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MULTIPLICITY OF POSITIVE SOLUTIONS
FOR KIRCHHOFF TYPE PROBLEMS IN R3

TiNnegXlI Hu — Lu Lu

ABSTRACT. We are concerned with the multiplicity of positive solutions for
the following Kirchhoff type problem:

- (820, + 6b/ |Vul? dx) Au+u=Q(x)|ulP"%u, =cR3,
R3
uw e HYR3), u>0, x € R3,

where ¢ > 0 is a parameter, a,b > 0 are constants, p € (2,6), and Q €
C(R3) is a nonnegative function. We show how the profile of Q affects the
number of positive solutions when ¢ is sufficiently small.

1. Introduction

In this paper, we study the existence and multiplicity of positive solutions to
the following nonlinear problem of Kirchhoff type:

(€2a+5b/ |Vu|2dx)Au+u = Q(z)|u[P?u in R3,
R3
u € HY(R3),

(P)

where € > 0 is a parameter, a,b > 0 are constants, p € (2,6), and @ is a non-

negative continuous function satisfying
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(Q) |IlligloO Q(7) = Qo > 0 and there exist some points x!,... 2% in R? such
that Q(z*) are the strict maxima and satisfy
Q(z") = Q= ;rggg@(x) > Qo forali=1,... k.
Problem (P) is a particular case of the following Dirichlet problem of Kirchhoff
type:

<a+b/ Vuzd:z:>Au f(z,u) in Q,
Q
u=20 on 01},

(1.1)

where Q C R? is a smooth domain. Such problems are often referred to be
nonlocal because of the presence of the Kirchhoff term ([, [Vu|*)Au which im-
plies that (1.1) is no longer a pointwise identity. This phenomenon provokes
some mathematical difficulties that make the study of such problems particu-
larly interesting. Various results on the existence of positive solutions, multiple
solutions, sign-changing solutions, ground states have been obtained, see for ex-
ample [4], [6], [7], [11], [13], [16]-[18], [20], [25], [27] and the references therein.
Recently, there has been increasing interest in studying the following per-
turbed Kirchhoff type equation (see [12, 10, 9, 23] and the references therein):

- (62a +eb [ |Vul? dm) Au+V(z)u= f(z,u) inR3,
(1.2) R3

u € HY(R3),

where V € C(R3,R), f € C(R3> xR, R), a,b > 0 are constants, and ¢ is a positive
parameter. First, it is important to consider the following autonomous problem
withe =1and V(z) =v € Rin (1.2):

(1.3) <a+b/ |Vu|2d9:)Au+l/uf(u) in R3.
R3

He and Zou in [12] established the existence of ground state solution to (1.2)
under the condition that f € C'(R,R) satisfies the Ambrosetti-Rabinowitz con-
dition ((AR) in short)

u
there exists p >4 such that 0 < ,u/ f(s)ds < f(u)u,
0

fu) = o(u?) as u — 0, f(u)/|u|? — 0 as |u| — oo for some 3 < ¢ < 5 and
f(u)/u? is increasing for u > 0. Ye in [26] extended the above result to the
case without the (AR) condition under the conditions that f is superlinear,
subcritical and f(u)/u is increasing for u > 0. Wang et al. [23], He et al. [10]
proved the existence of ground state solution to (1.3) with critical nonlinearity,
ie. f(u) ~ MulP~2%u + |u|*u for some 4 < p < 6, A > 0. Latter, He and Li
[9] filled the gap when f(u) = Alu[P~%u + |u|*u where 2 < p < 4. Besides, for
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€ > 0 sufficiently small, by using Lusternik—Schnirelmann theory, multiplicity of
positive solutions to (1.2) has been obtained by employing the topology of the
set where the potential V attains its global or local minimum, see [10], [12], [23]
and the references therein.

Making the change of variable u. := u(ez), we can rewrite (P) as the following
equivalent equation:

—(a + b/ |Vu5|2dx)AuE +ue = Qe (2)|uc[P?u.  in R
R3
u. € HY(R3),

(P2)

where Q.(z) = Q(sx). Throughout this paper, we denote by H := H!(R?) the
usual Sobolev space equipped with the inner product and norm

(u,v) :/ aVuVo +wdz, |ull = (u,u)'/?.
R3

Define the energy functional I.: H — R by

rw =gl + 5 ([ |Vu2dx) 2 [ @i

The functional I. is well defined for every u € H and belongs to C'(H,R).
Clearly, weak solutions to (P.) correspond to the critical points of I. and for any
@ € H, we have

(I'(u), o) = (u, ) + b/]RS \Vu|2dx /}R3 VuVedr — /R3 Qs(x)|u|p*2ug0dx.

Let

08 Gttt =t + ol [ wutar) [ Qupa
R3

Obviously, all critical points of I. belong to the Nehari manifold

(1.5) M, :={u e H\ {0} : Gc(u) = 0}.

In the following, we mainly show how the profile of @ affects the number of
positive solutions to (P.). To the authors’ knowledge, there is no result on this
topic for Kirchhoff type problems.

