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RIGOROUS NUMERICS FOR FAST-SLOW SYSTEMS
WITH ONE-DIMENSIONAL SLOW VARIABLE:
TOPOLOGICAL SHADOWING APPROACH

KANAME MATSUE

ABSTRACT. We provide a rigorous numerical computational method to vali-
date periodic, homoclinic and heteroclinic orbits as the continuation of
singular limit orbits for the fast-slow system

{z' = f(z,y.¢),

Y =eg(z,y,¢)

with one-dimensional slow variable y. Our validation procedure is based on
topological tools called isolating blocks, cone conditions and covering rela-
tions. Such tools provide us with existence theorems of global orbits which
shadow singular orbits in terms of a new concept, the covering-exchange.
Additional techniques called slow shadowing and m-cones are also devel-
oped. These techniques give us not only generalized topological verification
theorems, but also easy implementations for validating trajectories near
slow manifolds in a wide range, via rigorous numerics. Our procedure is
available to validate global orbits not only for sufficiently small € > 0 but all
€ in a given half-open interval (0, eo]. Several sample verification examples
are shown as a demonstration of applicability.
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1. Introduction

1.1. Background of problems and our aims. In this paper, we consider
the dynamical system in R™ X R of the following form:

o' = f(x,y,¢e),

(1.1) /
Y =eg(x,y,¢),

where ' = d/dt is the time derivative and f, g are C"-functions with » > 1. The
factor € is a nonnegative but sufficiently small real number. We shall write (1.1)
as (1.1)c if we explicitly represent the e-dependence of the system. System (1.1)
can be reformulated with a change of time-scale variable as

et = f(x,y,¢),

1.2
( ) y:g(z,y,s),

where "= d/dr and 7 = t/e. One tries to analyze the dynamics of (1.1), equiva-
lently (1.2), by suitably combining the dynamics of the layer problem

(1.3)

and the dynamics of the reduced problem

0= f(a:,y,O),

1.4
4 y=g(z,y,0),

which are the limiting problems for ¢ = 0 on the fast and the slow time scale,
respectively. Notice that (1.4) makes sense only on f(x,y,0) = 0, while (1.3)
makes sense in the whole R"*! as the y-parameter family of z-systems. The
meaning of the “c — 0-limit” is thus different for (1.1) and (1.2). This is why
(1.1) or (1.2) is a kind of singular perturbation problems. In particular, (1.1) or
(1.2) is known as fast-slow systems (or slow-fast systems), where x dominates the
behavior in the fast time scale and y dominates the behavior in the slow time
scale.

When we study the dynamical system of the form (1.1), we often consider
limit systems (1.3) and (1.4) independently at first. Then one tries to match
them in an appropriate way to obtain trajectories for the full system (1.1). One
of major methods for completely solving singularly perturbed systems like (1.1)
is the geometric singular perturbation theory formulated by Fenichel [11], Jones—
Kopell [21], Szmolyan [33] and many researchers. A series of theories are es-
tablished so that formally constructed singular limit orbits of (1.3) and (1.4)
can perturb to true orbits of (1.1) for sufficiently small ¢ > 0. In geometric
singular perturbation theory, there are mainly two key points to consider. One
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is the description of slow dynamics for sufficiently small € near the nullcline
{(z,y) | f(z,y,0) = 0}. The other is the matching of fast and slow dynamics.
As for the former, Fenichel [11] provided the Invariant Manifold Theorem for
describing the dynamics on and around locally invariant manifolds, called slow
manifolds, for sufficiently small € > 0. Such manifolds can be realized as the
perturbation of normally hyperbolic invariant manifolds at ¢ = 0, which are
often given by submanifolds of nullcline in (1.3). As for the latter, Jones and
Kopell [21] originally formulated the geometric answer for the matching problem
deriving the Exchange Lemma. This lemma informs that the manifold configura-
tion upon exit from the neighbourhood of slow manifolds under the assumption
of transversal intersection between tracking invariant manifolds and the stable
manifold of slow manifolds. Afterwards, the Exchange Lemma has been extended
in various directions, see e.g. [20], [23], [34]. Combining these terminologies, one
can prove the existence of homoclinic or heteroclinic orbits of invariant sets near
singular orbits for sufficiently small ¢ > 0. There are also topological ways
to prove their existence for sufficiently small e provided by, say, Carpenter [4],
Gardner—Smoller [13], etc., by using algebraic-topological concepts such as the
mapping degree or the Conley index [7], [26]. Such topological approaches also
mention the existence of periodic orbits near singular orbits.

On the other hand, all such mathematical results do not give us how large
such sufficiently small € is. In other words, it remains an open problem whether
there exist global orbits given by the continuation of singular orbits for a given ¢.
This intrinsic problem has been mentioned in many discussions (e.g. [18]). From
the viewpoint of numerical computations, if € > 0 is sufficiently small, (1.1) be-
comes the stiff problem and numerically unstable. Although the effective method
for computing slow manifolds is provided by Guchenheimer and Kuehn [17],
computations for extremely small € (e.g. close to machine epsilon) is still hard
to operate correctly. These circumstances show that there are gaps between
mathematical results (i.e. sufficiently small €) and numerical observations (i.e.
given ¢) for completely understanding dynamics of fast-slow systems. These are
mainly because there are no estimations to measure mathematically rigorous
consequences not only quantitatively but also qualitatively. The construction
of procedures which bridge mathematical results and numerical observations is
necessary to completely understand phenomena in concrete dynamical systems,
which is also the case of singular perturbation problems.

Our main aim in this paper is to provide implementations for validating the
continuation of various global orbits of (1.1) for all € € [0,&¢] rigorously, where
€p > 0 is a given number. In other words, we provide a method to validate

(M1) the singular limit orbit Hy for (1.1) with € = 0, as well as
(M2) global orbits H. near Hy for all € € (0,¢¢] for a given g9 > 0.



360 K. MATSUE

Singular limit orbit means the union of several heteroclinic orbits in (1.3) and the
submanifolds of the nullcline {f(z,y,0) = 0}. Global orbits mean homoclinic,
heteroclinic orbits of invariant sets and periodic orbits.

To this end, we provide the notion of covering-exchange, which is a topo-
logical analogue of the Exchange Lemma. This concept consists of the follow-
ing topological notions with suitable assumptions: (i) isolating blocks, (ii) cone
conditions and (iii) covering relations. These three notions have been already
applied to validations of global orbits in dynamical systems very well, as stated
in Section 1.2. The covering-exchange is constructed involving these notions,

and informs us about

e the existence of slow manifolds for (1.1) as well as normally hyperbolic
invariant manifolds for (1.3), and

e the existence of trajectories which not only converge to invariant sets on
slow manifolds but which also exist neighbourhoods of slow manifolds
after time T' = O(1/¢).

These properties and the general consequence of covering relations yield the ex-
istence of global orbits. We also generalize the covering-exchange by introducing
the additional notion of slow shadowing, which guarantees the local existence
of trajectories which shadow slow manifolds with nonlinear structure. This no-
tion enables us to trace trajectories which not only tend to slow manifolds but
also stay near slow manifolds for time O(1/¢) from topological viewpoint. This
concept is also very compatible with numerical computations, in particular, for
validating trajectories near slow manifolds.

The other main tool to establish our procedure is the assistance of rigorous
numerics, namely, computations of enclosures where mathematically correct ob-
jects are contained in the phase space. All such computations can be realized
by interval arithmetics and mathematical error estimates. Combination of the
covering-exchange, slow shadowing and rigorous numerics in reasonable processes
provide us with a method proving (M1) and (M2) simultaneously.

Note that there are two approaches to consider singular perturbation prob-
lems; one is the continuation of structures from the singular limit systems (¢ = 0)
to the full systems (i.e. € > 0), and the other is the consideration of full systems
to the singular limit ¢ — 0. Our attitude is the former. In particular, we con-
sider our problems via topological approach on the basis of geometric singular
perturbation theory.

This paper is organized as follows. In Section 2, we briefly review Fenichel’s
invariant manifold theorem and topological notions called covering relations and
isolating blocks. A systematic procedure of isolating blocks for validations of
invariant manifolds with computer assistance (e.g. [24], [43]) is also discussed.
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In Section 3, we show how slow manifolds can be validated in given regions
with an explicit range [0,¢0] of . One sees that our fundamental arguments
are basically followed by the proof in Jones’ article [19]. Such arguments can
be validated via the construction of isolating blocks and singular perturbation
problems’ version of cone conditions (cf. [40]) and the Lyapunov condition [24].

In Section 4, we discuss treatments of slow dynamics. First we introduce the
new notion called the covering-exchange for describing the behavior of trajecto-
ries around slow manifolds (Section 4.1). This concept is a topological analogue
of the Exchange Lemma so that we can reasonably validate tracking invariant
manifolds near slow manifolds in a suitable sense. This concept also solves the
matching problem between fast and slow dynamics. We also provide a generaliza-
tion of the covering-exchange; a collection of local behavior near slow manifolds
called the slow shadowing, drop and jump (Section 4.3). These concepts enable
us to construct true trajectories in full system which shadow ones on slow mani-
folds in reasonable way via rigorous numerics. Furthermore, we provide a slight
extension of cones, called m-cones, which enables us to sharpen enclosures of
stable and unstable manifolds of normally hyperbolic invariant manifolds (Sec-
tion 4.4). The main idea itself is just a slight modification of cone conditions
stated in Section 3. But this technique gives us a lot of benefits in many scenes
incorporating with rigorous numerics. On the other hand, dynamics on slow
manifolds should be considered when slow manifolds exhibit the nontrivial dy-
namics such as equilibria, periodic orbits, homoclinic orbits, etc. As an example,
we discuss validations of equilibria on slow manifolds (Section 4.5). In the end
of Section 4, we discuss unstable manifolds of invariant sets on slow manifolds
(Section 4.6). To deal with these manifolds, we discuss the invariant foliations of
slow manifolds, and translate this fiber bundle structure into the terms of cones
and covering relations. This is one of key considerations of heteroclinic orbits
in (1.1)..

In Section 5, the existence theorems for periodic and heteroclinic orbits near
singular limit orbits with an explicit range [0, e¢] of € are presented.

As a demonstration of our proposing implementations, we study the FitzHugh
—Nagumo equation:

(15) o' = 57 (ev — f(u) +w),

w' =ec™Hu — yw),

where f(u) = u(u —a)(l —u), a € (0,1/2) and ¢,~,d > 0.
The existence of global orbits such as periodic or homoclinic orbits for suffi-
ciently small e are widely discussed by many authors (e.g. [4], [13]). Note that,
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as we mentioned before, the existence of these orbits for a given € remains an
open question. We propose ideas which suggest a road to answer this question.

COMPUTER ASSISTED RESULT 1.1 (Existence of homoclinic orbits). Con-
sider (1.5) with @ = 0.3, v = 10.0 and 6 = 9.0. Then for all ¢ € [0.799,0.801],
there exist the following two kinds of trajectories:

e At ¢ =0, a singular heteroclinic chain Hy consisting of
— a heteroclinic orbit from the equilibrium py near (0,0,0) € R3 to
the equilibrium ¢; near (1,0,0) € R?,
— a heteroclinic orbit from the equilibrium p; near

(0.870020061, 0,0.06362) € R?

to the equilibrium gy near (—0.12966517,0,0.06335) € R?, and
— two branches of nullcline {(u,v,w) | v = 0, f(u) = w} connecting
two heteroclinic orbits.
e For all € € (0,5.0 x 1075], a homoclinic orbit H. of p° ~ py near Hy.

The precise statements and other sample validation results are shown in
Section 6. Throughout the rest of this paper we make the following assumption,
which is essential to our whole discussions herein.

AsSsSUMPTION 1.2. Vector fields f and g have the following form:

fa,y,e) = folw,y) + Y & filz,y) +o(e™), fo#0,

i=1

m
9(x,y,€) = go(w,y) + >_e'gi(w,y) + o(e™), go # 0.
i=1
General dynamical systems depend on parameters. For example, the Fitz-
Hugh—Nagumo system (1.5) contains a,c,7,d as parameters. Throughout this
paper we do not care about parameter dependence of dynamical systems unless
otherwise specified.

1.2. Several preceding works related to global trajectories and sin-
gular perturbation problems with rigorous numerics. There are many
preceding works for the existence of global orbits with rigorous numerics for
regular dynamical systems, namely, the g = 0 case. For example, Wilczak and
Zgliczynski [38] apply the topological tool called covering relations to the ex-
istence of various type of trajectories in dynamical systems, such as periodic
orbits, homoclinic orbits and heteroclinic orbits. The essence of covering rela-
tions is to describe the behavior of rectangular-like sets called h-sets and apply
the mapping degree to the existence of solutions. One of powerful properties
of covering relations is that every h-set can be used as a joint of trajectories
and that we can validate various complicating behaviors of dynamical systems.
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Indeed, for example, [36] and [37] by Wilczak validate various types of complex
trajectories such as Shil’'nikov homoclinic solutions, heteroclinic solutions and
infinitely many periodic solutions in concrete systems (e.g. Michelson system or
Rossler system).

On the other hand, van der Berg et al. [35] produce the other approach of
rigorous numerical computations of connecting orbits using the radii polynomi-
als and the parametrization technique. Their main idea is to reduce the original
problem to a projected boundary value problem in an infinite dimensional func-
tional space via a fixed point argument. Their formulation involves a higher
order parametrization of invariant manifolds near equilibria for describing stable
and unstable manifolds. Their approach is free from integrations of vector fields.
Hence one can validate various additional properties of invariant manifolds with-
out any knowledge of existence of trajectories [5].

As for rigorous numerics for singular perturbation problems, Gameiro et al.
[12] provide a validation method combined with the algebraic-topological singular
perturbation analysis. Such analysis is known as the Conley index theory [7], [26].
They actually apply its singular perturbation version [15], [14] to the singularly
perturbed predetor-prey model with two slow variables. As a result, they prove
the existence of topological horseshoe, in particular, infinite number of periodic
orbits with computer assistance. Their results show, however, the existence of
solutions for only sufficiently small € and hence the bound of € > 0 where the
existence result holds is not given. When we apply the Conley index technique,
it is necessary to provide an appropriate neighbourhood of desired orbits whose
boundary transversally intersects the vector field defined by the full system (1.1).

On the other hand, Guckenheimer et al. [16] discuss rigorous enclosures of
slow manifolds with computer assistance within explicit ranges of €. They in-
troduce a concept of computational slow manifolds related to slow manifolds
in geometric singular perturbation theory and succeed with validations of slow
manifolds in their settings with explicit ranges of &, while the validated ranges
of ¢ are bounded away from e = 0, say, ¢ € [107%,1072]. Note that [16] also dis-
cusses validations of tangential bifurcations of slow manifolds for all £ € (0,¢eg],
where ¢ is a given number, say, 1073, One of the other works is a very recent
one by Arioli and Koch [1], which studies the existence and stability of traveling
pulse solutions for the (singularly perturbed) FitzHugh—-Nagumo system. This
study, however, focuses only on the parameter range which is not so small, say,
€ ~ 0.1 or 0.001. In other words, the singular perturbation structure is ignored.

In the case of singular perturbation problems, direct computations of global
orbits without any ideas are not practical in various scenes both in the rigorous
and in the non-rigorous sense.
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Direct applications of the mentioned works without any modifications would
yield the failure of operations if we try to cover not only & which is not so
small (e.g. € = 107 or 107%) but also extremely small &, possibly smaller than
machine epsilon. This failure is due either to the stiffness of problems or to the
effect of fast dynamics. Even if it succeeds, there would be huge computation
costs due to very slow behavior around slow manifolds. Of course, there is still
a matching problem connecting fast and slow behavior, which typically arises
in singular perturbation problems. If we can overcome all such difficulties as
simply as possible, the scope of applications of the preceding concepts will extend
dramatically.

2. Preliminaries

When we consider a fast-slow system (1.1) from the viewpoint of geometric
singular perturbation theory following Fenichel (e.g. [11]), the central issue is
normally hyperbolic invariant manifolds. Fenichel’s theory provides us with very
rich structure of normally hyperbolic invariant manifolds consisting of equilibria
and their small perturbations. Such structures can be fully applicable to our
arguments. In the beginning of this section, we review several results on normally
hyperbolic invariant manifolds for fast-slow systems.

Our main methodologies to consider fast-slow systems are well-known topo-
logical tools called covering relations, isolating blocks and cone conditions. These
tools well describe the behavior of solution sets as well as their asymptotic be-
havior. In successive sections we will see that these tools work well even for
fast-slow systems. In this section, we also review two of such tools. Moreover,
we provide a procedure of isolating blocks suitable for fast-slow systems so that
they validate slow manifolds, which are available to various systems with com-
puter assistance. Cone conditions for singular perturbation problems are stated
later. Note that all results in Sections 2 and 3 are valid for (1.1)—(1.4) as systems
for (z,y) € R" x R with [ > 1.

Finally note that readers who are familiar with the mentioned topics can skip
this section.

2.1. Fenichel’s Invariant Manifold Theorems: review. Here we brief-
ly review Fenichel’s Invariant Manifold Theorems (e.g. [11]), following arguments
in [19]. The central goal of these results is the description of a flow near the set
So = {(z,9,0) | f(z,y,0) = 0} with manifold structures: the critical manifold.
The critical manifold Sy can be considered as the y-parameter family of equilibria
of the layer problem (1.3). Under appropriate hypotheses, Sy can be represented
by the graph of a function z = h(y) for y € K, where K C R! is a compact,
simply connected set.



RIGOROUS NUMERICS FOR FAST-SLOW SYSTEMS 365

A central assumption in Fenichel’s theory is the normal hyperbolicity and the
graph representation of Sy.

(F) The set Sy is given by the graph of the C>°-function h°(y) for y € K,
where the set K is a compact, simply connected domain whose boundary
is an (I —1)-dimensional C*°-submanifold. Moreover, we assume that Sy
is normally hyperbolic.

REMARK 2.1 (cf. [19]). Recall that the manifold Sy is normally hyperbolic if
the linearization of (1.3) at each point in Sy has exactly I 0-eigenvalues.

A set M is said to be locally invariant under the flow generated by (1.1) if
it has a neighbourhood V' of M so that no trajectory can leave M without also
leaving V. In other words, it is locally invariant if for all x € M, ¢([0,t],z) C V
implies that ¢([0,t],z) C M, similarly with [0, ¢] replaced by [t,0] when ¢ < 0,
where ¢ is a flow.

Without loss of generality, we can assume that h%(y) = 0 for all y € K.
Then, there exist stable and unstable eigenspaces, S(y) and U(y), such that
dim S(y) = s and dimU(y) = u hold for all y € K. With this in mind, we take
the transformation z(€ R") — (a,b) € R*"* so that (1.1) is expressed by

a’ = A(y)a + Fl(ﬂ?, Y, 8)a
(2.1) V' = B(y)b+ Fy(z,y,¢),

y/ = 59(1’,y,5)~
Here A(y) denotes a uxu matrix which all eigenvalues have positive real part and
B(y) denotes an s X s matrix which all eigenvalues have negative real part. Fy
and F» denote higher order terms which admit a positive number v = v(K) > 0
satisfying

|E;| <~(|z| +€) as|z| — 0.

More precisely, assumptions for A(y) and B(y) are as follows: there exist quan-
tities A4 > 0 and pup < 0 such that

(2.2) Aa <ReX forall A € Spec(A(y)) and y € K,
(2.3) pp > ReX  for all A € Spec(B(y)) and y € K.

The key consideration of slow manifolds is the following Fenichel’s invariant
manifold theorem in terms of graph representations.

PROPOSITION 2.2 (Persistence of invariant manifolds, cf. [19]). Under as-
sumption (F), for sufficiently small € > 0, there is a function © = h®(y) defined
on K. The graph S: = {(z,y) | * = h°(y)} is locally invariant under (1.1).
Moreover, h® is C", for any r < 400, jointly in y and €.
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Proposition 2.2 is just a consequence of the second Invariant Manifold The-
orem which states

PROPOSITION 2.3 (Stable and unstable manifolds, cf. [19]). Under assump-
tion (F), for sufficiently small e > 0, for some A > 0:

(a) There is a function a = hs(b,y,e) defined on {(b,y,e) | |b] < A,y €
K}, such that the graph W3(S:) = {(a,b,y) | a = hs(b,y,e)} is locally
invariant under (1.1). Moreover, a = hgs(b,y,€) is C", for any r < +00,
jointly iny and €.

(b) There is a function b = hy(s,y,) defined on {(a,y,¢) | la] < A,y €
K}, such that the graph W"(S:) = {(a,b,y) | b = hu(a,y,e)} is locally
invariant under (1.1). Moreover, b = hy(a,y,€) is C", for any r < +o0,
Jointly in y and €.

Fenichel’s theorems, Propositions 2.2 and 2.3, state that normally hyperbolic
invariant manifolds as well as their stable and unstable manifolds persist to lo-
cally invariant manifolds in the full system (1.1) for sufficiently small £ > 0.
The perturbed manifold S, for ¢ > 0 is called slow manifold. In other words,
slow manifolds can be realized as the e-continuation of normally hyperbolic crit-
ical manifolds in the layer problem (1.3). One of strategies for constructing
such manifolds is the construction of a family of isolating blocks and mouving
cones (see [19]). Isolating blocks describe the behavior of vector fields which are
transversal to their boundaries, which are widely discussed in the Conley index
theory [7], [26]. Isolating blocks are reviewed in Section 2.3.

Fenichel’s invariant manifold theory informs us not only about the existence
of perturbed slow manifolds but also about invariant foliations of W*(S,) and
W1(S:). More precisely, the following result (the third Invariant Manifold The-
orem) is known.

PROPOSITION 2.4 (Fenichel fibering, cf. Theorems 6, 7 in [19]). Under as-
sumption (F), for sufficiently small € > 0, the following statements hold. For
each v =v. = (y,€) € Se:

(a) There is a function (a,y) = hZ(b) for |b] < A sufficiently small so that the
graph W= (v) = {(a,b,y,¢) | (a,y) = h¥(b)} C W3(S.) forms a locally in-
variant manifold in the sense that po v (t, W3(v)) C W3 (pe(t,v)) holds if
ve(s,v) € N for all s € [0,t] witht > 0. Here the set @, n(t, D) denotes
the forward evolution of a set D restricted to N given by ¢. n(t,D) =
{pe(t,u) | w € D and p:([0,t],u) C N}. Moreover, (a,y) = h¥(b) is C"
in v and € jointly for any r < co.

(b) There is a function (b,y) = hi(a) for la] < A sufficiently small so that
the graph W"(v) = {(a,b,y,€) | (b,y) = hi(a)} C W™(S.) forms a locally
invariant manifold in the sense that v n(t, W"(v)) C W"(p:(t,v)) holds
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if pe(s,v) € N for all s € [t,0] with t < 0. Moreover, (b,y) = hi(a) is
C" in v and € jointly for any r < co.

These invariant foliations are sometimes referred to as Feniciel fiberings.
These fiberings ensure the following representations:
WD) = |J W), WD) = J W),
veD veD
where D is a subset of slow manifolds.

2.2. Covering relations: review. Our main approach for tracking solu-
tion orbits is a topological tool called the covering relations. Covering relations
describe topological transversality of rectangular-like domains called h-sets rela-
tively to continuous maps, and there are various studies not only of the mathe-
matical viewpoint but also of applications with rigorous numerics (e.g. [3], [36],
[38], [40], [42]). In the present study, we apply this topological methodology to
singular perturbation problems. In this section, we summarize notions of the
theory of covering relations. For a given norm on R™, let B,,(c,r) be the open
ball of radius r centered at ¢ € R™. For simplicity, also let B, = B;,(0,1). We
set RO = {0}, By(0,7) = {0} and 8By (0,r) = 0.

DEFINITION 2.5 (h-set, cf. [40], [42]). An h-set consists of the following set,
integers and a map:

(a) A compact subset N C R™.
(b) Nonnegative integers u(N) and s(IN) such that u(N) 4+ s(N) = n with
n<m.
(¢) A homeomorphism cy: R® — R¥N) x R*(N) satisfying
en(N) = Byny X By
Finally define the dimension of an h-set N by dim N := n.

We shall write an h-set (N,u(N),s(N),cy) simply as N if no confusion
arises. Let

N := Bu(N) X Bs(N)a
N = aBu(N) X Bs(N)7 N:'_ = Bu(N) X 6BS(N)7
N~ = cy' (N,), Nt = (V).

c C

The following notion describes the topological transversality between two
h-sets relatively to continuous maps.

DEFINITION 2.6 (Covering relations, cf. [40], [42]). Let N, M be h-sets with
w(N) = u(M) = u. f: N — RI™M denotes a continuous map and f. :=
cyofo cJ_\,l: N, — R* x R*M) We say N f-covers M (N L M) if the

following statements hold:
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(a) There exists a continuous homotopy h: [0,1] x N, — R* x R*(M) gatis-
fying

ho = f., h([0,1], N ) N M, = 0, h([0,1], No) " M = 0,

c

where hy = h(\, -), A € [0,1].
(b) There exists a map A: R* — R* such that

hl (pa Q) = (A(p)7 0)7
(2.4) A(0B,(0,1)) C R*\ B,(0,1),
deg(A, By,0) # 0,

holds for p € B,(0,1), ¢ € Bs(0,1).

REMARK 2.7. In the definition of covering relation between N and M, the
disagreement between dim N and dim M is not essential. On the contrary, the
equality w(N) = u(M) = w is essential because the mapping degree of the u-
dimensional map A should be derived.

The following propositions give us useful sufficient conditions for detecting

covering relations in practical situations.

PRrROPOSITION 2.8 (Finding covering relations, Theorem 15 in [42]). Let N, M
be two h-sets in R™ such that w(N) = w(M) = u and s(N) = s(M) = s. Let
f: N — R" be continuous. Let f. =cpro fo c&lz N, — R* x R%. Assume that
there exists qo € By such that following conditions are satisfied:

(a) Setting S(M); ={(p,q) € R* x R* | ||p|| > 1},
fe(Bux{qo}) Cint (S(M)7UM.),  fo(NJ)NM.=0,  fo(N)NMS = 0.
(b) Define a map Ay : R* — R by Ay, (p) := mu(fe(p, q0)), where my,: R* X

R® — RY is the orthogonal projection onto R*, m,(p,q) = p. Assume
that Ay (0B,) C R*\ B, and deg(Ay,, Bu,0) # 0.

Then N =L M.
PROPOSITION 2.9 (Covering relation in the case v = 1, Definition 10 in [41]).

Let N, M be h-sets with u(N) = u(M) = 1. Let f: N — RI™M pe continuous.
Set
N :={-1} x By), NE :={+1} x By,
S(N)L = (=00, —1) x R*®™) (VB := (41, 400) x R¥™),

c

Assume that there exists qo € By(ny such that

f(CN([_lvl] X {qo})) C int (S(M)L UMUS(M)R)7 f(N) AMT = 0
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and either of the following conditions holds:
FINY) C S(M)* and  f(N*) C S(M)Y,
f(NY)y c S(M)® and  f(N®) c S(M)*.

Then N =Ls M.

We also consider covering relations with respect to the inverse of continuous
maps.

DEFINITION 2.10 (Back-covering relation, Definitions 3 and 4 in [42]). Let
N be an h-set. Define the h-set NT as follows:

(a) The compact subset of the quadruple NT is N itself.
(b) u(NT) = s(N), s(NT) = u(N).
(¢) The homeomorphism cyt: R" — R™ = Re(NT) 5 RN ig given by
ey (2) = jlen(x)),
where j: R*MV) x R3WN) — R (N) » R¥N) s given by j(p,q) = (¢, p)-
Notice that NT'F = N~ and N7~ = NT.
Next, let N, M be h-sets such that u(N) = u(M). Let g: @ C R — R™.
Assume that g=': M — R" is well defined and continuous. Then we say N
g-back-covers M (N <= M) if MT g NT holds.

A fundamental result in the theory of covering relations is the following
proposition.

PROPOSITION 2.11 (Theorem 4 in [42]). Let N;, i =0,...,k, be h-sets such
that u(N;) = u fori=0,...,k and let f;: N; — RIWNiv1) 5 =0,k —1, be
continuous. Assume that, for all i =0,... k — 1, either of the following holds:

N; é} Ni+1 or N; C D(f;l) and N; <f£ Ni+1.
Then there is a point p € int Ny such that
fio...ofo(p) €int N; foralli=0,....k—1.

If we additionally assume Ny fﬁk Ny, then the point p € int Ny can be chosen
so that frpo...o fo(p) =p.

We sometimes consider an infinite sequence of covering relations. To deal
with such a situation, we define the following concept.

DEFINITION 2.12 (Admissibility, cf. Definition 2.4 in [36]). Let {M;}*_, be

m
h-sets in R™ and f: |J M; — R™ be a continuous map. We say that the
i=1

index sequence {i;}jcz C {1,...,k}% is admissible with respect to f if M;, L

M;, ., holds for all j € Z. Similarly, we say that the index sequence {i;};cz C
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{1,...,k}? is back-admissible with respect to f if M, L M;. .. holds for all

i+l
j € Z. In this case, f~! is assumed to be well defined in a neighbourhood of

m
|J M; and continuous.
i=1

Recall that the second Invariant Manifold Theorem, Proposition 2.3, claims
that the stable and unstable manifolds of normally hyperbolic invariant manifolds
can be described by graphs of smooth functions. The concepts of horizontal and
vertical disks are useful for description of asymptotic trajectories in terms of
covering relations for realizing these situations.

DEFINITION 2.13 (Horizontal and vertical disks, e.g. [36], [40]). Let N be an

h-set. Let by: Byny — N be continuous and let (bs). = cny o bs. We say that b
is a vertical disk in N if there exists a homotopy h: [0, 1] x Bg(ny — N, such that

ho = (bs)cv
hi(xz) = (0,z), for all z € By,
h(t,z) € NS,  forall ¢t € [0,1] and = € OB,(y).

Let by : Byn)y — N be continuous and let (b,). = cy o b,. We say that b, is

a horizontal disk in N if there exists a homotopy h: [0, 1] X By, (n) — N such that

ho = (bu)m
hi(x) = (2,0), for all z € By,
h(t,z) € N;, forallte€[0,1] and x € OB, (n).

Combining these concepts with covering relations, we obtain the following
result, which is often applied to the existence of homoclinic and heteroclinic
orbits.

PROPOSITION 2.14 (Theorem 3 in [38], Theorem 3.9 in [36]). Let N;, i =
0,...,k, be h-sets such that uw(N;) = u for i = 0,...,k, and let f;: N; —
RIm(Nit1) = 0,.... k — 1, be continuous. Let b: B, — Ny be a horizontal
disk in Ny and let v: m — N be a wvertical disk in Ny. If N; é Niy1
holds for i =0,...,k — 1, then there exists T € B,, such that

(fio...ofo)(b(r)) € Nit1, fori=0,....k—2,
(fr—10...0 fo)(b(7)) € v(Byny))-

2.3. Isolating blocks: review and applications to fast-slow systems.
A concept of isolating blocks is typically discussed in the Conley index theory
(e.g. [7], [26]), which studies the structure of isolated invariant sets from the
algebraic-topological viewpoint. Central notions in the Conley index theory are
isolating neighbourhoods or index pairs, but we concentrate our attention on
isolating blocks defined as follows. In our case, the blocks can be considered



RIGOROUS NUMERICS FOR FAST-SLOW SYSTEMS 371

very flexible from the viewpoint of not only covering relations but also rigorous
numerics. Moreover, isolating blocks play a central role for the existence of slow
manifolds (cf. [19] and Section 3). In this section, we firstly review the definition
of isolating blocks. Secondly, we show a procedure of isolating blocks around
equilibria and their alternatives for fast-slow systems with computer assistance,
following [43].

