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TRAJECTORY ATTRACTOR AND GLOBAL ATTRACTOR
FOR KELLER-SEGEL-STOKES MODEL
WITH ARBITRARY POROUS MEDIUM DIFFUSION

WENLONG SUN — YEPING LI

ABSTRACT. We investigate long-time behavior of weak solutions for the
Keller—Segel-Stokes model with arbitrary porous medium diffusion in 2D
bounded domains. We first prove the existence of the trajectory attractor
AY for the translation semigroup in the trajectory space. Further, we
construct the global attractor A in a generalized sense. The results are
shown by the definition of trajectory attractor and global attractor, and
energy estimates.

1. Introduction

When bacteria of the species Bacillus subtilis are suspended in water, it
can be observed experimentally that spatial patterns may spontaneously emerge
from initially almost homogeneous distributions of bacteria [10]. A mathemat-
ical model for such processes was proposed in [21], where it is assumed that
the essentially responsible mechanisms are a chemotactic movement of bacteria
towards oxygen which they consume, a gravitational effect on the motion of the
fluid by the heavier bacteria, and a convective transport of both cells and oxygen

2010 Mathematics Subject Classification. 35B41, 35K55, 35QQ92, 35Q35.

Key words and phrases. Keller—Segel-Stokes model, trajectory attractor, global attractor,
translation semigroup.

The research is supported in partial by the National Science Foundation of China (Grant
No. 11671134).

581



582 W. Sun — Y. L1

through the water (cf. also [10], [15]). This leads to a PDE model of the form

ng+u-Vn=An—V-(nx(c)Ve),

¢ +u-Ve=Ac—nf(c),

ug + k(u-V)u+ Vp —nAu+nVe = 0,
V-u=0,

(1.1)

where n and c represent the bacterial density and oxygen concentration, respec-
tively; u, p, n and V¢ denote the velocity field, pressure, viscosity and gravitation
force of the fluid, respectively. The function x is the chemotactic sensitivity, f
measures the consumption rate of the oxygen by the bacteria. The fixed number
% € R. When the fixed number & in (1.1) is nonzero, the fluid motion is governed
by the full Navier—Stokes equations involving nonlinear convection, whereas if
k = 0 we consider the simplified Stokes evolution for u which appears to be
justified if the fluid flow remains small [15]. For more details we refer to [10],
[15], [21], etc.

Recently, there were some results about well-posedness of solutions for the
chemotaxis-(Navier—)Stokes system (1.1). More precisely, Lorz [15] constructed
certain local-in-time weak solutions of the boundary value problem for (1.1) in
the three-dimensional setting under the assumptions that x = const and f be
nondecreasing such that f(0) = 0. Duan, Lorz and Markowich [11] studied the
Cauchy problem for (1.1) on the basis of a priori estimates involving energy
type functionals. It is asserted there that when Q = R2, appropriate smallness
assumptions on either V¢ or the initial data for ¢ ensure global existence of
weak solutions to the chemotaxis-Stokes system (1.1) with x = 0, provided that
some further technical structural conditions on x and f are satisfied. Liu and
Lorz [14] improved a priori estimation of [11], which allows for the construction
of global weak solutions to the Navier—Stokes version of (1.1) with k = —1 and
arbitrarily large initial data in Q = R2, under basically the same assumptions on
x and f as made in [11]. Winkler [26] obtained global large-data solutions of the
initial boundary value problem for the two- and three-dimensional chemotaxis-
(Navier—)Stokes system modeling cellular swimming in fluid drops. We also note
that Di Francesco, Lorz and Markowich [9] extended system (1.1) to the one with
a porous medium-type diffusion of bacteria, which is represented in the following
form:

ne+u-Vn=An"m -V - (nx(c)Ve),
¢t +u-Ve=Ac—nf(c),

ug + Vp —nAu+nVe =0,
V-u=0,
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here m is the adiabatic exponent, and discussed global existence and asymptotic
behavior of weak solutions to the chemotaxis-fluid coupled model for swimming
bacteria with some nonlinear diffusion. Tao and Winkler [20] obtained global ex-
istence and boundedness of weak solutions for the two-dimensional Keller—Segel—-
Stokes model with arbitrary porous medium diffusion. In this paper, we are going
to investigate trajectory attractor and global attractor for the two-dimensional
Keller—Segel-Stokes model (1.2) with arbitrary porous medium diffusion.

Since we study system (1.2) in 2D bounded smooth domain  C R?, we
append equation (1.2) with the following initial data:

(1.3) n(0,z) =nge(z) >0, ¢(0,2)=co(x)>0, u(0,z)=u(z), x€l,
and boundary conditions:
(1.4) On™(t,x) = Oye(t,x) =0 and wu(t,z) =0, xz€9IQ, t>0,

where m > 1 is a constant, and v is the outward normal unit vector to 9f.
The main purpose is concerned with investigating the long time behaviors to the
initial boundary value problem (1.2)—(1.4). To this end, the following assumption

is necessary:

no € L*>(Q) and co € WH>°(Q) are nonnegative,

ug € D(A?) for some 6 > 1/2, and
(1.5)
[noll L) < K, [lcollwre@) < K, [[A%0||1200) < K

for some K > 0,

where A% represents the—possibly fractional—power of the usual Stokes operator
A in the Hilbert space L2(2) := {u € L*(Q) | V-u = 0in D’(Q)} of all solunoidal
vector fields over Q, with domain D(A) = W22(Q) N W, (Q) N L2(Q) (see [19]).
In addition, we also suppose

X € C1([0,+00)) is nonnegative,
(1.6) f € CL([0,+00)) satisfies f(0) =0 and f(c) > 0 for all ¢ > 0,
¢ € Whee(Q).