To make use of the profile of ), we need the barycenter map. The barycenter
map is a continuous map 3: H \ {0} — R3 which is equivalent to the action of
the group of Euclidean motions in R3. That is, for any given z € R3, t # 0 and
u € H\ {0}, we have

Alu) = B(lul),  Blulr —2)) = B(u) + 2, B(tu) = B(u),

and if u is radially symmetric function, S(u) = 0. Such a map was constructed
and used by Cerami and Passaseo in [3], etc.
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When a =1, b =0, (P.) reduces to the following semilinear equation:
(1.6) —Au+u=Q.(x)|uf%u, ue H' RY).
For N > 3,2 < p < 2N/(N —2), and Q € C(R",R) satisfying condition (Q),
Cao and Noussair in [2] established the existence of both positive and nodal
solutions to (1.6) for sufficiently small € > 0, which is affected by the shape of

the graph of Q. Motivated by [2], we can first choose k open balls { B(z?,7)}%_,
with center z* and radius r® such that

Q(z") > Q(z) for all x € B(xi,ri)\ {a'}, i=1,...,k,
Bz, 7 YN B(zl,r7) =0 fori# j.

We then seek a minimizer u’ of the energy functional I. over a suitable subset
of the Nehari manifold M. with the constraint 8(u’) € B! as e > 0 is sufficiently
small, where B! := B(x!/e,r'/e) for i = 1,...,k. Since {B}¥_, are disjoint
from each other, we can assert that k& minimizers {u’}¥_, are distinct solutions
to (Pe).

For 4 < p < 6, we shall seek the minimizer of I, on M¢ := M? UM} directly
as € > 0 is sufficiently small, where

M!:={u€ M. :B(u) € B}, OM!:={uec M. :p(u)cdB.}.

We obtain the following result:

THEOREM 1.1. Suppose that 4 < p < 6 and condition (Q) is satisfied. Then
there exists eg > 0 such that (P.) has at least k positive solutions for every
e € (0,0).

When 2 < p < 4, due to the Kirchhoff term ([5s |[Vu|? dz)? being homoge-
neous of degree 4, the energy functional I, is unbounded from below in M.. We
shall overcome this obstacle by adding the following constraint:

(1) o [ wulac) < -2

Obviously, for any u € M, satisfies (1.7),

- P2 (17_74)1’/ 2, \ P2
(1.8) I (u)=J(u):= o |lul|® 4+ p » |[Vu|*dx ) > o [l

which implies that I. is bounded from below and coercive. Therefore, we can
establish the boundedness of the minimizing sequence of I..

The idea of adding constraint (1.7) derives from Sun et al. [21], where
they studied the multiplicity of positive solutions for the following Schrédinger—
Poisson system:

—Au+ Au+ K(z)¢u = Q(z)|ulP~%u  in R?,

(1.9)
—A¢ = K(x)u? in R3,



MULTIPLICITY OF POSITIVE SOLUTIONS FOR KIRCHHOFF EQUATION 235

where 2 < p < 6, A > 0, Q satisfies condition (Q), and K € C(R? R) is assumed
to satisfy certain conditions. They proved the existence of at least k positive
solutions to (1.9) for A > 0 sufficiently large. Their results extended the earlier
one in Chen et al. [5] in which a related problem for (1.9) with 4 < p < 6 and
K = 1 was considered. To deal with the case 2 < p < 4, Sun et al. in [21]
developed a variational method to minimize the energy functional of (1.9) on
a certain set which can be regarded as a filtration of the Nehari manifold with
some nice properties. However, the constraint condition in [21] does not work
for Kirchhoff type problems. In addition, the limiting equation in [21] is the

following semilinear equation:
_ p—2 : 3
—Au+u = Quax|u/P v in R’

while the associated limiting equation of our problem is (1.3), and the Kirchhoff
term b [, [Vul? dzAu may cause some technical difficulties.
Let

(1.10) Ni:={uec M, :K(u) <0, B(u) € B},
for j =1,...,k, where

2
(1.11) K(u):= (4 —p)b(/}RS |Vul? dm) —(p—2)]|ul?

Denote by N? the closure of Nf in H, then Ni = N UdNZ U dN?, where

(1.12) ON. = {ue M.: K(u) <0, B(u) € dB'},
(1.13) ON? :={u e M, : K(u) =0, B(u) € B},
fori=1,... k.

In the following, we shall seek a minimizer of I. on @ for 2 < p < 4 as
e > 0 is sufficiently small. To rule out the case that the minimizer of I. on N¢
is located on the boundary of N¢, we require b > 0 to be suitably small. We
mention that the limitation of b is also crucial in dealing with the autonomous
problem. Our main results in this direction can be stated as follows.

THEOREM 1.2. Let 2 < p < 4, suppose that condition (Q) is satisfied, and
0 < b <by(b), bo(b) is defined in (2.5). Then there exists eg > 0 such that (P.)
has at least k positive solutions for every e € (0,¢€p).

The paper is organized as follows. After proving several lemmas about the
autonomous problem in Section 2, we establish some energy estimates in Sec-
tion 3, and demonstrate proofs of Theorems 1.1 and 1.2 by variational method
in Section 4.
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2. The autonomous problem (P,)

We start this section by consider following autonomous equation:
(P,) —(a—i—b/ Vu|2dm>Au+u=QV|u|p_2u, u € H,
R3

where a,b > 0,2 < p <6, v € {m,00}, @, and Q are defined in condition (Q).
Since (P,) is variational, its solutions are critical points of the energy functional
given by

) = Il + ([ 1Vl do - L Quluras
v 2 4 R3 D Jgrs v ’
The Nehari manifold M? := {u € H : G%(u) = 0} contains all solutions to (P,),

where
Gy (u) = [[ull® + b Vul; — Qulul}.
As mentioned in Section 1, the existence of the ground states to (P,) has been

obtained in [26].

