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EXISTENCE THEORY
FOR QUASILINEAR ELLIPTIC EQUATIONS
VIA A REGULARIZATION APPROACH

JIAQUAN Liu — XIANGQING Liu — ZHI-QIANG WANG

ABSTRACT. In this paper, we further develop a regularization approach
initiated in our earlier work for the study of solution structure of quasilinear
elliptic equations containing several special cases of mathematical models.

1. Introduction

We consider the following quasilinear elliptic equation:

N
> Djlaij(x,u)Diw)
ij=1
1.1 1 N
. 9 Z Dgaij(x,u)DiuDju+ f(z,u) =0 in €,
i,j=1
u=0 on 01},
where Q ¢ RY is a bounded smooth domain,
D= 81.%7 Dsaij(x’ 5) = Os aij(m7 s), A5 = Agj-
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The weak form of equation (1.1) means to look for u € HJ (2)NL>(Q) satisfying

1 [ %

4,j=1

1
(aij (z,u)D;uDjp + 5 Dga;j;(x, u)DiuDjugo> dx

- / f(,u)p da,
Q

for all ¢ € C§°(2). Formally the problem has a variational structure given by
the functional

N
1
I(u) = f/ Z a;j(z,u)D;uDjudx —/ F(z,u)dx,
2 Ja 52 @
where F(z,s) = [ f(z,t)dt.
A well-known example is the case of a;;(z,u) = (14 u?)d;; with the related
evolution equation called the Modified Nonlinear Schrédinger Equation:

(1.3) —i %f =Ad + %¢A|<I>|2 + @720,

Quasilinear Schrédinger equations of the form (1.1) with different growth condi-
tions in u for a;;(x, u) appear naturally in mathematical physics and have been
derived as models of several physical phenomena corresponding to various types
of nonlinearity (e.g. [4], [14], [6], [7], [20], [24], [25], [37] for models in an ultra-
short high-intensity laser pulse, in nanotubes fullerenes, in super fluid films, and
in laser—plasma interactions).

In the last two decades there has been considerable interest in investigating
both the stationary case and the evolutionary case ([2], [3], [8], [9], [12]-[18], [21],
[23], [26]-]38]). The local and global existence for Cauchy problems of the evo-
lutionary equations and stability issues for standing waves has been studied in
many papers (e.g. [12], [13], [16], [17], [22], [23], [26], [34] and references therein).
The quasilinear equation is a correction to the classical semilinear Schrodinger
equation in some cases and the quasilinear term plays a stabilizing force for
solitary wave solutions. In recent papers [12], [13], [16] it is confirmed that the
quasilinear modification indeed stabilizes the solution structure in the sense that
the quasilinear growth term raises the stability threshold for the nonlinearity.
More precisely, in order to have the standing wave solutions stable, in the semi-
linear case the threshold for the nonlinearity f(z,u) = [u|?2uis 2 < ¢ < 2+4/N
(e.g. [10], [11]) while the threshold for the MNLS is 2 < ¢ < 4 + 4/N due to the
presence of the correction ([13], [16]).

The stationary case and standing wave solutions have been intensively stud-
ied in recent years (e.g. [2], [15], [18], [19], [27]-[33], [35], [38] and references
therein). Compared with the semilinear counterpart difficulties for quasilinear
equations lie in the fact that the variational functional is not smooth in the
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natural variational space H] and does not have compactness property in any
spaces smaller than Hg ([3], [9]). Making it more challenging is the new critical
exponents due to the quasilinear growth (e.g. [30]). There have been devel-
oped several approaches, for example, minimization with constraints and Nehari
manifold (e.g. [2], [29], [35]) both of which do not use much of smoothness of the
variational functional but are not suitable for dealing with multiple existence of
bound states. A change of variable idea was first used in [15], [28] for the MNLS,
which effectively transforms the quasilinear problem to a non-standard semilin-
ear problem for which many techniques for semilinear equations can be adopted.
However this approach relies heavily on the special form of the quasilinear term
ai; being a scalar matrix and does not work for more general equations of the
form (1.1). Finally, in the last several years, the authors of the current pa-
per have proposed and successfully implemented a regularization approach ([27],
[31]-[33]) for the systematical investigation of the solution structure of more
general quasilinear equations of the form (1.1). Our existence theory provides
evidences showing that the quasilinear model is a legitimate one and is quite sta-
ble in solution structures as our results allow global perturbations of the special
model problem MNLS. Our program of studies is quite effective for several most
concerned issues such as multiple existence of bound state solutions, multiple
existence in the case of finite potentials, new critical exponent problems, etc. In
this paper we continue the regularization program developed in [27], [32], [33].
We will consider more general cases such as the quasilinear term of exponential
growth for which our earlier results do not apply yet.