2.3.1. Definition.

DEFINITION 2.15 (Isolating block). Let N C R™ be a compact set. We say
N is an isolating neighbourhood if Inv(N) C int (N) holds, where

Inv(N) :={x € N | pR,z) C N}

for a flow p: R x R™ — R™ on R™. Next let B C R™ be a compact set
and x € OB. We say = is an exit (resp. entrance) point of B, if for every
solution o: [—d1, d3] — R™ through x = ¢(0), with §; > 0 and d5 > 0 there are
0<e; <61 and 0 < g9 < d5 such that, for 0 < ¢ < &9,

o(t) € B (resp. o(t) € int (B)),
and, for —e; <t <0,
o(t) € OB (resp. o(t) € B)

hold. Bt (resp. B®™) denote the set of all exit (resp. entrance) points of the
closed set B. We call Bt and B°" the exit and the entrance of B, respectively.
Finally B is called an isolating block if 0B = B°X* U B°"* holds and B is
closed in 0B.

Obviously, an isolating block is also an isolating neighbourhood.

2.8.2. Construction around equilibria via rigorous numerics: a basic form.
For the preceding work on the systematic construction of isolating blocks around
equilibria, see [43]. Here we briefly review the method therein keeping the fast-
slow system (1.1) in mind. The first part is the review of [43]. As the second
part, we discuss the analogue of arguments to fast-slow systems. One will see
that such procedures are very suitable for analyzing dynamics around invariant
manifolds.

Let K C R! be a compact, connected and simply connected set. Consider
first the differential equation of the following abstract form:

(2.5) ¥ =f(z,\), zeR" NeK, f:R"xK-—=R"

which corresponds to the layer problem (1.3). For simplicity, assume that f
is C*°. Our purpose here is to construct an isolating block which contains an
equilibrium of (2.5).
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Let po be a numerical equilibrium of (2.5) at A9 € K and rewrite (2.5) as
a series around (pg, \o):
(26) 2" = f2(po, o) (@ — po) + fla, V),
where f,.(po, Ao) is the Fréchet differential of f with respect to z-variable at
(o, Ao). f(z,A) denotes the higher order term of f with O(|z — po|2 + |A — Ao|).
This term may in general contain an additional term arising from the numerical
error f(po, Ao) = 0.

Here assume that the n x n-matrix f,(po, Ao) is nonsingular. Diagonalizing
f=(po, Ao), which is generically possible, (2.6) is further rewritten as the following
perturbed diagonal system around (pg, Ao):

(2.7) 2=z + (2N, j=1...,n

Here p; € C, z = (#1,...,2,) and f(2A) = (Fu(z,N), ..., falz,A)T are de-
fined by = Pz 4 py and f(z,A) = P~1(f(z,))), where P = (P;;)i j—1,..n i
a nonsingular matrix diagonalizing f.(po, Ao) and *T is the transpose.

Let N C R™ be a compact set containing pg. Assume that each f;(zy A) has

a bound [0, 5;] in N x K, namely,

{fi(zA\) | =Pz+pye N, \e K} C [67,67].

7777

wilzy +— | <z: <pilz+—1,
J\ <7 14 J T\~ 14

for all z with x = Pz + py € N, for all A € K. For simplicity we assume that

Then 2} must satisfy

each p; is real. We then obtain the candidate of an isolating block B in the
z-coordinate given by the following:

5 - 65 % .
(2.8) B:=||Bj, Bj=lz,z]=|—--",———| ifu; >0,
j=1 /“’LJ M]
5T &t
2.9 B, =[z,z" :[J,]] if p; < 0.
(2.9) J [J J} 14 1 J

REMARK 2.16. In the case that p; is complex-valued for some i, f5(po, Ao)
contains the complex conjugate of u; as the other eigenvalue. Without loss of
generality, we may assume f; = o +v/—1 55, pjp1 = Ii; = a; —v/—15;, B; > 0.
To be simplified, we further assume that u; and p;4; are the only complex pair of
eigenvalues of f,(po, Ao). The general case can be handled in the same manner.
The dynamics for z; and z;41 is formally written as

2; = pizj + fi(2,0), Zip1 = Mj+1zi41 + fir1(2, M)
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Now we would like to consider real dynamical systems. To do this we transform
the above form into

’LU; = Wy + Bj’w]qu +fj(w7 )\), ’w;-+1 = —ijj + QW41 +?j+1(’w, )\)

via @ = (ﬁ _ﬁ)» (wj, wir1)T = Qyz,yi+1)™s (F4: Fi)™ = QU i)™,
where w = (w1, ..., wy) is the new coordinate satisfying w; = y; for i # j, j + 1.
Let rj(w, ) := \/f] (w,A)?2 + f;11(w, A)? and assume that 7;(w, \) is bounded
from above by a positive number 7; uniformly on N x K. Our aim here is to

construct a candidate for an isolating block and hence we assume that
e the scalar product of the vector field and the coordinate vector
(wj, wis1) - (agwy + Bjwjr + F(w, A), =Bjw; + ajwjpr + fi41(w, A))

has the identical sign and the above function never attains 0 on

,/wgwg.“gbj}, by > 0.

With this assumption in mind, we set as the candidate for the isolating block in
i- and i + 1-th coordinate

F.
J

Its boundary becomes exit if a; > 0 and entrance if «; < 0. Finally, replace
Bj x Bjy1 in the definition of B ((2.8) and (2.9)) by Bj j1.

{ (wj, wj41)

A series of estimates for error terms involves N and it makes sense only if it
is self-consistent, namely, {po} + PB C N. If it is the case, then B is the desired
isolating block for (2.5). Indeed, if p; > 0, then

2’ <0 and 2|, __+>0

J|zj:z]. Jzj=z]

hold. Namely, the set {z € B | z; = zji} is contained in the exit. Similarly if
p; < 0 then

2’ >0 and 2|, __+ <0

J Zj=Z2; J Zj=2;

hold. So, the set {z € B | z; = zji} is contained in the entrance. Obviously,
OB is the union of the closed exit and the entrance, which shows that B is an
isolating block.

Once such an isolating block B is constructed, one obtains an equilibrium
in B.

PROPOSITION 2.17 (cf. [43]). Let B be an isolating block constructed as above.
Then B contains an equilibrium of (2.5) for all A € K.
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This proposition is a consequence of the general theory of the Conley in-
dex ([25]). Note that the construction of isolating blocks described in Proposi-
tion 2.17 around points which are not necessarily equilibria implies the existence
of rigorous equilibria inside blocks. With an additional property such as unique-
ness or hyperbolicity of equilibria, this procedure will provide with a smooth
A-parameter family of equilibria, which is stated in Section 3.

When we apply these ideas to the fast-slow system (1.1), we consider only
the fast system 2/ = f(x,y,¢). Let K C R! be as above, g > 0 and x = py
be a numerical zero of f(x,y0,0) at y = yo € K. In this case we set ¢ = 0
for computing numerical zeros. Via the above procedure, the fast system x’ =
f(z,y,e) can be generically written in the following form:

(2.10) a' = Aa+ Fi(a,b,y,¢), b = Bb+ Fy(a,b,y,¢).

Here A is a u X u dimensional diagonal matrix each of whose eigenvalues has
positive real part. Similarly, B is an s X s dimensional (u+s = n) diagonal matrix
each of whose eigenvalues has negative real part. F; and F; are higher order
terms depending on py and yo. Equivalently, writing (2.10) component-wise,

a;:M?aj+F1,j($,y,5), Re/f;>0’ j=1.u

b

by = pbb; + Faj(x,y.e), Repl <0, j=1,...,s.

Let N C R™ be a compact set containing py. As before, assume that every o
and ,u? are real and that each F; ;,,7=1,2, j1 =1,...,u, jo = 1,..., s, admits
the following enclosure with respect to N x K x [0, ¢]:

(2.11) {Fi;,(z,y,e) |a=P(a,b)+po € N, y € K, e € [0,e0]} C [6;,,,0; ].

= Y4,5i0 V1,75

Define the set D, € R™t as follows:

De:=[lay o] x []b;,0]1 x K,
(2.12) +J:1 =t .
_ o1 01, _ 05 05
[aj’a;r]::|:_;z]7_ (’l]:|, [bj,b;r]::|:—;)]7— ;)]:|
K K 1y e

If {(po,%0)} + PD. C N x K holds with the linear transform P = P X id; on
Rt then this procedure is self-consistent. Due to this self-consistence, we
immediately know that

+

a’ >0 for all (a,b,y, T

,€0) with a; = a

a o

,€0) with a; = a
60] with bj = bj,
]

o

y ( g) €D.x[0
7 <0 forall (a,b,y,e) € D, x [0
<0 forall (a,b,y,¢) € D, x [0,
v ( e)eD.x [0

>0 for all (a,b,y, ;€] with b; = b5,
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Remark that these inequalities hold for all € € [0,e0]. This observation is the
key point of the construction not only of limiting critical manifolds but of slow
manifolds for e € (0, &g], which is provided in Section 3.

DEFINITION 2.18 (Fast-saddle-type block). Let D, C R be constructed
by (2.12). Assume that K = B; C R\. We call D,, equivalently D := cBl(D)
via a homeomorphism cp, a fast-saddle-type block. Moreover, set

={(a,b,y) EDC|aj=ajF, j=1,...,u},
Dt]:v’+ = {(a7b7y) € Dc | b] = b;ta j: 17“‘75};
Dg = {(aab7y) € Dc | ye a-Bl}a
DI = cp!(DE7), DI =N (DEY), D= (D).

We call Df'~ (equivalently D/~) the fast-exit of D and DI+ (equivalently D7++)
the fast-entrance of D.

REMARK 2.19. Obviously, D is an h-set, but the integers u(D) and s(D) in
Definition 2.5 are not necessarily equal to v and s, respectively. We do not pose
any assumptions on D? in the above definition. Indeed, D is not necessarily an
isolating block in the sense of Definition 2.15. That is why we omit the word
“isolating” in the definition of D.

This construction can be slightly extended. Let {nfji }31::112u]2:15 be

a sequence of positive numbers. Defining

Jj=1 Jj=1
5 01
o~ 1L 1,7 - 1,5 +
(2.13) [aya;] ,_{_ pe Mg T “71,]'1}7
J J
- +
- 71 . 2,j — 2,j +
[b5 5 b7] —{_ o T T +’72,g2}’
J J

we can prove that D, is also a fast-saddle-type block if PD,+ {(po,yo)} C Nx K
holds. We further know that

ay >0 forall (a,b,y,¢) €D x [0, e0] with a; € [aj,zzj],
ay <0 forall (a,b,y,¢) €D x [0,e0) with a; € [a;,a;],
b; <0 forall (a,b,y,¢) €D x [0,e0] with b, € [bj,bj]
by >0 for all (a,b,y,¢) €D x [0,e0] with b; € [bj b5 .

This extension leads to the explicit lower bound estimate of distance between
D% and slow manifolds, which is stated in Section 3.
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2.3.3. Construction around equilibria via rigorous numerics: the predictor-
corrector approach. Here we provide another approach for validating fast-saddle-
type blocks. In the previous subsection, fast-saddle-type blocks are constructed
centered at {(Z,y) | y € K}, where K C R! is a small compact neighbourhood
of g € K. All transformations concerning eigenpairs are done at a point (Z,7).
Figure 1(a) briefly shows this situation. On the other hand, we can reselect
the center of a candidate of blocks so that blocks can be chosen smaller. As
continuation of equilibria with respect to parameters, the predictor-corrector
approach is one of effective ones. We now revisit the construction of fast-saddle-
type blocks with the predictor-corrector approach.

Let (Z,7y) be a (numerical) equilibrium for (1.3), i.e. f(Z,,0) ~ 0, such that
f=(%,7,0) is invertible. Let K be a compact neighbourhood of 3. The central
idea is to choose the center as follows instead of (Z,7):

(214) ((E—f— %(y)(y - y)ay> = (f_ fac(fay’ 0)_1fy(fvyv 0)(y _y)v y)a

where © = z(y) is the parametrization of z with respect to y such that T = z(7)
and that f(z(y),y,0) = 0, which is actually realized in a small neighbourhood
of 7 in R! since f,(Z,7,0) is invertible. See Figure 1 (b). Obviously, the identifi-
cation in (2.14) makes sense thanks to the Implicit Function Theorem.

A N

(z,y) / (“ - m,y)

FIGURE 1. Fast-saddle-type blocks with (a) basic form, and (b) predictor-
corrector form. (a) The center point Z of blocks in the z-coordinate is
fixed. The blue rectangle shows a fast-saddle-type block at y € K. This
procedure can be realized just by extending error bounds in (2.11) to y-
directions. However, the “higher order” term Fj j, (x,y,¢) may contain the
linear term with respect to y. This may cause the increase of error bounds.
(b) The center point of blocks is moved along the tangent line (or plane
for higher dimensional systems) at (Z,%). The blue rectangle shows a fast-
saddle-type block at y € K. In principle, sizes of blocks will be smaller than
(a) since the linear term with respect to y in error term is approximately
dropped.
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Around the new center, we define the new affine transformation T': (z,w) —
(z,y) as

(215)  (0.y) = T(zw) == (P2 +7 — fu(3.5.0)" £, (7.7, 0w, w +7),

where P is a nonsingular matrix diagonalizing f,(Z,7,0). Over the new (z,w)-
coordinate, the fast system 2’ = f(z,y,¢) is transformed into the following:

d= P+ T )
= PN (f(x,y,8) +efn Tyg(z,y,€))
— P (Fo(Pz = Tyw) + J(zow,e) +efn Tyg(,y,2))

=Az+ P! (—Tyw + f(z, w,€) + Eﬁilfiyg(Pz +7— ﬁilfiyw, w+ 7, 5))
=Az+ F(z,w,e),

where f, = fgi(f,y, 0), Dyf = f,(,5,0), and A = diag(u¢,...,ue, 1l ..., ul).
The function f(z,w,e) denotes the higher order term of f with O(|z|?+|w|+¢|).
Dividing z into (a,b) corresponding to eigenvalues with positive real parts and
negative real parts, respectively, as in (2.10), we can construct a candidate set of
fast-saddle-type blocks as in (2.12). By similar implementations to Section 2.3.2,
we can construct fast-saddle-type blocks centered at (2.14) for y € K.

Note that the higher order term f(z,w,g) contains the linear term of w
as f,w with small errors in a sufficiently small neighbourhood K of 3. This
fact indicates that, in principle, sizes of blocks become smaller than those in
Section 2.3.2, as seen in Figure 1(b). This benefit is also useful for the future

arguments.

3. Slow manifold validations

In this section, we provide a verification theorem for slow manifolds as well
as their stable and unstable manifolds. Our goal here is to provide sufficient
conditions to validate not only the critical manifold Sy but also the perturbed
slow manifold S. of (1.1). for all € € (0,e0] in given regions.

Recall that Fenichel’s results (Propositions 2.2, 2.3) assume normal hyper-
bolicity and graph representation of the critical manifold Sy. These assumptions
are nontrivial, but very essential to prove the persistence. Our verification the-
orem contains the verification of normal hyperbolicity and graph representation
of Sy.

The main idea is based on discussions in [19]. For technical reasons, we use
a multiple of € as the new auxiliary variable. We set ¢ = no and o := ¢¢ > 0,
where €y is a given positive number. We add the equation n’ = 0 to (2.1).
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Furthermore, we consider the following system instead of (2.1) for simplicity:
a = Aa+ Fi(z,y,¢),
b = Bb+ Fy(z,y,¢),

Y =¢eg(z,y,¢),
n = 0.

(3.1)

Here A denotes the u X u matrix which all eigenvalues have positive real part
and B denotes the s x s matrix which all eigenvalues have negative real part.
Note that matrices A and B are (locally) independent of y. This formulation is
natural when the construction of fast-saddle-type blocks stated in Section 2.3 is
taken into account.

Let M be a fast-saddle-type block for (3.1). Section 2.3 implies that the
coordinate representation, M., is given by (2.12) (or (2.13)), which is directly
obtained from system (3.1). A fast-saddle-type block M has the form (2.12),
which has the a-, b- and y-coordinates following (3.1). With this in mind, we
make following notations.

NOTATIONS 3.1. Let 7y, Ty, Ty, Ta b, Ta,y and m , be the projections onto the
a-, b-, y-, (a,b)-, (a,y)- and (b, y)-coordinates in M, respectively. If no confusion
arises, we drop the phrase “in M” in the notations.

We identify nonlinear terms F (z,y,¢), Fa(z,y,¢), g(z, y, ) with Fy(a,b,y, €),
Fy(a,b,y,e) and g(a,b,y,e), respectively, via an affine transform z(€ R") —
(a,b) € R%“*s.

For a squared matrix A with Spec(4) C {A € C|ReA > 0}, A4 > 0 denotes
a positive number such that

(3.2) Aa <Rel, forall A € Spec(A4).

Similarly, for a squared matrix B with Spec(B) C {A € C | ReA < 0}, up <0
denotes a negative number such that

(3.3) up > Rep, for all u € Spec(B).

Finally, let dist(-, -) be the distance between A and B, A, B C R"*!, given
by dist(4,B) = inf — .
y dist(4, B) = _inf |o—yl

The following assumptions are other keys of our verification theorem, the
so-called cone conditions.

AssuMPTION 3.2. Consider (3.1). Let N C R"*! be a fast-saddle-type block
for all e = no € [0,e0], such that the coordinate representation N, is actually
given by (2.12), and z = (,y,¢).

Define opu = opu(2), oay = oay(2), ope = opu(2), oy = opy(2), ogn =
ogu(2) and ogu = 042(2) be maximal singular values of the following matrices
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at z, respectively:
O—A}‘ :

oF,
T e ).

U'A12‘5

U]Bgilzl a
. OF, . OF, . OF
my B3) = (5200 26 G26).

Ogvt 01 (2) =

9y
Ugg . n 67’]
Assume that the following inequalities hold:

(3.4)

A4 — (supopw +supopy) > 0,

379

u X u-matrix,
u X (s 41+ 1)-matrix,
§ X u-matrix,
s X (s + ! + 1)-matrix,

I X u-matrix,

g(z) + (z)), I x (s+ 14 1)-matrix.

(3.5) Aa—pup— {sup Opv + SUP Opy + SUp Opr + SUp OBy

+ o(supoge +supogu)} >0,

where Mg and pp are real numbers satisfying (3.2) and (3.3), respectively, and

4

the notation

‘ sup” means the supremum on N x [0, o).

AssumpTION 3.3. Consider (3.1). Let N C R"*! be a fast-saddle-type block
for all e = no € [0,e0], such that the coordinate representation N, is actually

given by (2.12), and z = (z,y,¢).

Define O’Ai’ = (TA; (Z), UA; = UA; (Z), 0']]33; = J]Eﬁf (Z), O’]Egg = UIBS (2)7 Ugf = O'in (Z)
and 045 = 04s(2) be maximal singular values of the following matrices at z,

respectively:

o 43) = ().

mp 03 = (G GHe o)
s Bi() = (20

i B3 = (26 260 220),

Ogs - gi(z) =

Ogs g5(z) =

u X s-matrix,
u X (u+ 1+ 1)-matrix,
§ X s-matrix,
5 X (u 4 1 + 1)-matrix,
[ X s-matrix,

I x (w4 1+ 1)-matrix.
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Assume that the following inequalities hold:
(3.6) pB + (supops +supogs) <0,
(3.7) A4 — UB — {sup Ops +SUPOAs + SUP OBs + SUp Opg
+ o(supogs +supogs)} > 0,
where A4 and pp are real numbers satisfying (3.2) and (3.3), respectively, and

the notation “sup” means the supremum on N x [0, &g].

DEFINITION 3.4 (Cone conditions). We say a fast-saddle-type block N sat-
isfies the unstable cone condition for (1.1). if Assumption 3.2 holds. Similarly,
we say a fast-saddle-type block N satisfies the stable cone condition for (1.1). if
Assumption 3.3 holds. They make sense only when ¢ € [0, g¢].

By following the proof of Theorem 4 in [19], we obtain the next result, which
is the main result in this section.

THEOREM 3.5. Consider (3.1). Let N C R™ be a fast-saddle-type block
such that the coordinate representation N. is actually given by (2.12) with myN =
K Cc R'. Then:

(a) If we assume

2
Sup oay + sup opg } 0
2 )

there is an l-dimensional normally hyperbolic invariant manifold Sy N
N in R™ for the limit system (1.3) such that Sy N N is the graph of
a smooth function depending on y.

SuUp oav + Sup ops
A — {supaw—i— D Ths P 2} >0,

(3.8)

lus| — {SUPUW +

(b) In addition to assumptions in (a), if the unstable cone condition is satis-
fied, there exists a Lipschitz function a = hy(b,y,¢) defined in By x By x
[0,e0] such that the graph

WS(SE) = {(a,b,y,s) ‘ a = hs(b7y7€)}

is locally invariant with respect to (3.1).

(¢) In addition to assumptions in (a), if the stable cone condition is satisfied,
there exists a Lipschitz function b = hy(a,y, ) defined in B, x By x [0, &)
such that the graph

WH(Se) :=={(a,b,y,€) | b= hu(a,y,€)}

is locally invariant with respect to (3.1).

As a consequence, under stable and unstable cone conditions, S. := W3(S:) N
W(S.) can be defined by the locally invariant I-dimensional submanifold of R™*!
inside N for any e € [0,¢&0].
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PROOF. Our proof is based on a slight modification of the proof of Theorem 4
in [19] for our current setting. The proof consists of three parts:

(1) normal hyperbolicity and graph representation of Sy,

(2) existence of the graph representation of W*(S,), and

(3) coincidence of the graph of such a derived function with the whole

Ws(S,).

We shall prove them by tracing discussions in [19]. Readers, who are not familiar
with the Invariant Manifold Theorem in singular perturbation problems very
well, are referred to Chapter 2 in [19]. Here we shall derive discussions only
for the stable manifold W3(S,), while the case of the unstable manifold can be
derived replacing matrices in Assumption 3.2 by those in Assumption 3.3 and
time reversal. Remark that an assumption for N, implies that all discussions are
done in terms of (2.12). Without loss of generality, we may assume N = N,.

(1) Normal hyperbolicity and the graph representation of Sp. First of all,
consider the special case € = 0. In this case, the slow variable y is just a param-
eter. Inequalities in (3.8) yield the existence of local Lyapunov functions, which
is a consequence of arguments in [24] with a little modifications as follows. Fix
y € K. Define a function L, : R" = R by

Ly(a(t),b(t)) = —la(t) — ay[* + b(t) — by *,

where (ay, by, y) is an equilibrium for (3.1) with ¢ = 0 in N at y. The existence
of (ay,by,y) follows from Proposition 2.17. Then

dL, _d - o d
a0 = @) )~ (0 -a) (- a)
F b))+ (b= b)) S (b b,)

= —(4a + Fl(a,b,y70))T (a—ay) —(a— ay)T - (Aa + Fi(a,b,y,0))
+ (Bb+ Fy(a,b,y,0)" - (b—by) + (b—b,)T - (Bb+ Fi(a,b,y,0)).

Let 0y, be the k-dimensional k-vector and Oy, x, be the (k1, k2)-zero matrix. Now
we obtain

—(Aa + Fi(a,b,y, 0))T (a — ay)

a — ay 8F1 ~ 8F1 ~ 8F1 ~ 8F1 ~ T
4490 o o g
s T B g B 5 B0 B famay
- 0; Ou,s Os,s Ol,s Ol,s b— by
0 Oy, Os, O O1, O

< —Aala— ay|2 + UA%(gl)m - ay|2 + oAy (z1)la — ay”b — byl

oy (21)

< —Mala—ay* + ouy(F)la — a,* + (la = ayl* + 1o —by|*)
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via the Mean Value Theorem, where z; = (51,51,y,0) € N x [0,e9]. The same
inequalities hold for (a — a,)T - (Aa + Fy(a,b,y,0)). Similarly, we obtain

(Bb+ Fy(a,b,y,0)" - (b—b,)

T T
a — Gy Ou,u Os,u Ol,u Ol,u a—a
b—b, | |oF - OF, _ . OF, _ . OF, _ v
B = _
Ol aa (22) + ab (22) ay (22) 877 (ZQ) b 0 by
0 Oy, Os, Oy, 01, :

) )

< pslb = byl* + om; (2)[b — by|* + omg (2)|a — ay|[b — by |

_ 0B (Z2)
< uBlb— by|2 + UBT(zZ)“’ - by|2 + g

(la = ay|* +[b—by[?)

via the Mean Value Theorem, where Z, = (@, by, 4,0) € N X [0,£0]. The same
inequalities hold for (b—b, )" (Bb+F(a,b,y,0)). Summarizing these inequalities,
we obtain

1dL,
5 S22 (alt), ()

_ O'Ag(gl) -|-0']B§(52)
<<—)\A—|—0A11L(Z1)+ |a—ay|2

2
_ op(Z1) + oy (Z2)
+ <MB+UJB;(Z2)+ 2 5 2 b —b,|?
su OAv + sSu ORs
< (—AA T osup oay 4+ PNx[0co) 745 T SUPNx0e B2>a ay?
Nx[0,20] 2
su oav + Su ORs
+ <MB + sup oB: + PN x(0,e0] 743 PN x[0,c0] 785 ) |b—by|?.
Nx[0,20] 2

The right-hand side is strictly negative unless (a, b, y) = (ay, by, y), which follows
from (3.4) and (3.6). Obviously, dL,/dt = 0 if and only if (a,b,y) = (ay, by, y).
Therefore, L, is a Lyapunov function. This observation leads to the following
facts:

e (a,b,y) = (ay,by,y) is an equilibrium for (1.3) which is unique in N with

fixed y.
e The linearized matrix
oFy OF
AT &)
OFy 0F5
B0 ) Bty ()

is strictly negative definite for all Z1,Zo € N. This implies that (a,b,y) =
(ay, by, y) is a hyperbolic equilibrium for the layer problem (1.3).
These observations hold for arbitrary y € K. Thanks to the Implicit Function
Theorem, we can construct the graph of a smooth y-parameter family of such
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hyperbolic equilibria, which is Sy. In particular, Sy has the structure of normally
hyperbolic invariant manifold with graph representation.

(2) The graph representation of W*(S:). We perform the modification to
deal with slow directions. We choose a set K whose interior contains K so that
its boundary is given by the condition 7(y) = 0 for some C*°-function v(y) and
that D(y) satisfies VD(y) # 0 for all y € K. The function D(y) is assumed to be
normalized so that VD(y) = n, is a unit inward (*) normal vector for OK. Let
p(y) be a C*-function that has the following values:

1 ifye K,

ply) =
) 0 ifyeK.

We now modify our system (3.1) by adding the term dp(y)n,, where ¢ is a positive
number which remains to be chosen.

We add an equation for the small parameter . Following Jones [19], we use
a multiple of € as the new auxiliary variable, ¢ = no, and append the equation
7’ = 0 to (3.1), as noted in the beginning of this section. We then obtain the
system (?)

a = Aa+ Fi(x,y,¢),
b = Bb+ Fy(z,y,¢),

Y =nog(x,y,e) + dp(y)ny,
n = 0.

(3.9)

As in (3.1) it is understood that z is a function of a and b, which is already
realized in Section 2.3, and ¢ is a function of 7. If Theorem 3.5 is restated with
¢ replaced by 1 and proved in that formulation, its original version can easily be
recaptured by substituting € back in.

We define the new family of sets N by N := Ta,p N X K % [0,1]. Define the
set Ty := {(a,b,y,n) | B(t, (a,b,y,n)) € N for all t > 0}, where @. is the flow

(1) In the lecture note by Jones [19], ny denotes the outward normal vector. We should
remark that it is wrong. We shall determine the immediate exit and entrance of a block later.
Our claim here is that the exit is {(a,¢ | a € (w4 N))} and does not contain dK. To this end,
ny should be the inward normal vector. If we prove the existence of W"(S¢), ny is chosen as
the outward normal vector.

(2) This modification guarantees that the vector field has the inflowing property with
respect to (]/\7, 8[?) (e.g. [6], [11]). Namely, at any point p € 6[?, the vector field at p goes inside
N. This property plays an important role to prove the existence of center-stable manifolds via
the graph representation. In the case of W"(S:) or generally center-unstable manifolds, we
modlfy the vector field so that the vector field has the overflowing pmperty with respect to
(N 6K) Namely, at any point p € 8K the vector field at p goes outside N or tangently to
ON. In our case, it is sufficient to choose the unit vector ny as the unit outward normal vector

to &K and to choose v in the similar manner to W5(Se).
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generated by (3.9). In this part we shall prove that I'y is the graph of a function
of (b,y,m), say, a = hs(b,y,7). R L

Set ¢ = (b,y,n) and N denote the crossing section Nz := {(a,() € N} of
N at (= Z We shall show that there is at least one point (a, Z ) e N for which
e (t, (a, ()) € N for all t > 0. To achieve this, we use the Wazewski Principle.
If the exit N°*it is closed in N and N is an isolating block for (3.9), then the
map W: N — Nt given by

W(z) = @-(77(2),2), 2= (a,b,y,n),
7 (2) = sup{t > 0| &.([0, ], z) N N™I* = p},

is continuous. It is the general consequence of isolating blocks (see [32, Chap-
ter 22]; in [19], such N is called the Wazewski set). Since N is of saddle-type, the
flow is repelling on the fast-exit NT= for all n € [0,1] and is attracting on the
fast-entrance N+ for all n € [0,1]. Tt is actually satisfied by choosing KoK
sufficiently small, if necessary. The rest are the y-direction and the 7-direction.
Note that an appropriate choice of K enables us to construct local Lyapunov
functions L, in (1) for all y € K , which is due to continuous dependence of
estimates on y.
For points on N with y € 8[?, we know

<y/,7ly> = €<g(z,y,s),ny> + 5<nyany>

since p = 1 holds on oK , where (-, -} denotes an inner product on appropriate
vector spaces. Setting Mg :=sup{|g|,|Dgl|}, the above can be estimated as
N

Y, ny) >0 —eoMg >0,

if § > egMg. Since we can choose ¢ arbitrarily, then it can be achieved. There-
fore, OK NN is a part of entrance. Finally, in the case n = 0 or 1, both of
these sets are invariant since 1’ = 0 holds everywhere and thus render neither
the entrance nor the exit.

The exit N®¥i* is then seen to be {(a,¢) | a € d(maN)}. By our construction
of N, for any Z, the set ]/\72 is a ball of dimension u. Suppose that FSDNE =(. All
points in ]\ATE then go to Nexit ip finite time and hence, restricting the Wazewski
map to the crossing section, we obtain a continuous map W: ]\A/'E — Nexit_ If
we follow this by the projection m,(a,{) = a, we see that m, o W maps a u-
dimensional ball onto its boundary, while keeping the boundary fixed. This
contradicts the well-known No-Retract Theorem. There is thus a point in Fsﬁﬁg.
Since Eis arbitrary, this gives at least one value for a as a function of (b,y,n).
We shall put it hs(b,y, 7).