LEMMA 2.1 (Theorem 1.1 in [26]). (P,) has a radially symmetric and positive
ground state solution wy, € H with the least energy

2.1 L(b) := inf P (y(t 0
(2.1) cu(b) ﬁhgg]kﬂb>,

where T = {5 € C(0,1], H) : 7(0) = 0, I4(+(1)) < 0} £ 0.
REMARK 2.2. By definition of ¢, (b), it is easy to see that ¢,,(b) < coo(b).

Let U be the unique positive radial solution of the well-known scalar field
equation (see [1], [8], [15])

—aAU +U = Q,,UP"! in R3.
We can obtain the following uniqueness result.

LEMMA 2.3. Let u € H \ {0} be any given positive solution to (P,), then
there exists z € R3, such that

—b|VU3 + /b2 |VU|3 + 4a?
2a '

PROOF. Let 1/p? = 1 + b|Vul3/a. Obviously, v(xz) = u(x/u) solves the
equation

u(z) =U(px — z), where p =

(2.2) —aAv+v=QuuP! inR3.

By the uniqueness results of (2.2), there exists z € R3 such that v(z) = U(z — 2).
Therefore, we obtain that u(z) = U(px — z), then

1
|w@=—/ﬁvm%x
B Jrs
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It yields a quadratic equation of u
2 2 _
ap” + VU |30 —a =0,

which implies that

= —b|VU|3 + /b2|VU|5 + 4a?
= 5 .

REMARK 2.4. It follows from Lemmas 2.1 and 2.3 that wy, := wp,, in

O

Lemma 2.1 is unique, and wy(x) = U(uz).

REMARK 2.5. Note that the uniqueness of positive solution to a Kirchhoff
type equation in R? has also been established recently by Xie et al. in [25] and
Huang et al. in [14].

If4 < p < 6, He and Zou in [12] (Proposition 2.4, Lemma 4.2 therein) proved
that the mountain pass solution w, minimizes the energy functional I%, on M?,.
For the reader’s convenience we give an alternative approach to this result here
for 4 < p < 6 by considering the following minimization problem:

2.3 ¢b) = inf I°(u).
(23) )= inf, Ihw)

PROPOSITION 2.6. Let 4 < p < 6, then all the minimizing sequences of (2.3)

are relatively compact and ¢(b) is achieved. Moreover, ¢(b) = ¢, ().

However, when 2 < p < 4, I?, is unbounded from below on M? . By consid-
ering the following minimization problem:

(2.4) ¢(b) = inf I (u),

ueNp,
we shall prove that, under the condition
(p — 2)%a?
2.5 b<byla,p,b) = ————,
(29 PO = Spa e
wp minimizes the energy functional I?, on N¢, = {u € M}, | K(u) < 0}, where
K is defined in (1.11).

PROPOSITION 2.7. Suppose that 2 < p < 4 and b > 0 satisfies condition
(2.5) then all the minimizing sequences of (2.4) are relatively compact, and ¢(b)
is achieved. Moreover, ¢(b) = ¢, (D).

REMARK 2.8. If b > 0 is sufficiently small, then (2.5) holds. Indeed, let
g(t,b) = (2 —t?)||U||> + t*b|VU|3, we have

91,0=0,  D0,0)=@-pUlP £0
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Applying the implicit function theorem, there exist a small § > 0 and a contin-
uous differentiable function ¢(b): (0,0) — (1,1 + €) such that g(¢(b),b) = 0 and
K(t(b)U) < 0, for some sufficiently small ¢ > 0. Thus

~ -2 p—4 p—2
< b _bp 2_ 4 2 - 2
c(b) < I, (t(b)U) 5 [t@)U]| p blt(b) VU3 < % [t@U|" < U],
which implies by(a, p,b) is bounded away from zero as b > 0 is sufficiently small.

Before proving Proposition 2.6 and 2.7, we first establish several lemmas.

LEMMA 2.9. Suppose that 2 < p <4, A,B,C >0 and

P=2 2 4-p

Bt*,
2p 4p

f(t) = A+ Bt* —Ctr—2 h(t) =

(a) if A+ B < C, there exist ty+ > 0 such that 0 <t_ <1 <ty, f(tx) =0,
) <0, Flt) >0

(b) if (A/((4 —p)/2))4=PV/2(B/((p —2)/2))P~2/2 < C, there exist tT > 0
such that f(tT) =0, f/(t7) <0, f'(t*) > 0;

(c) if A+B=C and B < ((p—2)/(4—p))-A, there exist t* > 0 such that
(=) =0, F(7) <0, f(t+) > 0

(d) h is increasing in the interval [0,t2), ta = /(p — 2)A/((4 — p)B).

PRrROOF. (a) Note that f(0) = A >0, f(1) = A+B-C < 0and f(t) > +0
as t — 400, so we can find the desired ¢+ > 0.

(b) Since
t4

fi(t)= t(2B — (p__i)c) for t > 0,

then f has only one critical point (minimum point)

L (p-2 o\
1 — 2 B )

) (P=2)/(4=p)  2/(4—p)

47
fit)=a-—2L ((p —2)/2 B2 /(G-1)

p—2 (p—2)/(4—p)
_4-p 2

T 9 B@—2)/(4-p)

{2 ™ ) - een) <o

Since f(0) = A >0, f(t) = +o00 as t = 400, then there exist 0 <t~ < t; < ¢
such that f(t¥) =0, f/(t7) < 0 and f'(t*) > 0.
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(c) By Young’s inequality,

(m><4—p>/2<@132)/2)(p—2)/2SAJFB?

and the equality holds if and only if (4 —p)B = (p — 2) A.
Since B < (p—2)A/(4 — p), we have

((4_1&;)/2>(4p)/2 <(p_32)/2>(p2)/2 CAiB—C

By the results of (b), we can also find the desired t* > 0.