Our existence results for equations (1.1) cover special cases like the following
equation with more general h (in this case a;;(z,s) = (1 + h*(s))d;;):

Au+ h(w)AH(u) + f(z,u) =0 in Q,

1.4
4 u=20 on 01,

where H(s) = [; h(t)dt. The results for equations (1.1) will be modelled on
conditions for equations like (1.4), and the quasilinear term a;j(z,s) will be
considered as a perturbation of (1 + h2(s)) (though it is a global perturbation).

In this paper, we consider the existence of weak solutions to (1.1). We con-
sider two classes of problems depending upon the growth rates of the quasilinear
terms. We make the following assumptions on &, f and a;;:

(hy) h € C(R,R), sh(s) > 0 for s # 0, h is increasing, |h(s)| < ¢|s|?,

sh(s)/H(s) < c for s € R and some ¢, > 0.
(f1) f € C(Q x R,R). There exists r € (2,2N/(N — 2)) such that

|f(z,8)] <c(1+HY(s)|h(s)]), for (z,5) € QxR.

(f2) lim f(z,s)/s =0 uniformly in z € Q.
S—
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(f3) lim f(z,s)/s = +oo uniformly in z € 2. There exists p > 2(3+ 1) such
5— 00
that )
gsf(x,s) — F(x,8) > —c for (z,5) € 2 x R.

(a1) aij, Dsa;j € C(Q2 x R,R). There exist ¢, co > 0 such that

N
a(L+ ()P < D aii(w, 9)6; < a1+ (s)) €]
ij=1
for (r,£) € A xR and € = (&) € RV,
(ag) There exists § > 0 such that for (z,s) € Q x R, ¢ € RY

N N
0 Z aij(x,5)€:E; < Z (aij(xa 5) + ;SDsaij(x;5)>£i£j

4,j=1 4,j=1
’ N
< (2 - 5) .Zl aij(z, $)&&;
ij=

Here is our main theorem.

THEOREM 1.1. Assume (hy), (f1)—(f3), (a1), (az) hold. Then problem (1.1)
has a nontrivial weak solution.

We first give two typical examples of direct applications of Theorem 1.1.

EXAMPLE 1.2. h(s) = |s|?~1s,8 > 0; H(s) = |s|?T1/(B+ 1), sh(s)/H(s) =
B+ 1. Assume (f;)—(f3), (a1), (az) with h(s) = |s|?~1s, 8 > 0, p > 2(8 + 1).
Then problem (1.1) has a nontrivial solution.

EXAMPLE 1.3. h(s) = s/v1+ 5% H(s) = V1 +s2 — 1, sh(s)/H(s) = 1+
1/vV/1+s2 < 2. Assume (f;)—(f3), (a1), (ag) with h(s) = s/v/1+ s2. Then
problem (1.1) has a nontrivial solution. Note that in this case we can use any
positive number § > 0 in (h;) and (f3), therefore p > 2 suffices.

In Theorem 1.1, the function A is assumed to be controlled by polynomials.
We state another result which allows the exponential growth of h.
We make the following alternative assumptions:
(hy) h € CHR,R), h(0) = 0, h is increasing. There exists ¢ > 0 such that
H(s)l (s)/h%(s) < c.