(3) Uniqueness of W=2(S.) as a graph of a = hy(b,y,n). In the sequel we show
that the graph of the above derived function is all of I';. At the same time, it
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will be shown that the function is, in fact, Lipschitz continuous with Lipschitz
constant 1. A comparison between the growth rates in different directions will
be derived in the following proposition in our setting. Let (a;(t), ;i(t)), i = 1, 2,
be two solutions of (3.9), set Aa := a1 (t) —az(t) and AL := {a(t) — (1 (¢). Further
we define

M(t) = |Aa(t)|* — |AC(H)]*.

PROPOSITION 3.6 (cf. Lemma 2 in [19]). Under Assumption 3.2, if M(t) =0
then M'(t) > 0 holds as long as the two solutions stay in N, unless Aa = 0.

PROOF OF PROPOSITION 3.6. Discussions in our proof are based on the
proof of Lemma 2 in [19] with arrangements in our setting. We will estimate
each of the quantities (Aa, Aa’), etc. The equation for Aa is

Ad = A(az — a1) + Fi(az, b2, y2,m2) — Fi(ar, b1, y1,m),
which we rewrite as
(3.10) Ad = AAa + AFy,

where AFy = Fy(as,bs, ya,n2)—Fi(a1,b1,y1,m). Since N is the product of h-sets
associated with an affine transformation, thanks to the Mean Value Theorem,
one can derive the following equality:

OFy . ~ _ on - 5 o
AFl :aial (a1,b1,y17771)Aa+ -1 (ahblvylanl)Ab

ob
oF, . ~ _ _ or, . ~ _ _
+87y1(01,517y1»771)Ay+67771(@175)1,3117771)&7

for some points (51,51, U1,71) =: 21 € N. Such an estimate makes sense since N
is convex.

We can estimate (Aa,Aa) = 2(Aa,Ad’) by taking the inner product of
(3.10) with Aa. As a result, we obtain

F F
(3.11) (Aa,Ad') = (Aa)" - {AAa + %(El)Aa + %(amb
oFy 0Fy .
—(z1)A —(z1)An ;.
+ By (z1)Ay + on (z1) 77}
We also obtain the following equalities in the same manner:
(3.12)  (Ab,AV) = (AD)T - {BAb + %(zz)m + %(EQ)AZ)
a

oF, OFy
—= A —= A
+ oy (Z2)Ay + on (22) 77}
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as well as

(3.13) Ay, Ay)) = o(Ag)" - {n %9 aa+n 2 (5) 0

n SLE A+ (o) + g2 ) an

for some %; € N, i = 2,3. Obviously (An, An’) = 0 since 7' = 0.
Recall that our final objective is the estimate of

M'(t) = 2{(Aa, Ad) — ((Ab, AV) + (Ay, Ay'))}.

To this end, we estimate (3.11)—(3.13) as the quadratic form associated with non-
square matrices. For example, equality (3.11) can be rewritten is the following

matrix form:
(Aa, Ad) = (Aa)TAAa + (Aa)TAY

= (Aa)TAAa + (Aa)TAYAa + (Aa)TAYAC,

where AY is the u x u-matrix given by (9F1/0a)(z1) and AY is the u x (s +1+41)-
matrix given by

w =)= (e e THe)

b dy on
Denoting by || - ||z the (matrix) 2-norm, general theory of linear algebra yields
Aa
Tau Ab u u
(Aa)” A Ayl = |Aal(|AT 2| Aal + |AZ [l2] ACI)
An

ope(Z1)|Aal® + opz (Z1)|Aal|AC],

where opv = opu (1), i = 1,2, is the maximal singular value of A¥ at z7 € N
stated in Assumption 3.2. We obtain the following estimate of (3.11):

(3.14) (Aa,Ad’) > ()\A — sup (TA;L> |Aal? — sup oay |Aal| A,
N N

where A4 is a positive number satisfying (3.2). In a similar manner we also

obtain the estimate of (Ab, Ab') and (Ay, Ay’) by

(Ab, AV) < pp|Ab/* + | Ab) (stlpcr]g%|Aa| + sgpaB;|A§|>,
N N

(Ay, Ay') < o|Ay| (qu ogu|Aal + sup ogy IACI) :
N N
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where pp denotes a negative number satisfying (3.3). Functions opy = opu(2),
opy = 0By (2), ogu = ogu(2) and ogy = 04y (Z) are maximal singular values of
the matrix-valued functions defined in Assumption 3.2 at z, respectively. In
particular, at a point satisfying M (t) = 0, we further obtain

(Aa,Ad') > <)\A — SUp opy — Sup O’ATQL) |Aal)?,
N N

(Ab, AY') < (uB + sup opy + sup U]Bsg) |Aal?,
N N

(9.8 = o1yl sup g 8l + sup o Ac]
N N
to show

M/(t) > 2{)% — U — {sgpa;yf +supoay +sup opy
N N N

+supopy + o < Sup ogu + sup agg) }] |Aal)?,
N N N
which proves our statement. Note that the coefficient of |Aa|2 can be positive if
K D K is sufficiently small, thanks to cone conditions. O

We go back to the proof in (3). We have already shown that the set Ty
contains the graph of a function denoted by a = hs(b,y,n). Suppose that Ty
contains more than one point with the same value of b,y,n. There would then
be a; and as so that both (a1,b,y,7n) and (a2,b,y,n) lie in I's. At ¢ = 0, we
have |Aa| > |A¢|]. By Proposition 3.6, |Aa(t)| > |A{(t)| holds for all ¢ > 0. In
estimate (3.14) we can then replace |AC| by |Aa| to obtain {|Aal?}’ > 2(Aa —
B)|Aal?. A positive number 3 can be chosen as SUpg oA + SUpg oAy. See
(3.4). From which it can be easily concluded that Aa grows exponentially, which
contradicts the hypothesis that both points stay in N for all ¢ > 0.

The same argument can be used to show that hg is also Lipschitz. If (a1, (1)
and (a2,(2) are both in Ty and |ag — a1| > |(2 — (1|, then |as — ai| grows
exponentially, which contradicts the hypothesis again that both points lie in T.
We then have shown that the set I'y is the graph of a Lipschitz function. In
particular, the Lipschitz function a = hg(b,y,e) is well defined. This manifold
is W*(S.) when y € K is restricted to K, in which the modified equation (3.9)
agrees with the original one (3.1). O

A direct consequence of graph representations of W*(S.) as well as W"(S;)
is that they are homotopic to flat hyperplanes inside h-sets. In terms of the
theory of covering relations (Section 2.2), W*(S,) is a vertical disc and W"(S;)
is a horizontal disc in a given fast-saddle-type block.
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COROLLARY 3.7. Let N € R"*! be a fast-saddle-type block for (3.1) such that
the coordinate representation N. is actually of the form (2.12). Assume that N
satisfies (3.4) and (3.5). Let b = hy(a,y, ) be a function defining W*(S¢) in N.
Then there is a homotopy H: [0,1] X N x [0,e0] = N¢ X [0,0] satisfying

HO(aabvyag) = H(07aabvy78) = (avhu(aay>g)>y75>7 Hl(aab7y7€) = (avoaya&_)'

Similarly, if N. satisfies (3.6) and (3.7) and a = hs(b,y,€) denotes a function
defining W3(S.) in N, then there is a homotopy H: [0,1] X N x [0,g9] = N %
[0,e0] satisfying

Hy(a,b,y,e) = H(0,a,b,y,¢) = (hs(b,y,€),b,y,€), Hi(a,b,y,e)=(0,b,y,¢).

PROOF. When N, satisfies (3.4) and (3.5), define a map H on [0, 1] x N, X
[0,e0] = R * 1 by H(X, a,b,9y,¢) := (a,(1—Nhy(a,y,¢),y,€). By the construc-
tion of hy, H is continuous. Since N, is convex, then H maps [0, 1] X N, X [0, 9]
into N x [0,g0]. Thus H is our desired homotopy. The proof of the case that
N, satisfies (3.6) and (3.7) is similar. O

REMARK 3.8. We do not need to assume the normal hyperbolicity of the
critical manifold Sy and the graph representation of Sy in Theorem 3.5, while
the Fenichel’s classical theory needs to assume them. Indeed, part (a) in the
proof of the theorem shows that this assumption can be validated by computable
estimates (3.8).

Let D and D be fast-saddle-type blocks given by (2.12) and (2.13), respec-
tively. Theorem 3.5 says that, under cone conditions, the slow manifold S; is
contained in D. Obviously, S is also contained in D since D C D. Moreover,
S, is uniquely determined in D. 1If dy < dist(a(wmbﬁ),ﬁa’bD), then our ob-
servations imply that the distance between S. and oD in fast components is
greater than dy. For example, the distance of 8f)c and S. in the aj-component
is greater than min{nfl}. Summarizing these arguments we have the following
result, which is essential to Section 4.3.

COROLLARY 3.9 (Fast-saddle-type blocks with spaces). Consider (2.10). Let
D,D c R™" be fast-saddle-type blocks for (2.10) such that the coordinate rep-
resentations D, and D, are actually given by (2.12) and (2.13), respectively, for
i=1,2 4 Assume that stable
Ji=L,..,u, ja=1,....s"
and unstable cone conditions hold in D.. Then the same statement as Theorem
3.5 holds in D.. Moreover, the distance between OD. and the validated slow

manifold Se is estimated by
dist(ma (9Dc), ma(W*(52))) > min {;},
Jj=1,...,u >

a given sequence of positive numbers {mij,.}

dist(my (8D, ), 7 (WU(S2))) > _min {nf;} foree0,e
J=1,...;s
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The main feature of our present results is that slow manifolds as well as
their stable and unstable manifolds in Fenichel’s theorems are validated in given
blocks with an explicit range € € [0,£0]. Our criteria can be explicitly validated
with rigorous numerics, as many preceding works (e.g. [36], [38]). We end this
section noting that all results in this section still hold for y € R! and R-valued
functions g with appropriate smoothness and [ > 1.

4. Covering-exchange and dynamics around slow manifolds

In Section 3 we have discussed the validation of slow manifolds. In this
section, we move to the next stage; the behavior near and on validated slow
manifolds. There are mainly two cases of the exhibition of slow dynamics. One
is monotone and the other is nontrivial in the sense that dynamics on slow
manifolds admits nontrivial invariant sets such as equilibria or periodic orbits.

First we consider the dynamics near slow manifolds. If, for sufficiently small
e > 0, a point ¢. € R"™! is sufficiently close to slow manifolds, the trajectory
through ¢. moves near slow manifolds spending a long time. However, the pre-
cise description of trajectories off slow manifolds is not easy since they clearly
have an influence of fast dynamics @ = f(x,y,e). In order to describe such be-
havior as simply as possible, we introduce an extension of covering relations: the
covering-exchange (Section 4.1), so that it can be appropriately applied to sin-
gular perturbation problems. This extension is a topological counterpart of the
(C-version of) well-known Ezchange Lemma. In the successive subsections, we
provide a generalization of covering-exchange: the slow shadowing and m-cones
(Sections 4.2-4.4). These concepts enable us to validate slow manifolds with
nonlinear structures as well as their stable and unstable manifolds in reasonable
ways via rigorous numerics, keeping the essence of covering-exchange property.

Next, we consider the nontrivial dynamics on slow manifolds, namely, the
presence of nontrivial invariant sets. We can use ideas discussed in Section 2.3
to validate nontrivial invariant sets even on slow manifolds.

Finally, we discuss the unstable manifold of invariant sets on slow manifolds.
The invariant foliation structure with respect to slow manifolds is essentially
applied to validating unstable manifolds of invariant sets in terms of covering

relations.

4.1. Covering-exchange with one-dimensional slow variable. First
we consider the case that the vector field near slow manifolds is monotone. In
such a case, geometric singular perturbation theory has an answer which de-
scribes dynamics around slow manifolds in terms of locally invariant manifolds;
the Ezchange Lemma (e.g. [19], [20], [21], [34]). The Exchange Lemma solves
matching problems between fast dynamics and slow dynamics. More precisely,
if a family of tracking invariant manifolds {¥.}.>0 has transversal intersection
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Yo Ny W5(Sy) at e = 0, then a trajectory ([0, 7], ge) for a point ¢. € X, de-
scribes the match of fast and slow trajectories near the slow manifold in the full
system (1.1). for sufficiently small € > 0. Moreover, the Exchange Lemma also
states that the manifold ¢, (7%, X;) is O(e)-close to the unstable manifold W*(.J)
of a segment J C Sy in a neighbourhood of ¢. (7%, q.). However, the Exchange
Lemma requires the assumption of transversality between a tracking (locally
invariant) manifold and the stable manifold of a slow manifold, which is not
easy to validate in rigorous numerics. Alternatively, we consider the topological
analogue of statements in the (CY-)Exchange Lemma.

Every trajectories in fast-saddle-type blocks leaves them through exits. Note
that our desired trajectories are the continuation of chains consisting of critical
manifolds and heteroclinic orbits in the limit system (1.3). One thus expects that
singularly perturbed global trajectories typically leave fast-saddle-type blocks
through fast-exits. To describe our expectations precisely, we define the following
notions. For our purpose, we restrict v = u(M) for h-sets to u = 1 unless
otherwise noted.

DEFINITION 4.1 (Fast-exit face). Let M be an (n+1)-dimensional h-set with

the following expression via a homeomorphism ¢y : Rt — Ru(M)+s(M).

M. = cp (M) = B, x By x [0,1]

with u = u(M) =1 and s(M) = s + 1. We call an h-set M® a fast-exit face of
M if u(M*®) = u, s(M*) = s and there exist an element a € 0B, and a compact
interval Ko C (0,1) such that cp (M®) = {a} x By x K. See also Figure 2.

DEFINITION 4.2 (Covering-exchange). Consider (1.1). with fixed € > 0. Let
N C R™"*! be an h-set with u(N) = v = 1 and M be an (n + 1)-dimensional
h-set in R™™ with u(M) = 1. We say N satisfies the covering-ezchange property
for (1.1). with respect to M if the following statements are satisfied:

(CE1) M is a fast-saddle-type block with the coordinate system
M. = By x B, x[0,1], a€ By, (by,...,bs) € Bs, y€]0,1].

(CE2) Stable and unstable cone conditions (Definition 3.4) for (1.1). are satis-
fied in M.

(CE3) For q € {£1}, q- g(z,y,e) > 0 holds in M. We shall call ¢ the slow
direction number.

(CE4) Letting @, be the flow of (1.1),, there exists T' > 0 such that N Py

(CE5) M possesses a fast-exit face M* C M7~ with the expression

e

e(M®) ={a} x Bs x [y~,y"], a€dBi, [y~,y"]C(0,1)
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such that
sup (mype(T, N) N M) <y~ if ¢ =+1,
inf (my0.(T,N)N M) >yt if g=—1,
holds.

In this situation we shall call the pair (N,M) the covering-ezchange pair for
system (1.1),.

A brief illustration of the covering-exchange property is shown in Figure 2.
(CE2) implies the existence of a slow manifold S. as well as a limiting normally
hyperbolic critical manifold Sy at € = 0, as shown in Theorem 3.5. Combining
with (CE1), one sees that M is repelling in the a-direction and attracting in the
b-direction. (CE3) means that slow dynamics in M is monotone. Remark that
the monotonicity is assumed not only on S, but also in the whole region M.
(CE4) topologically describes the transversality of the stable manifold W3(S;)
of the slow manifold S. and the h-set @ (T, N).

For a fast-saddle-type block M of the form in Definition 4.2 with ¢ = 41, we
call M®~ = By x By x {1} and M3+ = By x B, x {0} (equivalently M*~ and
M®7T) the slow exit and slow entrance of M, respectively. Similarly, in the case
of g = —1, M$~ = By x B, x {0} and M™% = B; x B, x {1} are called the slow
exit and slow entrance of M, respectively.

=7
—
—
& B
> «—
>/
— o<
» 4
<«

r 1

F1GURE 2. Illustrations of the covering-exchange pair and a fast-exit face.
The rectangular parallelepiped M is an h-set with u(M) = 1 and s(M) = 2.
Arrows colored red, blue and black show the fast unstable direction, fast
stable direction and slow direction of (3.1) at corresponding boundaries,
respectively. The black curve is an image @< (T, N) of another h-set N for

€ T) N .
some T > 0. This figure describes N ® (:> ) M. Since the y-component of

the vector field in M is monotone and the fast component of the vector field
on OM is already validated concretely, then . (T, N) keeps the covering

relation N %—ﬁﬁ‘) M for all t > T until N exits M from its top. A fast-exit

face M“ is colored green, in which case u =1, s=1,1=1.
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Define the Poincaré map PM: M — OM in M by

PEM(Z) = pe(te(2), 2), te(z) ;== sup{t | p:([0,t],2) C M}.

If no confusion arises, we use this notation for representing the Poincaré map in
a set M.

NOTATIONS 4.3. For y € [0,1] and any set A C R"*!, let A5 := AN{y =7},
Acg:=An{y <y} and A>5:= AN{y >y}

LEMMA 4.4. Fiz e > 0. Let M be an h-set satisfying (CE1)—(CE3) in Defi-
nition 4.2 with the slow direction number ¢ = +1, and M be the fast-exit face
with (M=)t c M+ where

em(M®) = {1} x By x [y~ y™), [y™,y"]1 € (0,1).

Then, the restriction of the Poincaré map PM to ((PM)=Y(M®)); is a home-

omorphism for each § € [0,y~). Moreover, there exists an h-set M C M such
— PIM )
that M == M,

PROOF. Via a homeomorphism ¢y, we may assume that M = By x B, x [0, 1].
Since M is an isolating block for ¢., then PM is continuous on M, which is the
consequence of standard theory of isolating blocks [7], [19], [32]. Consider the
backward Poincaré map PM~: M — OM given by

PM7(z) = pel(r(2),2), 7(2) = inf {E <0 ([t 0],2) € M}.

This is obviously well defined via the property of flows. Since M is also an
isolating block for the backward flow, then the exit of M in backward time is
closed and hence P~ is also continuous. The correspondence between points
on (PM)=1(Me**) N {y = 7} and their image is one-to-one and onto under PM.
This property holds since M N {y = y} is a crossing section from (CE3). By
restricting M to M>y and redefining PM and PM:~ for Mg, their continuity
yields that (PM)~Y(M) N {y = §} is compact. Therefore, the restriction of
PM to (PM)=Y (M) N {y =y} is a homeomorphism.

Next consider P27 instead of PM. Since M C R"*! is a fast-saddle-type
block with u(M) = 1 satisfying stable and unstable cone conditions, the stable
manifold W*(S,) divides M into two components, where S, is the slow manifold
in M. Let M, be the component of M \ W(S.) containing M®*i*. Now we can
construct an h-set with the desired covering relation as follows.

Consider a section M, 5 = {(a,b,9) | (a,b,7) € N}. Let a; € By be such that

o~

W(S.) N {(b,y) = (0,9)} = {(az,5,9)}. Since P27 |y : My — PM27(M,) ©
OM is homeomorphic, g(z,y, ) > 0 holds and

PM9(10,5) = (1,6,9) € MP—,  PM27(a5,5,5) € M-
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hold, Proposition 3.6 implies that zg, 21,20 € M with 2y € W5(S;), 21,22 €
. Ms g

C"(20), |ma(21—20)| > |ma(22— 20)| and 7, (21) = 7y (22) satisfy 7, (P- =7 (21)) <

wy(Pyza(ZQ)). Here C"(z) denotes the unstable cone with the vertex z:

C"(2) = {(a,;b,9) | la = ma(2)|* 2 [b— my()|* + |y — 7y (2)*}-

Thus there exist points (a%t,g, y) € M 3 such that E]VIZQ(G%‘:’/B, 7)) edMNn{y=

yt} Witha3<a,g+<a§.
Let v*: B, — B; be given by @bi@) = %i. Thanks to the continuity of

PEME@, both ¢* are continuous. Finally, define ],\\4% by

M; = {(a,b,5) | ¢*(b) < a < ¢~ (b), b€ By}
It is indeed an h-set with
Mz ={(a,b,§) | a =*(b), b€ B.}

(4.1) v o )
M ={(a,b.) | 0 () Sa <v(b), be OB},

Slight modifications of 1% yield the correspondence
Msg,  — ~ ~ Msg ~
my (P27 (07 (0),0,9)) € (G,y7),  my(P =" (0F(0),0,9)) € (", 1)
for b € B;. We rewrite the corresponding h-set as Mg again.
Note that P:">? (M) N M = () by definition of ¢=. Also, P2">"(M,) N
(Me¥i*)* = ) holds since (M¥*)* is on M¥*. The arbitrary choice of gy € B,

—~ pM>y )
leads to the statement in Proposition 2.8. In particular, My Fes Mexit holds.

~ pM ; . Msy . . -
Of course, Mz == M also holds since P: =7 is just a restriction of PM

—~ —~ —~ pM .
in M>g. Moreover, the union M := |J Mj also satisfies M == M. The
y€[0,7]
proof of the case ¢ = —1 is similar. O

The following proposition is the core of the covering-exchange property.

PROPOSITION 4.5. Let (N, M) be a covering-exchange pair for (1.1). with
a fast-exit face M. Then there exists an h-set M C M such that

NPT gp P rexit
PROOF. Without loss of generality, we may assume that M = By x B, x [0, 1]
and Mt = {1} x By x [y~, yT] via a homomorphism ¢y, where [y~,y*] C (0,1).
Also, let ¢ = +1.
By Lemma 4.4, we can construct an h-set depending on § € [0,y ) which
PM_covers M. Let Mj be such an h-set. Note that such an h-set can be
constructed for all ¥ € [0,y). Now choose g+ € [0,y7) so that

y- <infmy(o(T,N)NM) < supmy(e(T,N)NM) < yy,
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and define a set M by M = U ]\ZJ. The monotonicity of g and homeomor-
yE[y-,74] . .
phic correspondence of the flow imply that M is actually an h-set with M+ =
—— —_— — M X
U M;E, where Mljt are given by (4.1). The covering relation M Lo, ppese
yE[y-,74]
immediately holds from the proof of Lemma 4.4. Moreover, N %(:TS) M also

holds by the construction of M and the assumption N %(:T’}) M. O

Proposition 4.5 shows that the covering-exchange property enables us to
track solution orbits near slow manifolds. This is just a consequence of Propo-
sition 2.11.

REMARK 4.6. Our implementations of the covering-exchange property auto-
matically solve the matching problem in singular perturbation problems. Indeed,
let (N, M) be a covering-exchange pair with a fast-exit face M°*i*. In most cases,
N is a family of tracking invariant manifolds whose behavior is mainly dominated
by fast dynamics. On the other hand, the behavior of points in M obtained in
Proposition 4.5 is mainly dominated by the slow dynamics until it leaves M.
If such a point is also on ¢ (T, N), then we can prove the existence of a point
qe € N which goes to M along the fast dynamics in the first stage, stays M
dominated by the slow dynamics until it leaves M through M in the sec-
ond stage and goes outside M along the fast dynamics again in the third stage.
The trajectory through ¢. is actually dominated by the full system (1.1).. Such
a behavior is thus considered as the match of dynamics in different time scales.

One of the other key points of the covering-exchange is that the choice of u-
dimensional variables is changed during time evolutions around slow manifolds.
Indeed, the covering relation N %(:T’S) M typically corresponds to validation
of codimension p connecting orbits between saddle-type equilibria in the limit
system. In such a case, the u = u(IN) = p-dimensional variables are chosen from
y-variables, while the u-dimensional variables of M are chosen from a-variables:
fast-unstable directions, which is natural from the viewpoint of codimension p

connecting orbits. Finally, during the covering relation M PﬁM Mt the u-
dimensional variables return to the part of y-variables, since M is regarded
as the initial data of other codimension p connecting orbits in the limit system.
Consequently, we observe the “exchange” of u-dimensional variables during the

— pM )
covering relation M == M in Proposition 4.5. In this sense, we call this
phenomenon the covering-“exchange’. Needless to say, one can describe such
matching property without solving any differential equations in M.

4.2. Expanding and contracting rate of disks. Assumptions of the
covering-exchange in the previous subsection require that each branch of slow
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manifolds should be validated by one fast-saddle-type block. However, slow man-
ifolds may have nontrivial curvature in general. It is not thus realistic to validate
slow manifolds by one block with computer assistance without any knowledge
of vector fields. To overcome such computational difficulties, we provide several
techniques for generalizing conditions in the covering-exchange.

As a preliminary to next subsections, we consider the expansion and con-
traction rate of disks in a fast-saddle-type block. Consider system (3.1). Note
that A in (3.1) is the u x u-diagonal matrix such that all eigenvalues of A have
positive real part, and that B in (3.1) is the s x s-diagonal matrix such that all
eigenvalues of B have negative real part. Let N C R**! be a fast-saddle-type
block satisfying stable and unstable cone conditions for fixed £ > 0. Without
loss of generality, via homomorphism cp, we may assume that

N = B, x By x [0,1].

Here we also assume that g(z,y,e) > 0 holds in N. Two cross sections B,, x
B x {0,1} then become the slow entrance N** and the slow exit N®~ of ¢,
respectively.

DEFINITION 4.7. An «-Lipschitz unstable disk is the graph of a Lipschitz
function v: B, — By x [0, 1] with Lip(+)) < . Similarly, an a-Lipschitz stable
disk is the graph of a Lipschitz function ¢: B, — B, x [0, 1] with Lip(¥)) < a.

Next we consider the expanding and contracting rate of stable and unstable
disks.

LEMMA 4.8. Let N C R™™! be a fast-saddle-type block satisfying stable and
unstable cone conditions. Let D“(r) and D*(r) be a 1-Lipschitz unstable disk
and a stable disk of the diameter r, respectively, contained in N. Let T > 0 be
fized.

(a) Assume that ¢-([0,T],D"(r)) C N. Then, for all z1,2z2 € D"(r), the

following inequality holds:

|0 (21(t) — 22(t))| > eAmint

ma(21 — 22)|  fort €0,T],

where Amin = Aa — (Supoay +supoay) > 0 is given by (3.4). Here \a
denotes a positive number satisfying (3.2).

(b) Assume that o-([-T,0],D%(r)) C N. Then, for all z1,2z2 € D3(r), the
following inequality holds:

Imo(21(—t) = 22(=t))| = e |my (21 — 22)| for t €[0,T],

where fimin = pip + (sup op: +supogs) < 0 is given by (3.6). Here up
denotes a negative number satisfying (3.3).
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The above inequalities imply that the expanding rate of D"(r) is uniformly
bounded below by A, and that the contracting rate of D*(r) is uniformly
bounded above by fimin-

PROOF. (a) Assume first that z1,22 € D"(r). The unstable cone condition
with our assumption implies that zo € C"(z1) and z2(t) € C"(z1(t)) hold for
all ¢ € [0,T]. In particular, |m,(21(t) — 22(¢))] > |mp.y(21() — 22(t))| holds for
all ¢ € [0,T]. Let Aa(t) := ma(21(t) — 22(¢)), Ab(t) := mp(21(t) — 22(¢)) and
Ay(t) := my(21(t) — 22(t)). The first variation equation in the a-direction yields

(Ad', Aa) > AalAal? — (sup oy [Aal? + sup ouy|Aal®),

which is obtained by arguments in the proof of Proposition 3.6. Here we used
the fact that |[Aa(t)] > (JAb(1)|? + |Ay(t)])/? holds in C%(z(t)) for all ¢t €
[0,7]. This inequality leads to (JAa|?)’ > 2Amin|Aal?, and hence |Aa(t)] >
exp(Amint)|Aa(0)].

(b) Next assume that z1,2z9 € D%(r). The stable cone condition with our
assumption implies that zo € C®(21), 22(—t) € C*(z1(—t)) hold for all ¢ € [0, T],
where C%(z) = {(a,b,y) | |[b—mp(2)|> > |la—7a(2)]* + |y —my(2)[?}. In particular,
|mp(21(—t) — 22(—1))| > |Ta,y(21(—t) — 22(—t))| holds for all ¢t € [0,T].

The backward first variation equation in the b-direction yields

1d

3 d—t~|Ab|2 > |up||Ab]* — (sup op: Ab|?), where t = —t.

Ab|* + sup OBg

Here we used the fact that |Ab(—t)] > (|Aa(—t)]*> + |Ay(—t)[)*/? holds in
C3(21(—t)) for all t € [0,T]. This inequality leads to (JAb|?)" > 2|fmin||Ab|?,
and hence |Ab(—t)| > exp(—fimint)|AD(0)]. O

Note that Lemma 4.8 holds even when u # 1.

4.3. Slow shadowing, drop and jump. Under suitable assumptions, slow
manifolds as well as limiting critical manifolds are represented by graphs of
nonlinear functions. In such cases, it is not easy to validate slow manifolds by
one block of fast-saddle-type. It is thus natural to construct enclosure of such
manifolds by the finite sequence of fast-saddle-type blocks, which will be easier
than validation by one h-set. However, the union of finite fast-saddle-type blocks
is not generally convex and hence we cannot apply arguments of the covering-
exchange directly. In particular, we have to consider the effect of slow exits and
slow entrances of the union. Nevertheless, the behavior in the y-direction is much
slower than the behavior in the (a, b)-direction for sufficiently small e. It is thus
natural to consider that slow exits and entrances cause no effect on validation
of trajectories sufficiently close to slow manifolds for (1.1). Here we construct
a sufficient condition to guarantee such expectation. The key feature consists
of two parts: (i) the comparison of expansion and contraction rate with the
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speed of slow vector field, and (ii) the abstract construction of covering relations
around slow manifolds. The proposing concept, named the slow shadowing,
expresses both features. The slow shadowing can incorporate with the covering
relations in Proposition 4.5; the drop corresponding to N %(:T’S) M and the

. . ~ PM ~ .
jump corresponding to M == M®**. As a consequence, the concept of covering-

exchange is generalized to the finite union of fast-saddle-type blocks.

The center of our considerations is a sequence of fast-saddle-type blocks {N;}
satisfying all assumptions in Theorem 3.5. In this case, Theorem 3.5 indicates
that the stable manifold W#(S.); is given by the graph of a Lipschitz function hJ
in each N;. Cone conditions also yield that these manifolds are patched globally
in JNj.

LEMMA 4.9. Let {Nj};.n:jo be a sequence of fast-saddle-type blocks satisfying
all assumptions in Theorem 3.5. Assume that, for all j, NN\ Njiq # 0 and that
each section (N; N Nji1)y contains a unique point of the critical manifold Sp.
Then, for all € € [0,¢e¢], validated stable manifolds W3(S:); and W3(S:),4+1 in
blocks N; and Nji1, respectively, coincide with each other in the intersection
N; N Njiq for j=0,...,m; — 1. A similar result holds for W"(S.).

PROOF. The same arguments as in Theorem 3.5 for (a1,b,y) € N; N Njt1 N
W3(Se); and (ag,b,y) € N;j N Njp1 N W3(S:) 41 with a fixed (b,y) yield the
result. ]

Consider two fast-saddle-type blocks N1 and Ny. Assume that each N; is con-
structed in the local coordinate ((a;, b;),y;) whose origin corresponds to (Z;,7;)
such that (1.1) locally has the form (3.1). Two coordinate systems {((a:, b;), y:) |
i = 1,2} are related to each other by the following commutative diagram:

((a1,51)51) — =25 (a2, ba), 32)

(4.2) Py ><11=cN1l J{PQ xI1=cy!