(d) Since
B (t) = % (p—2)A—(4—p)Bt*) fort >0,

then h has only one (maximum) critical point to = \/(p — 2)A/((4 — p) B) hence

W (t) > 0 for t € [0,t3). O
The next lemma contains the statement of the main properties of M?, and
NP
LeEMMA 2.10.

(a) Suppose that 2 < p < 6, then there exist constants g > 0 and 171 > 0
such that

(2.6) llull >no, |ulh>m  for allu e M.

(b) Suppose that 4 < p < 6, then M?, is a C'-manifold. If u is a critical
point of IV, constrained on MY , then u is a critical point of I8, on H.

(c) Suppose that 2 < p < 4, then NP, is a nonempty C*-manifold. If u is a
critical point of 1Y, constrained on NP, then u is a critical point of 12,

on H.
PROOF. (a) Let u € MY, then G (u) = 0 and
1
5 luls <l + 0 Vulz = Qululj < CQmull”

for some C' > 0. Thus, we can find 79 > 0 and 7; > 0 satisfying (2.6).
(b) Obviously, G%, (u) and K (u) are C'-functionals in H. Note that for all
u€ Mp,4<p<6,

(2.7) (G (w),w) = 2l[ull? + 4b|Vuly — pQu|ul?
(2.8) = 2= p)llull® + (4 = p)b|Vul < 0.

Let u be a critical point of I%, constrained on M?,, then there exists A € R such
that (1%)"(u) = M(G?,)"(u). Hence

0= Gy, (u) = ((I,)'(u), u) = X(G,) (), w).
It follows from (2.7) that A = 0, then (I%,)(u) = 0.
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(c¢) Let wp oo be the unique positive radially symmetric ground state so-
lution to problem (Po), which satisfies [[w ool|* + b|Vwp,c0l3 = Qoc|wp,eolb <
Qum|ws,o0lB. Set A = [[wp,00||?, B = b|[Vwp,s0|3, C = Qum|wp,o0|?, then A+B < C.
Consider the function f(t) = A + Bt? — Ct?~2, by Lemma 2.9 (a) there exists
t € (0,1) such that f(¢) =0 and f'(¢) < 0. Since

GP (twy o0) = t2f(t) = 0,
K(twyoo) = (2 —p)2f(t) + 2 f/(t) <0,
it yields that twy o € N! | which implies that N?, is not an empty set.

b if u is a critical point of I?, constrained
on NP, there also exists A € R such that (12)"(u) = A\(G?,)'(u). Note that

Since N? is relatively open in M?

((G® Y (u),u) = K(u) <0 forue N?,
we can obtain the statement for N2, by a similar argument as in (b). O

REMARK 2.11. Let u € M}, then K (u) = (4—p)b|Vu|s — (p—2)|u||®> < 0 for
4 < p < 6. Therefore, M, and N?, coincide when 4 < p < 6. Thus, we can treat
(2.3) and (2.4) in a unified framework by considering the minimization problem

(2.9) c(b) = inf I’ (u) for2<p<6.

ueENY

m

PROOF OF PROPOSITIONS 2.6 AND 2.7. 1. Let {u,} C N?, be a minimizing
sequence of (2.9), namely, G2 (u,) = 0, K(u,) < 0 and I% (u,) — c(b) as
n — oo. Since

-2 1 -2
Ban) = 5= = 1 K () 2 5 [
we have
4pe(b
(210) P < 24D 4 00,

Let u, — u € H, u, — u almost everywhere in R? and u,, = u in LfOC(R?’) for

2 < ¢ < 6. By Lemma 2.10 (a), it yields that |u,[) > 71 > 0. From the Lions
Concentration-Compactness Lemma (e.g. [24]), we further assume that u # 0.
Denote v,, = u, — u. By using the Brezis-Lieb Lemma [24], we have

(2.11) GP (un) = G (u) + G () + 26|V u|2| V|2 + o(1) = 0.

On the other hand,

-2 —4)b
(2.12) c(b)+o(1) = If;(un) = % flul|? + (p4p) |Vl + Jo(u,v,),
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where
-2 —4)b —4)b
(2.13) Jo(u,vy) :p% lonll? + (p4p) |Vl + (p 5 ) |Vul3|Vov,|3
0, 4<p<6,
(2.14) > p—2)a bd—p
|V, |3 ( ) — ( ) lunll® ), 2<p<4
2p 2ap

Since b satisfies condition (2.5) when 2 < p < 4, one has

(p—2)a _b4—p) a2 > (p—2)a b(4—p) A4pc(b)
2p 2ap = 2p 2ap p—2

where (2.10) is used. Combining (2.12) (2.13) and (2.15) together, we have

(2.15) +o(1) > 0,

(2.16) o(v) = 22 ju? + bIVulg = I, (u).

2. We next prove that an(u) > 0. Argumg by contradiction, we assume
that G%, (u) < 0. In the following, we shall prove that there exists a positive
number ¢ > 0 such that tu € N2, and

p—2 (p—4)b
(2.17) Iy, (u) = BTN lull® + T |Vl

-2 —4)b
P [tull® + (p4p) [tVul3 = IZ, (tu).