(f5) lim f(z,s)/s = 4oo. There exists p > 2 such that
5— 00

h(s)

The quasilinear term is assumed to be of the form

1
(1.5) > flx,s) — F(z,s) > —c.

a;j(z,s) = bij(z,h(s)), (x,s)€ QOxR,i,j=1,...,N.
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We assume

(by) There exist ¢1, ¢ such that

N
el +87)E7 < D by(e, 968 < eo(1+87)[¢[,

i,j=1

for (z,5) € A x R, £ € RV,

N N
(b2) 0< Y sDbj(z,8)&8 <2 bijlx, 5)6&;, for (z,5) € QxR £ € RV,
ij=1 ij=1
o 1 J
(bs) Z (bij(x,s) - 2stbij(x,s)>§Z-§j = o(s%) as s — oo uniformly in
ij=1

(7,€) € Q x S where S = {¢ | ¢ e RN |¢] = 1}.

THEOREM 1.4. Assume (hg), (fl), (fg), (fé) hold. With Q45 (.T, S)Zbij ($, h(S)),
assume (by)—(bs) hold. Then problem (1.1) has a nontrivial weak solution.

EXAMPLE 1.5. Let h(s) = 2se®, H(s) = e* — 1, bij = (145285, f(z,s) =
HP~Y(s)h(s) and F(x,s) = HP(s)/p. Then this is an example to which Theo-
rem 1.4 applies. In particular, the following equation has a nontrivial solution:

(16) Au+ h(u)AH (u) + HP Y (u)h(u) =0 in Q,
u=20 on 0f).

for 2 <p <2N/(N —2).

We outline the idea for the regularization approach initiated and developed
in our earlier works [27], [32], [33]. Due to the lack of a suitable working space
we introduce perturbed functionals which are smooth functionals in a suitable
smaller subspace. For p € (0,1] define functionals I, on the Sobolev space
Wy (Q), ¢ > N, by

(1.7) Iu(u):g</ |Duqu>2/q+l(u)

N
1
+§/ g aij(m,u)DiuDjudxf/F(m,u)dw.
Q, Q

i,j=1
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Then it is easy to see that I, is a C''-functional. For ¢ € W, (Q)
2/q—1
(DI, (u), ) =u</ | Du|? dx) / |Du|""2DuDy dx
Q Q

N
—|—/ Z a;j(z, u)D;uDjp dx
Q.

2,j=1

N
+ %/ Z Dsaij(x,u)DiuDjup dx 7/ flz,u)pde.
Q501 Q

Then the idea is first to obtain existence of critical points of I, for pn > 0 by
using critical point theory for smooth functionals and then to establish suitable
estimates on these critical points so that we can take the limit © — 0 to get
weak solutions for the original problem. The key ingredient is the convergence
results from the perturbed ones to the original one. This step depends on the
conditions on h and is somewhat different for the two theorems above.

REMARK 1.6. Since we mainly focus on the regularization approach, we
consider the existence of nontrivial solutions and do not pursue for multiplicity of
solutions. We would like to point out that for the existence of multiple solutions
the essential ingredients should be already contained in [27], [32]. With some
minor modifications one can easily obtain multiplicity results. We leave details
to the interested readers. Also for technical reasons we work here with problems
in bounded domains. But our results can be easily extended to the case of the
entire space with suitable conditions on the potential functions.

The paper is organized as follows. In Section 2 we prove the convergence
theorems for the two situations of the main results, which are the key ingredients
in proving the existence results. Section 3 contains proofs of the main theorems.

2. Convergence theorems

In order to carry out our regularization approach we need some convergence
estimates. In this section we prove the necessary convergence theorems which
will be used later for the existence results. As the proofs are somewhat different
for the two situations of the two main theorems, we give the proofs in two
subsections below.

2.1. The case of polynomial growth.

THEOREM 2.1. Assume ji, — 0, {u,} CWy'*(Q), L., (un) <c, DI, (u,)=0.
Then [[uy| L~ (o) < c independently of . Up to a subsequence

2/q
,un(/ |Dun|qdm) — 0,
Q
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U — w in HY(Q) and 1, (u,) — I(u) as n — oo, where u € HE () N L>®(Q) is

a weak solution to problem (1.1).

LEMMA 2.2. It holds that
2/q
u( / |Du|qu> 4 [+ R2)IDUP o < 1+ 1,00)| + DI, ),
Q Q

where the constant c is independent of .