(x_flayl) (a:_527y2)

translation
where P;, Po: R™ — R" are nonsingular matrices determining the approximate
diagonal form (3.1) around (%1, 7, ) and (T2, 75 ), respectively, and I, : R™ — R™
denotes the identity map on R™. The map T1s = cg,; o (T12)c o cn, denotes the
composition map given by
((a2,02),92) = (Th2)c((a1,01),71) = ((To,12)c(a1,b1), (Ty,12)c¥1)
= (Py x )" H{(Pi(a1,01),7,) + (T1 — T2, J1 — Jo)}-
We assume
(SS1) u(Ny) = u(N3) = u.
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(SS2) N1NN; # 0. For given sequences of positive numbers {nff }2‘1::1’12,3'2:1,...,5,

k = 1,2, (Ng)c is constructed by (2.13) with {nzkji};l::lfun:l ____ o
The y-component of Ny, is given by ,(Ni) = [y, , y;] with

e <ur (k=12), wyy el v €lya.u3),

where 7, is the projection onto the slow variable component.
(SS3) All assumptions in Theorem 3.5 are satisfied in Ny and Ny. Moreover,
g-e(x,y,€) > 0 holds with the slow direction number ¢ € {£1} in N;UNa.
(SS4) For k = 1,2, let Ay and By be diagonal matrices representing (2.10)
in Ni, and oy and Sk be real numbers satisfying (3.2) for Ay and (3.3)
for By, respectively. Also, let

Tak i= ]:r{ununfji, re :=min{re 1,702}, Tak = diam(m,(Ng)),

Tk 1= ]:Irllln S’I]g:f, ry = min{rb,l,rb,g}, Tk = diam(wb(Nk))7

he (0, min{y; —y,
€<7’§T_111{12{yk yk})7

e,0 = sup eg(z,y,e), €}€ow = inf  eg(z,y,¢),
(4.3) N x[0,e0] Nix[0,e0]

&, »= max{le}"|, ™[}

Ak = Qg — ( sup oaw + sup 0A3>,
Ny x[0,e0] N x[0,e0]

Ny x[0,e0] Ny x[0,e0]

See Assumptions 3.2 and 3.3 for the definition of opu, 04y, 0op: and ops.
(SS5) Fix positive numbers d,, d, € (0, 1) arbitrarily. Let D} C Ny and D§ C
Ny be families of disks given by

o= U Bl ) 0.

qeEW(Se)e
(D3 —( U Bu<q,dara>) N (V).
qeEWS(Se)e
via cy, and cy,, respectively. Then
T,
(4.4) (DY)y == (D3)y

holds for all y € my(N1) N my(N2).

Since both P; and P, are linear maps, the covering relation (4.4) is just
a transversality of rectangular domains relative to an affine map.
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DEFINITION 4.10 (Slow shadowing pair). Let x € (0,1] be a fixed number.
Assume (SS1)—(SS5). We say the pair {N7, N2} satisfies the slow shadowing
condition (with the ratio x and the slow direction number q) if the following
inequality holds:

1 Tak—Ta) 1 (rbk—rb>} h
4.5 max {4 — log | ——— |, — log [ ——— <x—, k=12.
(4.5) {/\k g( daTa 2y S\ oy Xz

We shall call the pair {N1, No} the slow shadowing pair (with x and the slow
direction number q) if {N71, No} satisfies the slow shadowing condition (with ¢).
We call the number x the slow shadowing ratio.

In practical computations, we set sequences of positive numbers {nf]i i=1
and {ngf };’7:1, k = 1,2, as identical positive numbers, which make settings in
practical computations simple. Assumption (SS5) admits a sufficient condition
for validations in terms of cones. We revisit the condition in the end of Sec-
tion 4.4.

The slow shadowing condition can be generalized to a sequence of fast-saddle-
type blocks as follows.

DEFINITION 4.11 (Slow shadowing sequence). Consider a finite sequence of
fast-saddle-type blocks {V; }I* . We shall say the sequence {N;, x;}7~, of blocks
and positive numbers satisfies the slow shadowing condition (with {x;}7~, and
q € {£1}) if, for i = 0,---,m — 1 and h; satisfying (SS4), each pair {N;, N;41}
is a slow shadowing pair with an identical slow direction number ¢ in Defini-
tion 4.10, where yx; is the slow shadowing ratio for {N;, N;11}. We shall call
such a sequence {N;}" the slow shadowing sequence (with gq).

The slow shadowing ratio x gives us a benefit in practical computations. We
mention this point concretely in Section 6.2.

The core of the slow shadowing is that all disks transversal to stable and
unstable manifolds of slow manifolds rapidly expand and contract, respectively,
so that the covering relation on a crossing section can be derived. In what follows
we only consider the case ¢ = +1. The corresponding results for ¢ = —1 can be

shown in a similar manner.

PROPOSITION 4.12 (Slow shadowing). Let {N1, N2} be a slow shadowing
pair with the ratio x. Then there exist h-sets My C (N1)y = N1 N{y = 7§} with
g€yl —hNly —xhys —h] and My C (Na)y, 57 = No N {y = 7+ xh}
such that

P(Nl )<gixh

M1 ¢ = MQ,

N _ —
where PX VST (N1) gy = O(N1) <7 18 the Poincaré map.
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PRrROOF. For simplicity, we assume x = 1. All arguments below are valid for
general .

Let S. be the slow manifold validated in N7 U N». For simplicity, we write
Ni= M)y Ni< = (N1) o5 and ?i = pMsuim,

First note that £ is an upper bound of the absolute speed in the y-direction.
This implies that any point in (N7 )7 which arrives at N, through the orbit in N;
takes at least time h/Z;. Also note that W*(S.) and WU(S.) can be represented
by families of 1-Lipschitz stable and unstable disks, respectively, which follows
from cone conditions.

Let Myx(61) C (N1)y be the §;-neighbourhood of W*(S.) N {y =y} in (N1)g,
namely,

My(61) = {z = (a,b,7) € Ny | dist(z, W*(S:)) < 61 }.

o~

Also, let My 5(61) be a section of My(61) at (b,y) = (b,7), namely,

M;(61) = {2 = (a,5.7) € My(5)}.

Obviously, all points in M3 are contained in a unstable cone C*(zo (3, Y)), where

o~ o~

20(b, ) is the unique point in W*(S:)N{(b,y) = (b,7)}. The local positive invari-
ance of the unstable cone implies that 21 (£) € C*(zo(t; b, 7)), where {zo(t;b,7)}
is the solution orbit with zO(O;E, 7) = 20(b,7), and 2, (t) is the solution orbit with
21(0) € M 5(61). This relationship holds for all ¢ > 0 until 21 (¢) arrives at ON;.
Lemma 4.8 (a) then yields

[ma(21(t) = 20(t:5,7)| = € |7a(21(0) = 20(0:5,7))], ¢ > 0.

The slow shadowing condition implies that the unstable disk My,g(él) expands
through the flow, and all points on the boundary arrive at Ni’~ before time
T = h/gy if 61 > dure. In this case, PN (My(d1)) has an intersection with

N{"~n{a =4} for all @ € dB,. This observation holds for arbitrary b€ B,.
The preimage My = (ﬁi)_l(?i(My((h)) N Wi;) N (N1)y thus satisfies

sup dist(m,(2), T W*(Se)) < daTa-
z€M;

Note that Nsl; is equal to N; = (N)gy7-
LEMMA 4.13. The set My is an h-set.

PROOF. We may assume that Ny = B, x B, x[0, 1] via a homeomorphism cy;, .
M, is contained in My(6) for some 6; € (0,d,r,). For each b € B,, consider the
sec:c\ion M 5(61) = {(a,b,7) | @ € By} Let UGy befuch that (az;,0,7) =
20(b,y), which is uniquely determined for each b € B;. Note that, for each
b € By, (a55,b,9) = 20(b,7) is contained in M;.
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Since ﬁi'(Nl)y: (Nl)y%?i((Nl)g) C N1 < is homeomorphic, g(z,y,e)>0
holds in N7 and

PL(@,b,7) = (@,b,7) € NTZ ford e dB,,

ﬁs(a’g@a y) € N1,

then for all @ € 9B, = S*~1, there exists ag, (0) € By such that ?i (agvy(Q),g, y)E
Nin W{; N {a = 0}, which is uniquely determined by the property of flows.
Notice that |ma(az;(0),b,9) — Ta(ag 5, b, )| monotonically increases along the
flow for all § € 0B,,. Since ?i is continuous, then aﬁ(e) depends continuously on

be B and 6 € S“~!. As aresult, we have a continuous graph ¢ z: Bsx S*~1 —

B, given by 11 5(b,0) = ap 5(¢). Then M; is given by

(46) My = {(avbvy) | a = (1 - /\)ab@ + qul@(ba 0)3
be B, 0es" e o1]},

which is an h-set. O

We go back to the proof of Proposition 4.12. The next interest is

02 = sup dist(mp(2), m(W™(Se))).
2€PL (M)

Consider the behavior of sections
Mg ={z=@by+h) €Ny |beB,}NP.(M)

in the backward flow. Since each Mha is a stable disk with Lipschitz constant
less than 1, then each point z; € My is contained in C%(20(@,y + h)), where
20(@, 7 + h) is the unique point in W'(S:) N M. Lemma 4.8 (b) yields

|7y (21(t) — z0(t;@,7 + h))| > e |mp(21(0) — 20(0;@, 5 + h))| for t <O0.

The slow shadowing condition implies that the stable disk Mna expands in the
b-direction through the backward flow, and its boundary arrives at le "+ before
time T = h/z; if 82 > dry. Note that My C (Ny)y is an h-set given by (4.6),
which implies that there exists some ¢ € [T, 0) such that the image o (t, M1 3)
must have intersections with Ny N{b = b} for all b € 9B,. This observation holds
for arbitrary @ with (@,b,7 + h) € N;. Therefore, 85 should be less than dy7y,.

The same arguments enable us to construct an h-set My C (Ng)y 47 in the
same way as M; under assumptions of (4.5). In this case, our assumptions and
the definition of the slow shadowing imply

sup dist(my(2), Ta W3(S:)) < dyry.
z€M>
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h-sets of My, Ms and their boundaries are given by

My ={(a,b,7) | a= (1 = Napz + M13(b,0), b€ By, 0 € S, XA e [0,1]},
My ={(a,;b,5+h) [ a= (1= Nay5 5 + My 5.,5(b,0),
be B, 0e S ' Ael0,1]},
My ={(a,b,7) | a = t15(b,0), b€ B}, M = Myn N,
My ={(a,b,5+h) |a =, 7(b), be B}, M =MynN{*,

where 1, - 7 B, x 8*=1 — B, is the map associated with My, which is con-
structed in the same way as 11 3.
. . . - . -1
Now we check if all assumptions in Proposition 2.8 hold with f = P,.

The estimate sup dist(m,(2), 7aW3(S:)) < dqorq implies My C D§N(N3)
zEMo
Similarly, the estimate sup  dist(7p(2), T W"(S:)) < dprp implies ﬁi(Ml) C
2€PL (M)
(Tpa2 x [1)DY N (Nl)%ﬁ. From our constructions of M; and M, as well as

Y+h'

Lemma 4.13, Fi (My) and M; can be regarded as families of horizontal and verti-
cal disks in D} and D$, respectively. In particular, from (SS5), MoN(DY})— = 0,
where (DV)f~ = Dvn N/, This disjointness yields Fi(Mf) N My, = 0.
Similarly, P.(M;) N (D§)f* = 0, which yields Pr(M;) N My = 0, where
(D3)H*+ = Dy n N2f . The rest of assumptions obviously holds if we choose
qo € B, so that (a, qo,7) € S- for some a € B,,. The property of degree obviously
holds since P.: (N1)y — (N1)y,7, is just a composite of uniformly contracting
and expanding maps in corresponding directions. O

Proposition 4.12 can be generalized to a slow shadowing sequence {N;}™ |
which is straightforward.
The same arguments as in Proposition 4.5 yield the following result

PROPOSITION 4.14 (Covering-Exchange: Drop). Let {Ny, No} be a slow
shadowing pair with the ratio x. Assume that there is an h-set N such that
N L (N1)<g holds for some T > 0, wherey € (y; ,yi —h|N[yy —xh, y3 —h].
Then there are h-sets M C (N1)<g and Mz C (N2)y, 7 such that

—~ P(Nl)éﬂerﬁ

NI = .

PROOF. As in the proof of Proposition 4.12, we may assume y = 1.
Let M7 C (Nl)g and My C (N2)5+E

(P9 =101, Obviously, N #2257 37 holds since N #2257 (Ny) <. By the
ND <g4m

construction of M , the covering relation M= M5 also holds. (]

be as in Proposition 4.12 and M =
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We provide the slow shadowing when a fast-saddle-type block admits a fast-
M

~ P .
exit face, which corresponds to the covering relation M == M in Proposi-
tion 4.5: the covering-exchange: jump. We restrict the unstable dimension
to 1 in the current considerations.

PRrROPOSITION 4.15 (Covering-Exchange: Jump). Let {Ny, Na} be a slow
shadowing pair with w = 1. Also, let N§¥i* C NQf’_ be the fast-exit face of No and
€ [y yl —RINlya —xh.ys —h]. Assume that dist(N5**, {y =7+ xh}) > xh.

Then there are h-sets My C (N1)g and Mz C (Na)y, 5 such that

PE(Nl)S?erﬁ PNz it
M, — My, = NQeXI .

PROOF. As in the proof of Proposition 4.12, we may assume x = 1. The
pN2 . P(Nl)S?Jrﬁ
proof consists of two parts: (i) My == N§¥* and (ii)) M; "° =  M>. Part (i)

—.7. The
_ _ y+h
assumption dist(N$¥1*, {y = 5+ h}) > h and slow shadowing condition allow Mo

is a consequence of Lemma 4.4 with additional property of My C (N2)

to satisfy

sup dist(z, W3(S.) N {y =7+ h}) < dara-
e Mo

ND <gym
Therefore, the same arguments as in Proposition 4.12 yield M; " = Mo,
the statement (ii). Note that W*(S.) N My = ). See also Figure 3 (e). O

For the convenience and correspondence to Definition 4.2, we introduce the
following notion.

DEFINITION 4.16 (Covering-exchange sequence). Let N C R"*! be an h-set
and {N? };1‘:40 be a sequence of fast-saddle-type blocks. Assume that:

(a) (Slow shadowing) {NJ }§1ﬁ61 is a slow shadowing sequence with u = 1.

(b) (Drop) N Py (N?)<7 holds for some T > 0, where ¥ is given in

Proposition 4.14.
(c) (Jump) {NJ~¥—1 NI~} is a slow shadowing pair with a fast-exit face
N&Xit of NIV satisfying assumptions in Proposition 4.15.

Then we call the triple (N, { N7 giw NEXIY) the covering-exchange sequence.

Obviously, the case jy = 1 is nothing but the notion of the covering-exchange
pair. Remark that, in the current setting, covering-exchange sequences are al-
ways assumed to be defined with v = 1.

Throughout the rest of this paper, the bold-style phrases Drop and Jump
denote the corresponding descriptions stated in Definition 4.16.
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| |
<+ e LY L+‘
<« \ - < \ —_
= -«
A A

| — | —
L

(d) (e)

FIGURE 3. Slow shadowing, drop and jump: schematic illustrations. Note
that all figures here show the projection onto the (a, b)-space.

N <y 7
Slow shadowing. The covering relation My ° — M> in Proposition
4.12 is described by the process “(a) — (b) — (d)” where PN: N — 9N is
the Poincaré map in N. A set colored blue in (a) denotes M;. The Poincaré

map PgNl)SgHL maps M to PS(NI)Swh (My) C (N1)g, 3, described by the
red set in (b) and (d). The slow shadowing condition admits the choice of
My in (NQ)erE drawn by the blue set in (d).

N <y
Covering-FExchange: Drop. The covering relation N %g.) M Pe -
My in Proposition 4.14 is described by the process “(c) — (b) — (d). In

(c), the set colored red denotes ¢ (T, N) and the blue one denotes M. The

N T — N L~
Poincaré map Ps( Vsyih maps M to PE( Dyt (M) C (N1)y 5, described

by the red set in (b) and (d). The slow shadowing condition admits the
choice of My in (Ng)erﬁ drawn by the blue set in (d).

N <qiw pN2
Covering-Ezchange: Jump. The covering relation My  ° — My =
NS§*i in Proposition 4.15 is described by the process “(a) — (b) — (e)”.

Ni) oo
A set colored blue in (a) denotes M. The Poincaré map P; V<wth maps

N B—
M to PE( 1)Serh(Ml) C (Nl)erﬁ described by the red set in (b) and (e).
The slow shadowing condition admits the choice of Ma in (N2 )erﬁ drawn
by the blue set in (e). The h-set My PXN?-covers Ng¥it C N2f’7. The

fast exit Ny’~ is drawn by the edge of the white rectangle which admits
horizontal red arrows.
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4.4. m-cones. We have discussed in Section 3 that it is systematically pos-
sible to construct fast-saddle-type blocks as well as cone conditions. However,
such blocks are generally too small compared with validation enclosures of tra-
jectories, if we try to validate covering-exchange sequences. Moreover, when we
solve differential equations with a fast-exit face as initial data in this situation,
solution orbits will hardly move in the early stage because the vector field is
close to zero. This phenomenon causes accumulation of computational errors
(e.g. wrapping effect) and extra computational costs (e.g. memory or time). In
particular, there is little hope to validate covering-exchange sequences. Such
difficulties can be avoided if we find a large fast-saddle-type block directly. A di-
rect approach would be finding crossing sections which form boundaries of a large
fast-saddle-type block. It is not realistic to find such sections via interval arith-
metics because vector fields are nonlinear and we have to consider the effect of
slow dynamics. In many cases, direct search of blocks would be based on trial
and error, which is not systematic. Our aim in this subsection is to provide an
appropriate method to overcome difficulties with respect to solving differential
equations.

In Section 3, we have constructed cones of the form C" = {|a — ag| > |¢ —
Col} and C° = {|b — by| > |v — |} with a vertex (a,b,y) = (ao,bo,yo) and
fixed €, where ¢ = (b,y) and v = (a,y). See Figure 4 (a) for the illustration of
cones and the unstable manifold of a saddle equilibrium. One expects that, in
a neighbourhood of C", for example, C" can be extended to C like in Figure 4 (b).

On the other hand, if the unstable manifold is sufficiently regular, one also
expects that such an extended cone can be sharper. More precisely, C" can
be extended to the union of C* and a collection of m-cones C%, = {|la — ag| >
m|¢ — (|} for some m > 1 keeping isolation, which is shown in Figure 4 (¢). The
same expectation is valid for CS.

Proposition 3.6 means that the difference of two solutions in a fast-saddle-
type block N along dynamics is restricted by the moving cone C* = {(a, b, y,n) |
M(t) > 0}. The analogue of this argument in the case of sharper cones is derived
below.

ASSUMPTION 4.17. Consider (3.1). Let N C R*""! be an h-set, z = (x,y,¢)
and fix m > 0. Define o\, = agif(z), Opu = aK%(z), oy = o']g?f(z), Opy = UIg;u(z),

ogu = U_giﬁ(z) and ogi = oy (z) be maximal singular values of the following

matrices at z, respectively:

ohu: Ai(z) = (86; (z)), u X u-matrix,
OF} OF' OF}
m . oy —1 1 1 1 _ i
ohu: Ag(2) =m ( %% (2) 9 (2) an (z)), u X (s + 1+ 1)-matrix,
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ogu: Bi(2) = m(aa};z(z)), $ X u-matrix,
opy: Ba(z) = < %% (2) 9y (2) an (z)), s X (s + 14 1)-matrix,
ogut g1(2) = m(?(z)), 1 x u-matrix,

! a

. _ (% 99 9 ~
7 022) = (1506 1526 0G40 gl ) 1 (514 1mati

Assume that the following inequalities hold:

(4.7) Aa — (sup ang + sup a&) >0,

(4.8) Aa—pup— {Supag? +sup0"§5 +supa]§3f +supa]§‘§
—&—a(supag;i —|—supa;§>} >0,

where A4 and pp are real numbers satisfying (3.2) and (3.3), respectively, and

¢

the notation “ sup” means the supremum on N x [0, go].

PROPOSITION 4.18 (Unstable m-cone). Consider (3.1). Let N C R"™! bpe
an h-set and fix m > 0. Assume that inequalities (4.7) and (4.8) in Assumption
4.17 hold. Then, letting M“™(t) := |Aa(t)|? — m2|AL(t)|?, M“™ (t) > 0 holds
for all points in N satisfying M*“™(t) = 0 unless Aa = 0, where = (b,y,n).

PrOOF. Follow the same arguments as in the proof of Proposition 3.6, re-
placing M(t) by M*™(t). O

AssUMPTION 4.19. Consider (3.1). Let N C R"™! be an h-set, z = (z,y,¢)
and fix m > 0. Define o = O’K%(Z), ohs = JX’S(,Z), ops = Of: (2), ops = O']TB%(Z),

ogi = 0gi(2) and o} = ogi(z) be maximal singular values of the following
matrices at z, respectively:
F

ops: Ai(z) = m(aabl(z)) u X s-matrix,

OF OF, OF
oyt Ao(2) = (aal(z) a—yl(z) 8771(2)>’ u X (u+ 1+ 1)-matrix,

OF:
ogs: Bi(z) = (6;(2')), $ X s-matrix,

F. F: F

ogs: Ba(2) = m~1 (%;(z) %—;(z) %i(z)), s X (u+ 1+ 1)-matrix,
ogit gi1(z) = m(?‘Z(z)), 1 X s-matrix,

Ogs 92(2) = (77 %(z) n a—y(z) g(z)+n (z)), 1 x (u+ 1+ 1)-matrix.
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Assume that the following inequalities hold:

(4.9) uB + (sup oﬁ% + sup ag%) <0,

(4.10) A4 —pup — { supo’f{% + supagg + supcr]g% +supcr]§§2
m m
—i—a(supagf +supag§)} >0,
where A4 and pp are real numbers satisfying (3.2) and (3.3), respectively, and
the notation “sup” means the supremum on N X [0, £¢].

PROPOSITION 4.20 (Stable m-cone). Consider (3.1). Let N € R"*! be an h-
set and fix m > 0. Assume that inequalities (4.9) and (4.10) in Assumption 4.17
hold. Then, defining a function M*™(t) := |Ab(t)|? —m?2|Av(t) 2, MS™'(t) <0
holds for all points on N satisfying M*™(t) = 0 unless Ab = 0, where v =
(a,y,7m).

ProoF. Follow the same arguments as in the proof of Proposition 3.6, re-
placing M(t) by M*>™(t). O

DEFINITION 4.21 (m-cone conditions). We shall call inequalities (4.7) and
(4.8) in Assumption 4.17 the unstable m-cone condition in N. Similarly, we shall
call inequalities (4.9) and (4.10) in Assumption 4.19 the stable m-cone condition
in N. When these conditions are satisfied, the unstable m-cone and the stable
m-cone with the vertex z = (ag, bo,yo) (in the (a,b,y)-coordinate) are given as
follows, respectively:

Cn(2) :=1{(a,0,y) | la — ao* = m*(|b — bo|* + |y — yol*)},
Cra(2) = {(a,b,y) [ 1b = bol* = m*(Ja — aol* + |y — wol*)}-

Validations of m-cones themselves are in fact independent of the construction
of fast-saddle-type blocks discussed in Section 2.3. Moreover, the choice of m
can be arbitrary as long as the corresponding cone conditions hold.
An implementation of m-cones in the unstable direction is the following.
(1) Prepare a fast-saddle-type block N such that N, is given by (2.13) sat-
isfying the unstable cone condition. Via a homeomorphism cy we may

assume that IV is represented by

u S

N = []la;.af] x []b;,6]1 x [0,1].

j=1 J=1
(2) Choose a fast-exit face N°*it. For example, set

Jo—1 u S

Nt = T [a7.af1x {al,} < [ laj.af] < Jio7 .00 = = yf], =€ {+£},

Jj=1 J=jo—1 Jj=1
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where [y~,yT] C [0,1]. Let £ > 0 is a given number and V%7 be an
h-set given by

T : ¢ ¢ ¢ ¢
(4.11) Ve = [[@;.at |:bf Ly } y {y Lt
= 3% = m m -

[a> ,aj'JrE] if =70 and *x = +

j
a5, @] = [aj —¢,af] if j = joand * = —,
[a; ) a;r] otherwise.
See Figure 4 (c).

(3) Verify the unstable m-cone condition, (4.7) and (4.8), in V%o,

The following lemma is a consequence of discussions in Lemma 4.18 and
arguments in Theorem 3.5.

LEMMA 4.22. Let N be a fast-saddle-type block satisfying the stable cone con-
dition, and V,“J° be given by (4.11). Assume that the m-unstable cone condition
is satisfied in V%90, Then any point on N leaves the set N U C%90  where

C;Jr‘z’jo = {(a’C) = (aabvy) € anfL?jO | |a’ - ao‘ 2 mlg - C0|7 (GO,C0> € NeXit}

under the flow through (Ci7°)* := Ciio N {a = aj }, = € {£}. The sign * is
exactly the location of Nt

m-cones in the stable direction are constructed in a similar manner.
(1) Prepare a fast-saddle-type block N such that N is given by (2.13) sa-
tisfying the stable cone condition. Via a homeomorphism cy we may

assume that NV is represented by

S

N = H[aj_,aj [1b; .61 % [0,1].

J=1

(2) Choose a face of the fast-entrance N°"*. As an example, set

u Jo—1 s
e = Ml L0071 05y < TT B x ol =< 3
j=1 j=jo—1

where [y~,yT] € [0,1]. Let £ > 0 be a given number and V,57° be an
h-set given by

s,j0 - — g + _ £ + £
(4.12) ij—jljll[aj —af ] Hbj,bj { =y,
[bj,b] +/4  if j = jo and * = +,
[b7,bF] = by —£,bf] if j = jo and * = —,
J

307
(b ,bﬂ otherwise.
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(3) Verify the stable m-cone condition, (4.9) and (4.10), in V340,

| | [ | |
Yy VY v Yy VvV v

— —> —
./.\/
«— - «— =
A+ ¢ A+ 4
\ ! ! /

(©) (d)

FIGURE 4. Unstable m-cones. (a) A fast-saddle-type block N containing
the slow manifold S; validated in Theorem 3.5. In this figure, a black
ball corresponds to the slow manifold Se and a black curve corresponds to
its unstable manifold W"(S.). The accuracy of the stable (resp. unstable)
manifold W3(Se) (resp. W"(Se) is measured by the size of the fast-entrance
N+ (resp. the fast-exit N f 7). In general, blocks are small and the flow
stays near these blocks for small ¢, what causes the accumulation of various
computational errors. (b) A candidate for extended cones. One expects
that our validated cones stated in Theorem 3.5 can be locally extended.
However, one can imagine that it is quite too large for the enclosure of
WH(Se) if W"(Se) is sufficiently smooth. The extension of cones drawn
here is thus quite coarse for smooth manifolds. (c) Validation of the m-cone
condition. It is sufficient to verify the m-cone condition on a rectangular
domain V% given by (4.11). The set V,% is colored green. The orange region
is the m-cone with a vertex in N. The m-cone conditions imply that all
points in an m-cone stay in the m-cone until they leave V;%. (d) An unstable
m-cone C%, of N, which is the union of m-cones with vertices on N°*i*. The
union N U CY, is colored yellow. All trajectories through N°*it leave V%
through Cp, N OV%:. In general, Ch, N OV,% is far from slow manifolds.
This fact helps us with validations and reasonable computational steps and
accuracy. See also Section 6.3.

The following lemma is a consequence of similar arguments to Lemma 4.22.

LEMMA 4.23. Let N be a fast-saddle-type block satisfying the stable cone
condition, and V.50 be given by (4.12). Assume that the m-stable cone condition
is satisfied in V590, Then any point on N leaves N U C70  where

Csio = {(b, v) € VS | v = (a,y),|b—bo| > mlv — wl, (bo, o) € Nent}



410 K. MATSUE

under the backward flow through (C270)* = Co N {b = E;O}, x € {£}. The
sign * is exactly the location of N°.

DEFINITION 4.24 (m-cones). We call the set of the form C%7 an unstable
m-cone of N with the length . Similarly, we call the set of the form C2:70 a stable
m-cone of N with the length {.

Using m-cones, we can extend an h-set after construction of a small fast-
saddle-type block. Such an h-set keeps isolation in radial direction, thanks to
m-~cone conditions. Moreover, we can obtain a priori estimates of trajectories
far from equilibria, keeping their accuracy as well as possible by adjustments of
m and ¢. Of course, we do not need to solve differential equations to obtain
such estimates. This technique reduces extra computational costs mentioned
at the beginning of this subsection. Furthermore, in layer problems (1.3), m-
cones immediately yield continuation of stable and unstable manifolds of critical
invariant manifolds. Indeed, the unions N U C%70 and N U C$J0 are h-sets
satisfying m-(un)stable cone conditions. The unstable (resp. stable) manifold
is hence represented by a horizontal (resp. vertical) disk in N U C%70 (resp.
N UCE0). See [40] for details.

REMARK 4.25. Arguments involving Propositions 4.18 and 4.20 still hold re-
placing y € R and an R-valued function g by y € R! and an R'-valued function g,
respectively.

In what follows we show applications of m-cones to fast-slow systems. In the
case of fast-slow systems, we have to care about movements of trajectories in the
slow direction. With the help of the slow shadowing condition, we can construct
a sequence of covering relations for m-cones. For technical reasons we restrict
u and s to 1, in particular, n = 2. This is exactly the case in our verification
examples, Section 6. Consider (3.1) again.

DEFINITION 4.26 (Departure time, arrival time). Let N be a fast-saddle-type
block such N. is given by (2.13) with u = s = 1. Also, let V% be a set of the
form (4.11) with u = s = 1 satisfying the unstable m-cone condition. Define the
departure time Taep in V5 by

1T d(a?)
4.13 Taep = Taep(Vy) := 5 Amin (@) ’
(4.13) dep = Tatep(Vin) 2/(da7‘a)2 Amin(@) a? I

where d, is a given number in (SS5), 7, = diam(m,(N)), r4 is given in (4.3),
0 > 0 is a sufficiently small number,
don@ i=Xa = (__sw_om@+ s o)
zevVen{a<a} zevun{a<a}
and Ag > 0 is a real number satisfying (3.2). Note that the unstable m-cone
condition implies that Ay (@) > 0 for @ € (dgre,To + £).
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Similarly, let V2 be a set of the form (4.12) with u = s = 1 satisfying the
stable m-cone condition. Define the arrival time T,y in V,? by
1 /(Tb+£)2 1 d(b2)
(

4.14 Torr = Tare(V,3) = —=
( ) a a ( m) 2 dbrb)Z ,umln(b) b2

+ 0,

where dp, is a given number in (SS5), 7, = diam(m(N)), rp is given in (4.3),
0 > 0 is a sufficiently small number,

umin@) = pup + < sup  ogi(z) + sup aﬁ%(z))
2eVan{b<h) 2eVun{b<h)

and pp < 0 is a real number satisfying (3.3). Note that the stable m-cone
condition implies that umm(b) <0forbe (dprp, Ty + £).