Once such t > 0 is found, by the definition of ¢(b), we have c(b) < I? (tu) <
I? (u), which contradicts (2.16).
If4<p<6,

2| ul|? + t*b|Vuls — tPQmlulb, 4 <p <6,

(2.18) G? (tu) =
2 [ull® + (0| Vul3 — Qululh), p=4.

Since b|Vul3—Qum|ulf < —[ul|? < 0, there exists a 0 < ¢ < 1 such that G, (tu) =0.
Moreover,

4yt p—2 p—4
I? (tu (= ) 2+ (= b|Vuls < ul|+ b|Vuly = Ib (u).
(tu) = P+ b9l < 2l + 22 bl = 1
On the other hand, if 2<p<4,let

F@) = [lull® + 20| Vuly = 772 Quul?,
(p 2)t2 ” ”2 (4 p)t4

Since G%,(u) < 0, applying Lemma 2.9 (a) with A = ||ul|?, B = b|Vu|; and
C = Qm|ulh, we can find 0 <t_ <1 such that

Gb.(t_u)=t2f(t_) =0,
K(t_u) =2 —-p)t2 f(t_)+t2f(t-) <O0.

h(t) = b|Vula.

(2.19)
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Moreover, h increases in the interval [0, to],

o (p=2 2\
" \a—p oVu) -
By (2.5) and (2.10),

2 o 2 1/2 .
(2.20) ty = (a =2 2||UH 4) > _alp-2) S1>t,
b 4-p a?|Vul3 24/bp(4 — p)c(b)

hence h(t_) < h(1) and (2.17) holds.

3. A similar argument as in part 2. shows that th_l) io%f G (v,) > 0. Due
to (2.11), we have G, (u) = 0, G% (v,) = o(1) and |Vu|3|Vv,|3 = o(1). Since
u # 0, we obtain that [Vuy[3 = o(1) and [v4]3 = Qmlvalb + o(1). Using the
Gagliardo—Nirenberg inequality

10n]2 = Qualvn]Z + 0(1) < CQum |V |$P™2 10, |77/ 4 o(1),

we deduce that [|v,]|> — 0 as n — oo, which implies that {u,} converges to u
in H.

4. Tt remains to show that ¢(b) = ¢, (b), where ¢,,(b) is defined in (2.1). If
u > 0, by Lemma 2.3, Remark 2.4, we have K(wp) = K(u) < 0 and ¢, (b) =
I (wp) = I (u) = c(b). While, if u* # 0, multiplying on both sides of (P,,)
by u*®, we get Gb (u*) = [[u*|? + b|Vu*|3 — Qm|uF[5 = —b|VuF|3 < 0. By
Lemma 2.9 (a) and a similar argument as (2.19), there exist t= € (0,1) such that
t*u* € NP and

J(ur) > J(tEut) = I8, (tFut) > ¢(b),

where J is defined in (1.8). Note that

o(b) = Ly (u) =J(u") + J(u") + (p;p4)b [Vut|3IVu™[3

—4)b
> 2¢(b) + b4 |VuT|3|Vu™ |2
2p
If 4 < p < 6, we directly have a contradiction. On the other hand, if 2 < p < 4,

by (2.5) and (2.10),

(4—p)b —p o A-ph c(b)
(2.21) — [Vut|3Vu~[3 < & Vul; < =~
Therefore, c(b) = I% (u) > 7c(b)/4 which derives a contradiction. O

3. Energy estimates

In this section, in order to rule out the case that the minimizer of I. on N¢
is located on the boundary of N!, we shall establish some energy estimates for
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perturbation problem (P.) by considering the following minimization problems
in NZ, 9N and ON! for I.:

'yé = inf I.(u), 72 = inf I.(u) and ﬁ; = inf I.(u)
U’EN; UEBN'EL ueaN;

fori =1,...,k, where N/, ON¢ and 8]\7; are defined in (1.10)—(1.13). In fact,
N is not an empty set. Let wj (%) = wp oo(x — 2°/¢), then
Jih e P+ 10l = Qo [l

< / Qex + xi)|wb7oo|p dr < / Q5|wé wo|P dx,
B(0,1/V¢) R3 '

for sufficiently small € > 0. Similarly as the proof of the non-emptiness of N?
we can find t¢ > 0 such that téwg,oo € N..

For ¢ >0 sufficiently small, we define a cutoff function v.(z) € C>(R3,[0,1])
such that

Yo(z) =1 in B(0,e"1/?),
Yo(z) =0 inR3\ B(0,e /2 +1),
|AY.(x)] <3 in R

Let w. ;(z) = wy(z — 2 /) (@ — 2% /e) where wy, = wy,m denotes the radially
symmetric and positive ground state in Lemma 2.1. We start with the following
upper bound for ~Z.

LEMMA 3.1. Let 2 < p < 6 and suppose that (2.5) holds if 2 < p < 4. Then,
for any & > 0,

(3.1) V< em)+ 6 fore >0 is sufficiently small.
ProoOFr. 1. We first compute

‘wa‘,i@ = ‘wbwag = |wb|§ +0.(1),

|vwe,i|§ = ‘Vwb¢a + wbvweg
= (Vun = [ whv v do = [Vunff +o.(1),
]Rfi
and

Qs(x)wsi dz = Qex + xi)wfng dz
R3 R3

:/ Q(ex + 2" )w} dx
B(0,1/V%)

+ / Qe + 2wl d? di = Quulwpl? + 02(1).
R3\B(0,1//€)
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It yields that ||w.;||? = [|wp]|? + 02 (1), b|Vwe ;|3 = b|Vwp|3 + 0. (1) and
[, @t e = Qulwsly + 0-(0).