PROOF. By conditions (f3), (a1) and (az), we have

I,(u) — % (DI, (u),u) = (; B 11))“</Q |Du|qu>2/q
+/Qi§v—:1

—|—/Q(;uf(x,u)—F(x,u)> dx
2/ N
> (;_1>M(/Q|Du|qu> q+;/ﬂ Z aij(x,u)DiuDjudx—c

p =1

1 1 1
[(2 - p)aij(x,u) % uDsa;; (x,u)] D;uDjudx

2/q
20;1(/ |Du|qdw) +c/(1+h2(u))\Du|2d1‘—c. O
Q Q

LEMMA 2.3. Assume u € Wy9(Q), DI, (u) = 0. Then u € L>®(S), and
lull Lo ) < ¢, the upper bound ¢ depends on I,,(u) only.

Proor. By Lemma 2.2,
(2.1) / |DH (u)|? do = / h*(u)|Dul? dx < c.
Q Q

By the Sobolev imbedding theorem, we have [, |H (u)|*N/N=2) dz < ¢, and u

satisfies

2/q—1
(2.2) u(/ |Duqu> /|Du|q_2DuDg0dx
Q Q

N N
1
—l—/QE aij(x,u)Diungodx—I—i/QE Dsaij(x, u)DiuDjup dx

4,j=1 4,j=1

= / f(z,u)pde,
Q

for all o € W,'%(). For k > 1, set ¢ = uH?*~2(u). Since ¢ > N, W;9(Q) —
C*(Q) for some o > 0. Using this ¢ € Wy'?(2) as a test function in (2.2), and
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noticing that sh(s) > 0 for s € R, we obtain

(2.3) /Q i

1
(aij (z,u) + 5 uDsa;;(x, u))DiuDjuH%Q(u) dx
i,7=1
< / [z, u)uH?*2(u) dx.
Q

By Sobolev and Hélder inequalities, we estimate the terms as follows:

(s

4,j=1

1
<aij (z,u) + 5 uDsa;;(z, u)> DiUDjUH2k72(U) dx
c/ R%(w)| Du|> H**~2(u) dz
Q

)

c c (N-2)/N
> — / |DH* (u)|? dz > — / H2NIIN=2) () d
k* Jo k2 \ Ja

and

/ Fa,u) w2 () de < o / (L4 H™ ()l (o)) [u () d
Q Q

<c+ c/ H" (u)H*2(u) dz
Q

(r—2)(N—2)/(2N) 1/d
§c+c</ HzN/(Nz)(u)dx) (/ szd(u)dx)
Q Q

1/d
<c+c</H2kd(u)dx> ,
Q

where 1/d + (r — 2)(N — 2)/(2N) = 1. Hence we have

(N—=2)/(2kN) 1/(2kd)
(/ H2EN/(N=2) () dx) < (ck)Y* <1 + / H?4 () dx) .
Q Q

Notice that » < 2N/(N —2), d < N/(N —2) and x = N/(d(N —2)) > 1.
Choose kg such that 2kod = 2N /(N — 2), kg > 1. By iterations

j—1 )
||H(u)||L2kode (£2) S H(Ckoxl)l/(kox )(1 + HH(u)”szod(Q))
=0

< c(1+ [[H(u)|[z2v/ov—2)(q))-

Letting j — oo, we have [[H(u)||z~) < ¢ and |lul|p~q) < ¢, where c is
independent of H(u) and depends on I,(u) only. O

Now we give the proof of Theorem 2.1.

Proor. By Lemmas 2.2 and 2.4,

2/q
(2.4) un</ |Dunqu) +/ |Duy, |* dz < c, llun|lLoe (@) < c1.
Q Q
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Assume u,, — u in H& (Q), up, — u for almost every = € . Note that u,, satisfies
the equation

2/q—1
(2.5) un</ |Dun|qdaz> /\Dun|q_2DunD<pdx
Q Q

N N
1
+/QE aij(%un)Diunchpdac—&—i/Q E Dgaij(x, un)DiunDjunp da

4,j=1 4,j=1

= / [z, up)pde,
Q

for all ¢ € W, %(Q). Let ¢ € C°(Q), ¢ > 0. Take ¢ = e Mn in (2.5) as a
test function with M > 0 to be chosen. We have