Under assumptions (1.5) and (1.6), Tao and Winkler [20] proved that the initial
boundary value problem (1.2)—(1.4) possesses at least one global weak solution
(n,c,u). Since the global weak solution of (1.2)—(1.4) is not unique, here we only
study the trajectory attractor and the global attractor of the initial boundary
value problem (1.2)—(1.4). In fact, some notions were introduced to overcome
the difficulties associated to possible non-uniqueness of solutions in the study of
dynamical systems generated from partial differential equations. We can refer
to [2]-7], [12], [16], [17], [22], [25] and the references therein. In this paper,
we borrow the notations and arguments of [6], [7], [22] to study the asymptotic
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behavior of weak solutions for the Keller-Segel-Stokes model (1.2). That is,
we will prove that the initial boundary value problem (1.2)—(1.4) possesses a
trajectory attractor. Further, we verify that the initial boundary value problem
(1.2)—(1.4) also has a global attractor.

Now, we state the results of this paper in the following theorems.

THEOREM 1.1. Assume (1.5)—(1.6) hold and m > 1, then the translation
semigroup {S(t)}+>0 defined by (3.1) possesses a trajectory attractor A™ C T+

loc

with respect to the topology ©7°, which satisfies:
(a) A" is bounded in F’ -norm and compact in ©'°¢;
(b) A" is strictly invariant: S(t)A™ = A™ for any t > 0;
(c) AY is an attracting set in the topology @lfr’c, i.e. for any bounded set B C
T+ and any neighborhood O(A™) in ©%°, there exists t* = t*(B,0) >0
such that S(t)B C O(A™) for all t > t*.

THEOREM 1.2. Assume (1.5)—(1.6) hold and m > 1, then system (1.2)—(1.4)
possesses a global attractor A = A™(0) C Ny in the following sense:

(a) A is bounded in Ny and compact in the topology M ;

(b) for any bounded (in §4 -norm) set B C T, t—liinoo distag, (S(t)B,.A) = 0;

(c) A is the minimal set (for the inclusion relation) among those satisfying
(a) and (b).

REMARK 1.3. According to [20], there exists at least one weak solution, while
the uniqueness of the solution cannot be obtained under condition (1.5). That
is why we only study the trajectory attractor and global attractor instead of the
classical global attractor here.

REMARK 1.4. The global attractor obtained in Theorem 1.2 is strictly invari-
ant under the acting of the translation semigroup {S(t)}¢+>0. Indeed, since A™(t)
is independent of ¢, it holds that A = A" (0) = A" (t) = S(t).A"(0) = S(¢).A, for
all t > 0.

The outline of the proofs is as follows. First, we construct the trajectory
space T and consider the translation semigroup {S(¢)}+>0 acting on it. Then,
we show that the translation semigroup possesses an absorbing set A for the
family {7}. Finally, we prove the absorbing set A is compact in the topology
G)l_fc. To investigate the existence of the absorbing set A, the key point is to
establish estimate (3.2) (i.e. Lemma 3.6). Due to the structural characteristics
of the Keller—Segel-Stokes model, we cannot get Lemma 3.6 by processing n, ¢
and u separately. Therefore, a more precise calculation is needed. To show the
absorbing set A is compact in the topology @L‘r’c, the key point is to verify that
the trajectory space 7' is closed in the topology 65?“, i.e. Lemma 3.8, which
will be proved by using the estimate obtained in Lemma 3.6 and the embedding



TRAJECTORY AND GLOBAL ATTRACTORS FOR KELLER—SEGEL—STOKES MODEL 585

between function spaces, and combining the Aubin-Lions compactness theory
(see Lemma 2.4). Based on Theorem 1.1, the proof of Theorem 1.2 will be
completed by the way of a direct analysis and verification.

Throughout this paper, we denote the usual Lebesgue space and Sobolev
space (see [1], [28]) by LP(2) and W™P(Q) endowed with norms || - ||, and
| - llm,p» respectively. For example, [[¢|lr = ([, |@lP dz)'/? and [¢llmp =

1/p
( > Jo|DPelP dx) . Especially, we denote H™(Q) := W™?%(Q) and by
|B|<m
H}(Q) the closure of {¢ € C§°(2)} with respect to H'(2)-norm. Then, we

introduce the following function spaces:

LP(I; X) := strongly measurable functions on the closed interval I,

with values in a Banach space X, endowed with norm

1/p
- :—( / |<p5’<dt> . for1<p< oo,
I

C(I; X) := continuous functions on the interval I, with values
in the Banach space X, endowed with the usual norm,

L% (I; X) := locally square integrable functions on the interval I, with

values in the Banach space X, endowed with the usual norm.

In the subsequent, we simplify the notations || - ||2(q) and [ [, -dzdt by || - ||
and || I fQ -, respectively, if there is no confusion. In addition, we denote by
(-, ) the inner product in LP(2) or W™P(Q), and by (-, -) the dual pairing
between spaces X and X', where X’ represents the dual space of X. We also
denote the compact embedding between spaces by <<, and use distp (X,Y)
to represent the Hausdorff semidistance between X C M and Y C M with

distps (X,Y) = sup inf distys(x,y).
reX YEY
The rest of the paper is organized as follows. In Section 2, we make some

necessary preliminaries. Section 3 is committed to the proof of Theorem 1.1.
First, we construct the trajectory space 7 on solutions and consider the nat-
ural translation semigroup {S(t)}:>0 acting on 7. Then, we show that the
semigroup {S(t)};>0 possesses an absorbing set, which is bounded in the space
Si and compact in the topology space @l_ﬁc. In Section 4, we prove the existence
of the global attractor, i.e. Theorem 1.2.

