Topological Methods in Nonlinear Analysis
Volume 49, No. 1, 2017, 245-272
DOI: 10.12775/TMNA.2016.069

© 2017 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

ON SEMICLASSICAL GROUND STATES
FOR HAMILTONIAN ELLIPTIC SYSTEM
WITH CRITICAL GROWTH

JIAN ZHANG — XIANHUA TANG — WEN ZHANG

ABSTRACT. In this paper, we study the following Hamiltonian elliptic sys-
tem with gradient term and critical growth:

—2 AP +eb- VY 1 = K@) f(In)e + W(2)ln* ¢ in RY,

—e2Ap —eb- Vo + ¢ = K@) f(In)y + W(z)[n]>" ~2¢  in RV,
where = (¢,p): RN — R2, K,WW € C(RN,R), ¢ is a small positive
parameter and b is a constant vector. We require that the nonlinear po-
tentials K and W have at least one global maximum. Combining this with
other suitable assumptions on f, we prove the existence, exponential decay
and concentration phenomena of semiclassical ground state solutions for all
sufficiently small € > 0.

1. Introduction and main results

We study the following Hamiltonian elliptic system with gradient term and
critical growth:

—e2AY +eb- Vi + ¢ = K(2) f(In])p + W(z)In|* 2¢ in RV,

(Pe) .
—2Ap—eb- Vo + ¢ =K(@)f(In)e + W(z)n* 2y inRY,
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where = (¢Y,¢): RV — R2 N > 3, ¢ > 0 is a small parameter, 2* =
2N /(N — 2) is the usual critical exponent and b is a constant vector, and f is
a superlinear and subcritical nonlinearity. In this paper, we are concerned with
the existence, exponential decay and concentration phenomenon of semiclassical
ground state solutions of system (P.).

Systems (P.) or similar to (P.) were studied by a number of authors. But
most of them focused on the case b = 0. For example, see [3]-[5], [9], [12],
[20], [24], [26], [29], [32], [33], [35]-[38], [40], [41], [43] and the references therein.
When b # 0 and € = 1, there are not so many works on elliptic systems with the
gradient term. Zhao and Ding [39] considered the following system:

—AYp+b(z) - Vi + V(a)p = Hy(z,1, ) inRY,

1.1
- —Ap = b(x) Vo +V(z)p = Hy(z,9,¢) inRY,

where b = (by,...,by) € CYRY,RY), V € C(RY,R) and H € C (RN x R R).
In this case, the appearance of the gradient term in this system brings some diffi-
culties, and the variational framework for the case b = 0 cannot work any longer.
Hence the authors first established suitable variational framework through the
studying of the spectrum of operator, and obtained the multiplicity of solution
for the non-periodic asymptotically quadratic case by applying the theorems of
Bartsch and Ding [6]. Moreover, without the assumption that H(z,n) is even
in 7, infinitely many geometrically distinct solutions for the periodic asymptoti-
cally quadratic case were obtained by using a reduction method. For the periodic
superquadratic case, Zhang et al. [42] proved the existence of ground state so-
lution for system (1.1). Recently, Yang et al. [34] considered the non-periodic
superquadratic system

—A¢+bvw+¢:H¢($,¢,S@) in RN7

(1.2)
—Ap—b-Vo+p=Hy(z,9,¢) inRY,

with a constant vector b. Since the problem is set in unbounded domain with non-
periodic nonlinearities, the (C).-condition does not hold in general. To overcome
the difficulty, they first considered certain limit problem related to system (1.2)
which is autonomous, and constructed linking levels of the variational functional
and proved the (C).-condition.

For small ¢ > 0 the solutions (standing waves) of (P.) are referred to as
semiclassical states, which describe the transition from quantum mechanics to
classical mechanics when the parameter € goes to zero, and possess an important
physical interest. For such case, the asymptotic behavior of semiclassical states,
such as concentration, exponential decay, etc., is a very interesting problem in
mathematics and physics. To the best of our knowledge, there is only a few works
concerning the existence and concentration phenomena of semiclassical states.
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Very recently, Zhang et al. [44] studied the following singularly perturbed system:

—e2AY +eb- Vi + 9 = K(z)|nP~2p in RN,

(1.3)
—e2Ap —¢eb-Vo+p=K(z)nP~2p inRYN,

with p € (2,2*). The authors proved the existence of semiclassical ground state
solutions of system (1.3), and also shown that these solutions converge to the
ground state solutions of the associated limit problem and concentrate to the
maxima point of nonlinear potential K as ¢ — 0. For the general subcritical
case with competing potentials, see [45]. However, there are no results studying
the existence and concentration phenomena of semiclassical solutions for the
critical growth case. So, it is quite natural to ask if certain similar properties
about semiclassical solutions can be obtained for the critical case. As we will see,
the answer is affirmative. In the present paper we will investigate system (P;)
with critical growth and more general subcritical nonlinearity f. More precisely,
we prove the existence, concentration, exponential decay and H?2-convergence
of the semiclassical ground state solutions to system (P.). Compared with the
study of system (1.3), the study of system (P.) becomes more complicated due
to the effect of the critical growth and the general subcritical nonlinearity, so the
present argument seems to be more delicate.

Let us now describe the results of the present paper. For notational conve-

0 -1 0 1
j(l 0)7 \70(1())7

and S. = —2A + 1. We denote

nience, let

2N .
A€:=SEJ0+€b-Vj=< 0 e?A —¢b V—l—l).

—e2A+eb-V+1 0

Then system (P.) can be rewritten as

(1.4) Ay = K (@) f(Inl)n + W (z)[n|* .