2/q—1
(2.6) un</ IDunqu> /IDuan’2Dun(—M¢Dun+Dw)e*M“n dx
Q Q

8>

1
<—Maij(gv7 Up) + 3 Dga;j(x, un)) 'I/J-DiunDjune_MUn dx
i,j=1

N
+ / S (@, wn) Dy Dyspe M da = / F@,u)pe M de.
Q=1 Q
By ([ |Duy|?dz)?/? < ¢ we may estimate the first term of (2.6) which tends
to zero as n — oo. For the second term of (2.6) we use Fatou’s lemma. In order
to use Fatou’s lemma, we choose M large enough such that

N
Z <Maij(x,s) — ;Dsaij(:c,s)>§¢§j >0, forallzeQ, E€RY, |s| <ecy.

ij=1

Taking the limit in (2.6), by (2.4) and Fatou’s lemma, we have

N
(2.7) /QZ aij(x,u)DiuD;(pe M) dx

ij=1

N
1

+ 5/ Z Dsaij(z, u)DiuDjupe M da > / Fz, u)pe M dg,
¢ Q

ij=1
for all ¢p € C5°(£2), ¥ > 0. Given ¢ € CF°(2),¢ > 0, choose {1} C C(£)
such that ¢, — weM™ in HH(Q), ¥n(z) — @(z)eM™®) for almost every z € Q
and [[1)n || L () < c. Taking v, as a test function in (2.7), we have

N
/ Z a;j(z,uw)D;uDjp dx
Q.

3,j=1

N
1
+§/ E Dsaij(x,u)DiuDjugodwf/ flz,u)pdz >0,
Q, Q

4,j=1
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for all ¢ € C§°(92), ¢ > 0. Similarly we have the opposite inequality. By
a further approximation we have

N
/ Z a;j(z,u)D;uD;p dx
Q.

ij=1

N
1
—|—§/ g Dsaij(a:,u)DiuDjugodx—/ flz,u)pdr =0,
Q. Q

ij=1

for all o € H}(Q) N L>(Q). In particular,

N
/Q Z <aij(ac,u) + ;Dsaij(x,u)u> DyuDjudx = /Qf(x,u)u dz.

ij=1

By Lebesgue’s dominated convergence theorem,

/ f(z,up)uy, de — / flz,u)ude.
Q Q
Hence we have

2/q N
Lhn, /Dunqu) +/
(fpuras) 3

ij=1

ﬁ/ﬂi

i,j=1

1
(aij (x,un)+ 3 unDsa;j(x, un)> D;unDju, dx

1
(aij (z,u) + 5 Dga;j;(x, u)u> D;uDjudz.

By (a2), ttn( [q |[Dun|? dx)z/q — 0, and u,, — u in H} (). Since {u,} is uni-
formly bounded in L*(Q), we have

N N
/ Z ai;(z, up)Diun Djuy, de — / Z a;j(z,u)D;uDjudz
Q. Q

ij=1 ij=1

and I, (un) — I(u). O

2.2. The case of exponential growth. The proof of Theorem 1.4 is based
on a somewhat different perturbation, and we need to modify the proof of the
convergence theorem. The differences are mainly about the energy bound and
L> bound. Instead of the perturbed functional I,, (see (1.4)), we define a new
functional J,, by

2/q
@8 ) =gu( [ariemipuras)

u [a+ |h<u>|q>|Du|qu>2/q

N
+%/ Z bl-j(x,h(u))DiuDjudxf/ F(z,u)dx.
Q, Q

,j=1
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J,, is a C'-functional on Wol’q(Q) with ¢ > N. For ¢ € Wol’q(Q)
2/q—1
29 (0a.eh = [ @+ nmipu )

-/Q((l+Ih(U>|q>|DUIq_2DuD<P+Ih(U)\q_zh(U)h’(U)\DUI%) dx

/Z (bij(x, h(u))D;uDjep

i,j=1
+3 Dsbij (z, h(w))h' (u)DiuDjup dx — /Q flx,u)pdx.