2. We claim that there exists t. > 0 such that t.w.; € NI and t. — 1 as
e —0.
If 4 < p < 6, similarly to (2.18), there exists 0 < t. < 1 such that

(3.2) 0 =Ge(t-we )

2o |2 + 20V |8 — 17 / Quu?,dr, 4<p<6,
]R3

2lwe |2 + ¢4 (Wwe,n;* Qe dx), p—d.

By Lemma 2.10 (a), there exists 12 > 0 such that ||t.we ;|| > 72. Since {|lw. ||}
is bounded, we obtain that ¢. must converge to t € (0,+00) as ¢ — 0. Let € — 0
n (3.2), we have

lwp||* + 0| Vws |5 — tPQm|we|h =0, 4 <p <6.

Combining with [Jwy|* + b|Vwy |3 — Qum|wp |5 = 0, it yields that ¢ = 1.
If 2 < p < 4, from Proposition 2.7, we can deduce that

K (wp) = (4= p)b|Vuws|y — (p — 2)[lws||* < 0.

By Young’s inequality, we have

will2 \EP2 7 pi 4\ P=2)/2
((llbll> (('b|2> < [lewsll? + BV [ = Qualuwsl?.

4-p)/2 p—2)/2
Then
s (W)(4—P)/2(bvwaz|2)(p 2/ / Q.u? ,dx
(4-p)/2 (r—2)/2
holds for ¢ > 0 sufficiently small. Let A = ||w.,|?, = b|Vw.,[3, C =

Jrs Q-w? ;dx and
f(t) = A+ Bt* + CtP2
applying Lemma 2.9 (b), there exist 0 < ¢t < t; < tI such that f(tf) = 0,
f'(tZ) < 0 and f/(tF) > 0. Similarly to (2.19), we deduce that G.(tZw. ;) = 0,
K(t-we;) < 0and K(tfw. ;) > 0. From G (tFw. ;) = 0, it is easy to see that t=
must converge to t* € (0, +00), which implies that K (t~wp) < 0, K (tTwy) > 0.
It follows from K(wp) < 0 thatt; -t~ =1ase — 0.
3.

, 1 b 1
2 L) = il 4 Vel - S [ Qe ds
p R3
InL(wb) + 05(1) = Cm(b) + 06(1) < Cm(b) + 5a

for € > 0 sufficiently small. O
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LEMMA 3.2. Let 2 < p < 6 and suppose that (2.5) holds if 2 < p < 4. Then,
there exists n3 > 0, independent of € such that

AL > e (b) +1m3  for e > 0 sufficiently small.

PROOF. Assume to the contrary that there exists a sequence {e,} with
en — 0 as n — oo such that liminf%. = ¢,,(b). Then there exists a sequence
n—o00 "

{un} C ON¢ such that
(3.4) I, (up) = c<cp() asn — oco.

We first claim that there exists a sequence {t,,} such that 0 < ¢,, < 1, t,u, € N,’;L
and I, (tyun) < I8 (un).
If 4 < p < 6, since b|Vun|3 — Qm|un|b = —[Ju,|[* <0, similarly to (2.18) the
above claim holds.
If 2 < p < 4, define
fu(t) == ||Un||2 + t2b|Vun|% - tp72Qm|un|gv
(p—2)t 2, (P-4t 4
hi(t) == T lun]l® + T b|Vuy|s.
Since G(u,) = 0 and K(u,) < 0, Lemma 2.9 (c) yields that there exists a se-
quence {t,} such that 0 < ¢, < 1, f(tn) = 0 and f) (¢t,) < 0. Similarly to
(2.19), we have t,u,, € N2, By (3.4), we can deduce that
4pem (b)
-2
By Proposition 2.7, ¢, (b) = ¢(b). Similarly to (2.20), we have h,(t) < h,(1),
ie. I? (thun) < I, (u,). Thus,

| <

+o(1).

1 b 1
cm () < Isq(tnun) =3 [tnunl® + 1 |t Vg |3 — ? letnun|§

1 b 1
<‘WUMP+‘WV%ﬂ-*/"Q%hwwdxzfdwﬂﬁcm®)+0ﬂ%
2 4 p]Rs

which implies that {¢,u,} are minimizing sequences of (2.9). Moreover ¢, — 1
as n — 0o and

(3.5) leunlg = /RS Q-e,

By Propositions 2.6, 2.7, there exists a sequence {z,} C R3 such that u,(z +

un [P dz 4+ o(1).

Zn) = wp in H as n — oo.
Note that 8(u,) € OB

€n?
that {e,2,} converges to a point z € dB(z*,r"). Therefore

it follows from the properties of barycenter map

lim Q:, (x)ul (z)dx = lim Qenx +enzp)ul (v + 2z,) do = Q(z)\wb|§,

n—oo [p3 n—oo [p3

T Quulunll =Qulwff > Q(2)lunll,
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which contradicts (3.5). This completes the proof of Lemma 3.2. g
LEMMA 3.3. Let 2 < p < 4 and suppose that (2.5) holds. Then
‘y\; > 2¢,(b)  for alle > 0.
PROOF. For any u € ON,
1) = 2l
(p = 2)alVul3 < (p = 2)[[ul® = (4 - p)b|Vulz.
By Lemma 2.10 (a), |ju|| > n2 > 0, which implies that

(p—2)a

Vul2 > .
Vel = 0

It follows from (2.5) that

(p—2)%a?
Llw) 2 @ —p)

COROLLARY 3.4. Let 2 < p < 6 and suppose that (2.5) holds if 2 < p < 4.
Then

> 2¢p,(). O

7 <min{c(b), 72,92} fori=1,....k,
for e > 0 sufficiently small.

