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WEAK FORMS OF SHADOWING
IN TOPOLOGICAL DYNAMICS

DANILA CHERKASHIN — SERGEY KRYZHEVICH

ABSTRACT. We consider continuous maps of compact metric spaces. It is
proved that every pseudotrajectory with sufficiently small errors contains
a subsequence of positive density that is point-wise close to a subsequence
of an exact trajectory with the same indices. Also, we study homeomor-
phisms such that any pseudotrajectory can be shadowed by a finite number
of exact orbits. In terms of numerical methods this property (we call it

multishadowing) implies possibility to calculate minimal points of the dy-
namical system. We prove that for the non-wandering case multishadowing

is equivalent to density of minimal points. Moreover, it is equivalent to exis-
tence of a family of e-networks (¢ > 0) whose iterations are also e-networks.

Relations between multishadowing and some ergodic and topological prop-

erties of dynamical systems are discussed.
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1. Introduction

Shadowing is a very important property of dynamical systems, closely related
to problems of structural stability and modelling. For review on general shad-
owing theory we refer to [27], [35]-[37]. Though the most evident application of
shadowing is related to numerical methods, first results involving the concept of
pseudotrajectories were obtained by Anosov [2], Bowen [11] and Conley [13] as
a tool to study qualitative properties of dynamical systems.

In a nutshell, shadowing is existence of an exact trajectory point-wise near
a given pseudotrajectory, i.e. a trajectory with errors. This property is closely
related to structural stability. Indeed, it is well known that structural stability
implies shadowing [44], [48]. Such shadowing is Lipschitz [38]. Sakai [46] demon-
strated that the C'-interior of the set of all diffeomorphisms with shadowing co-
incides with the set of all structurally stable diffeomorphisms. Osipov, Pilyugin
and Tikhomirov [34], [38] showed that the so-called Lipschitz periodic shadowing
property is equivalent to Q-stability, see also [36]. Moreover, the corresponding
set of dynamical systems coincides with the interior of the set of systems with
periodic shadowing property and with the set of systems with orbital limit shad-
owing property. Pilyugin and Tikhomirov [42] proved that Lipschitz shadowing
is equivalent to structural stability.

Shadowing is not C'-generic. Bonatti, Diaz and Turcat [10] provided a C'-
open set of diffeomorphisms of the 3-torus where none of diffeomorphisms satisfies
the shadowing property. Yuan and Yorke [51] established a similar result for C”-
diffeomorphisms (r > 1). Surprisingly, shadowing is generic in the C°-topology
of homeomorphisms of a smooth manifold. This was proved by Pliyugin and
Plamenevskaya [39]. Similar results were obtained for continuous mappings of
manifolds [25], [30] and for continuous maps of Cantor set [5]. This fact in-
spired studying shadowing by means of topological dynamics. This approach
gave many important results mostly obtained in the last two decades. Mai and
Ye [28] demonstrated that odometers have shadowing. This is the only example
of such type infinite minimal systems. Of course, there are many non-minimal
infinite systems with shadowing, e.g. the Bernoulli shift. On the other hand,
Moothathu [31] proved that minimal points are dense for every non-wandering
system with shadowing. Moothathu and Oprocha [32] demonstrated that non-
wandering systems with shadowing have a dense set of regularly recurrent points.
Dastjerdi and Hosseini [14], [15] studied “almost identical” mappings. They
proved that if a chain transitive dynamical system has an equicontinuity point
then it is a distal, equicontinuous and minimal homeomorphism (see also [18]
and [20]). Thus any transitive system with shadowing is either sensitive or
equicontinuous.