LEMMA 2.4. It holds

2/q
,u(/ﬂ(1+|h(u)|q)|Duqd:c) +/(1+|h(u)| | Dul? dx
< (1 + [Ju(u)| + | DIy (w)]| - [Jul])-

PROOF. For u € W,9(Q), set ¢ = H(u)/h(u). Then
‘ / h(s)ds| < |ul,
H(u)h'(u)
— <
Dy =Du <1 72 () , |Do| < ¢|Dul,

hence o € W,9(Q). Taking ¢ = H(u)/h(u) in (2.9) as a test function, we have

(2.10) <DJH(U),IZ((3> :ﬂ(/Q(H |h(u)|q)|Du|qu>2/q

,L(/(H h(u)|q)|Du|qu>2/q1/QDu|q AW ()

h?(u)
/ me , h(u))DiuDju dx

i,7=1

[ 32 (vt = 30002160 ) o 2D

H(u)
/f (u
1 H(u)
(17, ()] + 1DTu) | Jall) = T () — p<DJu<u>, >

(53 )u( [a+ mwmipar i) B

+ 'Z(/Q(1+ |h(u)|q)|Du|qdw>2/q1/Q|Du|q H(];;)(}Z)(“) dz

Then
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(—)/ waxh ))DiuDju dz

H(u)h'(u)
/lewah )DiuDju =50 = dv
/ Z w) Dby (2, h(u ))DiuDjuH(iz;)(Z)(mdx

+/Q (p F(a,u) g((z)) —F(m,u)) da
> (; - ;)u( / (1+ h<u>|q>|Du|qda:)2/q

(—)/Zb”mh ))D;uDjudz — ¢

3,j=1

Zcu(/ﬂ(1+|h(u)q)Du|qu)2/q+c/(1+h2(u))|Du2daj—c. 0

Q

LEMMA 2.5 (L*°-bound). Assume u is a critical point of J,. Then u €
L>(Q) and |lul| =) < ¢, where ¢ depends on J,(u) only.

PROOF. Assume DJ,(u) =0, J,(u) < c¢. By Lemma 2.4,

2/q
(2.11) ,u(/ﬂ(l—l—|h(u)q)Du|qu) —&-/Q(l—|—h2(u))|Du|2 dx < c.

By Sobolev’s imbedding theorem,

(N-2)/N
(2.12) ( / | H () 2N/ (N=2) d:c)
Q

Sc/ |DH(u)|2da:=c/ h?(u)|Dul? dx < c.
Q Q

We note that u satisfies the equation

(2.13) u(/ﬁ(um(u)q)Duwdx)Q/q_l

- / (1 + |h(w)|7)| Dul?2DuDeg + [h(u)|4=2h(u)h (u) | Dul 1) d

/ Z bij (z, h(u)) DiuDjp da

1,7j=1

—|—5/QDsbij(x,h(u))h’(u)DiuDjucpdx:/Qf(x,u)wdm,
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for ¢ € Wy'?(2). For k > 0, define

uH? =2 (u) for |u| < M,

H2k71 U
o= C+h(u)() for u > M,
H2E=1(y)
C_W fOI'U< 7M7
where ¢, = Mh(M)/H(M), c. = —Mh(—M)/H(—M), and M > 0 is to be

chosen. Since ¢ > N, Wy %(Q) < C*(Q) for some a > 0, ¢ € Wy*9(Q). Taking
v as a test function in (2.13). We estimate the terms on the left and right hand
sides of (2.13) as follows:

LHS of (2.13)

/| |<M Z bij(x, h(u))DiuDjuHmcfg(u) da

1,7=1

z

+c+/ Z bij (@, h(w))DiuD;uH**=2(u) dx

N
_C+/ 1]221 (bzg l’ h( )) - %h(U)DSb”(m’ h(u)))
' IW DyuDjuH* % (u) dx
N
+c- / Z bij (x, h(u)) DiuDuH* =2 (u) da
Z,j:]_
N
oo /u< szzl (b” **h( )Dsbij(x,h(u))>
( )(};/)(U)DUD W H 2k 2( )dx.

Recall that H(s)h/(s)/h?(s) < c for s € R from (hy). Due to (b3) and the
homogeneity of the quadratic expression, by choosing M > 0 large enough, we
have for [t| > M

(2.14) ¢ Z ( i (2, h(t)) — ;h(t)DSbij(:v,h(t)))&ﬁj

1,5=1

<

N
> bijla, h(t)&;,

,j=1

DN | =
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for £ € RV, It follows from (2.14) that

LHS of (2.13)

N
> c/ Z bij(z, h(u))DiuDjuH?*=2(u) da
Q.