REMARK 4.27. In practical computations, we use the following upper bounds
of departure and arrival times:

1 /(Ta+f)2 1 d(a2)
(

2 J(daray2 Amin(a)  a®
< lTil A <d r, + (]"‘DLa) -1 /(daT'a+(j+1)La/T)2 d(a2)
=9 §=0 min | %a’a T (data-t+jLa/T)? 2
T-1 . B |
(J+1)L, Tdyre 4+ (5 +1)Lg
= )\min da a T ) Ha 1 ’ |
= < mrT 8\ " Tdyra + i,
1 /(%H)? 1 n )
2 Jdurny Hmin(b) 02
: Tz:lﬂ (d o + G+DLy >1 /(dbrb+(j+1)Lb/T)2 d(b?)
9 min b’y N T
2 o g (dprp+4Ly/T)? b2
T-1

(+ 1>Lb) " log (Tdbrb + i+ 1)Lb>

= - min d + .
<M ( bre T Tdyry + Lo

j=
where L, = 74 + ¢ — dgqrq and Ly, = Ty + £ — dprp. Usually, the bigger the
number of partitions T is, the smaller right-hand sides of above inequalities are.

We may set the difference between summations with different 7’s as § in (4.13)
and (4.14).

The following results show that m-cones generate additional covering rela-
tions to validate global orbits for (1.1)..

PROPOSITION 4.28. Let N be a fast-saddle-type block for (3.1) in R3 with
u = s = 1 which forms N = [a=,a™] x [b=,b%] x [yy,yd]| and actually given
by (2.13). Also, let V;X be a set of the form (4.11) with u = s = 1 which
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contains N. Assume that the unstable m-cone condition is satisfied in V,». Let
Taep = Taep(Vy) be the departure time in Vi, Define

g+ = sup sg(x,y,a), e = inf Eg(x,y,é)

V4 x[0,e0] Vi x[0,0]

N ={a*} x b7, x [y, y "]
with [y~ yT Uy~ 4+ e Taep, ¥ + e Taep) < [¥5 v 1

(4.15)  (Cu)=it .= Cu ({5*} X {b - %,lﬁ + ri]

X [y_ + €+Tdep7 y+ + E_Tdep])v

where * € {+} is chosen so that either a= = a~ —{ ora™ = at +{ holds. Then
pEm

NeIt 25 (C0)eit holds.

PROOF. Let z; = (a1,(1) € W3(S.) C N and 20 = (a2,{2) € N be
such that ¢; = (2 and that m,(z1) = m,(22) € [y~,y"]. The unstable m-cone
condition and Lemma 4.18 imply that z9(t) € C}(z1(t)) for all ¢ > 0 until
zo(t) arrives at (C1)*, where (Cp)* is given in Lemma 4.22. The difference
Aa = as(t) — a1 (t) = mq(22(t)) — ma(21(t)) satisfies

(18af?)" = 2Amin(a2)|Aal?,

which follows from the same argument as the proof of Lemma 4.8. This implies
that the solution orbit zo(t) with 22(0) = 29 arrives at (C},)* at time ¢ < Tyep
and that

ﬂ-y(PE(NEXit N {y = y+})) ,C,_ (er + 57Tdep7y+ + 5+Tdep)a
Ty (PN 0 {y =y7}) C (v~ + & Taep, ¥~ + € Taep)-
Thus P.(N*tN{y = y*})N(C% ) = () holds. Note that A(CY,)°** consists of
u \exit,— u ~x% _ J4 V4
(€ = (@) x b7 = bt | T ),

(€)™t =003\ fa = o*,@")

14 14
@Y x (b7 = = b+ — | X [y + e Taeps yt + e Taep] ).
1 (@) x o = 0 ] K T 2 ]

CL\
Moreover, (C2)®i%+ N P, (Nit) = ) holds by Proposition 4.18. Then N°xit N
(C2)exit holds by Proposition 2.8 with go € Nt N WY(S.). O

DEFINITION 4.29. We shall call (C2)it given in (4.15) the fast-exit face
of C.

The following statements also hold due to the same arguments under the
backward flow.
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PROPOSITION 4.30. Let Ny and No be fast-saddle-type blocks for (3.1) in R?
with uw = s = 1 which form

Ny = [a17a1] [bl’b] [yfay“v Ny = [a2,a2] [vab] (Yo y;]

such that {N1, Ny} is a slow shadowing pair with the slow direction number
q = +1 and h given below. Also, let V.3 be a set of the form (4.12) withu = s = 1
containing N1. Assume that the stable m-cone condition is satisfied in V5. Let
Torr = Tarr(V2) be the arrival time in V2. Define

et =

sup 59($7y75)7 e = inf 59(%%5),
Vs x[0,e0] Vi x[0,e0]

Nent . [a’l 7a1] {bJr} [y_,?] with [y‘,@] C [y;’y;r]

Assume that there is an h-set Ny and Ty > 0 such that Ny %gﬁi) e n{y e
[y~, 9|} and that

(4.16) y~ <infmy(pe(To,N)) + e Tam, sup my (0= (To, N)) + e Tore < 7.

Let h > 0 be such that T+ h < yf‘ Then there exist h-sets Ml C (NMUCE)<y
and Mz C (N2)y, 7 such that

NquUC _
eelToy ) 77 pM I

NQ My — M.

PROOF. First let S, be the slow manifold validated in N7 U Ny. Also, let
N <y

My C (Ni)y and My C (Ng)y+ﬁ be h-sets such that M; Pe o M, which
are constructed in Proposition 4.12. Note that M; contains W*(S.) N (N1)y.
Let M := (Ps(Nl)g)_l(Ml) C Np and Me" := M N N, Clearly the set M
contains W3(S.) N (N1)<y.

Next, let wy = (by,11) € M and w, € WU(S.) be such that we € C%, (wy).
The stable m-cone condition and Lemma 4.23 imply that we(—t) € C% (w1 (—t))
for all ¢ > 0 until wy(—t) arrives at OC3, under the backward flow. The difference
Ab = bo(—t) — b1 (—t) = mp(wa(—t)) — mp(wy(—1)) satisfies

d
£(|Ab|2) > 2/’Lmin(b2)|Ab|2

by the same argument as in the proof of Lemma 4.8, where { = —t. This
inequality implies that the backward solution orbit wo(—t) with w2(0) = we
arrives at 0C?, at time t < Ty, and that

71-ZJ((P m) (Ment N {y = y})) ( - 5+Tarr7y - 57Tarr)a
ﬂ-y((Pscm)i (MCHt N {y = yi})) g (y7 - E+Tarr7y7 - 57Tarr)~
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Define an h-set M, .—MU(P ) L(Ment), where

_ ClN—1/7ren -
Mf=0nn{b=tHUMn{y=7y HUEP ™) (M™n{y=7y"}),

My = 0M; \ M.

Note that ¢ (Tp, Ng) N Mf‘ = ( follows from (4.16) and Ny o) cs, N
{yely *,y]} The relationship ¢.(To, Ny ) N My = () immediately follows from

N "’E(T" CS N{y € [y ,7]}. Then the covering relation No ( T ) Ml also
follows from Ny #elTy ) Cy,n{yely,l} U

The slow shadowing sequence with extended m-cones determines the gener-
alized sequence of covering-exchange sequence in Definition 4.16.

DEFINITION 4.31 (Covering-exchange sequence with extended cones). Con-
sider (1.1). in R3. Let N C R? be an h-set with u(N) = 1 and {Ng};’lo be
a sequence such that

(a) {NJ N, is a slow shadowing sequence for (1.1), with u = s = 1;

(b) {NgN 1 N7~} is a slow shadowing pair for (1.1). with the exit N&i* C

(N )
Also, let C%. be the unstable m“-cone of NJ¥ and C%,. be the stable m®-cone
of NV. Assume that

(c) all assumptions in Proposition 4.28 are satisfied with Nt and CY =
CLI .

(d) all assumptions in Proposition 4.30 are satisfied with Ny = N, N; =
Ni=1tand C8, = C5,.
Then we call the collection (N, { N7} Nexit cu

Jj=0 m

cs...

C%..) the covering-exchange
sequence with extended cones CY

mus

Another benefit of m-cones is that we can validate assumption (SS5) in the
slow shadowing in terms of m-cones. In the following proposition, we do not
pose any restrictions on u and s.

ProPoOsSITION 4.32 (A sufficient condition for (SS5)). Consider two fast-
saddle-type blocks N1 and Ny constructed in the local coordinates ((ai,b;), i),
where (1.1) locally forms (3.1) in each coordinate with the commutative diagram
(4.2). Assume that both N1 and Ny satisfy the unstable m,-cone condition and
the stable mg-cone condition for m,, ms > 1, and that (SS1)—(SS4) are satisfied.

Independently, consider two h-sets DY and D5 given by

(D). = B . (0 ),

u

(DS)e = B., <0, dyry + ”’) x B, (0,13)

S
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via ¢, and cn,, respectively, where rq,14,dg,dy, denote positive numbers given
n (SS4)-(SS5). Write the nonsingular matriz P = Py ' Py in (4.2) in the block

form
pP— P11 P12 7
P21 P22

where the first row (p11 p12) acts on the u-dimensional vector a1 and the sec-

ond Tow (pa1 pas2) acts on the s-dimensional vector by. Finally, assume that
‘L 12

D“ == 52, and that

m?2 - min(1, pa? — o21p2 — 207, /m?2)
—92 u ’ 12 u
(4.17) mg < < 5 p )
2p1” +mioaihe

where i and p; are the mazimal and the minimal eigenvalues of the matriz pq;,
respectively, and o;; denotes the mazimal singular value of p;;. Then (4.4) holds.

PRrROOF. First we set

(DY); =0B,(0,7,) x By <O,dbrb 4 7;61),

u

(DY)} =B, (0,74) x B, <O,dbrb 1 ;“)
~a_ Ty
D3)- :=0B, (0,d,r, + 2
(Do) =08 (0.dur +

S

)xB(Orb)

(D3)F =B, (0, dore + ::) X 0B (0,7)
corresponding to the h-set structure.

We embed T}, 12(5“) and Dj into (N1)y and (Na)y, respectively, so that
the origin of both T, 12(D“) and Dj§ is the point ¢ € S. N (Ny N Ny)y. We
write the embedded sets as Tm’lg(ﬁlf) and l~)§ again, respectively. Without loss
of generality, we may assume that the representation of ¢ in the (as,ba,ys2)-
coordinates is given by ¢ = (0,0,7). Note that, in this case, D¥ N D is a family
of horizontal disks in Du and D5 N D2 is a family of vertical disks in Ds

Define two sets D‘f and D; as follows (see also Figure 5):
(DNe:=DNev U (G ()0 {z = (@1,b1,90) | |ar] > 7)),
z€(Dy)e
(D3)e = (D)e | (Ch.(2) 0 {2 = (a2,52,9) [ Iba] > i }).
ze(D3)E
Unstable m,-cone and stable mg-cone conditions imply that D} NT" C ZA)‘f and
D5 NT C D5, where DY and Dj are given in (SS5) and I' = {y = 7}. Indecd,
Dy is given by a tube Bs(W®(S.)., dpr) in (N1)e. The unstable manifold W"(q)
is contained in the unstable m,-cone C}, (q). If W"(S;). runs on the range
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()

FIGURE 5. Illustration of Proposition 4.32. (a) The set ﬁ‘fﬁl1 withu=s=1,
where I' = {y = y}. The red curve represents the slice of the unstable
manifold W#(Se¢) by I'. The green tube represents the set D} N T'. The
definition of f)? and unstable mq-cone conditions indicate the inclusion
DyNT C ﬁl‘* Note that D} N 5? consists of a collection of horizontal
disks. (b) The set D§ NT with u = s = 1, where I' = {y = y}. The
blue curve represents the slice of the stable manifold W#=(Sc) by I'. The
orange tube represents the set D§ NI'. The definition of f); and stable

ms-cone conditions indicate the inclusion D3 NI C ﬁ; Note that D5 N 55

~ Ty is ~
consists of a collection of vertical disks. (c) Covering relation D} 42 Dj§

and (4.17). The inequality (4.17) indicates that two cones outside 5‘11
and 53 are sufficiently sharp satisfying (may 5, © (Tk,12 X Iﬂ)(ﬁ‘f \ 5‘11) n
Tag,by (D5 \ D§) = 0.

{la] < r4} in the a-direction, the enclosure of W"(S;). in the b-direction is
bounded by {|b| < ro/my}. Similar arguments yield that the enclosure of the
tube Bg(W"(Se)c, dprp) N {|a| < 74} in the b-direction is bounded by {|b] <
dyry+ra/m.y}. Relations between unstable manifolds through ¢ € S. and C},, (q)
thus yield that D} NT' C ﬁ‘f The similar arguments for D3 yield the second.
In particular, the covering relation ﬂal,blf)f Ty Tag,bs D5 implies (SS5). Note
that this argument is independent of ¢ € S. N N; N Ny, in particular, m,(q).

By the construction of 5‘11 and ﬁ;, it is sufficient to prove the following two
conditions to verify ﬂal,blf)? TT:>12 7ra27b2f)§:

~ T112~
o Dy =% Ds,

o (Tagps © (Tiiz x 1)) (D} \ DY) N 7ray 0, (D5 \ D) = 0.
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The former is just one of our assumptions. The latter concerns intersections
between subsets of cones. Since an m-cone C},(z) is a collection of lines inside
C% (z) through z, it is sufficient to consider the location of lines through base
sets.

Now we consider the image of the unstable m,-cone C. = |J C}, (2)

z&€(DY)e
under TC = (Ty12)c x 1. Since fc is the nonsingular affine map, any lines are
mapped into lines via i. Choose a point (ai2,b12,y2) € (ﬁf)c_ The boundary
AC. is a subset of U Alai —al* =mi (b — b2 + [y1 — 52}
(a12,b12,y2)€(D})c
The transformation T : (a1i,b1i,yi) = (a2, b24,y;) yields
|az1 — age|? = Ip11(a11 — a12) + pr2(br1 — b12)|?

= mi(|p21(a11 — a12) + paa(bi1 — (712)|2 + |y — y2|2)-

The triangular inequality yields

Ip11(ai1 — a12) + pra(bi1 — bi2)|
<|pr1air — a12)” + 2lp11(arr — a12)||pr2(bry — bi2)| + |pr2(bry — b12)]?
<2(|p11(a11 — a12) > + [pr2(bir — b12)[?)
< 2(P712|Cl11 — ay2|* 4 03 |b11 — b1a|?),
Ipa1(a11 — ar2) + paz(brr — bi2)|” + [y1 — yo”
> (Ip21(a11 — arz)| = |paz(bir — b12)])* + ly1 — 2|
= |pa1(ai — a12)|2 — 2[pa1(a11 — a12)||p22(b11 — b12)|
+ [p22(bir — b12)|* + |y1 — ya?
> |pa1(ar1 — a12)|” — 2021P2la11 — aral|br1 — bia| + p2®lbir — biaf” + [y1 — y2

> — oo1P2(|arr — ara|® + |bir — biz]?) + p2®|bin — bia|® + |y — yol*.

‘ 2

Thus
2(PTQ|G11 - a12\2 + 0%2“111 - b12\2)
> my {—oa1Pa(lar — a1a® 4 [b11 — bia[?) + p2®[br1 — bial? + [y — v2|*}
Furthermore,
(2p1° + m2o2ip2)|arr — aio|?

2 2 — 20’%2 2 2
>myq | P2° — g21p2 — 2 [b11 — b12|” + |y1 — ya|

u

. _ 203
> min (1p2? = oa1F = 2022 ) (11 = ol + b — 2P,

u
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equivalently,

m?2 - min(1,pa? — 091p2 — 207, /m?2)
a1 — app|? > — . — 2 by — biaf? + lyn — )
2p1” +mZoa1 P2

Let

2 m2 - min(1, pe? — 021p2 — 20%,/m3)
2p1° + m2091p3

The above inequality indicates that any line in 13}‘ is mapped into another one
included in C(2) for some 2. By our construction, we know that any (half) lines

in 7DV \ DY lie on ones with vertices in Ty 12D% N (D5 \ (D§)T). Such vertices
can be also chosen as points on T, 12(DY') ™, which are disjoint from Dj. Remark

712

that Ty 12D} N (D3)t = 0 follows from the covering relation DI == D3,

For any point z € Ty, 12D¥ N D3, we easily know that C% w(2)N Gy, (2) = {2}
if (Mmy)? > 1. This 1mphes that any lines in TDu \ DY are dwomt from Cy,, (2)
with z € T, 12D“ N Dg This fact holds for any z € T, 12D1 N Dq

On the other hand, for any point w € (Dg)*7 there is a point z € Tx,mﬁ?ﬂﬁ;
such that C}, (w) C Cj, (2), which follows from the property of cones and the

.312

structure of T, 12D“ N DS from the covering relation Du = Ds Consequently,
we know that the set D\ Dj is contained in the union of Cy,.(2) with z €
T, 12D% N D5,

Combining these observations, we obtain T(DV \ DY) N D\ D§ = 0. O

4.5. Invariant sets on slow manifolds. We move to discussions of invari-
ant sets on slow manifolds. When ¢ > 0, the dynamics on slow manifolds can
generally exhibit nontrivial dynamics. In other words, slow manifolds can have
nontrivial invariant sets, such as equilibria, periodic orbits and so on, for slow
dynamics. Such sets play a key role in describing nontrivial global solutions such
as singularly perturbed homoclinic or heteroclinic orbits.

Consider the slow manifold S in a fast-saddle-type block M satisfying stable
and unstable cone conditions. Theorem 3.5 implies that S. is represented by the
graph of a function 2 = h®(y) continuously depending on y and ¢ including e = 0.
Substituting h¢(y) into (1.1), one sees that the y-equation will decouple from the
z-equation. Since S is parameterized by y, the resulting decoupled equation

y' =eg(h*(y),y,¢)

describes the dynamics on S.. After time rescaling 7 = t/e we obtain
. . d
(4.18) y=g(h*(y),y,€), =
T
to show that the dynamics on slow manifolds is reduced to the regular perturba-
tion problem. Taking the limit ¢ — 0 in (4.18) we obtain the dynamics on the
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critical manifold Sy C {f(z,y,0) = 0}:

(4.19) = 9(h°(y),y,0).

When we want to study dynamics on slow manifolds, such as the existence of
equilibria and their stability, (4.18) as well as (4.19) are in the center of our
considerations.

In general, what we know about S; is just the fact that it is the graph of a
function = h®(y), and its concrete description is quite difficult to obtain. As for
the normally hyperbolic critical manifold Sy = {z = h°(y)}, we know that it is
a subset of the nullcline {f(x,y,0) = 0}. Thanks to this property, we can study
the details of Sy such as the differential of h° as a y-function via the implicit
function differential equation f,(h°(y),y,0)(0h°/0y)+ f,(h°(y),y,0)=0. On the
contrary, the function h°(y) does not possess such simple and useful properties.
For example, f(h®(y),y,e) = 0 does not necessarily hold. In general, h*(y) is
the solution of the following nonlinear partial differential equation:

Oh® R R
® By W) g9(h*(y),y,€) = F(h*(y),y,€).
In order to calculate the differential 9h® /9y for studying the stability of equilibria

(4.20)

on slow manifolds, for example, we have to solve equation (4.20) rigorously.
Nevertheless, from the viewpoint of rigorous numerics, it will be more reasonable
to regard h® as h® with small errors than to solve (4.20) directly. With this in
mind, we consider (4.18) as the differential inclusion

g€ {9(h*(y),y.e) | € € [0, 0], (h*(y),y) € M},

where M is a fast-saddle-type block containing S.. The right-hand side possesses
h%(y) as the representative of the enclosure.

As an example of dynamics on S, via rigorous numerics, we consider the
validation of equilibria for (4.18) on S, as well as their stability for ¢ € (0,¢eq].
Thanks to regular perturbation relationship between (4.18) and (4.19), it is nat-
ural to assume that equilibria of (4.18) on S. will be close to those of (4.19)
on Sy. We then rewrite (4.18) as

g =g’ (), y,0) + {g(h*(y),y,e) — g(h°(y), 9, 0)}.

Using the Mean Value Theorem, the error term has the following expression:

g(h*(y),y,€) — g(B°(y),,0) =g(h*(y),y.€) — g(h° (), y, &)
+9(h°(y),y,e) — g(°(y),¥,0),

g(h*(y),y. ) — g(h°(y), y.€) = %(5,%5)@6@) —h°(y)) for some T € M,

9((0).1,) ~ 9(R(0),9,0) = 92 (1), ) for some £ € [0,20].
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The difference between h¢(y) and h°(y) can be estimated as |(h¢(y) —h°(y)),
B, Here 55, corresponds to the size of the i-th component in the z-coordinate

<

of a fast-saddle-type block M obtained by rigorous numerics. It is precisely
computable. Such an estimate can be realized because both h¢(y) and h°(y)
belong to an identical h-set. Finally we obtain the following estimate:

(4.21)  {g(h*(y),y.€) — g(h° (), y,0)}

g 0
€ G (@.9,2)B0, =11+ 2 (). 9. 2)[0.0].

Let 3o be the numerical zero of g(h°(y),y,0) = 0. The principal part
g(h°(y),y,0) can be then expanded as

9(h°(y),5,0) = g(h° (%), 40,0) + (9ahy + gy),,_, (v = o) +hoct.

The Jacobian matrix Jy = gachg + gy at € = 0 can be explicitly calculated via
the Implicit Function Theorem to obtain

gwhg + 9y = _gac(fa:)ilfy + gy-

One can explicitly calculate eigenvalues of Jy, which will be close to those of the
Jacobian matrix of J. = 9¢/0y for € > 0. On the other hand, the chain rule
yields

dg Oh® dg

Je = %(hs(y),%i{) ay (y) + @(hs(y)vyvs)

and it contains 0h® /0y from (4.20). We additionally need to write the Fréchet
differential of error terms in the form g(h®(y),y,e) — (0h%/0y) - (¥ — yo), when
we try to validate the unique existence or hyperbolicity of equilibria via cone
conditions [40] or Lyapunov conditions [24], for example. Instead, we apply
a topological tool with Jy to validate the invariant sets on slow manifolds.

Here we construct isolating blocks on slow manifolds. Using enclosures like
(4.21) and eigenvalues of Jy, we can compute the rigorous enclosure of vector
fields on crossing sections on slow manifolds.

Consider the case | = 1, which is our original setting. Assume that we
have an e-parameter family of slow manifolds {Sc}.c(0,c,] as well as the critical
manifold Sy, which can be validated by the method in Section 3. Then one
would have obtained a fast-saddle-type block M surrounding {S:}.cjo,c,]- The
schematic illustration of such a procedure is shown in Figure 6. Let yo € Sy be
a numerical zero of g(z,y,0). One expects that there exists an equilibrium y.
on S, for sufficiently small € > 0. We calculate the enclosure of g(h°(y),y,€) on
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FIGURE 6. Invariant sets on slow manifolds. (a) The critical manifold So
(e = 0, colored ash), and the perturbed slow manifold S: (¢ € (0,¢e0],
colored black) via Theorem 3.5. The yellow rectangle with red arrows de-
scribes a fast-saddle-type block with the fast-exit. The critical manifold Sp
is a subset of the nullcline f(z,y,0) = 0. In general, Sc exhibits a nontriv-
ial structure such as equilibria (drawn by a black ball). (b) Validation of
vector fields on St (e € [0,e0]). One cannot detect the position of the slow
manifold S in advance. In order to detect the vector field on such invari-
ant manifolds, one puts a section S (colored green) having an intersection
with S¢ and validates the vector field on S with rigorous numerics. This
contains information of the vector field on SN Se. (c) An illustration of the
isolating block containing an equilibrium on S.. Analysis in (b) contains
the information of the rigorous vector field on S¢, which gives an isolat-
ing neighbourhood colored red. General topological arguments such as the
mapping degree or the Conley index guarantee the existence of nontrivial
invariant sets. In the case of illustration described here, there exists an
equilibrium on Se¢, namely, an equilibrium of the full system (1.1).

{y = yo £ ¢} for small ¢ in such a situation. It can be done by

9(h= (), 9, )ly=yo+s = 9(h°(y),4,0) + {g(h*(y),y,€) — g(h°(y),y,0)}
=g(h°(y0), y0,0) + (gxhg + gy)y=yo (¥ — yo) + h.0.t.
€ {900 (0), 90, 0) £ Jod + ot} + 53, )8 -1, 1] + 9L (H0(w), v, 9D

where 8, > 0 can be determined by the size of M. Remark that the enclosure
of all terms on the right-hand side is rigorously computable and that they make
sense for all € € [0,&¢]. The principal term is +Jod. g(h°(yo), ¥, 0) is very close
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to 0 since g is assumed to be a numerical zero of g(h®(yo), %o, 0). If

(4.22) g(h* (Y)Y €)ly=yo—s >0 and g(h*(y),y,€)|ly=yo+s <O

are validated on M x [0,g¢], then the set B. := {(h¢(y),y,e) € M x [0,e0] |
Yy € [yo — 0,90 + 0]} is an isolating block on S for § = g(h®(y),y,e) with the
attracting boundary. Similarly, if

(4.23) 9(h*(Y),¥,€)ly=yo—s <0 and g(h*(y),y,)ly=yo+s >0

are validated on M x [0,&¢], then the set B. = {(h°(y),y,e) € M x [0,&0] |
y € [yo — 8,50 + 9]} is an isolating block on S. for § = g(h®(y),y,e) with the
repelling boundary. In both cases, the general Conley index theory [7] yields
that Inv(B.) # 0 for all € € (0,&0]. Inv(B;) is actually the e-parameter family
of invariant sets on slow manifolds. The direction of vector fields corresponds
to the stability of Inv(B.). Moreover, Proposition 2.17 shows the existence of
equilibria in Inv(B,) for (4.18), which leads to an equilibrium in the full system
(1.1). Note that isolating blocks can be constructed by the same implementations
as in Section 2.3.

REMARK 4.33. In terms of the Conley index theory, sets {B.}.c[o,, are
singular isolating neighbourhoods. Indeed, for ¢ = 0, By consists of the curve
of hyperbolic equilibria and hence it is not an isolating neighbourhood. On the
other hand, for € € (0,¢¢] it is an isolating neighbourhood for § = g(h®(y), y, ).

The general theory of the Conley index can be referred e.g. to [7], [26], [32].
In particular, [26] gives an explanation of singular perturbation version of the
Conley index. More advanced topics for singular perturbation problems with the
Conley index are shown in [12], [15], [14], for example.

REMARK 4.34. All validations of vector fields such as (4.22) and (4.23) make
sense only on slow manifolds {S:}.co,,], since the decoupled vector field (4.18)
makes sense only on slow manifolds. In other words, estimates of vector fields
discussed here do not always give reasonable information on vector fields off slow
manifolds. Calculations of vector fields discussed here and Section 4.1 should be
thus considered independently.

A simpler way to study the dynamics on slow manifolds will be to focus on the
dynamics (4.19), namely, neglect the error term g(h¢(y),y, ) —g(h°(y),y,0). We
then study the dynamics (4.18) on slow manifolds via the regular perturbation
theory. The essence of this idea is the same as ours, but such results make sense
only for sufficiently small € > 0. One of our main purposes here is to study the
slow dynamics for all e € (0,¢0] and hence such simpler idea is not sufficient to
our study.
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4.6. Unstable manifolds of invariant sets on slow manifolds. We dis-
cuss the unstable manifold of invariant sets in the full system. Combining the
covering-exchange property with graph representations of locally invariant man-
ifolds, the standard consequence of covering relation (Proposition 2.14) yields
the existence of connecting orbits between slow manifolds for (1.1).. However, it
does not always mean the existence of connecting orbits between invariant sets
for (1.1).. This difference comes from the fact that the role of slow variable y
changes between € = 0 and € > 0. When we apply the covering relations to con-
necting orbits between equilibria for (1.1)p: namely (1.3), a natural approach
is to prove the existence of orbits connecting points on the stable and unsta-
ble manifolds of equilibria at a certain . This immediately yields validation of
a connecting orbit at y = y.

On the other hand, if ¢ > 0, a parameter y becomes a time dependent variable
and slow manifolds do not always consist of a family of equilibria or general
invariant sets. In fact, if unstable manifolds of normally hyperbolic invariant
manifolds are perturbed for € > 0, then the negatively invariant manifolds (e.g.
unstable manifolds) of invariant sets are drastically collapsed in general. In
particular, dimensions of h-sets corresponding to unstable manifolds of invariant
sets change. The standard argument of covering relations is not thus sufficient
to validating connecting orbits in (1.1)..

To overcome this difficulty, we apply further structure of slow manifolds,
called the Fenichel fibering, to validate (un)stable manifolds of invariant sets on
slow manifolds. A direct consequence of discussions in the previous subsection
is stated as follows. This result can be generalized to arbitrary dimensions, but
we omit the details because we do not make use of such generalized arguments
in this paper.

LEMMA 4.35. Let N be a fast-saddle-type block for (1.1). satisfying stable
and unstable cone conditions, and I. C int N be a subset of 1-dimensional slow
manifold in N. Assume that I. is an isolating block on the slow manifold whose
boundaries are repelling (cf. (4.23)). Then a trivial collection {I.} is admissible
with respect to . (t, ) for all sufficiently smallt > 0 (c¢f. Definition 2.12). Simi-
larly, assume that I, is an isolating block on the slow manifold whose boundaries
are attracting (cf. (4.22)). Then a trivial collection {I.} is back-admissible with
respect to @c(t, ) for all sufficiently small t > 0. Here we regard the flow .
in the full system as that restricted to I. in both cases. This restriction makes
sense since slow manifolds are locally invariant.

Since I, is 1-dimensional, if I is repelling, the covering relation I, wg) I is

nothing but I C . (¢, I.). Similarly, if I, is attracting, the back-covering relation

)

1. wi(t:w I. is nothing but I. C p.(—t, I.). For simplicity, we write k-covering
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relations N =5 N for an h-set N and a continuous map f by {N LN } L Let

{N <f: N}k be defined in a similar manner.

Lemma 4.35 gives the other proof of existence of an invariant set in I.. Note
that this invariant set is actually invariant for the full system (1.1)..

A key essence of the Fenichel fibering are cone conditions on validated locally
invariant manifolds. In the case of fast-slow systems, the property that the
unstable fiber Im(h% ) NN in W*(S;) for z € S becomes a horizontal disk in N
is nontrivial, which is due to dynamics in the slow direction.

From now on we relate the fiber bundle structure of slow manifolds to cov-
ering relations. The fiber bundle structure of W"(I;) for I. C S. leads to the
construction of a deformation retract ry of unstable manifolds so that the fiber
bundle W"(I.) ry-covers a fast-exit face. Namely, the following lemma holds.

LEMMA 4.36. Consider (3.1). Let N C R""! be a fast-saddle-type block
with v = 1 satisfying the stable cone and the unstable fiber-cone conditions
(Appendiz B) such that the coordinate representation N, is actually given by
N, = By x By x [0,1]. Here . denotes the image of objects under the homeo-
morphism cn. Also, let N be q fast-exit face of N with

TN = {1} C 9By, (NSO~ = {y } C[0,1] with0<y_ <yy <1,

and I. C int N be a connected subset of 1-dimensional slow manifold in N.

Assume that, for any z € I, the Lipschitz function (b,y) = b;, _(a) is a horizontal

disk in N representing W"(z). We also assume that, at z4 € 01, with z4 > z_,
riob’; .