2. Preliminaries

In this section, we will recall the global existence of weak solutions for the ini-
tial boundary value problem (1.2)—(1.4) and introduce some useful results. First,
we give the definition of weak solutions of the initial boundary value problem
(1.2)—(1.4).
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DEFINITION 2.1. Let T € (0,00). A triple (n,c,u) is said to be a weak
solution of the initial boundary value problem (1.2)—(1.4) in (0,7") x £ if

n € L>(0,T; L=(R)), Vn™ € L*(0,T;L*(Q)),
¢ € L(0,T; L>=(Q)) N L*(0,T; W2(9)),
u € L*(0,T; Wy () N L2 (0, T; W(Q)),

and the following equalities:

/OT/Qntz/)—/OT/QV1b~un+/OT/QVnm-Vzb:/OT/an(c)Vc-Vw,
—/()T/gzzzt-u—/ng(O)-uo—n/()T/gzu-Azz+AT/gznV¢~J:0

hold for all 1 € L2(0,T; W2(Q2)) and any ¢ € L2(0,T; W22()) N W2(0, T;
L?*(Q)) with values in R?, V-4 = 0 and |aq = 0. If (n, ¢, u) is a weak solution of
the initial boundary value problem (1.2)—(1.4) in (0,7) x Q for any T € (0, 00),
then we call (n,c,u) a global weak solution.

Based on the above definition, we have

LEMMA 2.2 (see [20]). Suppose m > 1 and the triple (nog,co,uo) satisfies
(1.5), then the initial boundary value problem (1.2)—(1.4) has at least one global
weak solution (n,c,u). Moreover, (n,c,u) is bounded in (L°°(0,00; L>()))*
andn > 0,c >0 in (0,00) x Q. In addition,

(2.1) le(®)llzo ) < llcollz(q) for allt > 0.

Further, one can check that the solution (n, ¢, u) satisfies the following energy
inequality or equality:

1d
> @ [n]|? + (Vn™, Vn) < (nx(c)Ve, Vn),
1d
(22) 5 g7 Iel? Vel + (nf(e).c) = 0,
1d, )
5 77 Il + 0l Vul* = ~(nVg,u),

in the sense of distribution D’(0,T) for any T € (0,00). Moreover, it holds that

LEMMA 2.3. If (n,c,u) is a weak solution of the initial boundary value prob-
lem (1.2)—(1.4), then, for any T € (0,00),

ny € L*(0,T; (WY2(Q))), ¢ € L*(0,T; (WH2(Q))), us € L2(0,T; (W3 2())").
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ProoF. First, it is not difficult to check that the functions u - Vn, An™,
V- (nx(c)Ve), u-Ve, Ac, nf(c), nAu and nV¢ are measurable in (0,7") x Q. Let

2. = . Jo0 = d = .
(2.3) ca = lell(o,msn ), 1 Ogclgi(MX(C) and ao Oggi(Mf(C)

Since
W22(Q) = Wh3(Q) < L*(Q) = (WH*(Q)),
for any o, € L2(0,T; WH2(Q)), @g € L2(0,T; Wy*()) with V-5 = 0, we have

[(u - Vn, 1)| =[(un, V)|
<Al Lo 0,70 @ llull L2 0,722 @) |01 L2 (0,73 w12()),
AR™, 1) =[(Vn™, Vo1)| < [IVR™( r20,75220)) 011l L2(0,mw12(0)),
(V- (nx(c)Ve), )| < arllnll Lo 0,750 ) lell 2 0,mw22 ) 11l 22 (0,7:w 12 ()
[(u- Ve, 1) = [{uc, Vor)|
<lellzee 0,70 () |l 20,72 ) 11l L2 (0,71 2 (02)) 5
[(nf(c), p1)| < azlnllLzo,:2@)lle1llLz 0,102 @)
[(nV ¢, p2)| < InllL2(0,7;2(0)) @ llwre @)ll@2llL2(0,7522(02))

[(Vp,2)| =1(p, V- ¢2)| = 0.

Therefore, we have

[ V7l L2 0,1;w120))) < 7l 0,11 @) lull L2 0,712 (02)»
AR || 20,75 wr2 )y S NVR™ ([ L2(0,7:02(0),
IV - (nx(c) Vo)l Lz, w129y < arllnllzeorL=@)llcllzz0rw22(9).
[u-Velrzormwr2@)yy Sllellrso,rr=@yllullrz,r;22))
[nf(e)llL2o,1:22(0) < 2llnllL20,m;02(0))
[PV @llL20,7522(0)) <1@llwre()lnllzzo,r;20))

which together with (1.2) and (1.6) yields

(24) ||’rltHL2(O,T;(W1,2(Q))r) < ||u . vn||L2(O,T;(W1v2(Q))')
+ AR 20,7120y + IV - (nx () Vo)l L2 0, mywr2(0)))
<|InllLes 0,72 con llull L2 0,502 () + 1IVR™ || L2(0,7;2(02))

+ aal[nl[ e 0,752 () Il 20,7 w22 (),

(25) Hct||L2(O,T;(W112(Q))’) S ||u . VCHLz(O,T;(leZ(Q))’)
+ 1Al 20,7;22(0)) + [Inf(©)l| 2 (0,7522(2)
<llell oo, @ lull 20,75 L2(0)

+ el 20, msw22(0)) + @2llnllL20,7;02 Q)
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and

(2.6) [Jwellz2(0,m3wr2))y <nllAul20,7:02(0)) + IRV Ol L2072 (0))
<nllullLz0,rw22()) + |Pllwie@llnllLz01:22(0))-

This completes the proof. O

Finally, we end this section with the following useful lemma.

LEMMA 2.4 (see [7], [13]). Let X1, X2, X3 be Banach spaces such that X1, X3
are reflexive and X1 —— X9 — X3. For0 < T < 00 and 1 < 19, r1 < 00,
define

dw
X =<w|weL"0,T;X,), o € L™(0,T; X3) ¢.

Then X is a Banach space equipped with the norm

lwllx := wlzroomixy) + 1wl o 0,7:x5)-

Furthermore, X << L™(0,T; X5).

3. Existence of a trajectory attractor

In this section, we will show the existence of the trajectory attractors for
the initial boundary value problem (1.2)—(1.4). For the general theory and ap-
plications about the trajectory attractor, one can refer to [6], [8], [22], [24], [27]
and the references therein. In the sequel, we denote by Il the restriction op-
erator with respect to the semi-infinite interval R;. Similarly, II7 represents
the restriction operator to the interval [0,7]. Let us begin with the following
definition.