4. Proof of Theorems 1.1 and 1.2

Motivated by Tarantello [22] (also see Ni and Takagi [19]), we have the fol-

lowing result.

LEMMA 4.1. For € > 0 sufficiently small, w € N¢, there exist ¢ > 0 and
a function t*: B(0,0) C H — R such that t*(0) = 1 and t*(v)(u —v) € N! for
allv € B(0,0) and, for all ¢ € H,

() 0,0y = L0

s=0

2(u,¢)+4b\Vu\§/ Vqudefp/ Q- |u|Pu¢ dx
R3 R3

(4 =p)b|Vulz = (p = 2)[ul®

PROOF. For u € N!, define F,,: R x H — R by
Fu(t,v) = Ge(t(u —v)) = t3||u — v||* + t*b|Vu — Vo3 — tp/ Q:|lu —v|P dx.
R3

Then, F,(1,0) = G.(u) = 0 and

oF,
ot

(1.0) = 20l + 4493 = | Qu(@)lul” do = K(u) <.
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According to the implicit function theorem, there exist o > 0 and a differentiable
function t*: B(0,0) C H — R, such that t*(0) = 1, F,(t*(v),v) = G{t*(v)(u —
v)) =0 for all v € B(0,0) and

dt*(s¢)

((#)(0), ) = ==

s=0
2(u, @) + 4b|Vu|§/ VuVeodx —p/ Q- |ulP~ug da
_ R3 R3
(4 = p)b[Vulz — (p = 2)[|u]?
for all ¢ € H. Furthermore, due to continuity of the functional K, 8 and t*(u),

we have K (t*(v)(u —v)) < 0 and B(t*(v)(u — v)) € BE for all v € B(0,0) C H.
Thus, t*(v)(u —v) € N! for all v € B(0,0) C H. O

LEMMA 4.2. Let 2 < p < 6 and condition (2.5) hold if 2 < p < 4. Then, for
e > 0 sufficiently small, there exists a sequence {u,} C NI such that

I(u,) =9 4+0(1) and I.(u,)=o(1) in H ™
PROOF. Let Fg be the closure of N. By Corollary 3.4, we have

7 = inf I(u), for2<p<6.
u€EN?
Applying the Ekeland variational principle, there exists a minimizing sequence
{u,} C Ni such that I.(u,) <~ + 1/n, and

1 —
(4.1) I (uy) < I(w) + - lw —uy| for all w e N

By Corollary 3.4, we assume that u,, € N! for n sufficiently large. Applying
Lemma 4.1 with v = u,, we obtain the function ¢} : B(0,0,) — Ry for some
on > 0 such that t%(v)(u, —v) € N! for all v € B(0,0,). Let s < o,, v € H
and |lv|| = 1, we have t* (sv)(u, — sv) € NZ. Tt follows from (4.1) that

T un) = T (85 (50)(un — 50)) < 15 (50) (tn — 50) — .

Since ¢ (sv) — t5(0) = 1 as s — 0, we have I (u,) — I (¢} (sv)(un — sv)) — 0 as
s — 0. Therefore

lim I (up) — I (5 (sv) (upn — sv)
s—0 S

On the other hand,
Ie(un) — I(t7, (sv) (un — sv)) <1
s

) (), — (£ (0), b + v) = (I (utn), 0).

[£5,(50) (un — 5v) — un||

lim im
s—0 S —0 sn
() =1 flua|| | . [[v]] ) funl | 1
< mn * — * —.
_g%< . ) T lim e (sv) =5 = ((8,)(0),v) == 4

Since {||lun||} is bounded, we have

(I(un), v) = o(1)((£,)'(0), v) + o(1).
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By Lemma 4.1, ((¢%)'(0),v) < [Junl||/| K (un)|. Once we prove that {|K (u,)|}
is bounded away form zero, we get

(I'(up),v) =0(1) for allv € H and ||v|| = 1.

Note that, if 4 < p < 6, |[K(un)| = (p — 2)|[unl]® + (p — 9| Vu,[3 > Cnz > 0.
On the other hand, if 2 < p < 4, suppose that {K(u,)} converges to zero,

(p = 2)a|Vun|3 < (p = 2)||unl* = (4 = p)bIVunl; + o(1),
which implies |[Vu,|3 > (p—2)a/((4 —p)b) + o(1). By Lemma 3.1, let § =
em(b)/4 in (3.1),

5 1 . 1
Tem®) >l > L(uy) = 2

(p—2)%a®
= 4bp(4 — p)

which derives a contradiction. This completes the proof of Lemma 4.2. O

-2
4p

[[unll* + 0(1)

+0(1) > 2¢,(b) + o(1),

LEMMA 4.3. Fizig € {1,...,k}, let {un,} C N2 be a (PS). sequence, namely
I.(up) — ¢, I'(u,) — 0 in H=Y asn — 0o. Then, up to a subsequence, either u,
is strongly convergent in H, or there exist a function w € H, an integer 1 >0, 1
functions {W;}, W; #0 for 1 < j <1 and l sequences {y?} C R? for 1 < j <1,
such that

l
—(a+qu|§ +Zb|VWj|§>Au+u = Q-(2)[ul"?u in R3,
j=1
(4.2) . ) )
—(a+bVul3+ ) bVWi2>AWj + Wi = Quo|W;[P*W; in R?,
1=1
i=1,...1,
and
yh| = o0, |yl —ypl = +oo, i # 4,
l
(4.3) un(z) = > Wjlz —yl) = u(z) in H.
j=1
Moreover,
l p— 4 l
(4.4) lim L (u,) = J(u) + ; TW5) + 5~ (; b|vu|§|ij|§)
p—4

b|vwi|§|ij|§),

where J is defined in (1.8).
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PRrROOF. Similarly to (2.10),

4dpc

i < %+ o(1).

