (u),∇TM (u))− a(x, TM (u),∇φ))(∇TM (u)−∇φ)χ{|u−φ|}

+ lim
n→∞

∫
Ω

a(x, TM (un),∇φ)(∇TM (un)−∇φ)χ|un−φ|≤k dx.

The second term in the right-hand side of (5.16) is equal to∫
Ω

a(x, TM (u),∇φ)(∇TM (u)−∇φ)χ|u−φ|≤k dx.
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Therefore, we get

lim inf

∫
Ω

a(x, un,∇un)∇Tk(un − φ) dx

≥
∫

Ω

a(x, TM (u),∇TM (u))(∇TM (u)−∇φ)χ|u−φ|≤k dx

=

∫
Ω

a(x, u,∇u)∇(Tk(u)− φ) dx.

On the other hand, as Tk(un − φ) ⇀ Tk(u − φ) weakly* in L∞(Ω) and fn → f

in L1(Ω), we deduce that∫
Ω

fnTk(un − φ) dx→
∫

Ω

fTk(u− φ) dx.

Hence, putting all the terms together, we complete the proof of Theorem 5.2.�
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