DEFINITION 3.1. A space T consisting of the triple (n, c,u) is called a tra-
jectory space of the initial boundary value problem (1.2)—(1.4) if

n € L>(0,T; L=(R)), Vn™ € L*(0,T;L*Q)),
c € L*(0,T; L% (Q)) N L*(0,T; W22(Q)),
ue L*0,T; W, 2 (Q) nW2(Q)),
such that for all T > 0, the triple Il (n,c,u) is a weak solution of the initial

boundary value problem (1.2)—(1.4) on the interval (0,T) and Il (n, ¢, u) satisfies
equations (2.2).

With Definition 3.1 at hand, the natural translation semigroup {S(t)}:>0
acting on the trajectory space 77 is defined by

(3.1) SE(n(-),e(-),u(-)) = (n(t+ ), et + ), ult + -)),
for all t >0, (n(-),e(-),u(-)) € T+. Then, we have
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LEMMA 3.2. (a) For any (no, co, uo) satisfying (1.5), there exists at least one
trajectory (n,c,u) € T satisfying (n(0), ¢(0),u(0)) = (no, co, up)-
(b) T is translation invariant under the action of {S(t)}+>0, that is

SHTTCTH forallt>0.

PROOF. Observe that (a) is a direct consequence of Lemma 2.2. To prove (b),
we first set (n(r), c(r),u(r)) € T+ withr € Ry. Then, it is clear that the function
St)(n(r),c(r),u(r)) = (n(t+r),c(t+r),u(t+7)), for all t > 0, is a weak solution
of the initial boundary value problem (1.2)—(1.4) and has the same property with

(n(r), c(r), u(r)). O
Now, we construct the spaces Sljr)c and HTSL‘:C as follows:

5o = {(ncu) | n € L, (Ry: L(Q)), V™ € L2, (Ry; LA(Q)),
ne € Lo (R (WH2(Q))), ¢ € L (Ras L)) 1 L (Rys W22(Q),
¢t € Lo (R (WH2(Q))),u € LR (Rys (@) N W22(Q),

w € Lo (Ry; (WH2(Q)))},

rFee i={(n,c,u) | n € L>(0,T; L>(Q)), V™ € L*(0,T; L*(R)),
ng € L*(0,T; (WH2(Q))),c € L>=(0,T; L>=(Q)) N L*(0,T; W*?(Q)),
¢ € L2(0,T; (Wh(Q))),u € L2(0,T; Wy () N W2(Q)),
up € L*(0,T; (WH2(Q)))}.

Let {(nk(t,z),ck(t,z), ur(t,z))}r>1 be a sequence of IFC, if the following
convergence relations hold as k — oc:

ng(t,x) =" n(t,x) weakly star in L>°(0,T; L*°(Q)),
Val(t,x) — Vn™(t,r) weakly in L?(0,T; L*(£)),
cx(t, ) =" ct, x) weakly star in L>°(0,T; L*°(Q)),
ck(t,z) — c(t,x) weakly in L2(0,T; W%2(Q)),
up(t,z) — u(t, z) weakly in L2(0,T; W, 2(Q)),
ug(t, ) — u(t,x) weakly in L?(0,T; W?2(Q)),

and
(ng)e(t,z) — ny(t,x) weakly in L*(0,T; WH2(Q)),

t,x) — ci(t,x)  weakly in L2(0,T; (WH2(Q))),

(ug)e(t,x) — u(t,z) weakly in L2(0,T; (W'2(Q))),

then we say that {(ny(t,x),cr(t, ), ur(t,x)) }>1 converges to (n(t,x),c(t, z),

u(t,x)) in the topology of II7F'0c.
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In addition, we say that the sequence {(ny(t,z), cx(t, ), up(t, 2)) }>1 C F5°
converges to (n(t,x),c(t,z),u(t,z)) € F°° in the topology of F¢ as k — oo if,
for any 7" > 0,

(ni(t,x), ek (t, ), up(t, z)) = (n(t, ), c(t, z), u(t, x))

in the topology of HTSIJ‘F’C. We denote by @lfc the space glﬁc with this topology.
Note that 7 C §'°¢. Then, for S(t) defined by (3.1), we have

LEMMA 3.3. The translation semigroup {S(t)}+>0 on T is continuous in
the topological space @L‘_’C.

PROOF. Let Gi(s) := (ng(s), ci(s), ur(s)) — (n(s), c(s), u(s)) =: G(s) in ©°
as k — oo. Then, for any T € Ry, II7Gy(s) — H7rG(s) in ©'°¢ on the interval
0,7 as k — oo. In particular, II71 Gy (s) — H7r4+G(s) in O on the interval
[0, T+1] for any ¢ > 0. Hence, II7S(t)G(s) — IrS(t)G(s) in ©° for any ¢ > 0,
ie. S(t)Gr(s) = S(t)G(s) in ©° as k — oo. Therefore, S(t) is continuous in
the topological space @L‘_)C. This ends the proof. (|

Further, we define another Banach space Sb as

§4 = {(n(t ), c(t,2), ut,2) € F5° | lI(n, e u)l|z < oo},

where the norm in g9 % is defined by
15(@)(n, ¢, u)llge = [1SE)nll Lo 0,1:L @)
+ 1S (V™) L2 0,1522(0)) + 1S E)ell Lo 0,105 (02))
1Sl 01w + 1O oy,
+ [IS@)ullL20,1,w22(0)) + 1Sl L2(0,1,m12(0)))
+ HS(t)Ct||L2(0,1;(W1>2(Q))’) + ||S(t)utHL2(0,1;(W1v2(Q))')-
Also, we need to introduce the following notions.
DEFINITION 3.4. A set A C G)lj_’c is said to be an absorbing set for the family

{7} in the topological space ®1°° if for any bounded in Si set B C T, there
exists tg = to(B) such that S(¢)B C A for all ¢ > to.