7y ((ba2)e(1)) > yy and my((bae)e(1)) < y— hold. Then I. =L NIt where

z
T) O buﬁ

(4.24) (raobg)e(a) == A+ (L= Na, by A+ (1=XN)a)), A€l0,1], z€ L.

1s the deformation retract given by

If 1, Nt = {1}, then the same statement holds by replacing 7y in (4.24) by
(4.25) (raoby)ela) = (=A+(1=N)a,b; (=A+(1=XN)a)), € [0,1], z € I..

PROOF. Our assumptions imply that ry o by (By) N N®Xi® = (). Note that
graphs of by lie on the unstable manifold W (1), which implies 7 o b7 _(By) N
(Nexit)* = () for all z € I.. The rest of assumptions in Propositions 2.8 or 2.9 is
easy to check. O

If we additionally assume that I is a singular isolating neighbourhood, then
we can describe unstable manifolds of invariant sets.

PRrROPOSITION 4.37. In addition to assumptions in Lemma 4.36, we assume
that I. is an isolating block on the slow manifold which is either repelling or
attracting. Then there exists a point z € Inv(I.) such that WU (z) N NIt =£ (),
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PROOF. Since I is isolated, Lemma 4.35 yields the covering relation

{1. %457 1.} for arbitrary & > 1 and all sufficiently small ¢ > 0 if I.

is repelling. Similarly, if I. is attracting, the covering relation {IE wi(;") IE} %
holds for arbitrary k£ > 1.

We only deal with the attracting case. By Proposition 2.11 there exists
a point z; € I. such that

(4.26) we(—k't,zp) €I, forall k' =0,...,k WY(z) N Nt £,

Since I. is compact, then the sequence {zj}r>1 contains a convergent subse-
quence. Let z, be the limit. We can choose a sufficiently small . > 0 such
that ¢ ([—ts,0),2) N I. = (§ holds for all z € JI., since I. is an isolating block.
Note that 0I. means the boundary with respect to the slow manifold in N. Ob-
viously, we can choose a limit point zs, from (4.26) with ¢t = t.. The properties
of t., zo0 and (4.26) thus imply . ([—ktc,0], 200) C I for all k € N, which yields
e ((—00,0], 200) C I.. The inclusion ¢.([0,00), 200) C I, is obvious since I, is
attracting. As a consequence, 2o, € Inv(l.). By continuity of the graph b7 .
with respect to z, then W' (24 ) is well-defined and W4 (z4,) N Nt £ (). O

The validation of I. being an isolating block on slow manifolds can be done
by arguments in Section 4.5. On the other hand, if we apply Lemma 4.36, we
have to know the location of fibers W"(z) for all z € I.. The unstable fiber-cone
condition indicates that, for z € I, the fiber W" (%) is included in the unstable
cone Cg 1y (z) where sl is the slope of unsatble fibers whose detail is shown in
Appendix B. We can apply this cone to validating assumptions in Lemma 4.36.
Namely, the following lemma holds, which can be validated by rigorous numerics.

LEMMA 4.38. Consider (3.1) with fized ¢ € [0,e0]. Let N C R"™ be a
fast-saddle-type block with w = 1 satisfying the stable cone and the unstable fiber-
cone conditions such that the coordinate representation N. is actually given by
N, = By x By x [0,1]. Also, let N be a fast-exit face of N with

WaNEXit = {1}’ (NcCXit)i = {yi} with 0 <y- <yy <1

and I, C int N be a connected subset of 1-dimensional slow manifold in N.
Assume that the unstable fiber-cone condition (Appendix B) is satisfied in N
with the slope of fiber sl and that, at z+ € Ol., the unstable cones CY_,(z+)

satisfy the following properties:

(4.27) (Ci-2(22)) NON C N~
(4.28) inf (7, (C -1 (24)) N{a =1}) > yy,
(4.29) sup(my (Cg-1(2-)) N{a =1}) <y_.

Then all assumptions in Lemma 4.36 hold.
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PRroOF. The unstable cone condition indicates, as mentioned, that the graph
of the Lipschitz function b5, . is contained in C(uslu),1 (z) for all z € I.. Since cones
have the identical shape for z € I. and I. is 1-dimensional, then the condition
{(a, (b2 )c(a)) | @ € Bi} € N for all z € I. obviously follows from (4.27).
Inequalities m, ((bi')c(1)) > y4+ and 7, ((bie)e(1)) < y— are direct consequences
of (4.28) and (4.29), respectively. O

5. Topological existence theorems
of singularly perturbed trajectories

Now we are ready to state our verification theorems. In this section we derive
existence theorems for periodic and heteroclinic orbits which can be applied

o (1.1).

5.1. Existence of periodic orbits. First we state the existence theorems
for periodic orbits near singular orbits.

THEOREM 5.1 (Existence of periodic orbits). Consider (1.1). Assume that
there exist p € N, €9 > 0 such that (1.1) admits the following £ (€ [0,¢e0])-
parameter family of sets in R (see also Figure 7 (a)):

e SI, j =0,...,p: a fast-saddle-type block with u = 1 satisfying the
covering-exchange property with respect to F2=1 defined below and for
7771 > 0.
o F1,j=0,...,p: a fast-exit face of S. Identify F=* with FP.
Then the following statements hold:

(a) When e € (0,e0], (1.1) admits a periodic orbit {T'c(t) | t € R} with
a sequence of positive numbers 0 < t(} < ti < t}c <... < tfc < tg =1T. <00
such that

I'.(T.) =T.(0) € 72,
DL, 81]) € SIF, T € I (=0, p—1),,
Le([th, T2) € S2.
(b) When ¢ = 0, (1.1) admits the collection of heteroclinic orbits {IV =
{2y, (D) }rer}i— with

Jim oy, () =p; €55 with f(pj,y;,0) =0,

Jim () =g € S5 with £(g,95,0) =0 (G=0,....p 1),
tllr—n Ly, (t) = Dy € Sg with f(ppvypv 0) =

tilfrn myp( ) =gy € 88 with f(qp,Yp,0) =
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bridging 1-dimensional normally hyperbolic invariant manifolds Sé C
SI and SITH < SITY for j = 0,...,p— 1. In case that j = p such
a heteroclinic orbit connects Sf C S and S§ C S§.

?
1
i t
| ?
?
+

U

(b)

FIGURE 7. Tllustration of {SZ, FZ}#_, in Theorems 5.1 and 5.6, p = 4.
Rectangular parallelepipeds (colored red and yellow) are fast-saddle-type
blocks with fast-exit faces (colored green) satisfying the covering-exchange
property. Vertical black arrows show the slow vector field. Bold black
curves outside blocks describe heteroclinic orbits {T'J }520. Black lines in-
side blocks correspond to limit critical manifolds. Their union generates
a singular limit orbit I'g. Theorem 5.1 claims that there exists a family of
periodic orbits {I's}.¢(0,s,) near I'o.

(a)

PRrROOF. First consider the case € € (0,g9]. By Proposition 4.5 and our
assumption, there exist h-sets S C 87 such that we get the sequence of covering
relations

e (Tp,") 5o P2 (To,") & P2 0e(Tp-1,") 5, P
Frrlly ) G0 L poely) g L et S I g,
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where PJ: 8 — 9S8! is the Poincaré map of S. Then our statement is just
a consequence of Proposition 2.11. The case ¢ = 0 is just a consequence of
Proposition 2.14. All arguments with respect to horizontal and vertical disks are
valid due to Corollary 3.7. O

REMARK 5.2. The standard Exchange Lemma says that the period when
trajectories stay near slow manifolds in O(e)-distance is O(1/¢) (actually, dis-
cussed in [20], O(exp(—c/e)) for some ¢ > 0). The period T is thus expected to
be O(1/¢) for € € (0, &).

Theorem 5.1 can be generalized as stated below, replacing covering-exchange
pairs by covering-exchange sequences.

COROLLARY 5.3 (Validation of periodic orbits with slow shadowing). Con-
sider (1.1). Assume that there exist p € N, €9 > 0 such that (1.1) admits the

following € (€ [0,e0])-parameter family of sets in R"*1 (see also Figure 8):
o {Ng’}{jggj a sequence of h-sets with u = 1 which forms a covering-
exchange sequence with F2~1 defined below.

o F1,j=0,...,p: a fast-exit face of NI Identify F-1 with FP.

Then all statements in Theorem 5.1 hold with S = U] N,
i=0

——"\

FICURE 8. Tllustration of {SZ, FZ }5:0 in Corollary 5.3, p = 2. Rectan-
gular parallelepipeds (colored red and yellow) are fast-saddle-type blocks
with fast-exit faces (colored green) satisfying the covering-exchange prop-
erty and slow shadowing. Vertical black arrows show the slow vector field.
Bold black curves outside blocks describe heteroclinic orbits {T'J };’:0. The
union of heteroclinic orbits I'V and critical manifolds inside blocks generates
a singular limit orbit I'g. Theorem 5.1 claims that there exists a family of
periodic orbits {T'c}.¢(0,s,) near Io.

PROOF. We only consider the case ¢ € (0,eq]. By Propositions 4.12, 4.14,

4.15 and our assumptions, there is a sequence of h-sets {Mgl}figﬁ% with
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MJ* C NZ** which admits a sequence of covering relations

po-mo—t

MOO 3M01 MOmo

PO mQ

J—_-p S"a(Tw')

Pp ymp—1 P, Mp

@) ppro 29 P o, PELY g

]_-0 Pe
where P (Ng’i)syj’i_‘_ﬁjyi% 8(N€j’i)§§jvi+ﬁj)i is the Poincaré map in the fam-
ily (Ng,i)gyj,i"!‘ﬁj,i with appropriate choices of 7 = 7;; and h = h;; following
Propositions 4.12, 4.14 and 4.15. Then our statement is just a consequence of
Proposition 2.11. O

Note that points on the slow manifold SJ are contained in all h-sets {M57}
in the proof of Corollary 5.3. This observation implies that true orbits in the
full system (1.1) shadow trajectories on S? via covering relations (cf. [27]). This
fact gives us a suggestion to describe true trajectories for fast-slow systems with
multi-dimensional slow variables from the viewpoint of shadowing.

Corollary 5.3 can be further generalized as stated below, at least in the
case u = s = 1, replacing covering-exchange sequences by covering-exchange
sequences with extended cones.

COROLLARY 5.4 (Validation of periodic orbits with slow shadowing and
m-cones). Consider (1.1). Assume that there exist p € N, €9 > 0 such that
(1.1) admits the following ¢ (€ [0,&0))-parameter family of sets in R3:

. {Ng’}ijg __7fnj: a sequence of fast-saddle-type blocks with u = 1 which
admits a sequence of faxt-exit faces { N2eX1t}I=00 qyith NIexit NI™
The collection (FI=1, {NZ"}io,....m,, NI, Cres Cpas) Jorms a covering-ex-
change sequence with extended cones C’“ ,Cb Associating sets CEL}L, C’:n.;_ and
FI are defined below.
) Cu (j=0,...,p): the unstable mY-cones of NI™ Identify C,‘jﬂl with
Cu
o C’fn: (=0,...,p): the stable m$-cone of N7
o 7/ (j = 0,...,p): a fast-exit face (C’,‘;?)CX“ of C,‘,‘l?. Identify F!
with FP.
Then all statements in Theorem 5.1 hold with S = Cfn; U TJJ NZiuU C;;L;.

i=0
) ) ) . 'm;.‘ )
PROOF. Replace F7 and MZ" in the proof of Corollary 5.3 by NZ-exit el Fl
and M9 respectively. Here P Cpw — 0Ch . is the Poincaré map and
J J
M7 c (N2OU C8,.) is the h-set corresponding to M; in Proposition 4.30. O
J

REMARK 5.5. The key essence of our validation near slow manifolds consists
of the following three pieces:
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(a) Construction of fast-saddle-type blocks.
(b) Stable and unstable cone conditions.
(c) Slow shadowing condition (if necessary).

As long as validations of the above procedures pass, we can extend slow manifolds
in an arbitrary range keeping the existence of points near slow manifolds which
exit their neighbourhoods after time T' = O(1/¢), as stated in the Exchange
Lemma.

5.2. Existence of connecting orbits. Similar settings and arguments to
the previous subsection yield the existence of heteroclinic orbits near singular
orbits.

THEOREM 5.6 (Existence of heteroclinic orbits). Consider (1.1). Assume
that there exist p € N and g > 0 such that (1.1) admits the following e (€ [0, g])-
parameter family of sets in R"T1 (see also Figure 7 (b)):

e SI, j = 0: a fast-saddle-type block satisfying stable and unstable cone
conditions. Moreover, it contains the nonempty maximal invariant sets
Seu-

j = p: a fast-saddle-type block satisfying the covering-exchange property
with respect to FP~1 (defined below) except the third condition. Moreover,
it contains the nonempty mazximal invariant set Sg 5. The set Sg s is
contained in an attracting isolating block on the slow manifold in SP.
j=1,...,p—1: a fast-saddle-type block satisfying the covering-exchange
property with respect to F2~1 defined below and for T9=1 > 0. All 82
are assumed that u(SJ) =u =1

o F/,j=0,...,p— 1: a fast-exit face of SI.

If j =0, the invariant set Se ,, admits an isolating block B(S,,) on the
slow manifold in 82 such that all assumptions in Lemma 4.38 as well as
fiber-cone condition (Appendiz B) in S° hold.

Then the following statements hold:
(a) When € € (0,e0], (1.1) admits a heteroclinic orbit {T'-(t) | t € R} with
a sequence of positive numbers 0 < t?e <tl< t} <...<tr7lc< t?il < 00
such that
dist(T.(t),Se) > 0 ast — —oo,
I.((—00,0]) € W™(S..) €S2, T.(0) € 72,
L[ty ) €8, Tt eF (G=1....p-1),
P ([th7,00)) C W3(Ses) C S,
dist(T.(t), Se.s) > 0 ast — +oo.
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(b) When e = 0, (1.1) admits the collection of heteroclinic orbits {I7 =
{2y, (1) }eer iz with

tl}il_noo Ty, (t) =p; €S} with f(p;,y4,0) =0,
75_lgrnOO xy,(t) =q; € SéJr with f(g;5,y;,0) =0,

bridging 1-dimensional normally hyperbolic invariant manifolds Sg - Sg
and S} c SIT forj=0,...,p—1.

PrOOF. Consider the case ¢ € (0,g0]. We deal with the case that B(S; ) is
attracting. By Propositions 4.5, 4.37 and our assumptions, we get the sequence
of covering relations

rioby, .
—

{B(S.0) ) B(S.a)} R S

Pal (T, ) & Pf we(Tp—1,-
Lo proelly) g2 Lo ve@gt) gp

for all sufficiently small ¢ > 0 and arbitrary k € N. Here r) is the deformation
retract given by (4.24) or (4.25), b7 . is the horizontal disk at z € B(S. )
whose graph is the unstable manifold W"(z) and P?: 8/ — 087 is the Poincaré
map of 8. The stable manifold W*(S; ;) is given by a vertical disk b2 in S?
with (b, y)-coordinates as the s(Sf)-dimensional direction of the h-set SP. Our
statement is just a consequence of Propositions 4.37 and 2.14. See Definition 2.13
about horizontal and vertical disks. All arguments with respect to horizontal
and vertical disks are valid due to Corollary 3.7. In the case that B(S.,) is
repelling, the same arguments are valid when replacing the covering relation
{B(Sew) "= B(S.) ) by {B(Se0) 2 B(S..0) }

The case € = 0 is the ksame as that of Theorem 5.1. kRemark that we do not
need the sequence of covering relations

riob’ .

= F?

g

Pet,)
{B(S..) & B(S..)},
to prove our statements in this case. O

Theorem 5.6 can be generalized as stated below, replacing covering-exchange
pairs by covering-exchange sequences.

COROLLARY 5.7 (Validation of heteroclinic orbits with slow shadowing).
Consider (1.1). Assume that there exist p € N and g9 > 0 such that (1.1)
admits the following ¢ (€ [0, &o])-parameter family of sets in R™"+1:

......

forms a covering-exzchange sequence with F2~1 defined below.
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J = p: a sequence of h-sets which forms a covering-exchange sequence
with FP~1 defined below except the last assumption in Definition 4.16.
Blocks N2 and NE™? contain nonempty mazimal invariant sets Seu
and S. s, respectively. The invariant set S, s is contained in an attracting
isolating block on the slow manifold in NZ™?. All N2 are assumed that
w(NZ) =u=1.

e F/,j=0,...,p—1: a fast-exit face of NI
If j =0, the invariant set Se , admits an isolating block B(S ) on the
slow manifold in N>° such that all assumptions in Lemma 4.38 as well
as fiber-cone condition (Appendiz B) in N9O hold.

Then all statements in Theorem 5.6 hold with S = Lj N,
i=0

PrOOF. We only consider the case € € (0,e¢] and B(S. ) is attracting. By
Propositions 4.37, 4.12, 4.14, 4.15 and our assumptions, there is a sequence of

......

relations
oy Pt g palTh ) g PR g P
{B(SE”UI) <(t:>B(Ss,u)}k - ]:EO (:0 )MS’O:MELI:}...
Pslvﬂn—l Pil,ml (T1, - PE2,O Ep,mp—l
— Msl’ml £ J—_'El L % ) MEZO SR A Msp,mp

for arbitrary k£ € N and sufficiently small ¢ > 0. Here r), is the deformation retract
given by (4.24) or (4.25), b7 . is the horizontal disk at z € B(S: ) whose graph
is the unstable manifold W4(z). Also, PJ: (NgJ)S@j,i-s-ﬁj,i — 6(Ng’i)§§j7i+gjﬁi
is the Poincaré map in (Ngﬂ)gjyi%_i with appropriate choices of ¥y =¥, ; and
h= Ej’i following Propositions 4.12, 4.14 and 4.15. The stable manifold W*(S; ;)
is given by a vertical disk b5 in N2 with (b, y)-coordinates as the s(NZ""*)-
dimensional direction of the h-set N£™. Our statement is just a consequence
of Propositions 4.37 and 2.14. All arguments with respect to horizontal and

vertical disks are valid due to Corollary 3.7 and Proposition 4.37. (]

Corollary 5.7 can be further generalized as stated below, at least in the
case u = s = 1, replacing covering-exchange sequences by covering-exchange
sequences with extended cones.

COROLLARY 5.8 (Validation of heteroclinic orbits with slow shadowing and
m-cones). Consider (1.1). Assume that there exist p € N and g9 > 0 such that
(1.1) admits the following ¢ (€ [0, &o])-parameter family of sets in R3:

. {Ng’}zjg,’:”, withmo =0. j=1,...,p—1: a sequence of fast-saddle-
type blocks which admits a sequence of fast-exit faces {NZeX1t}3=0p
with N2t NI™ Moreover, the collection

(J:g_17 {Ng7i}i:0,~~-,mj ) NgeXit’ Cvlvlfﬁ Crsn;)
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forms a covering-exchange sequence with extended cones Cpyu, Crs. As-
J J

s and F! are defined below.

. J . .

j = p: a sequence of h-sets which forms a covering-exchange sequence

sociating sets Chu, C3,
J

with cones with F~1 and Cfn; defined below, except the last assumption
in Definition 4.16.

Blocks N2 and NE™? contain nonempty mazimal invariant sets Seu
and S. s, respectively. The invariant set S. s is contained in an attracting
isolating block on the slow manifold in NZ™?. All N2 are assumed that

w(N2) =u=1.
° C“ (j=1,...,p—1): the unstable m -cones of N, J’ 7,
o C’S . (j=1,...,p): the stable m3-cones of N2'°.

o F! (j =0,...,p—1): a fast-exit face (C%.)™" of CY..
If j =0, the invariant set S, admits an %solating bloJck B(S;,) on the
slow manifold in N2 such that all assumptions in Lemma 4.38 hold with
the fast-exit face N2t of NO:O.

Then all statements in Theorem 5.6 hold with

m;
N Chw = NIOUCh ifj=0,
=0
m;
st ={cr o ae fi=s
T iso
m;
C’fn; U LJONg’l U C’,‘jl;, otherwise.
1=

PROOF. Replace F? and M7 i in the proof of Theorem 5.7 by N7 sexit £ :> }7
and MJ’ , respectively. Here P : Chw — 0C}. is the Poincaré map and
J J

MZO0 c (N7OU Cfn;;) is the h-set corresponding to M, in Proposition 4.30. [

REMARK 5.9. Changing the choice of covering-exchange sequences and fast-
saddle-type blocks containing nontrivial invariant sets, we can obtain various
types of singularly perturbed global orbits near singular orbits. For example, in
Theorem 5.6, further assuming S? = S? and Sew = Se.s = {p:}, an equilibrium,
there exists an e-family of homoclinic orbits {H }.c (0., Of pe.

We can replace the fourth condition in the covering-exchange property,

je(T?,) i1
Fl = " S§IT,
by a sequence of covering relations

(7

(1’) (Tz")“ wa(kl’)MJWE:k;')gj-&-l

]:-j L/’s(T s )Mj Pe MJ Pe
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for h-sets {MZ k| and positive numbers {Tf k_| to prove the same statements
as Theorems 5.1 and 5.6. These are applications to Proposition 2.11 or 2.14 and
such extensions are useful for validating trajectories with complex behavior.

6. Sample validation results for the FitzHugh—Nagumo system

In this section we provide several examples of singularly perturbed orbits
with computer assistance. Our sample system is the FitzHugh—-Nagumo system
given by

(6.1) v =6"1(ew — f(u) +w),

w' = ecH(u —yw),
where a € (0,1/2), ¢,y and ¢ are positive parameters and f(u) = u(u—a)(1—u).
System (6.1) is well known as the system of traveling wave solutions (U, W) =
(Yy(z — ct), Yw (x — ct)) of the following PDE:

Ut:Uacx+f(U)*VV7

(62) W, = (U — yW).

Throughout this section, the map 7y, @ = u,v,w, denotes the projection

onto the a-component.

6.1. Strategy and parameters. Following arguments of the previous sec-
tions, we validate global orbits. The following implementation is basically com-
mon in our computations. In particular, we concentrate on the construction of

covering-exchange sequences associated with slow shadowing sequences.

STEP 1. Fix g9 > 0 and several parameters.

m;

STEP 2. For constructing the j-th slow shadowing sequence { N7} (j =
0,...,p > 0) with m,(NZ*) = [y;,,4;,], we set identical positive numbers
ag,bo and h in (SS4) in advance. Before constructing each N, we compute
approximate equilibria {(u;;,0,w;;)}ir% for (6.1)¢ (i.e. ¢ = 0) along a (nor-
mally hyperbolic) branch of the nullcline. For simplicity, compute them with
|w; 41 — wj;| = h for all i so that {w;;};~ is monotonously increasing (resp.
decreasing) in the case ¢ = +1 (resp. ¢ = —1).

Also, let \yﬁi—wj7i| = |wj,i—y;,;| = H/2 for some H > 0 for further simplicity.
Set 1y (N29M) = [y .+, yj:mj — 4] in the case of ¢ = +1. Similarly, set
T (NEI) = | + 9, yj‘-fmj — h] in the case of ¢ = —1. Here § > 0 denotes
an arbitrarily small number. For validation of (SS5), we apply Proposition 4.32.

Yjm;

Under these settings, verify the slow shadowing condition (4.5). We revisit this
verification later in Lemma 6.1.
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In the case of validations of heteroclinic orbits, we additionally need to vali-

date WY (I.) for an isolating block I. on slow manifolds. To this end, verify all

assumptions in Lemma 4.38.

STEP 3. If necessary, verify the unstable m-cone condition for an appropriate
m > 1 in a block of the form (4.11) (Section 4.4). Also, construct the fast-exit
face (C%)°*it of unstable m-cones following (4.15). Similarly, verify the stable m-

cone condition for an appropriate m > 1 in a block of the form (4.12), if necessary.

When we apply the predictor-corrector method for constructing fast-saddle-type

block (Section 2.3.3), vertices of m-cones are slid in general. In this case, we cut

the cone so that the fast-exit face is parallel to the y-axis. As a consequence, the

length £, or /5 of extended cones shortens at most |f,(Z,y) ' f,(Z,y)H|, where
H is the height of the block in the y-direction. See Figure 9.

<|fe(@,9)" (@ 9)H|

-

.
1
1
1
]

()

FIGURE 9. Cutting m-cones. (a) A fast-saddle-type block N with the basic
form (Section 2.3.2) and associated unstable m-cone. The union of yellow
and white regions represents N U C,. The yellow region represents (N U
Cr)N{y € mw(N)}. The z-components of block N are identical for y. (b)
A fast-saddle-type block with the predictor-corrector form (Section 2.3.3)
and associated unstable m-cone. The z-components of the block N as well
as the cone C}, are slid, since the x-component of the center point also
depends on y; (z,y) = (T + (dz/dy)([@) - (y — ¥),y). The fast-exit face
thus has a nontrivial angle to the y-axis. (c¢) Cut the edge of unstable
m-cones. The resulting fast-exit face is parallel to the y-axis. The length
£y of the extended cone shortens at most |fz(%,7) ! fy(F,y)H|, where H
is the height of the block in the y-direction.

STEP 4. Solve initial value problems of ODEs for setting a fast-exit face

of each block as an initial data and verify (CE4) in Definition 4.2 or Drop

1 it Pe
j—1,exit
NI=%

(.

i

)

(N, g’ﬁ)gyxo _7- This operation consists of direct applications of
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interval arithmetics and ODE solver libraries such as CAPD [3]. Although our
computations here are operated in full systems, slow dynamics can be regarded
as the small error since our interest in this step is mainly the behavior of fast

dynamics.
Validation of assumptions in Lemma 4.38 in Step 2 can be done as follows.

LEMMA 6.1 (Validation of assumptions in Lemma 4.38). Let N be a fast-
saddle-type block with m,(N) = [yn,y&], and I be an isolating block containing
an equilibrium in the validated slow manifold S. with 0 < dist(S., N/'~) <
diam(m,(N)) — 74, where r, > 0, and dist(S., N/'T) > r, > 0. Assume that N
satisfies the stable m-cone condition and the unstable fiber-L-cone condition with

(6.3) slu{diam(ma(N)) — 1o} < 13,

where sl, = m(1 + L‘z)l/2 is the slope of instable fibers stated in Appendir B.
Also assume that I can be chosen in

(6.4) NN {yy + slu{diam(m,(N)) — 74} <y < {yf; — sl {diam (7, (N)) — 74} }

and that any subset Ic Se containing I is also an isolating block with the same
isolating information as I. Then we can choose an isolating block I. C S. and
the fast-exit face N with m, (N = [y~,yT] and

(6.5) yy +2sly{diam(m,(N))—r.} <y~ <yt <y —2sl,{diam(m,(N)) =74}
so that assumptions in Lemma 4.38 hold.

PrOOF. For each p € I, any point ¢ € W"(p) satisfies |mp(q) — mp(p)| <
sly{diam(7,(N)) — 7.}, which is a consequence of properties of unstable cones.
The same property holds for y-components. Therefore assumptions concerning
with (6.3) and (6.4) imply (4.27). Similarly, it immediately holds that we can
choose I. and N with (6.5) so that (4.28)—(4.29) are satisfied. O

In practical computations, the most difficult part is Step 4. In general,
the larger both the fast-exit face NZ°*i' and the target h-set in Drop, i.e.
(Ng,O)Sy +o—T are, the easier validations of covering relations are. However,
if we validate covering relations described in Step 4, the resulting h-set M7 is
very close to the slow exit, i.e. (Ne“)y;r (resp. (Ngl)y]—) in the case ¢ = +1
(resp. ¢ = —1). In particular, the next fast-exit face NZ°*i* becomes too thin
to validate the next Drop. Procedures in Step 2 as well as Step 4 thus look
incompatible with each other. Nevertheless, an appropriate choice of the slow
shadowing ratio x avoids this inconsistency.

LEMMA 6.2 (Validity of Step 2). For each j = 1,...,p, consider the j-th

slow shadowing sequence {Nej’i};ijo in Step 2. Assume that a covering relation



RIGOROUS NUMERICS FOR FAST-SLOW SYSTEMS 437

NI~ 1exit ey ) (Ng’o)gwo_ﬁ holds. Let x; be the slow shadowing ratio satis-
fying i

H (Wi, —wjo| —H\ " H (mjh—H\
(6.6) x;<1—= (le’ J f”“)' ) =1-= <ma>

h h h h

with mjh > H. Finally assume that { N2} is the slow shadowing sequence
with the identical ratio x;. Then we can choose a fast-exit face NZexit 5o that
T (N2OY) = [y + By, — 0] (resp. mu(NEY) = [y5,,. + 6,47, — h]) in
the case of ¢ = +1 (resp. ¢ = —1), where § > 0 is an arbitrarily small number.
As a consequence, Steps 2 and 4 are valid simultaneously.

PrROOF. We only prove the case ¢ = +1. The case ¢ = —1 is similar. By
.7
Proposition 4.14 with x;, we can construct a covering relation MO £> MY

where

MO C (NI%),. 5 and ME'C (NZY) - (i)

Y o—(1—x;)h e Jyfi—@—x)h

The last equality follows from the choice of y ; and w; ; in Step 2. Repeating this

- . . . pgit
argument, two h-sets describing the i-th covering relation M?~1 "= M7 are

located on (NZ*=1);. | and (N2%);,, respectively, where
I =y —{(i +1) —ix; .

We thus obtain I,,, = y;mj —{(m; +1) —mjyx; }h. If the ratio x; can be chosen

T

7 1
] IR + — ij mjth —
,{(m]Jrl)fm]XJ}hgyj,mjfhf > < 7 ) h

satisfying (6.6), we obtain

Consequently,

2

;MM

— mjhH —
:Z/;:mj —h— <W) Sy;’:m] —h— H—yjm] — h.
Obviously, the slow shadowing pair with the ratio x; satisfies the slow shadowing
condition with the ratio x’ for all x' € [x;,1]. Therefore, arranging several
X] i’s in the slow shadowing pair {NZ*=! NJ*} we can take the h-set MJ g

(Ng ) urs Statements of the lemma follow from the same arguments as
in the proof of Proposition 4.15. Schematic pictures of the proof are shown in
Figure 10. O
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A A N
Ng’,exit

th

Gumg—1
NP™i

>

>

3,0
N2

FIGURE 10. Schematic pictures of Lemma 6.2 (¢ = +1). Dotted lines de-

note sections (Ng’i)y for each i. (a) If the sequence of fast-saddle-type
blocks {Ng’l}:ijo is a slow shadowing sequence with the ratio x;, the sec-

.. .. pdst .. ..
tion (NZ**1), where the covering relation MZ"* = MZ*T c (NZiT),
gets lower than the usual version (x; = 1). (b) Repeating the procedure in
(a) sufficiently many times, we can take the section (N2"""7), before Jump

at the bottom of Ng’mj; namely, (Ng’mj)yf . As a consequence, we can
Yiym

take the fast-exit face NZ***'* large keeping the target h-set (Ng’o)gy in

Drop large.

Thanks to Lemma 6.2, we replace Step 2 by the following, which enables us
to verify assumptions of results in Section 5 with large fast-exit faces and large
target h-sets in Drop:

STEP 2’. Replace the statement “verify the slow shadowing condition” in
Step 2 by “verify the slow shadowing condition with the slow shadowing ratio x;”,
where x; < 11is a given number satisfying (6.6).