4,j=1

c/ R (uw)|Dul|> H?* =2 (u) do = i/ |DH"(u)|? dz
Q )

L2
(N-2)/N
s> € / H2N/(N=2) () dg
=2\,
On the other hand, we have the estimate on the left hand side of (2.13) as follows:
RHS of (2.13)
<cf s H @D E ) ds
lul<M

H2k7 1 (u)

@)

+ C/|u>]V[(1 + H"™*(uw)|h(u)])

< c(l +/ H?EH=2(y) dac)
Q
(r—2)(N—-2)/(2N) 1/d
< c<1—|— ( / H2N/(N=2) d:c> ( / H2kd () d;v) )
Q Q
1/d
Sc(l—i—/ H%d(u)dx) )
Q

where (r — 2)(N —2)/(2N) + 1/d = 1. Since r < 2N /(N — 2), we have d <
N/(N — 2). It follows from the above two inequalities that

(N—2)/(2kN) 1/(2kd)
(/ Hgk.N/(N_Q) (u) dx) < (ck)l/k <1 +/ H%d(u) dw) .
a Q

Choose ko with 2kod = 2N /(N —2), ko > 1. By standard iteration, we have
[ H(u)||Le @) < el[H (u)l|p2n/v-2) () < ¢, and |[ul|L=(q) < ¢, where ¢ depends
on [|H (u)||2n/v-2) (), hence on J,(u) only. O

With the aids of Lemmas 2.4 and 2.5 we may follow the proof of Theorem 2.1
to prove the following convergence result.

THEOREM 2.6. Assume (hs), (f1), (f2), (f3) hold. With a;;(z,s)=b;;(z, h*(s))
assume (b1), (bz) and (b3) hold. Suppose p, — 0, {un} € Wy 9(Q), DJ,, (u,) =
0, Ju, (un) < c. Then |lup||L~(q) < c independently of p,. Up to a subsequence
fin ([ [ Dun |9 dx)z/q = 0, up, — u in H}(Q) and J,, (u,) = I(u) as n — oo
where u € HL(Q) N L*(Q) is a weak solution to (1.1).
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3. Existence theory
3.1. The proof of Theorem 1.1.
LEMMA 3.1. I, satisfies the PS condition.

PRrROOF. Let {u,} C Wol’q(Q) be a PS sequence of I, that is, I,,(un) — ¢,
|DI,(uy)|| = 0. By Lemma 2.2,

2/q
u(/ Dun|qdac> +/(1+h2(un))|Dun|2dm <
Q Q

and {u,} is bounded in Wy 4(Q). If [, |Du,|?dz — 0, we are done. Otherwise
assume [o |[Duy|?dz — ¢ > 0. Up to a subsequence, u, — u in Wy (),
Up — u in C%(Q) for some o > 0.

0(1) = <DIH(un) - Dlu(um)a Up — um>
:ucg/q_l / (\Dun|q*2Dun — |Dum|q*2Dum, Du,, — Dum) dx
Q

N
+ / Z a;j(z,w)D;(tn, — Upm)Dj(un — up,) dx
Q.

ij=1

N
1
+ f/ Z Dga;j(z,u)(DiunDjtn — Ditiy Dt ) (Uy — U, da
2 Ja.

ij=1

= [ () = )t~ ) o+ 1)
>c |Dun_Du’m|qu+c/ |Duy, — Dy |* daz + o(1).
Q Q

Hence u,, — u in Wy9(Q). O

LEMMA 3.2. I, has a nontrivial critical point v with I,,(u) > o independently
of 1.
PrOOF. We apply the Mountain Pass Lemma [1]. By (f1), (f2) and (a;),

I, (u) 2C/Q(l+h2(u))\Du|2dac—c/(£u2—&—H"(u))dx

Q
ZC/Q|DH(u)|2dx—c/QHT(u)dx

>c0< /Q HT(u)dx>2/T—c /Q H (u) da.