DEFINITION 3.5. The set A" C T+ is called a trajectory attractor of the
translation semigroup {S(¢)}+>0 on 7 in the topology @14‘_)0 if:
(a) A" is bounded in §% and compact in the topology ©'°¢;
(b) A" is strictly invariant: S(t)A" = A" for any ¢ > 0;
(c) A™ is an attracting set in the topology ©'¢, i.e. for any bounded in F%
set B C T+ and any neighbuorhood O(A™) of A in ©'9¢, there exists
t* = t*(B,0) > 0 such that S(t)B C O(A™) for all ¢ > t*.

Based on the above definitions, we show the following lemma.
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LEMMA 3.6. It holds that T+ C 33_. Furthermore, for any trajectory (n, ¢, u)
in T+, we have
(3.2) I1S(#)(n,c, u)Hgb+ < Mye M2t 4 My, for allt >0,

where My, M1, My are positive constants.

PROOF. It is clear that 7+ C Sljﬁc. Now, let us prove (3.2). First, testing
(1.2), by ¢, we obtain that there exists a positive constant v such that

1d
2 2 o2 @ y2 2
el +lel® < 5 2 llell* + 1 7el

= <Ctvc> + <u - Ve, C> - <AC, C> = —(nf(c),c) <0.

3.3 - —
63) 19
Further, d(e*|c(z,t)|?)/dt < 0, which implies
(3-4) lle®)l? < [leol*e™".
Therefore, we have
(3.5) 1S(#)ell Lo (0,1:22(02)) < llcoll oo 0,122 02ye "
It follows again from (3.3) that
1 t
3 (le®II* = lle(s)[1*) +/ IVe(©)?df <0, forall t>s,

which together with (3.4) gives

t+1 1/2

(3.6) Lﬂmvdhmmmm»=<l |deﬁw)
le®IP\Y? _ lleoll
<(M55) =N

Now, testing (1.2), by —Ac and using Hélder inequality, we obtain

d

—/\Vc\Qd:E—&—Z/ |Ac|2dx:2/nf(c)Acdm+2/(u~Vc)Acdx
dt Jo Q Q )

Scza%/nQda:—i—c?,/ |u|2|Vc|2dx+E/ |Ac|? dx
Q Q Q

1/p
<02a§/n2dx+03</ |u2pdx>
Q Q
(r—1)/p
. (/ ‘Vc|2;v/(:0—1) dx> +E/ |AC‘2d$,
Q Q

where oo comes from (2.3) and ¢ will be specified later. By the Gagliardo—
Nirenberg inequality (see [18]), we have

1/p
c3</ |u|2p da:) = 03||U||2L2p(9) < C5||u“2/p||vu||(2p—2)/p
Q
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and

(r=1)/p
([ roero=bas) ™ <1Vl nay

2(p—1
<esllell 72 ) MNP + cslell? < o

where p € (1,2]. Therefore, by (2.1) and Young’s inequality, we can choose
appropriate constants ¢ and cg such that

i/ |Vc|2dac—|—2/ \Ac\degcwz%/nde
dt Jo ) Q

_ 2(p—1 _
+ A u|?P||Vul| 2P 2)/p(||c||L(£(Q;/p”ACH2/p + \|C||2Loo(g)) +C/Q |Acl? d
<caad [ o+ T AP + ol Tl + e,
which yields

d
(3.7) %/ |Vc|2dx+/ |Ac|2d:cg02a§/n2dx+cﬁ||u||2/<p*1>\|vu||2+c7.
Q Q Q

In order to estimate the terms containing u, we introduce the Stokes operator
A = —nPA, where P denotes the Helmholtz projection in L?(£2). Then, using
the same derivation process with (2.12) in [20], we can get that

(3.8) [Au(t, )|| < cs +csg sup |[n(s, )|, forallte [0,T],
s€[0,T]

which together with the embedding D(A) — W17(Q) — L™(Q), 2 < r < oo,
implies

(3.9) l[u(t, )|

@) + llult, )llwir) <o +co sup ||In(s, )],
s€[0,T]

for all t € [0, T]. Consequently, we have

(3.10)  [[S(t)ull2(0,1;2 )y + [1IS(E)Vull 20,1507 (02)) < €9 + o S}(I)PT] In(s, )|
se|0,

Moreover, it follows from (3.7) and (3.9) that

(3.11)  [IS(HAClT2(0,1:120)) < 2ll SO 201,020 + V@)

+co sup |[|n(s, ')||2/(p_1)||5(t)VU||2L2(o,1;L2(Q))
s€[0,T]

+ CQHS(t)qu%?(O,l;L?(Q)) +er.
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Next, testing (1.2); by n™, we have

/ntnmdﬂc —l—/(u-Vn)nmd:E—i—/ V™ |? dx
Q Q Q

:%H%Anm+l d:v+/Q\Vnm|2dfc:/ﬂnx(c)Vc~Vnmd:c

<cr0?||n|? - /chdx—i—L/ Vn™|? dx,
<aai|nlz (Q)Q| | 1 Q| |

where a; comes from (2.3). From the above inequality, we see that

d
— nm+1dx+/ |Vnm\2da:Scl(m—l—l)a%HnH%x(Q)/ |Ve|? dz,
dt Jo Q )

which leads to

t
/nm+1d:c+/ /|Vnm|2d:rds
Q 0o JQ

t
S01(m+1)a?||n|\%w<o,t;m(m)/o /Q\VC\QdfCClSJr/QnS””“dw-

Therefore, it holds that

t+1
(3.12) IIS(t)VnmII%Z(o,l;La(m):/ V™ ()| ds
t

<eci(m+ 1)6@||S(t)”\|%oc(o,1;Lm(Q)) HS(t)VC||2L?(0,1;L2(Q))

It @) -

Thanks to Corollaries 2.7 and 2.8 in [20], we can conclude that there exist positive
constants ¢ps and ¢ such that for any ¢ € [0, 7],

(3.13) [S(E)nll Lo 0,1, () < €M
. n'(t,x)dr < én, r>max{2,m—1}.
Q

Furthermore, according to Lemma 2.6 in [20], we conclude that, for any m > 1
and r > max{2,m — 1},