If Steps 1, 2’, 3 and 4 pass, then all assumptions of either Theorem 5.1,
Corollaries 5.3 or 5.4 are satisfied in the case of periodic orbits for all € € (0, ¢].
Similarly, all assumptions of either Theorem 5.6, Corollaries 5.7 or 5.8 are satis-
fied in the case of heteroclinic or homoclinic orbits.

In Step 2, the predictor-corrector approach discussed in Section 2.3.3 is used
for choosing local coordinates around (normally hyperbolic) invariant manifolds.
A concrete form for validations is shown in Appendix A.

Note that all our examples below are cases with 4 = 1. In such cases,
) M9 by checking all
assumptions in Proposition 2.9. In Step 4, we apply this proposition to validating

. . . . ; (T,
one can directly verify the covering relation JF7~! ’ ¥>

covering relations.

Below we list parameters we deal with in computations in our settings except
the ones which arise in (6.1), before moving to practical computational examples.
These parameters are set for each branch of slow manifolds which we try to find.
Let j € {0,1,..., p} be the number of branches.
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e h: The height in the w-direction for slow shadowing condition (4.5).
A sequence of equilibria {(u;, v;, w;)} for (1.3) is set so that |w;11 —w;| =
h for all i.

e H: The height of fast-saddle-type blocks in the w-direction. Each w-
interval of length H corresponds to the set K in Section 2.3.2.

e Wy: A given number such that [wWy — wo| < h, where wp is the w-
component of an equilibrium (ug, vo,wp). The equilibrium (ug, vo, wo)
is computed numerically and becomes the center of the fast-saddle-type
block N7:%; the target h-set of Drop.

® Wp,: A given number such that |Emj — wm_7| < h, where Wip; 18 the
w-component of an equilibrium (s, ;, Vm;, W, ). The equilibrium (u,;,
Um,, W, ) is computed numerically and becomes the center of the fast-
saddle-type block NE] "7 the last h-set of the j-th slow shadowing se-
quence containing a fast-exit face.

e \: The slow shadowing ratio given by

—\ —1
_1 H [ |[Wn; —wWo| — H —2h
XSO n '

One can easily check that x satisfies (6.6).

e 7., 7p: The lengths of spaces in fast-saddle-type blocks introduced in
(4.3). For simplicity, these numbers are identical for all blocks. More-
over, they are assumed to be identical to each other.

o d,,dp: Positive numbers less than 1 introduced in (SS5).

® m,,m,: Positive numbers determining the sharpness of unstable and
stable m-cones, respectively.

o /., 0s: Positive numbers determining the length ¢ of unstable and stable

m-cones in (4.11) and (4.12), respectively. By using these numbers, we
compute bounds of the departure time Tyep in (4.13) to construct the
fast-exit face (CY)®® of the unstable m-cone in (4.15), and the arrival
time Ty in (4.14). The arrival time Ty, is used to validate Drop to the
target h-set (NZ20U Co)ys —n in the w-direction corresponding to (4.16),
as stated in Proposition 4.30.
If we apply the predictor-corrector form (Section 2.3.3) to constructing
fast-saddle-type blocks, the practical length £, is set as £, — | f.(u) "' |H,
following Step 3 and Figure 9. The factor f,(u)~! is the differential of
u by w at the center point (@,v,w) via the implicit function differential
for (6.1). Details are shown in Appendix A.

All computations are done by MacBook Air 2011 model (1.6 GHz, Intel
Core i5 Processor, 4GB Memory), GCC version 4.2.1 with -02 option and CAPD
library [3] version 3.0.
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6.2. Demonstration 1: slow shadowing sequences with the ratio y.
Validations of not only slow manifolds near critical manifolds consisting of equi-
libria for (1.3) but also the existence of trajectories which shadow slow manifolds
are our starting points of the whole considerations. Slow manifolds for (6.1) are
now expected to be near the nullcline {v = 0, f(u) = w}. The aim of this sub-
section is to test how large slow manifolds can be validated in terms of slow
shadowing sequence. Following Step 2 at the beginning of this section, we vali-
date slow shadowing sequences. Note that validations in this section also verify
Jump in Proposition 4.15.

As a demonstration, we fix a = 0.3, v = 10.0, 6 = 9.0 and ¢ € [0.799, 0.801].
These parameters are also used in Sections 6.7 and 6.8.

COMPUTER ASSISTED RESULT 6.3. Cousider (6.1) with @ = 0.3, v = 10.0
and 6 = 9.0. Then for all ¢ € [0.799,0.801] and ¢ € [0,5.0 x 1075], the branch
of slow manifolds near the nullcline {v = 0, f(u) = w} in {—1.765629966434 x
107! < u < 2.017612584956 x 1073, —6.0 x 1074 < w < 0.099} is validated. In
particular, the slow shadowing condition with ¢ = —1 between blocks around this
slow manifold is validated with parameters listed in “First branch” in Table 1.

Similarly, the branch of slow manifolds near the nullcline {v = 0, f(u) =
w} in {0.8504842978868 < u < 1.021440903396, —1.58 x 1072 < w < 0.07} is
validated. In particular, the slow shadowing condition with ¢ = +1 between
blocks around this slow manifold is validated with parameters listed in “Third
branch” in Table 1.

Parameters First branch Third branch

X 0.8807339449541285 | 0.8786764705882354
h 0.003 0.003

H 0.0065 0.0066

dg 0.75 0.75

dy 0.7 0.75

Tq 0.008 0.008

Tp 0.0085 0.0078
My, 100 100

Mg 100 100

computation time 0.566 sec. 0.467 sec.

TABLE 1. Validation parameters of slow shadowing in Computer Assisted

Result 6.3.

This validation result implies that we have already validated trajectories with
appropriately chosen initial data, say h-sets, which shadow slow manifolds with
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an arbitrary length for all e € (0,5.0 x 107°], as long as slow shadowing is
validated. Moreover, Jump has been also validated for any fast-exit face with an
appropriate height from the bottom for ¢ = +1, and an appropriate width from
the top for ¢ = —1. Remark that the range of our validating slow manifolds is not
the limit of our verifications. Validations of slow shadowing sequences are just
iterations of Step 2 and can be validated very fast, if we have fast solver of linear
algebra. Notice that slow shadowing sequences for € € (0, o] validate trajectories
which shadow slow manifolds without solving any differential equations for all
e € (0,eq].

On the other hand, there is a trade-off for validating slow shadowing se-
quences. For example, if we increase the value of e, say 6.0 x 1075, the slow
shadowing condition (4.5) violates, since the slow speed becomes faster than ex-
pansion and contraction of h-sets in hyperbolic directions around slow manifolds.
Factors determining (4.5) are h, H,d,,dy, 74,7, as well as eigenvalues and size
of fast-saddle-type blocks. One expects that, the larger parameters, say h,7q, 7
are, the easier the validation of (4.5) will be. However, in such a case, the cover-
ing relation in Proposition 4.32 is often failed. In particular, assumption (SS5)
is violated. This is mainly because the distance between two centers (u;, v;, w;)
and (w41, vi+1, Wi+1) becomes larger and hence the affine map T}, 1o moves h-
sets larger, if we increase h, 7, rp. This is also the case if we increase parameters
d, and dp.

It is also natural to think whether we can validate the whole branch of slow
manifolds by one block in order to avoid such a trade-off. We then verify how
large € and a block N can be chosen so that the slow shadowing condition (4.5)
holds. The following result is a sample validated one.

COMPUTER ASSISTED RESULT 6.4. Consider (6.1) with a = 0.3, v = 10.0
and 6 = 9.0. Then for all ¢ € [0.799,0.801] and ¢ € [0,0.002], the branch of slow
manifolds near the nullcline {v = 0, f(u) = w} with {0.005 < w < 0.055} around
u = —0.07454149842 is validated by a fast-saddle-type block N satisfying cone
conditions with

hi=H =005 r,=r,=0.0085.

Moreover, ¢~} (u — yw) < 0 and the slow shadowing condition (4.5) are satisfied
in V.

This result indicates that the normal hyperbolicity around the first branch
of nullcline is sufficiently strong comparing with slow dynamics with € = 0.002.
Computer assisted results in Sections 6.7 and 6.8 imply, however, that one fast-
saddle-type block is not sufficient to validate the whole branch of slow manifolds
near homoclinic orbits, while the validation of fast-saddle-type blocks is violated
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with the present methodology if we set h = H larger than 0.05. These obser-
vations indicate that the slow shadowing is necessary to validate slow manifolds
with a wide range of w at the cost of the narrower range of e.

6.3. Demonstration 2: m-cones. Next, we present a demonstration for
m-cones. When we want to construct a covering-exchange sequence, we need

(To, )

to verify the covering relation JF.! Pl S, where FL is a fast-exit face of a

¢
fast-saddle-type block and S; is another block. In order to verify this covering
relation, we solve a differential equation with the initial data F2. On the other
hand, we can replace F1 by a fast-exit face F2 of an extended cone, thanks to
discussions in Section 4.4. Here we solve (6.1) with two initial data, ! and JF2,

to see the following two points:

(1) accuracy of solution orbits, and
(2) verification of covering relations.

As an example, we set a = 0.01, v = 0.0, 6 = 5.0, ¢ € [0.495,0.505] and
£ €10.0,5.0 x 107%]. These are parameter values used in Section 6.4. In demon-
strating computations, we used the ODE solver in CAPD library based on
Lohner’s method discussed in [39]. The order of Taylor expansion is set p = 6 and
time step size is set At = 0.0001. Computational result is shown in Figure 11.

First we compare the case when we use stable m-cones with the case when we
do not use stable m-cones. Figures 11 (a) and (b) show the same computational
results. The only difference is whether or not a stable m-cone is validated. In
this example, we validate the stable 29-cone with the length ¢, = 0.108232 of
a fast-saddle-type block around (0.956575,0,0.0392) € R? (see Figure 11 (a)).
We solved ODE with initial data

F2 N {w € [0.039249948844, 0.03926994850296] }

after dividing it into uniform 30 small pieces. Here F2 denotes the fast-exit face
of unstable 21-cone with the length £, = 0.0247787 of a fast-saddle-type block
around the origin in R3. In this example, we solved ODE in 174345 steps.

In general, validated fast-saddle-type blocks corresponding to S. are very
small, as shown in Figure 11 (b) (colored pink). On the other hand, validated
trajectories are quite bigger than blocks. In our example, validated trajectories
are already bigger than the block, which implies that we can never validate
7! @ag')
a refinement of the initial data, which leads to huge computational costs in

Se in this setting. A direct settlement of this problem would be

many cases and is not realistic. Instead, we consider the problem with the help
of stable m-cones, which is shown in Figure 11 (a). In this case, the target block
corresponding to S becomes big enough to validate covering relations. Thanks
to Section 4.4, we can discuss validation of trajectories with extended cones,
which is much easier than verifications without cones.
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FI1GURE 11. Comparison of solution enclosures with and without m-cones.
Horizontal axis: u. Vertical axis: v. Each figure represents the projection
of trajectories and cones on the (u,v)-plane. (a) Validation of solution
orbits (green) with initial data F2. Pink regions are the union of fast-
saddle-type blocks and extended cones. Computational step of ODEs is
174345. (b) The same computational result as (a). In this case the stable
m-cone is not validated. The tiny pink region around (u,v) = (0.956721, 0)
is the validated fast-saddle-type block. Readers see that enclosures of tra-
jectories are much bigger than the fast-saddle-type block. (c) Validation of
solution orbits (red) with initial data F} (i.e. without unstable m-cones)
and the same time steps as (a). Validated trajectories do not arrive at the
target region S yet. (d) Validated trajectories with additional time step
computations to (c¢). More precisely, computation step of ODEs is 192510.
Enclosures become bigger and bigger. (e) Validated trajectories with ad-
ditional time step computations to (d). More precisely, computation step
of ODEs is 211575. Enclosures are already bigger than stable cones, which
implies that validation of covering relations cannot be realized.

Next, we compare the case when we use unstable m-cones with the case when
we do not use unstable m-cones. Computational result with unstable m-cone is
Figure 11 (a). Figures 11 (c)—(e) show enclosure of trajectories with the initial
data F1, namely, a fast-exit face of a small fast-saddle-type block. If we do not
use unstable m-cones, we need to solve ODEs for longer time steps than in the
case when we use unstable m-cones (Figure 11 (c)). Such extra computations
cause larger enclosure of solutions and there is little hope to validate covering
relations, as indicated in Figures 11 (d), (e).

6.4. Periodic orbits. We go to validations of global orbits for (6.1). Our
first example is validation of periodic orbits. As a demonstration we set a = 0.01,
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v =0.0 and 6 = 5.0 and ¢ = 0.5. All validations of covering-exchange sequences
with extended cones yield the following computer assisted result.

COMPUTER ASSISTED RESULT 6.5. Consider (6.1) with @ = 0.01, v = 0.0
and § = 5.0. Then for all ¢ € [0.495,0.505] the following trajectories are vali-
dated.

(a) At e =0, there is a singular heteroclinic chain Hy consisting of
e heteroclinic orbits from pg to qg, and from p; to ¢,
e branches M°, M of nullcline {v = 0, f(u) = w}. M° contains pg
and qg. Similarly, M' contains p; and q;.
Equilibria pg, qo, p1 and ¢ are validated by

|Tuw(Po) — (—0.177098234,2.18166218 x 107°)| < 2.49103628 x 1072,
|Tw(po) — 0.0395| < 3.25 x 1073,
|Tu,0(q1) — (0.956125336, —5.98704406 x 107°)| < 2.10571434 x 1072,
M (q1) — 0.03932] < 3.3 x 1072,
Tu,0(p1) — (0.850811351, —9.47162333 x 107%)| < 2.44899980 x 1072,
|Tw(p1) — 0.10602| < 3.3 x 1072,
[T (g0) — (—0.282970990, 1.85607735 x 10™°)| < 2.12552591 x 102,
7w (go) — 0.10675] < 3.25 x 1072,
(b) For all € € (0,5.0 x 10~°], there exists a periodic orbit H. near Hy.

Parameters for validations are listed in Table 2.

We omit computation times for slow shadowing and Jump, since they take
only a few seconds as stated in Section 6.2.

6.5. Heteroclinic cycles. The second example is a family of heteroclinic
cycles. Consider the cubic curve w = f(u). One can see that it is symmetric
with respect to the inflection point

(Uinf,’winf) = (1 —:"; a’ (1 + a)(l ;72(1)(2 _ a))

and we can choose (ug,ws) from the curve w = f(u) to be the point that is

symmetric to the origin (u,w) = (0,0) with respect to the inflection point.
Deng [9] shows that 7o := 9/(2 — a)(1 — 2a) and ¢ := (1 — 2a)/+/2 with § = 1.0
admit a heteroclinic loop of (0,0) and (us, ws) for sufficiently small e. Symmetry
of the cubic curve w = f(u) with respect to (uinf, wing) implies that the vector
field (6.1) with (v, ¢) = (70, o) is symmetric under the following transformation:

-~ 21+4a) -~ . 2(14+a)(1—-2a)(2—a)
U= ——3— 4 U= —uv, w= 5
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Parameters On M° (¢ =-1) On M* (¢ =+1)
X 0.8922056384742952 0.8895212587880817
h 0.0025 0.0023
H 0.0065 0.0066
dg 0.8 0.8
dp 0.7 0.8
Tq 0.008 0.008
Tp 0.0085 0.008
My 21 (around po) 55 (around p;)
My 28 (around ¢q) 29 (around ¢1)
4y 0.0247787 (around po) | 0.0186724 (around p;)
Ly 0.113375 (around gqq) 0.108232 (around ¢)
NOexit %@') NLO NLexit %g') NOO
T; 0.059 0.0266
(with At = 1.0 x 10~4) | (with At = 2.0 x 10~7)
computation time 70 min. 6 sec. 78 min. 53 sec.

TABLE 2. Validation parameters of slow shadowing in Computer Assisted

Result 6.5.

445

It is thus sufficient to validate a heteroclinic orbit from the origin to (ug, 0,v3) if
we want to validate heteroclinic cycles. Here we validate heteroclinic cycles for
concrete € and specific @ and §. All validations of covering-exchange sequence

with extended cones yield the following computer assisted result.

COMPUTER ASSISTED RESULT 6.6. Consider (6.1) with a = 0.35, v = 7,
¢ = ¢p. Then, for § = 1.0, the following trajectories are validated.

(a) At e =0, there is a singular heteroclinic chain Hy consisting of
e heteroclinic orbits from py to ¢, and from p; to o,

e branches M° M" of nullcline {v = 0, f(u) = w}. M° contains py

and qg. Similarly, M' contains p; and q;.

Equilibria py and ¢; are validated by

[Tuw(Po) — (2.51043396 x 107*, —1.69061417 x 107%)| < 1.27332504 x 1072,
|Tw(po)| < 1.5 x 1073,
[T (q1) — (0.999695758, —1.92238884 x 107°)| < 1.93244763 x 1072,
|Tw(q1) — 1.01177747 x 1071%| < 2.5 x 1073,

The equilibrium py admits an attracting isolating block on S, contained
in {(u,v,w) € S-N{u < 8.10058152x 1073} | w € [-2.507x 107*,2.732x
10~%]}. Note that p; is symmetric to py with respect to the inflection
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Parameters On M° (¢ =-1) On M*! (¢ =+1)
X 0.9322799097065463 0.8866213151927438
h 0.0001 0.0001
H 0.003 0.005
dg 0.8 0.8
dy 0.7 0.8
Ta 0.003 0.006
Th 0.0045 0.008
My 14 (around py) —
my — 6 (around ¢1)
2l {diam(m,(N)) — 74} | 7.731100200015 x 10~* -
4, 0.0153705 (around py) —
Ly - 0.0649544 (around ¢;)
NO-exit S"ﬁ;‘) NLO NLexit ‘Ps(:Tg') NOO
T; 0.045 -
(with At =1.0 x 107%)
computation time 36 min. 56 sec. —

TABLE 3. Validation parameters of slow shadowing and isolating blocks in
Computer Assisted Result 6.6.

point (Uint, 0, wine). Similarly, go is symmetric to ¢; with respect to the
inflection point (ting, 0, Wing).

(b) For all € € (0,5.0 x 1079], there exists a heteroclinic cycle H. near Hy.
The cycle H. consists of heteroclinic orbits from pg to ¢; and from p;
to qo.

Parameters for validations are listed in Table 3. Finally, assumptions of Lem-
ma 6.1 are validated with the attracting isolating block {w € [-3.0 x 107%,3.0 x
1075]} on the slow manifold containing py and the stable 0.051-cone and the
unstable fiber 5.0 x 10~°-cone conditions.

6.6. Heteroclinic orbits. The third example is a family of heteroclinic
orbits different from heteroclinic cycles.

In this example we apply the method in Section 4.5 to isolating blocks on
slow manifolds, which validates equilibria on slow manifolds.

Let (u,0,w) % (0,0,0) be a point in R3 such that f(u) = w and that 7 = Y.
Assume that f, (@) # 0. Then there is a function u = h(w) which is unique
in a small neighbourhood of (@,0,w) such that ©w = h(w), f(h(w)) = W and
f(h(w)) = w hold in such a neighbourhood. This is due to the Implicit Function
Theorem. Assuming that f,(u) # 0 holds for all u in a given neighbourhood of 1,
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a3 2z E laz 2k a3 2z o1 toz g a3 2z

(b1) (b2) (b3)

FIGURE 12. Validation of covering-exchange sequences in Computer As-
sisted Result 6.5. Horizontal axis: u, vertical axis: v. Each figure represents
the projection of trajectories and cones on (u,v)-plane. Validations of:
(al) we(To, (C,, )e¥it) N {w € [0.0365499948149, 0.0422098969893467]}.
To, u )exit) N {w € [0.0365499948149, 0.0365699944692267]}.
)ex¥it) N {w € [0.04218989733502, 0.0422098969893467] }.
)ex¥it) N {w € [0.1037942789937,0.10913580929979]}.
mu)e"it) N {w € [0.1037942789937,0.103814744627057]}.
b3) e (11, Cy‘ilu)e"it) N {w € [0.109115343666433,0.10913580929979] }.

( (To, (C,
( (To, (Chn,
(b1) @e(T1, (C,,
( (T1, (C;
( (T, (

3

(al) (a2) (a3)

FicURE 13. Validation of covering-exchange sequences in Computer As-

sisted Result 6.6. Horizontal axis: u, vertical axis: v. Each figure represents

the projection of trajectories and cones on the (u,v)-plane. Validation of:

(al) ¢e(To, (C’;‘nu)e’“t) N{w € [=5.3303301324 x 10~4,4.89431324599 x
10~}

(a2) @E(To,(C}‘nu)eXit) N{w € [—5.3303301324 x 104, —5.28187210691 x
10~}

(a3) e (To, (C8,, )™ )N{w € [4.8458552205x 1074, 4.89431324599x 1074}
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the above implicit function representation holds in the given neighbourhood. By
using the implicit function differential, the vector field g(u,v,w) = ¢! (u — yw)
is rewritten as

stuvs) = (=) -m+ L (w-m - 2

near (h(w),0,w) € R3. Remark that @ = yw. This expression leads to an
effective estimate of vector fields on slow manifolds, as stated in Section 4.5.

All validations of slow shadowing sequences with extended cones and isolating
blocks on slow manifolds yield the following computer assisted result.

\

a1 a1
Bz =1 g o1 2 laz oz o g a Bz tag 2z o

(b1) (b2) (b3)

FIGURE 14. Validation of covering-exchange sequences in Computer

Assisted Result 6.7. Horizontal axis: w, vertical axis: v. Each figure

represents the projection of trajectories and cones on the (u,v)-plane.

Validation of:

(al) @e(To, (CY, )Y N {w € [~7.34476926213333 x 104,
0.00117805243070567]}.

(a2) @< (To, (C’,‘;Lu)e"it)ﬂ{w € [~7.34476926213333 x 104, —7.20912888221
x1074]}.

(a3) e (T(),(C’,‘ilu)e"it)ﬂ{w €1[0.00116448839213337,0.00117805243070567]}.

(b1) @e(T1, (Ch,, yexit) N {w € [0.059360930386376, 0.06423749049711]}.

(b2) e (T1, (CY, )exit) N {w € [0.059360930386376, 0.05938299626923] }.

( (

My,

b3) e (T1, (C,, ) N {w € [0.064215424614256,0.06423749049711]}.

COMPUTER ASSISTED RESULT 6.7. Consider (6.1) with a = 0.3, v = 15.0,
0 =5.0.

(a) For each ¢ € [0.628,0.629], the following two kinds of trajectories are
validated:
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e At £ = 0, there is a singular heteroclinic chain H° consisting of a
heteroclinic orbit from pg = (0,0,0) to ¢; and a branch M? of the

nullcline {v = 0, f(u) = w} connecting ¢; and p; =

Equilibria have the following estimates:

(u,lnl,O, w}nl).

[T (Po) — (8.00733430 x 107%,2.18164458 x 1077)| < 2.77714227 x 1072,
|Tw(po) — 3.3 x 1074 < 2.75 x 1073,
[Tun(q1) — (0.998891342, —1.20618902 x 107°)| < 2.11449578 x 1072,
[Tw(qr) +4.2 x 1074 < 3.0 x 1073,

|70 (p1) — (0.883967690,3.06376214 x 10™7)| < 2.63725073 x 10~2,
7w (p1) — 0.05938] < 3.0 x 1073,

e For all £ € (0,1.0 x 1075], there exists a heteroclinic orbit H! from
po to p1 near H}. The equilibrium p; admits an attracting isolating
block on S. contained in {(u,v,w) € S N{u > 0.861927234} | w €
[5.8494 x 1072,6.0056 x 1072]}.

Parameters for validations are listed in Table 4.

On M! (g=+1)

computation time

Parameters On M° (¢ =-1)

X 0.8949178448605274 0.8877665544332212

h 0.00023 0.00022

H 0.0055 0.006

dg 0.8 0.75

dyp 0.8 0.8

Tq 0.008 0.008

Th 0.0085 0.008

My, 50 (around po) —

M - 25.5 (around ¢)
28l {diam (7o (N)) — 7o} | 6.003396000012 x 104 -

l,, 0.0136582 (around po) —

L - 0.117888 (around ¢)

NOexit ‘Pfg;') N0 NLexit %g') N0
T; 0.064 -

(with At = 1.0 x 107%)
25 min. 25 sec.

TABLE 4. Validation parameters of slow shadowing and isolating blocks in
Computer Assisted Result 6.7 with ¢ € [0.628,0.629].
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Finally, assumptions of Lemma 6.1 are validated with the attracting
isolating block {w € [—2.119830199999 x 10~3,2.779830199999 x 10~3]}
on the slow manifold containing py and the stable 0.018-cone and the
unstable fiber-5.0 x 10°-cone conditions.

(b) For each ¢ € [0.551,0.553], there exist the following two kinds of trajec-

tories:
e At ¢ = 0, there is a singular heteroclinic chain HZ consisting of

a heteroclinic orbit from p; to go and a branch M? of the null-
cline {v =0, f(u) = w} connecting gy and py. Equilibria have the
following estimates:
|Tuw(p1) — (0.881572201,1.13212050 x 107%)| < 2.63868472 x 1072,
|Tw(p1) — 0.0602] < 4.0 x 1073,
|Tu0(q0) — (—0.125383244, 1.48465533 x 107°)| < 1.53394803 x 102,
|Tw(go) — 0.0602| < 4.0 x 1073,
[Tuw(po) — (—1.36886862 x 1072, —8.28111689 x 10™%)| < 2.38267941 x 102,
|Tw(po)| < 4.0 x 1073,

Parameters On M° (¢ =-1) On M! (¢ =+1)
X 0.8484848484848486 0.8540145985401461
h 0.0001 0.0002
H 0.008 0.008
dg 0.8 0.75
dp 0.8 0.8
T 0.0042 0.006
Tp 0.0045 0.0068
My, — 20 (around pq)
M 26.5 (around go) -
281y {diam(mo(N)) — 1)} - 5.900088000012 x 10~
4y, — 0.0539878 (around p;)
ls 0.113106 (around g¢q) -
NO-exit ve(To; ) NLO NLexit el ) N0
T — 0.055
(with At = 1.0 x 107%)
computation time — 26 min. 23 sec.

TABLE 5. Validation parameters of slow shadowing and isolating blocks in
Computer Assisted Result 6.7 with ¢ € [0.551,0.553].
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e For all £ € (0,1.0 x 1075], there exists a heteroclinic orbit H2 from
p1 to po near HZ. The equilibrium py admits an attracting isolating
block on S, contained in {(u,v,w) € ScN{u < 1.06035231 x 10~2} |
w € [—1.040 x 1074,1.264 x 1073]}.

Parameters for validations are listed in Table 5. Finally, assumptions
of Lemma 6.1 are validated with the attracting isolating block {w €
[5.7895004400 x 102, 6.5304995600 x 10~2]} on the slow manifold con-
taining p; and the stable 0.17-cone and the unstable fiber-5.0 x 10°-cone
conditions.

In this case we have to care about the existence of an equilibrium on the
slow manifold in S!. Easy calculations yield that S! possesses at most one

equilibrium.

6.7. Homoclinic orbits. The final example is a family of homoclinic orbits.
Set a = 0.3, v =10.0, 6 = 9.0 and ¢ ~ 0.8. All validations of covering-exchange
sequences with extended cones yield the following computer assisted result.

COMPUTER ASSISTED RESULT 6.8. Consider (6.1) with @ = 0.3, v = 10.0
and § = 9.0. Then for all ¢ € [0.799,0.801] the following trajectories are vali-
dated.

(a) At e =0, there is a singular heteroclinic chain Hy consisting of
e heteroclinic orbits from py to ¢, and from p; to g,
e branches M°, M* of the nullcline {v = 0, f(u) = w}. M° contains
po and go. Similarly, M! contains ¢; and p;.
Equilibria pg, q1, p1 and gg are validated by

|Tu,0(po) — (—4.22605959 x 1072,4.67157371 x 10~ 7)| < 2.90338686 x 102,
7w (po) — 1.94 x 1073 < 3.25 x 1073,
[Tuw(q1) — (0.996532931, —4.66925590 x 1075)| < 2.13488628 x 1072,
[mw(q1) —2.02 x 107%| < 3.3 x 1077,
7w (p1) — (0.870742129, —2.92737408 x 1079)| < 2.84335647 x 102,
|Tw(p1) — 0.06362] < 3.3 x 1073,
[T (q0) — (—0.129665170,3.70642116 x 107%)| < 2.20129903 x 1072,
7w (g0) — 0.06335] < 3.25 x 1073,

(b) For all € € (0,5.0 x 107°], there exists a homoclinic orbit H. of pg
near Hy. The equilibrium pg admits an attracting isolating block on S,
contained in

{(u,v,w) € Sc N {u < 2.10010357 x 1072} | w € [-8.15 x 107°,9.40 x 1075]}.

Parameters for validations are listed in Table 6.
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Parameters On M° (¢ =-1) On M*! (¢ =+1)
X 0.8812568505663135 0.8792535675082328
h 0.00023 0.00022
H 0.0065 0.0066
dg 0.8 0.8
dp 0.75 0.8
Ta 0.008 0.008
T 0.0085 0.0078
My 50 (around po) 52 (around p)
ms 45 (around go) 55 (around ¢1)
2sly{diam(ma (N)) — o} | 3.019812000006 x 10~ -
4, 0.0441793 (around py) | 0.0370798 (around p;)
Ly 0.12217 (around ¢q) 0.0984568 (around ¢;)
NOexit V’s@;‘) NLO NLexit %g') N0
T; 0.067 0.0288
(with At = 1.0 x 107%) | (with At = 2.0 x 1075)
computation time 5 min. 57 sec. 44 min. 6 sec.

TABLE 6. Validation parameters of slow shadowing and isolating blocks in
Computer Assisted Result 6.8.

Finally, assumptions of Lemma 6.1 are validated with the attracting isolating
block {w € [~1.15901 x 1073,5.03901 x 10~3]} on the slow manifold and the
stable 0.0085-cone and the unstable fiber-5.0 x 10°-cone conditions.

REMARK 6.9. In this case we easily know that the only equilibrium of (6.1)
for e > 0 is (u,v,w) = (0,0,0) and the dynamics around (0,0,0) can be easily
understood to show that (0,0, 0) is attracting on the slow manifold in S°.

Note that appropriate arrangements of computational schemes can improve
the accuracy of validated trajectories and the validation range of parameters
including ¢.

In many articles, the uniqueness of global orbits is also discussed. From the
geometrical viewpoint, typical arguments for the uniqueness require the transver-
sality of locally invariant manifolds. In our case, however, transversality in the
sense of differential manifolds is not mentioned. In other words, we cannot prove

the uniqueness of validated orbits in the current setting.

