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MULTIPLICITY OF POSITIVE SOLUTIONS
FOR KIRCHHOFF TYPE PROBLEMS IN R3

TiNngX! Hu — Lu Lu

ABSTRACT. We are concerned with the multiplicity of positive solutions for
the following Kirchhoff type problem:

—(£2a+ab/ |Vu\2dac)Au—§—u:Q(ac)|u|"’_2u7 z € R3,
R3
uw € HYR3), u>0, z € R3,

where ¢ > 0 is a parameter, a,b > 0 are constants, p € (2,6), and Q €
C(R3) is a nonnegative function. We show how the profile of Q affects the
number of positive solutions when ¢ is sufficiently small.

1. Introduction

In this paper, we study the existence and multiplicity of positive solutions to
the following nonlinear problem of Kirchhoff type:

—(€2a+£b/ |Vu|2dx>Au+u = Q(z)[ulP~?u in R3,
R3
u € HY(R3),

(P)

where € > 0 is a parameter, a,b > 0 are constants, p € (2,6), and Q is a non-
negative continuous function satisfying
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(Q) ‘leiinoo Q(7) = Qs > 0 and there exist some points x!, ..., 2% in R? such
that Q(z*) are the strict maxima and satisfy
Q") = Qu == gle%cg(:c) > Qo foralli=1,... k.
Problem (P) is a particular case of the following Dirichlet problem of Kirchhoff
type:

—<a+b/ |Vu|? dz)Au— flxz,u) in Q,
Q
u=20 on 0%,

(1.1)

where Q C R? is a smooth domain. Such problems are often referred to be
nonlocal because of the presence of the Kirchhoff term ([, [Vu/?)Au which im-
plies that (1.1) is no longer a pointwise identity. This phenomenon provokes
some mathematical difficulties that make the study of such problems particu-
larly interesting. Various results on the existence of positive solutions, multiple
solutions, sign-changing solutions, ground states have been obtained, see for ex-
ample [4], [6], [7], [11], [13], [16]-[18], [20], [25], [27] and the references therein.
Recently, there has been increasing interest in studying the following per-
turbed Kirchhoff type equation (see [12, 10, 9, 23] and the references therein):

—(52a+6b |Vu|2dm>Au+V(:r)u— f(z,u) in R3,
(1.2) R3

u € HY(R3),

where V € C(R3,R), f € C(R3>xR,R), a,b > 0 are constants, and ¢ is a positive
parameter. First, it is important to consider the following autonomous problem
withe =1and V(z) =v € R in (1.2):

(1.3) —(a+b/ |Vu|2d:1:)Au+1/u:f(u) in R3.
RB

He and Zou in [12] established the existence of ground state solution to (1.2)
under the condition that f € C'(R, R) satisfies the Ambrosetti-Rabinowitz con-
dition ((AR) in short)

there exists p >4 such that 0< ,u/ f(s)ds < f(u)u,
0

fu) = o(u®) as u — 0, f(u)/|ul? — 0 as |u| — oo for some 3 < ¢ < 5 and
f(u)/u? is increasing for u > 0. Ye in [26] extended the above result to the
case without the (AR) condition under the conditions that f is superlinear,
subcritical and f(u)/u is increasing for u > 0. Wang et al. [23], He et al. [10]
proved the existence of ground state solution to (1.3) with critical nonlinearity,
ie. f(u) ~ NulP™%u + |u|*u for some 4 < p < 6, A > 0. Latter, He and Li
[9] filled the gap when f(u) = Au|[P~%u + |u|*u where 2 < p < 4. Besides, for