(3.14) d(/nrdx—i—/ Vc|2dac) +C4</n7"dx+/ |Vc|2dx> < ¢1p.
dt \ Ja Q Q )

Applying the Gronwall inequality to (3.14), we obtain

¢
/nrder/ |Ve|? do < (/ngder/ |Veol? d$>604t+010/ e~c(t=9) g
Q Q Q Q 0
< (/ngdx—i-/ |Vco|2dx>ec4t+clo.
Q Q C4

In particular, taking » = m + 1, there exists a constant ¢ such that

(3.15) ||n(t,x)||?rﬂ1(m + |Ve@)|? < et +¢, forallt e [0,T].
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Hence, for all ¢ € [0, 7],
1/(m41)
(3.16) |In(t, )| < (/ |n(t,x)|m+1 dac) .|Q|(m—1)/(2(m+1))
Q

= |In(t, )| Lm+1(q) - \Q|(m_1)/(2(m+1)) < cpge” et/ mED) ey

Further, we get
(3.17)

t+1
1SER 22011250 = / / In(s, 2)? dz ds

tt 2/(m+1)
S/ (/ In(s,z)|™ ! dx) | Q(m=D/ 1) g
¢ Q

t+1
S/ 13 |Q|(m—1)/(m+1)(6—048/(m+1) + 1) ds
t

_ a3 D g me)/man) [ (1 _ gmea/mn)y—eat/Gmir) €4 |
Cq m+ 1

In a completely similar way, from (2.4)-(2.6), we have

(3.18)  [[S(t)nellL2(0,1;0w12()) < IS/l Loc 0,152 (o)) 1S (D)ull L2(0,1;02(02))
+[ISE)(Vn™)|| 20,102 () + 1 IS(E)nll Lo 0,1;0 ) 1S (E)ellL2(0,1,w2.2 () s

(3.19)  [[S()eellLzo,5m12(0))) < IS(E)ell Lo 0,100 @) 1S ull L2 (0,1522(2)
+1S()ell L20,1,w22(0)) + c2llS(E)nllL20,1;02(0))

(3:20)  [IS()uellL20,150m1 229y
<llS)ullz2(0,15w22 () + [Pllwree @) 1S )1l £2(0,1522 () -
Finally, taking (1.5), (1.6), (2.1), (2.3), (3.6), (3.8), (3.10)(3.13), (3.15) and
(3.17)—(3.20) into account, we have
IS0, < ent + el SEVellzzoizaay + 2nlt, )
+ [lcoll Lo () + c1allSE)nl L2(0,1:L2(0)) + 15]1S (&) Vull L2(0,1;2(02))
+ [|[Ve(t)|| + c15 sup ] Hn(svm)Hl/(pil)||S(t)vu||L2(0,l;L2(Q))

se|0,

+c16 sup |[|n(s, -)|| + ci6
s€[0,T]

< ‘11 llcolle™t + Ge=C3t + ¢17]Q(m=D/ @M+ g=erst | o Jo—eat/(mH1) 4 o,
V2
< Mye M2t 4 My, forall t € [0,T),
where ¢;, ¢ = 1,...,20, and My, M, M, are positive constants. This completes
the proof. O
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We immediately have

LEMMA 3.7. There exists a bounded absorbing set
(3.21) A= {(neu) e T | (mcw)llzs < 2Mo}.
That is, for any bounded (in the norm of Si) subset B C T, there exists a time
to = to(B) such that S(t)B C A for all t > tg. My comes from Lemma 3.6.

LEMMA 3.8. T is closed in the topology @Lﬁc.

PROOF. Suppose {(ny, cx, ur) }x>1 is a bounded (in the norm of % ) sequence
in 77 and there exists a triple (n*,c*,u*) € glfc such that

(3.22) (ckymp,ug) = (n*, ¢, u*) in @B‘r’c as k — oo.
We should prove (n*,c*,u*) € T+. For the sake of clarity, we divide the proof
into two steps.

STEP 1. For any T > 0, IIp(n*,c*,u*) is a weak solution of the initial
boundary value problem (1.2)—(1.4) on the interval (0,T).

First, from the boundedness of {(ny(t, z), cx(t, ), ur(t,x)) }x>1 € T in the
norm of 3{17 using the diagonal procedure, we deduce that there exist functions
n(t,x) € Lig,(Ry; L®(Q)) and  Vn™(t,2) € L (Ry; L)),

c(t,x) € Lige(Ry; L(Q)) N Lio (Ry; W2(Q)),
u(t, ) € Lifpe(Ry; Wy (Q)) N Lo (R WH(Q)),

such that (by extracting a subsequence if necessary), for any 7' > 0,

Mrng(t,z) —* Urn(t, ) weakly star in L*°(0,T; L*°(Q)),
Vit (t,x) — MpVn™(t,z) weakly in L*(0,T; L*(Q)),
Mreg(t,z) =" Mre(t, x) weakly star in L*°(0,T; L>(Q)),
Mre(t,z) — Mre(t, x) weakly in L*(0, T; W%(Q)),
Mpug(t,z) — Hpult, z) weakly in L2(0,T; W, %(Q)),
(t,x)

Mpug(t,x) — Hru(t,x) weakly in L2(0,T; W?(Q)),
and
7 (ng)e(t,z) — Tpng(t,z)  weakly in L2(0,T; (WH2(Q))),
Or(cp)s(t,z) — Mpey(t,z)  weakly in L*(0,T; (WH2(Q))),
My (ug)e(t, ©) — pug(t,z) weakly in L*(0,T; (WH2(Q))).
According to the definition of ©'9¢, the above convergence relations imply

(ni(t, z), e (t, 2), ur(t,2)) = (n(t,z), c(t,x), u(t,z)) in O as k — cc.
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Further, from (3.22) and the uniqueness of limit, it follows that
(n(t,x),c(t,z),u(t,x)) = (n*(t,x), c*(t, z), u* (¢, x)).
Next, we verify that (Ilpn*, Hpc*, Ilru*) is a weak solution of the initial
boundary value problem (1.2)—(1.4) on the interval (0,7"). In fact, from the
above convergence relations, it is not difficult to see that