Let u, — u € H, u, — u almost everywhere in R and u,, = u € L. (R3) for
€ (2,6). Set ul = u, — u, by the Brezis-Lieb Lemma, we have

(4.5) —(a + b|Vul3 +b|Vul |3)Au+u = Q. (x)|ulP"2u+o(1) in H!,
(4.6) —(a+ b|Vu,|3) AUl + ) = Qoo |P2u +0o(1) in H'.
Define

0:= lim sup / [ul | dx.
"0 yeR3 J Br(y)
If § = 0, by the Lions Lemma we have u} — 0 in LP(R?). It follows from (4.6)
that ||}, ]|* < Qoo|Up|? — 0 as n — oo, which implies that u, — u in H.
If § > 0, by the Concentration-Compactness Argument, there exists a se-
quence {y.} C R3 such that |y}| — oo and ul(z +yl) — Wi # 0in H. Set
Uy, 1= Uy (7 + ) — W,

V|5 = [Vap |3 + VWi + o(1).
Similarly to (4.5) and (4.6), Wy and u? satisfy

—(a+b|Vul3+b| VW1 346 Va2 |3) AW; + Wi = Qoo W1 [P W1 +0(1) in H™ Y,
—(a+b|Vul2+b|VW 240 VE2|2) AT+ = Quo|@2 |22 +o(1) in H™L.

By iterating the above procedure, we construct sequences {W;} and {y?} such
that G% (W) < 0, however, the iteration must terminate at some finite index [.
In fact, similarly to the proof of that in Propositions 2.6, 2.7 and Lemma 2.10 (a),
we can find ¢; € (0,1) such that t;W; € N2 and |W;|| > |[t;W;| > 7o, for some
7o > 0. It follows from K (u,) < 0 that

-2

p
ct+1>I(uy) > HunH2

l
P2 3 p—2) 12
= 4p<||ul2 + 3 IwIR + ||u£r”) o1y > P=2)lE

i=1 4y

Therefore,

l
un(x) — ZWJ(Z’ — yﬁl) — u(x) in H,
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and
p—2 2, (p 4)b 4
I (up) =— ||lup Vu
(un) === llunl® + === [Vunz
p—2, p—4)b ,_ p—4)b -
=g+ 22 e+ E v+ LR v
_ P—2 59
—J(u)+J(W1)+—|unll
(P 4) W24+ ( 4)b 21v~2 2
S V|3 + T VW13 |Viy |3
p—4 4)b ~
+ 2 gupow g+ O vz
2p 2p
+ZJ +p<Zqu| VW, |2)
p—4
+2p( > b|VWZ-|§|VWj|§). O

1<i< <l

PROOF OF THEOREMS 1.1 AND 1.2. Fixig € {1,...,k}, let {u,} C N2 be
a sequence satisfying

I(up) =7 +o(1), I.(un)=o(1) in H '

By Lemma 4.3, if {u,,} is not compact, there exist u, {W;}and {yi},j =1,...,,
satisfying (4.2), (4.4) and

Up, :u—l—ZWj(a:—yfl) +o(l) in H.
j=1
Case 1. u # 0. Similarly to (2.10), by Lemma 3.1, we have

dpylo 4p(cp (b) +9)
4. P< 4 o(l) € 2 4 o(1).
(4.7 Junl? < 205 o) < PO o)
Let u} = wu, — u, by (4.5) and (4.6) we have G.(u) < 0 and G (u}) < 0.

Using Lemma 2.9 (a) and (2.19), there exist tg,t. € (0,1), such that tou € NZo,
L e N5 and

(4.8) J(u) > J(tou) > cpm(b), J(@l) > J(thak) > coo(b).

Note that

(p—4)b
2

Ie(un) = J (u) + J (@) + Vul3 Vi, |3,

if 4 < p < 6, we directly have I.(u,) > ¢mn(b) + coo(b) which contradicts to
I (up) < em(b) + 9, for € > 0 sufficiently small.
On the other hand, if 2 < p < 4, by (2.5) and (4.7),

(4—p)b (4—p)b Vun[d < (cm(b) +6)*
2p 8p

(4.9) |Vul3| Vi, |3 <
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for a small § > 0 and 0 < & < gg. Thus, by (4.8),

(4-p)

b - 3¢m
2 (VB >

e+ 0(1) = Tu(un) = J () + J (@) - o,
which derives a contradiction.

Case 2. u = 0. If | > 2, denote 42 = up(x + y.) — Wi. We see that
|2 is bounded away form zero. Following the argument as in case 1, we
can get the contradiction similarly. At last we analyze the case | = 1, i.e.
up = Wi(z—yL)+o(1), for some |yL| — co as n — oo. Note that the barycenter
of u,, is bounded in BY for a fixed ¢ > 0, while |3(W;(x —yl))| = o0 as n — oo,
which leads to a contradiction. Therefore, w, — w in H for some u # 0. By
Corollary 3.4, we know that u € N is the minimizer of I. in N/° O
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