6.8. Continuation of homoclinic orbits. Finally, we verify the e-conti-
nuation of homoclinic orbits validated in the previous subsection. It is very hard
to validate trajectories of (6.1). for all € € (0, 0] with large €¢ at a time. In most
cases, covering relations in the fast dynamics fail. To overcome this difficulty,
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. - P .
(al) (a2) (a3)

i i, . —
(51) o (bé) o (b35

FI1GUre 15. Validation of covering-exchange sequences in Computer As-
sisted Result 6.8. Horizontal axis: u, vertical axis: v. Each figure represents
the projection of trajectories and cones on the (u,v)-plane. Validation of:
(al) e (To, (CB, )% N {w € [-4.98044338856 x 1074,
0.00295819387292]}.
(a2) e (To, (CB, )% N {w € [-4.98044338856 x 1074,
—4.4138469604 x 10™4]}.
(a3) w=(To, (C,, Yexit)y N {w € [0.002901534230104, 0.00295819387292]}.
(bl) e (T4, (Ch,, )e¥it) N {w € [0.06094493968776,0.0668173357334667]}.
(b2) (11, (Cy,, )exit) N {w € [0.06094493968776,0.0609654725410667] }.
(b3) we(T1, (Ch,, )ex¥it) N {w € [0.06679680288016, 0.0668173357334667]}.

we divide a closed interval [0, 0] into sub-intervals

[0,5(1)} U [sé,sg] Uu...u [6817175671}7 eyl =¢€o

and validate trajectories within each sub-interval.
In our demonstrating example, we divide the interval [0,5.0 x 1075] into

[0,5.0 x 107°]U[5.0 x 107°,1.2 x 107°] U [1.2 x 107°,2.2 x 1077]
U[22x107°,3.2x 107°JU[3.2 x 107°,4.2 x 107°] U [4.2 x 107°,5.0 x 1077,

Validating homoclinic orbits for each sub-interval and summarizing them,
we obtain the following. Let pg,qo,p1 and g1 be points corresponding to those
stated in Computer Assisted Result 6.8.

COMPUTER ASSISTED RESULT 6.10. Consider (6.1) with ¢ = 0.3, v = 10.0
and § = 9.0. Then for all ¢ € [0.799,0.801] and for all £ € (0,5.0 x 10~°], there
exists a homoclinic orbit H. of py near Hy, where Hy is the singular homoclinic



454 K. MATSUE

orbit for (6.1)¢ obtained in Computer Assisted Result 6.8. Several numerical
data for validations of H. are listed in Tables 7-10.

€ w,,, h H % l,
[0.0,5.0 x 1079 0.00175 | 0.00023 | 0.0065 | 0.8812568505663135 | 0.04417933

[5.0 x 1076,1.2 x 107°] | 0.00175 | 0.00023 | 0.0065 | 0.8812568505663135 | 0.0441793
1.2 x 1075,2.2 x 10~ 0.00175 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.0441725
5 5 7 4 4417
2x107°,3.2 x 107 . . . . 1 .
2.2 x1075,3.2 x 107°] | 0.00175 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.0441528
[3.2 x 107°,4.2 x 10~°] | 0.00175 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.0441429
[4.2 x 107%,5.0 x 10~%] | 0.0019 | 0.00025 | 0.0065 | 0.8809523809523810 | 0.0441474

0 wO)

TABLE 7. Main information about blocks around py = (u? mo* Wing

- mog?
with |w?n0 —w?, o < h. The sharpness m,, of unstable cones is an identical
value: m, = 50. The ratios dq,dp in (4.5) are set as identical values:
dq = 0.8, dp = 0.75. The space length parameters rq, rp, of fast-saddle-type

blocks are set as identical values: r, = 0.008, r, = 0.0085.

v.

€ wy h H X A
[0.0,5.0 x 10~6] 0.0633 | 0.00023 | 0.0065 | 0.8812568505663135 | 0.12217
[5.0 x 1075,1.2 x 10-5] | 0.0633 | 0.00023 | 0.0065 | 0.8812568505663135 | 0.12217
[1.2 x 10-5,2.2 x 10-5] | 0.0635 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.122164
2.2 x 1075,3.2 x 10-5] | 0.0635 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.122145
[ ]
[ ]

3.2 x 107%,4.2 x 107%] | 0.0635 | 0.00023 | 0.0065 | 0.8813652126300421 | 0.122141
4.2 x 107%,5.0 x 107%] | 0.0635 | 0.00025 | 0.0065 | 0.8809523809523810 | 0.122144

TABLE 8. Main information about blocks around qo = (u}, v}, w}) with
|wé —wg| < h. The sharpness ms of stable cones is an identical value:
ms = 45. The ratios dq,dp in (4.5) are set as identical values: dq = 0.8,
dy = 0.75. The space length parameters rq,r, of fast-saddle-type blocks
are set as identical values: r, = 0.008, r, = 0.0085.

7. Conclusion

We have proposed a topological methodology for validating singularly per-
turbed periodic, homoclinic and heteroclinic orbits for fast-slow systems with its
applicability to concrete systems with computer assistance. The main features
of our proposing methodology are the following.

e Our central strategy consists of applications of well-known topological
tools, covering relations, cones and isolating blocks, with taking account
of the singular perturbation structure of normally hyperbolic invariant
manifolds. This is one of the points where our approach differs from
preceding works such as [1].
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€ Wy, h H X 0,
[0.0,5.0 x 10~6] 0.0636 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0370798

[5.0 x 1076,1.2 x 107%] | 0.0636 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0370798
[1.2 x 107%,2.2 x 107%] | 0.0636 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0370719
[2.2 x 107%,3.2 x 107%] | 0.0636 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0370534
[3.2 x 107°,4.2 x 107%] | 0.0636 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0370464
[4.2 x 107°,5.0 x 107%] | 0.0634 | 0.0003 | 0.0065 | 0.8786764705882354 | 0.0370888

wl

Uy s Wiy )

TABLE 9. Main information about blocks around p; = (ul Mo

mq?
with |w71n1 —E}nl | < h. The sharpness m,, of unstable cones is an identical
value: m, = 52. The ratios da,dp in (4.5) are set as identical values:
d, = 0.8, d, = 0.8 for ¢ € (0.0,4.2 x 107%], d, = 0.75, dp = 0.75 for
€ € [4.2 x 1075,5.0 x 107°]. The space length parameters 4,7, of fast-
saddle-type blocks are set as identical values: r, = 0.008, r;, = 0.0078.

€ wy h H X Ly
[0.0,5.0 x 1076] 0.0019 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0984568
[5.0 x 1076,1.2 x 107°] | 0.0019 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0984568
[1.2 x 107%,2.2 x 107°] | 0.0019 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0984452
[2.2 x 1075,3.2 x 10~°] | 0.0019 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.098424
[ ]
[ ]

3.2 x 107%,4.2 x 1073] | 0.0019 | 0.00022 | 0.0066 | 0.8792535675082328 | 0.0984201
4.2 x 107%,5.0 x 1073] | 0.0018 | 0.0003 | 0.0065 | 0.8786764705882354 | 0.0984281

TABLE 10. Main information about blocks around ¢ = (ug,vg,wg) with
|w8 fﬁ8| < h. The sharpness ms of stable cones is an identical value: mg =
55. The ratios dq,dp in (4.5) are set as identical values: dqo = 0.8, dp = 0.8
for e € (0.0,4.2x107%], dg = 0.75,d, = 0.75 for e € [4.2x107%,5.0x 107?].
The space length parameters rq,r, of fast-saddle-type blocks are set as
identical values: r, = 0.008, r, = 0.0078.

e All our procedures can be validated via rigorous numerics (e.g. interval
arithmetics). As a consequence, one can validate the continuation of
singular limit orbits for all € € (0, eg] with a given €9 > 0 with computer
assistance.

A main concept for realizing the above points simultaneously is the covering-
exchange; the singular perturbation’s version of covering relations. We have
proposed not only its primitive form but also its generalization; a collection
of local behavior named “slow shadowing”, “drop” and “jump”. The notion
of covering-exchange describes the behavior of trajectories in the full system
which shadow normally hyperbolic invariant manifolds as well as their stable
and unstable manifolds, even for sufficiently small . In particular, this notion
enables us to validate such trajectories without solving any differential equations
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c NOexit e (T, ) NLO NLexit ey ) NOO

[0.0,5.0 x 1079] 5 min. 57 sec. 44 min. 6 sec.

[5.0 x 107%,1.2 x 1077] 6 min. 0 sec. 44 min. 9 sec.

[1.2 x 1072,2.2 x 1079] 6 min. 8 sec. 44 min. 39 sec.

[2.2 x 107°,3.2 x 1079] 5 min. 59 sec. 44 min. 49 sec.

[3.2 x 107°,4,2 x 1077] 5 min. 57 sec. 45 min. 23 sec.

[4.2 x 107°,5.0 x 1079] 5 min. 58 sec. 46 min. 17 sec.
[0.0,5.0 x 1077] (Total) 35 min. 59 sec. | (Total) 269 min. 23 sec.

TABLE 11. Computation times of Drop in Computer Assisted Result 6.10.
It has taken about 13.4 hours for validating Drop in {¢ € [0,5.0 x 1072]}
in our computation environments. As for the slow shadowing and Jump, it
totally takes less than 30 seconds to validate.

in practical computations. Moreover, as mentioned above, it exceeds the limit
of the multiple timescale parameter range: “sufficiently small €”, to € with an
explicit range in practical applications with computer assistance.

Of course, further applications of topological tools such as covering relations
and the Conley index enable us to prove the existence of trajectories with com-
plicated behavior. We believe that all these ideas will overcome difficulties of
a broad class of singular perturbation problems.

We end this paper proposing further directions of our arguments.

7.1. Bridging validation results to “direct” approach. Our metho-
dology concentrates on validations of trajectories for ¢ € (0,e9] on the basis
of geometric singular perturbation theory. One of challenges concerning with
continuation of trajectories is the integration of singularly perturbed trajectories
with those by a direct approach; namely, validation of trajectories without taking
account of singular perturbation structure of systems for positive € bounded away
from 0 (e.g. [1]). In our validation examples, under a specific choice of parameter
values, solution trajectories have been validated for ¢ € (0,5.0 x 1075] in the
case of homoclinic orbits for the FitzHugh-Nagumo system (6.1). In the case
of (6.1), validations of each branch of slow manifolds are completed in less than
one second.

This parameter range is still far from validation ranges with direct ap-
proaches; e = 0.01 in [1], for example. Validations of slow shadowing for further
range of € are not easy, which is mainly because there is a trade-off between the
slow shadowing condition (4.5) and the covering relation in assumption (SS5),
as discussed in Section 6.2. Both conditions are essential for describing the slow
shadowing, and hence our task for overcoming this situation will be develop-
ment of an improved topological and numerical method, like multi-step methods
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in numerical initial value problems, keeping the essence of slow shadowing phe-
nomena. Obviously, if one can validate each global branch of normally hyperbolic
slow manifolds by one block, there is no problem in this direction as indicated
in Computer Assisted Result 6.4, in which case we can apply the primitive form
of covering-exchange in Section 4.1. We mention another work for validating
global trajectories with an explicit range of € in Section 7.5, which indicates that
this direction makes sense for solving bridging problems. After improvements of
validations of slow shadowing or blocks containing slow manifolds with computer
assistance, there will be a possibility that validated trajectories can be further
continued in € and, we hope, be connected to validated ones with direct approach
under appropriate choice of various parameters or solvers. Further works in this
direction from the viewpoint of topological and numerical analysis are the ones
of our future studies.

7.2. Uniqueness and stability of validated orbits. In our topological
statements (Theorems 5.1, 5.6, Corollaries 5.3, 5.4, 5.7 and 5.8), only the exis-
tence of desired orbits is stated. As for the uniqueness of such orbits, we have no
answers yet. More precisely, these theorems require only topological transversal-
ity in terms of covering relations, which is weaker than the transversality in terms
of differentiable manifolds. If we can verify even transversality in the sense of
differentiable manifolds, then the Exchange Lemma gives us the local uniqueness
of singularly perturbed orbits. Transversality is also essential for discussion of
stability of connecting orbits. Jones [18] discusses stability of homoclinic orbits
for (6.1) as the traveling wave solutions of FitzHugh-Nagumo PDE (6.2) from
geometric viewpoints. For this stability argument, some information about the
nature of transversality between two manifolds plays a central role.

One of the standard approaches to transversality of manifolds is to use Mel-
nikov integrals via solving variational equations. If we take rigorous numerics
into account, the C1l-Lohner method [39] provides the variational information
of trajectories as well as solutions themselves and will give an answer to solve
transversality problems.

7.3. Covering-exchange for fast-slow systems with multi-dimensio-
nal slow variables. Our validation arguments can be applied only to fast-
slow systems with one-dimensional slow variable at present. It is natural to ask
whether our concept is applicable to fast-slow systems with multi-dimensional
slow variables. The key problem concerning this extension is how we should track
true trajectories near slow manifolds in terms of covering-exchange properties.
Systems with multi-dimensional slow variables can admit rich behavior even
on slow manifolds. Validation of slow manifolds by one fast-saddle-type block
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as well as concrete vector fields is thus more difficult than systems with one-
dimensional slow variables because of nonlinearity of manifolds. It is not thus
realistic to extend Theorems 5.1 and 5.6 to systems with multi-dimensional slow
variable directly from the viewpoint of practical computations.

By the way, existence theorems of trajectories with covering relations imply
that true trajectories shadow reference orbits. In the case of singular perturbation
problems, reference orbits correspond to singular orbits consisting of heteroclinic
orbits and trajectories on slow manifolds. The slow shadowing discussed in
Section 4.3 reflects the aspect of shadowing trajectories in fast-slow systems with
one-dimensional slow variable. This expectation will be valid even for systems
with multi-dimensional slow variables. Such an extended sequence will yield
the existence of true trajectories which shadow those on slow manifolds. Higher
dimensional extension of the slow shadowing condition or its analogue will give an
explicit criterion for validations with rigorous numerics in reasonable processes.

7.4. Extension of procedures for slow manifolds with non-hyperbo-
lic points. Our validation arguments are based on the assumption that limiting
critical manifolds are normally hyperbolic everywhere in consideration. Our
procedure in this paper can be never applied if there is a point which is non-
hyperbolic, like fold points, inside limiting critical manifolds. Nevertheless, there
are a lot of cases where interesting phenomena in singular perturbation problems
are involved by such non-hyperbolic points.

One of the famous examples is canard solution, which was discovered and
first analyzed by Benoit, Callot, Diener and Diener [2]. A canard solution is
a solution of a singular perturbed system which is contained in the intersection of
an attracting slow manifold and a repelling one. Canard solutions provide a rich
phenomenon such as canard explosion, namely, a transition from a small limit
cycle to a relaxation oscillation through a sequence of canard cycles [10]. Since
canard cycles involve fold points as jump points, our current implementations
can never validate canard cycles.

Krupa and Szmolyan [22] discuss the extension of geometric singular per-
turbation theory for slow manifolds including fold and canard points via the
technique of blow-up. Simultaneously, Liu [23] discusses the Exchange Lemma
in case that the critical manifold contains loss-of-stability turning points, the cor-
responding phenomenon is called the delay of stability loss. In [23], the Fenichel-
type coordinate which overcomes non-normal hyperbolicity is constructed by
the other type of invariant manifold theorem proved by Chow-Liu-Yi [6]. We
also mention sequential works by Schecter and Szmolyan [28]-[31], which discuss
the singularly perturbed Riemann-Dafermos solutions as the small perturbation
of composite waves consisting of constant waves, shock waves and rarefaction
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waves in systems of conservation laws. There, non-hyperbolic points called gain-
of-stability turning points naturally arise in invariant manifolds. They derive
the General Exchange Lemma for describing behavior of tracking manifolds near
such non-hyperbolic manifolds with the help of blow-ups.

We have to take such mathematical techniques into account, if we deal with
invariant manifolds which are not normally hyperbolic with computer assistance.

7.5. Remark on the work [8] and a direction to improvements of our
works. Another work for validating global trajectories for the fast-slow system
(1.1) with an explicit range of € has appeared online just before the first version
of this paper has been released: the work by Czechowski and Zgliczynski [8].

Authors of [8] focus on the FitzHugh-Nagumo equation (6.1) with specific
parameters and provide a topological methodology for validating periodic orbits
for e € (0,e0] with an explicit 9 > 0. The central tools in [8] are isolating seg-
ments, which correspond to fast-saddle-type blocks in this paper, and covering
relations. Unlike our methodology, they do not refer to the normally hyperbolic
structure of slow manifolds, but only topological conditions around slow man-
ifolds; namely, transversality of vector fields in normally hyperbolic directions
and monotonicity in slow directions. The most remarkable result there will be
that, in their example, they validate each branch of slow manifolds by one isolat-
ing segment (i.e. fast-saddle-type block). As a consequence, for specific a and ~,
they validate a periodic orbit for ¢ € (0,0.0015], which will be big enough to
bridge a gap between singular perturbation approach and direct approach. In-
deed, they also show that the classical Newton—-Moore method can be applied to
validate a locally unique periodic orbit at € = 0.0015, which indicates that their
methodology solves the bridging problem mentioned in Section 7.1.

These results indicate the following observation; if we can validate each
branch of slow manifolds by one fast-saddle-type block, global trajectories will
be validated for € € (0,e9] with &y large enough to bridge singular perturbation
approach and direct approach. This expectation also follows from Computer
Assisted Result 6.4.

In general, (normally hyperbolic) slow manifolds have nonlinear structure.
There is thus little hope to construct a fast-saddle-type block around the global
branch of slow manifolds for general systems, without taking account of nonlin-
earity in, at least, critical manifolds as well as their normal hyperbolicity. Our
results as well as [8] send us to the study of a systematic procedure of nonlinear,
smooth and global fast-saddle-type blocks (e.g., [12]) satisfying cone conditions
for an explicit range € € (0, gg].
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Appendix A. Concrete terms for (6.1) according to Section 2.3.3

Here we show concrete forms of error terms and Jacobian matrices calcu-
lated from the vector field (6.1) for validating fast-saddle-type blocks, and cone
conditions with the predictor-corrector approach (Section 2.3.3).

A.1. Fast-saddle-type blocks. We list various terms in Section 2.3.3 in
the case of FitzHugh—Nagumo system for readers’ accessibility. Let (u,0,w) be
a numerical zero of —f(u) + w, where f(u) = u(u — a)(1 —u),a € (0,1/2).

Use the coordinates (@, 0, w) given by as follows:

(A1) w=u+ @+ fu(@tw), v=v, w=w+w,

where (@,0,w) is a (numerical) root of {v =0,cv — f(u) + w = 0} and f, (@) is
assumed to be invertible. The transformed vector field as the extended system
then is

o= — f (@) =v— f,(@) e (u — yw)
= e ful@) N+ (ful®) ™ )+ T ),
v =0 (v — f(u) +w)
=0 e — f(u+u+ fum)~'w) + o +w},
& = e @+ (ful@ ™} — )T +7 - 7D),
n' =0,
where we introduced an auxiliary variable n to be ¢ = ggn, n € [0,1], with

constant gg.
The fast component of the vector field is

(17’) _ (5 —ec @MU+ (fu(@ ™ =)W+ T — Vw))
v’ 5o — f(u+u+ fu(u)~'w) +w+w}
(o o)) 0 s aem )

Denote (6.1) by X = F(X,Y,e), Y = eG(X,Y,¢), where X = (u,v)" and
Y = w; namely,

5 ew — flu) +w)

The Jacobian matrices at (4,0, w) are

F(X,Y,e) = ( ) G(X,Y,e) = c Hu —yw).

0 1 _ 5 ot -1
Frl@om = <—61fu(u> 510)’ Fxl@om) l_fu(u)<51fuiu) 0)’

0 B 1 (T
Frl@om = (6—1>’ (Fx' o Fy)|(@om) = ( /g ( )>.
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Around the numerical equilibrium (X,Y) = ((w,0),w) = (u,0,w), we introduce
the affine transformation 7': (Z, W) — (X,Y) of the predictor-corrector form by

(X.Y)=T(Z,W):=(PZ+X — (Fx' o Fy)|@omW, W +Y),

where P is the nonsingular matrix such that P~ Fx |z 0.z P = A = diag(A1, A2).
Then, denoting Z = (21,22)7,

() N (i) P (—691W> +F(X,Y,e) + E<—G<X : Yée>/fu<u>)

- <i> e ((—591W) o (—(f(u) - fuu?)(u —w) + W)

o(CORET )

() it - o)

Note that the linear order term of W-variable in the error term is eliminated.

Let N C R3 be an h-set (in the (u,v,w)-coordinate) containing (%, 0,w).
Then the Mean Value Theorem implies that the higher order term f(u) —
fu(@)(u — @) is included in the enclosure

{f//z(ﬂ)(u —1)?

u, u such that (u, v, w), (4, v,w) € N}.

Thanks to the term (u — u)?, this set is in general very small if N is small.
In our example, f”(u) = —6u + 2(a + 1). Obviously, the first component
—eG(X,Y,e)/ fu(u) is very small if ¢ > 0 is sufficiently small. Note that the
denominator f, (@) is bounded away from 0 since we focus on validations of nor-
mally hyperbolic invariant manifolds. Finally, for a given compact set N and
€o > 0, we obtain enclosures of the error term

P—l( [_chl(u - ’yw)/fu(ﬂ) ‘ (U,’U,’LU) € N7 €€ [0750]] )
[0~ 1{3u — (a + 1)}(u —u)? | u,u such that (u,v,w), (@,v,w) € N]

< (i)

which can be computed by interval arithmetics and, in principle, returns very
small enclosures for small N and &g.

A.2. Jacobian matrices for cone conditions. The Jacobian matrix in
these coordinates at (u,v,w,n) ignoring the differential of 7'-term is
(A.2)

—e(cfu@) ™t 1 e(cfu@) (= fu(@ ) —eo(cfu (@) T @+ (fu (W) T =) G+T—D)
=5 fu(u) 7 e (8fu(@) M~ fu(w)+fu ()} 0 )
ec™! 0 ec” (fu(@) =) coc” U+ (fu (@) 7T =) W+T—YW)
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where the variable u in the second row corresponds to (A.1). We additionally
transform (@, ) linearly to (21, 22) by (@, v) = P(z1, 22), where P is the nonsin-
gular matrix such that

1 0 1 (M0
P (—(5_1fu(u) 5—1C>P_<o A2>'

The Jacobian matrix (A.2) in the new coordinates (z1, z2, @) is then written as

A 0 0 0
(A3) [0 A 0 0
0 0 00

Fo1 Fap (8fu (@)™ {—fu(w)+fu(m)} 0

(Fu Fra e(cfu(@) ™ (—fu(@ ™ 47) —so(cmu))1<ﬁ+<fu(u)1—w>a+u—ww>>
+ ,
cc”t 0 e (fu@) ) coc™ (@ (fu (@) ' =) T+T—7D)

P Fia) p-1 —e(cfu(@) 0 p

F21 F22 6_1(fu(a) - fu(u)) 0
In order to verify cone conditions in a given h-set N containing (u,0,w), we
compute corresponding maximal singular values in N. All such calculations are

done by interval arithmetics. As for calculations of the enclosure of f, (@) — fu,(u)
in N, it is useful to use the mean value form

fu@) = fu(u) € {—fuu(@)(u —7) | u, @ such that (u,v,w), (@,v,w) € N}
= {(6u° — 2(a + 1)) (v — W) | u, @ such that (u,v,w), (4, v,w) € N}.

We apply the matrix (A.3) as the Fréchet differential of the vector field
in (3.1) to validating cone conditions discussed in Section 3. The m-cone condi-
tions can be treated in the similar manner.

Appendix B. Invariant foliation validation for W*(S;)

In this section, we provide a sufficient condition such that the invariant
foliation of W*(S,) in a given fast-saddle-type block N is derived with com-
puter assistance. Let N be a fast-saddle-type block satisfying the stable m-cone
condition for some m > 0 in the coordinate (a,b,y,c) given in Section 3, and
Wu(S.) = {b = hy(a,y,e)} be the validated unstable manifold of a slow man-
ifold branch S; in N for € € (0,e9] (Theorem 3.5). Let K CR bea compact
set as that in the proof of Theorem 3.5, and N be the compact set such that
wy]/\} = K and that N N {y € K} = N. We use the same notations in Section 3
in the following arguments.
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The whole considerations are reduced to vector fields on W*(S.). Vector
field on W*(S;) is

a/ = Aa + Fl(a7 hu(avyan)vy?n)v
(B.1) y = ongla, hu(a,y,n),y,m) + dp(y)ny,
77/ =0,

where n,, is the unit outward normal vector for K. Let z; = (a;, bi, yi,m;) € N,
1=1,2, and Aa = a1 — as and so on. Then we have

Aa/ :AAG/ + Fl(a hu(alayhnl) ylanl) - Fl(a”h’u(a'27y2an2)’y27n2)

OF oF
= Ala+ Z (@) Aa+ =k () (hu(ar,y1.m)
OF,

~ ha(az, v, ) + 3—(% + A,

Ay’ =0{mg(a1,hu(ahybm),yhm) — n2g(az, hy(az, y2,12), Y2, 1m2) }

:{Ug(a»hu(al,ylvnl)»yh771)A77
dg
JF‘”D( (A)AaJrab(j( w(@1,y1,m) — hu(az, y2,m2))

+PEay+ 8797(57&7)},

for some z € N. The following definition plays a central role for constructing

invariant foliations.

DEFINITION B.1. Let N be a fast-saddle-type block satisfying the stable
m-cone condition for some m > 0. Let 014, 01,5, 01,45 Oslow,as Oslow,b and

Oslow,y,n be the upper bounds of maximal singular values of the following matrices
in N x[0,1]:

i (520) o (Gr) o (0 ).

(99 (99 (99 99
Oslow,a - <6a( )) Oslow,b - (3(1( ))a Oslow,y,n * <778y(z) g(z)+778n(z) )

with z = (a,b,y,n) € N x [0,1]. Fix L > 0. We shall call that N satisfies the
unstable fiber-L-cone condition, or simply the unstable fiber-cone condition, if

(B2) M>B=01a+m(1+ L)Y 20+ L7 0y,
+ U(Laslow,a + m(L2 + 1)1/20510W,b + Uslow,y,n)-

Now we have the following theorem.
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THEOREM B.2. Let N be a fast-saddle-type block satisfying the cone condi-
tion, the stable m-cone condition with assumptions in Theorem 3.5 (a) and the
unstable fiber-L-cone condition. Taking K smaller, if necessary, assume that the
same conditions hold in N. Then, for each z € S:(C N), there exists a Lip-
schitzian function y = h3 ,(a) such that

Wu(z) - {(av hu(av hz,u(a)vg)v hf‘,u(a)"g)} c N

is defined locally. The Lipschitz constant of h% ., has an upper bound sl,
m(1+ L=2)Y2 for any z.

Since y is not a parameter for (B.1) with n > 0, then the unstable fiber
W*(z) is not always defined globally in N. A sufficient condition which W*(z)
is defined globally in a given block is discussed in Sections 4.6 and 6.1.

PRrROOF. The existence of unstable fibers are proved by the same arguments
as that of W*(S,) in N, replacing N by the cone

Cf(2) = {2} +{(a,;Q) | la — ma(2)| = LIC = mc(2)]}, ¢ = (y,m)
for z € S;. Let

M(8) = —(Da(t), Aa(t)) + L (Ay(t), Ay(t)) + (An(t), An(t))) -

Consider the time differential of Mgu in the reverse time direction 7 = —t.

Then we have

1d 1d

SMPY = - MY = L2 ((Ay, Ay') + (An, A1) + (Aa, Ad’

2dr L th (< Y, y>+< m, 77>)+< a, CL>
OF

= (Aa, AAa) + <Aa aFl(‘)A + () — ho)

+ S @ay+ 52 Ea0)

—aL2<Ay IR OIS

99 99
+ "5y (2)Ay + (gl + "on @) An>,

where g1 = g(a1, hu(ai,y1,m),y1,m) and h; = hy(a;,yi,m), 1 = 1,2. We
further have
1d

3 dTMf’ > (Aa — 01.0)|Aa? = 01| Adl|hy — ha| — 01,44 Aal|Ay A

- h2| + Uslow,y,n|Ay AU‘HAQL

where |Ay An| = (|Ay|? + |An?)'/2, etc. Now let 21,22 € W¥(S.). Then the
Lipschitzian function A, has the following estimate, which follows from the stable
m-cone condition:

|h1 — ha| < m|Aa Ay An|.
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Moreover, if zo € W*(S.) N C% (21)° N {M}j" = 0}, we further have
b1 — ho| < m|Aa Ay Ag| < m(L? +1)"/?|Ay An.

Hence we have

1d
B. M
(B.3) 2dr L
where 8 is given in (B.2). The differential is thus positive if Ay > (3, unless

> L* {\a — B} |Ay Anl?,

Ay = An = 0. Summarizing the above argument we have

LEMMA B.3. Let N be a fast-saddle-type block satisfying the stable m-cone
conditions such that the slow manifold S. as well as W*(S.) = {b = hy(a,y,¢)}
is validated within N for ¢ € (0,e0]. Let M{™(t) :== —|a1(t) —aa(t)|? + L?|¢1 (t) —
G (t)|?, where (ai, &) = (ai,yi,ni) € W(Se), i = 1,2, with some L > 0. Assume
that the unstable fiber-L-cone condition is satisfied in N. Then dMg’“/dT >0
on {M}j” = 0} unless (y1,€1) = (y2,€2), where 7 = —t.

Go back to the proof of the theorem. Lemma B.3 indicates that the conic
part {|a| = L|¢ — (|} of the boundary 8C£’“(zl) with z; € S; is the entrance in
the ¢ time direction. Then the existence argument in the proof of Theorem 3.5
with time-reversal flow yields the existence of a point 2o € Sz = {(a,y,n) €
CI™(z1) | @ = @} N W*(S.) such that ¢ (t,22) € CI"(pe(t,21)) for all t < 0,
as long as ™, Sz C int K holds. Since such a point can be chosen for any a, this
argument gives a component ¢ = (y,n) for each a. The y-component of ¢ gives
a function y = h3 ,(a).

The rest is the well-definedness and Lipschitz continuity of 2% ,. The in-
equality (B.3) also yields
1d
2dr
If, for fixed €, both points (a,y1) and (a,y2) are on the graph {y = h} ,(a)},

(B.4) |Ay Anl?> > (X4 — B} |Ay Anl?.

these points satisfy M{“(T) > 0 and stay in N for all 7 € [0, 00), equivalently,
t € (—00,0]. The inequality (B.4) with the unstable fiber-L-cone condition
in N indicates that the difference |Ay An| diverges as 7 — oo, equivalently
t — —oo. However, it contradicts the fact that N is compact, which shows the
well-definedness of y = h% ,(a) and its Lipschitz continuity.

For fixed ¢, the slope of unstable fiber, namely the Lipschitz constant of A7,
is estimated as follows. Let (a;,b;,yi,€), i = 1,2, be points on W*(z). Note that
we have to pay attention to the variance of b-component. First we have

b1 = bs| = |hu(a1,y1,€) — hulaz, y2,)| < m(lar — asl® + [y1 — y2|*)*/*.
Second we have

lyr =yl = |hpular) = hpulaz)] < L™ 1ay — ag.
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Summarizing these estimates, we have
(Ibr = bal* + 1 — 9o/ < m(1+ L72)?|ar — aa),

namely, the slope of unstable fiber in W*(S.) has the upper bound m(1 +
L=)1/2 =4l,,. O

REMARK B.4. If we formally set m = 0 in (B.2), the unstable fiber-cone
condition turns out to be independent of differentials of vector fields in the
b-component. In Jones’s lecture note [19], whole arguments concerning with in-
variant foliations are developed after straightening W*(S:) and W*(S.); namely
{b = 0} and {a = 0}, respectively. In our arguments, on the other hand, the
locally invariant manifold W*(S,) is kept bended. Instead, we estimate the
strength of bend by m, which enables us to validate invariant foliations without
any helps of nonlinear straightening transformations.
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