T
lim / / My (ug - Vng) — p(u” - Vn*)]p de dt ‘
0 Q

k—o0

—| lim /OT/Q[HT(uknk)—HT(u*n*)]-Vgpda:dt‘

k—o0

T
=1 lim / / M7 (ugng) — Mp(u*ng) + p(u*ng) — Or(u'n®)] - Ve dz dt‘
o Ja

k—o0

T
/ / (Mpuy — ru®) - Ve dz dt '
o Ja

< 1' H oo LT, 00
< Jlim ITIrnk || oo (0,725 ()

k—o0

T
+ lim ‘/ /(HTnk—HTn*)u*.V@dxdt’ =0,
0 Q
which implies
r(uy - Vng) — Op(u* - Vn*)  weakly in L2(0,T; (WH2(Q))").

Similarly, from

k—o0

T
lim /0 /Q[HT(V “(nex(ex)Veg)) = Ip(V - (n*x(c")Ve)]p d dt ’

= lim /0 /Q[HT(nkx(ck)Vck) —IIp(n*x(c")Ve")] - Vo dx dt’

k—o0

lim /0 /Q[HT(nkx(ck)Vck —npx(ck)Ve)

k—o0

+ p(nrx(ck) Ve —n*x(c")Ve)] - Vodadt ‘

T
< jim [ [ @rTe. - 1rVer) - Vodedt | fr(eo) o)
k—o0 0 0
T
+ | lim / /[HT(nkx(ck)) —Hr(n*x(c"))]Ve" - Vodx dt‘
k—o0 0 Q
T
=| lim / /(HTVCk —IIrVe*) - Vedxdt ||nkX(Ck;)||Loo(0’T;Loo(Q))
k—o0 0 Q
T
+ klim / /HT[nkx'(E)(ck — ) +x(c")(ng —n")]Vc* - Vpdrdt ’ =0,
— 00 0 Q

where ¢ is between c¢; and ¢*, we can conclude that

(V- (npx(ck)Ver)) = Tp (V- (n*x(c*)Ve*))  weakly in L*(0,T; (WH2(Q))).
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In the same way, we can prove the following convergence relations:

O (Any) — Hp(A(n*)™)  weakly in L2(0,T; (WH2(Q))"),
Oy (ug - Vep) — Op(u* - Vn*)  weakly in L?(0,T; (W2(Q))),
Or(Ack) — Hp(Ac*) weakly in L?(0,T; L*(2)),

M (nf(er)) = Tr(nf(c))  weakly in L2(0,T; 12(%),
Or(Auy) — p(Au*) weakly in L?(0,T; L*()),
Mr(ny Vo) —Tp(n*Ve¢)  weakly in L*(0,T; L?*(Q)),

M (ne)e — Tign] weakly in L2(0,T; (W12(2))'),

I (ck)s — rcf weakly in L2(0,T; (WH2(Q))"),

I (ug)e — Hpuf weakly in L2(0,T; (WH2(Q)))).

Then we can pass to the limit and obtain that (IIpn*, IIpc*, IIpu®) is a weak
solution of the initial boundary value problem (1.2)—(1.4).

STEP 2. The triple (Ipn*, Hpc*, Hru*) satisfies (2.2).

Since {(nk, ¢k, uk) }r>1 is bounded in the Sﬁ_—norm, by Lemma 2.4, it follows
from Lemma 2.3 and the embedding W?22(Q) —— WH2(Q) —— L*(Q) —
(W12(Q)) that
(3.23) Mpng(t) —* Opn*(t) weakly star in L°°(0,T; L>°(£2))

as k — oo,
(3.24)  TIp(Vnp(t)) —TrV(n*)™(t) weakly in L2(0,T; L*(Q))

as k — oo, for allm > 1,

(3.25) Hreg(t) — pc(t) strongly in L2(0,T; W'2(Q))
as k — oo,

(3.26) Myug(t) — Mpu*(t) strongly in L%(0,T; W%(Q))
as k — oo.

Therefore, for any ¢(s) € Cg°(0,T) with ¢(s) > 0, we have

1 /T ~ 1 T ~
a0 =5 [ I PG ) ds = = tim [ [T ()25 (s) ds
3.28 1TH* 23/(s)ds = — 1i TH 24/(s)d
328 [ e P ) ds = = lim [ Tre ()25 (s) ds

1 T ~ 1 T ~
329) =5 [ I P ) ds = =5 lim [ T (s)|75(s) ds

T _ T ~
(3.30) /o ITIr Ve (s)||?p(s) ds = kli_)n;o/o ITIrVer(s)||>p(s) ds
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T _ T ~
(3:31) / I0r(Tu (5)) 2(s) ds = lim inf / IT02(Fur(5)) |2 (s) d.

Noting that

(nix(ex) Ve, V) — (nx(e) Ve, V) = 5 {x(ex) Vew, Vnd) — 3 (x(6) Ve, ¥n)

DN | =

1
(x(cx)Ver, — x(e)Ve, Vng) + 3 (x(c)Ve,Vni — Vn?)

{(x(er) = x(€))Ve + x(ex) (Ve — Ve), Vng) + % (x(c)Ve, Vnj — Vn?)