Set D, = {u € W, '(Q) | (fo H"(u)dz)Y/™ < p}. Then for u € S, = 9D, we
have )
I.(u) > cop* —cp” > 5 cop® ==, if p small.
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On the other hand, by (a1), (ha) and (f3),

2/q
Lu) < (/ Du|‘1dx) +c/(1—|— |u|2f*)|Du|2dx—c/ ulP da + ¢,
Q Q Q

hence I (tu) — —oo as t — co. Define

¢y = inf sup I,(y(t)),
Y€l tef0,1]
where T' = {y | v € C([0,1], W39()), 7(0) = 0, I;(7(1)) < 0}. By the Moun-
tain Pass Lemma, for € (0,1], ¢, is a critical value of I, and ¢; > ¢, > . O

Proor or THEOREM 1.1. By Lemma 3.2, I,, has a nontrivial critical point
u, with 0 < a < I,(u,) < ¢ for p € (0,1]. By Theorem 2.1, for a sequence
{pn}, = 0, up — win HJ(Q), I, (un) — I(u) where u € H}(2) N L>®(Q) is
a nontrivial weak solution to (1.1) with I(u) > a > 0. O

3.2. The proof of Theorem 1.4. The proof of Theorem 1.4 is similar to
that of Theorem 1.1. We sketch it here and point out necessary modifications.

First of all, J, satisfies the PS condition. Indeed, by Lemma 2.4, a PS
sequence {u,} of J, is bounded in Wy'*(Q). Assume u, — u in Wy '%(Q) and
U, — uin C*(Q) for some a > 0. Then the proof is similar to that of Lemma 3.1.

Next, as in the proof of Theorem 1.1, we show that J,, has a nontrivial
critical point wu,, with 0 < a < J,, (u,). Then by Theorem 2.6, as p,, — 0, u,
converges to a solution u to (1.1). We prove the existence of nontrivial solution of
J,, by the Mountain Pass Lemma. Set B = {u | u € W, (Q), [, H (u)dz < p" }.
By (f1), (f2), F(z,u) < eu® + cH" (u), we have for u € 4B, if p is small enough,

(3.1) () > c/ﬂ(l+h2(u))|Du|2dx—/Q(5u2+cHT(u))dx

261< /Q H™ () dx)g/T—CQ /Q H" (u) do
1

=ci1p? —cop” > §p2 = q.

Define the variable change G = G(s), s > 0, by
d
d—f: V14 h2(s), G(0) = 0.

G and its inverse are C'-functions. Fix sg > 0, for s > s¢, h(s) > h(sg) > 0 and
1+ h2(s) < ch(s). We have

Gls) — Glso) = / VI R2@) dt < c/s h(t) dt = c(H(s) — H(so)),
hence G(s) < ¢(H(s) + 1) and by (1.5)
GP(s) < c(HP(s)+1) < c(F(x,s) +1), for(z,s)€ QxR
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Choose ¥ € C§°(2), ¢ > 0. Define ¢y, t > 0, by t1) = G(¢1), pr € CZ(Q).

e = [+ momipea)”

N
1
+ 5/ Z bij(.%‘,h(got))Di(PtDj(Pt dx—/F(xaQDt) dx
Q Q

4,5=1

2/q
<G( [+ e pp o)
Q

+c/(1+h2(<pt))|Dg0t|2dxfc/ GP(py) dx + ¢
Q Q

2/q
§c< tDw|qdac) +c/(1+h2(tpt))|Dgpt|2da§—c/ GP(pr) dx + ¢
Q Q Q

2/q
ctQ(/ |ququ) +c/ t2|D¢|2d:nfc/ PP dx + c.
Q Q Q

Ju(pr) = —o0, as t — co. Now choose T > 0 such that

Ji(er) <0, / H"(or)dx > p".
Q

For p € (0,1], define

¢, = inf sup J,(v(¢)),
7€l te0,1]
where ' = {v | v € C([0,1], Wol’q(Q)), ~7(0) = 0, v(1) = ¢r}. Then by the

Mountain Pass Lemma, ¢, is a critical value of J, and

O<a<c, <p:= sup Ji(ps).
t€[0,1]

Finally, the convergence result Theorem 2.6 gives the existence of a solution to
the original equation, finishing the proof of Theorem 1.4.
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