NN =N~ DN

((x(er) —x(e)) Ve, Vni>+% (Ve —Ve, X(Ck)vniwré (x(c)Ve, Vni — Vn?)
=5 (X (©)(er — o)V, V"%WF% <V0k*V07X(0k)Vnﬁ>+% (x(c)Ve,Vni—Vn?),

where ¢ is between ¢ and ¢, and using the Holder and Gagliardo—Nirenberg
inequalities (see [18]), we get from (3.24) and (3.25) that

T ~
(3.32) /0<HT(H*(S)X(C*)VC*(8))7HT(VH*(S))>¢(8)dS
= lim [ (Tr(nk(s)x(cr) Ver(s)), Tz (Vn(s))) b(s) ds.

k—oo Jo

Similarly, we also have

T ~
(3.33) /0 (I (n*(s) f(c"(s))), lrc™ (s))p(s) ds
= lim [ (Tr(n(s)f(ck(s))), Hrer(s))d(s) ds,

k—oo Jo

T ~
(3.34) /o (Ilp(n*(s)Vo), Hru*(s))¢(s) ds

= lim (p (ng () V@), g (s))d(s) ds.

k—o0 Jq

Moreover, by (3.24) and the lower semicontinuity of norm, we see that

T ~
(3.35) /O (ML Vn*™ T Vi) o(s) ds

4m T N ~
CESE / [T Vs D226 (s) ds

4m . T (m+1)/2127

[

< T hkrggf/o I VRl /223 (s) ds
T

= liminf | (IIpVni', IIrVng)¢(s) ds.

k—oo  Jg



TRAJECTORY AND GLOBAL ATTRACTORS FOR KELLER—SEGEL—STOKES MODEL 599

Since (ng(t), ek (t),ur(t)) € T, there holds
T _ T B
—5 | I P ds [T (Ong) T (V)i ds

T ~ T ~
< [ ({0 Ve (Vo)) i(s) ds.— [ a2 () s

+ / Ty (Vew) [28(s) ds + / (T (i £ (c1)), Tiex) 3(s) ds = 0,

and

T ~ T ~
_ %/0 k|6 (s) ds+77/0 T (V) 26 (s) ds

- /O (Ir (ni V), Tz 3(s) ds.

Therefore, from (3.27), (3.32) and (3.35), we conclude that

T ~

T ~
(3.36) —%/0 ||HTn*||2¢’(s)ds+/O (M (Vn*™), I (Vn*))o(s) ds

< [ ()T, T (V) o) .
0

Similarly, relations (3.28), (3.30) and (3.33) lead to
1 (T _ T _
1) = [ e PE e dst [ n(ve)]ae) s
0 0

+ /0 (I (n* f(c*)), pc*)o(s) ds = 0.

Finally, taking (3.29), (3.31) and (3.34) into account, we obtain

338 —5 [ I PF) s+ [ IMr(90) o) ds
T ~
= —/O (Tlr(n*V¢), Ipu*)d(s) ds.

Clearly (3.36)—(3.38) imply that IIp(n*, c*, u*) satisfies (2.2) in the distribution
sense D’'(0,T). To summarize, we get (n*,c*,u*) € T+. O

With Lemma 3.8 at hand, we have

LEMMA 3.9. The absorbing set A constructed by (3.21) is compact in the
topology @Lﬁc.

PrOOF. Let {(nk,ck,ur)}tr>1 € A be a bounded (in the norm of Si) se-
quence. Then there exist a subsequence {(ng,, c,,ur;)}j>1 € {(k, C, ur) a1
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and a triple (n,c,u) € §° such that {(ng,,cx,, ur,)}j>1 = (n,c,u) in OFF as
j — 00. By the lower semicontinuity of norm, we obtain that
I 0) gy, < imint ne ey, < 20
According to Lemma 3.8, we get (n,c,u) € TT. Therefore, (n,c,u) € A, which
implies the compactness of A in @l_ﬁc. O
Now let us give the proof of Theorem 1.1.

PrROOF OF THEOREM 1.1. According to Definition 3.5, the existence of the
trajectory attractor A" is a direct consequence of Lemmas 3.2 (b), 3.3, 3.7, 3.9

and Theorem 4.1 in [23]. O

4. The existence of global attractor

In this section, we are devoted to showing the existence of global attractor.
That is, we focus on the proof of Theorem 1.2. To begin with, let us define the
spaces M and A, as follows:

My = {(n(t,z),c(t,z),ut,z)) | n € L®(Q), Vn™ € L3(9),
c € L®(Q)NW3(Q), u € Wy 2 () N W22(Q)}.

We say that the sequence {ng,cg, ur}r>1 € My converges to (n,c,u) in the
topology of M if it holds that

ng(t,z) =" n(t, ) weakly star in L (Q)as k — oo,
Val(t,x) — Vn™(t,r) weakly in L?(Q) as k — oo,

cr(t,z) =" c(t,x) weakly star in L>(Q) as k — oo,

ck(t,z) — c(t,x) weakly inWW?2(Q) as k — oo,

ug(t,z) — u(t, x) weakly in Wo2(Q) N W22(Q) as k — oc.

Ny = {(n(t,x),c(t,x),u(t,x)) e My | [[(n,c,u)||a, < oo}

with the norm

1, ¢, u)llay = lInllLoe @) + VR ([ L2 (o)
+ llellze @) + llellwa2(@) + llullyr2 ) + llullwzz2@)-

Now, we give the proof of Theorem 1.2.

PrROOF OF THEOREM 1.2. By Theorem 1.1, we see that the initial boundary
value problem (1.2)—(1.4) possesses a trajectory attractor A" in 7. From the
strictly invariance of the trajectory attractor, we deduce that A% is independent
of t. Since A™(0) C A", A" is compact in ©'° and bounded in F4, we obtain
A = A"(0) is compact in M, and bounded in N, that is, property (a) in
Theorem 1.2.
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Further, it follows from property (c) in Theorem 1.1 that, for any bounded
(in the F¥-norm) set BC T,
lim distag, (S(¢)B, A™(0)) =0,

t—+o0

that is, property (b) in Theorem 1.2.

Finally, we prove property (c) in Theorem 1.2. Suppose A; is compact in
the topology M and bounded in N, then for any bounded set B C 7 in the
fi—norm, it holds that

tl}I-Foo distag, (S(t)B, A1) = 0.
Taking B = A" we have
tEToo distar, (A% (1), A1) = tiigloo dist o, (A™(0), A1) = distpg, (A, A1) =0,
which implies A C A; C A;. O
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