In what follows, we write F(|z|) := O‘Z‘ f(s)sds. Before stating our results, we
make the following assumptions for the nonlinearity:

(Fo) f € CHRF,RT), f(0) =0 and f'(s) > 0 for s > 0, where R = [0, 00);

(Fy) there exist ¢ > 0 and p € (2,2*) such that f(s) < (1 + sP~2) for s > 0;

(Fg) there exist 8 > 2, 2 < 0 < p and ¢y > 0 such that ¢ys” < F(s) <
f(s)s?/6 for all s 0.

o—2

A typical example is the power function f(s) = s For describing our

study we first need to present some information of the superlinear and subcritical



248 J. ZHANG — X. TANG — W. ZHANG

system

~AYp+b- VY + =02 RN,

(1.5) .
—Ap—b-Vo+p=1n""% inR"Y,

where o is the constant from (F3). Let v denote the least energy of the ground
state solution of system (1.5), it follows from the conclusion of [42] that v > 0 is
attained. Furthermore, set

P SN/zcg/(Uﬂ) (0—2)/2
o - ]VV
and

k:= max K(x), ko :=limsupK(z), w:= max W(zx),
max K(2), o= Tmsup K(2), i ma W(@)

where ¢ is given in (F3) and S denotes the best Sobolev embedding constant

2/2*
S(/ |z|2*) S/ |Vz|?, for all z € DV2(RY R?).
RN RN

For the nonlinear potentials K and W, we suppose that
(Ko) K,W € C(RY) with a := inf K(z) >0, inf W(z) >0 and ke < K,
z€RN zERN
lim sup W (z) < w;

|z|—o00
(Ky) vyl -wV-20=-2/4 < 5.

For showing the concentration phenomenon, we define the following concen-
tration set .# = {x € RN : K(z) = k, W(x) = w}. Without loss of generality,
below we may assume 0 € .# throughout the paper. Now, we are ready to state
the main result of this paper.

THEOREM 1.1. Assume that |b] < 2, (Fo)—(F2), (Ko) and (K1) are satisfied.
Then, for all sufficiently small € > 0,

(a) (P.) has a ground state solution n;

(b) &Z. is compact in HX(RY), where £. denotes the set of all ground state
solutions of (P:);

(c) there exists a mazimum point x. of |n.(x)| with 51_13(1) dist(z., #) = 0,

and setting we(z) := n.(ex + ), ve converges in H*(RN) to a ground
state solution of

—AY+b-Vip+ o =kf(In))e +wn* 2p inRY,
—Ap—b-Vo+o=rf(n)y+wn* 2 nRY,

(d) there exist ¢,C' > 0 such that [n.(z)| < Cexp(—cl|x — z.|/¢).
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For the proof of our results, we do not handle system (P.) directly, but
instead we handle an equivalent system to (P.). For this purpose, set z(z) =
(u(z),v(z)) = (Y(ex), p(ex)) = n(ex), K.(x) = K(ex) and W.(x) = W(ex).
Then system (P.) is equivalent to the following:

—Au+b-Vutu=K.(z)f(|z])v+ We(2)|2|* “2v in RV,
—Av—b-Vo+v=K.(x)f(|z])u+ We(z)|2|> 2u in RV,

(P2)

Moreover, system (P.) can be expressed as

(1.6) Az = K (z)f(|2])z + We(z)]2|* 22,
where
. ( 0 -A—-b-V+1 )
\—A+4b-V+1 0 '

Clearly, (1.4) is equivalent to (1.6). We will, in the sequel, focus on this equivalent
problem.

As a motivation we recall that there is a large number of investigations
devoted to the study on the semiclassical states of Schrédinger equations

(1.7) —?Au+V(z)u= f(z,u), uec H RN).

It was shown, under suitable assumptions of course, that for all € > 0, (1.7)
possesses a ground state u. which concentrates on the set of minimum points
of V as e — 0. For example, see [2], [7], [8], [11], [17], [18], [21], [23], [27],
[28], [31]. Note that, since the Schrédinger operator —A + V' is bounded from
below, techniques based on the mountain pass theorem are well applied to the
investigation. However, for our problem, the mountain pass structure no longer
applies since the corresponding energy functional is strongly indefinite, the clas-
sical critical point theory cannot be applied directly. Hence our problem poses
more challenges in the calculus of variation in nature.

Our argument is variational, the semiclassical solutions are obtained as crit-
ical points of the energy functional ®. associated to (P.). But one of the main
technical difficulties to be overcome is that the energy functional ®. is strongly
indefinite. Inspired by Ackermann [1], we utilize a reduced method, which re-
duces the strongly indefinite case to the mountain pass case. Hence, we construct
a reduced functional I. whose critical points are in one-to-one correspondence to
critical points of ®.. With the help of the Nehari manifold .4Z of I, an impor-
tant information of the least energy c. will be obtained. Moreover, by applying
some ideas used in [13], [15], we prove that the value ¢, is attained. In addition,
we also prove the concentration phenomenon of semiclassical solutions. Finally,
for proving the exponential decay, the Kato inequality seems not work well due
to the presence of the gradient term in system (P.), we handle, instead of Alz|
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in the Kato inequality, the square of Alz|, that is A|z|?, and then describe the
decay at infinity in a subtle way.

2. Variational setting and linking structure

Below by ||, we denote the usual L¢-norm, (-, - )2 denotes the usual L? inner
product, ¢, ¢; or C; stand for different positive constants. Denote by o(A) and
o.(A) the spectrum and the essential spectrum of the operator A, respectively.
In order to establish suitable variational framework for system (P.), we make
use of the following lemmas, which are two special cases in [39].

LEMMA 2.1. ([39, Lemma 2.1]) The operator A is a selfadjoint operator on
L2(RN | R?) with domain D(A) := H?(RN R?).

LEMMA 2.2. ([39, Lemma 2.3]) The following two conclusions hold:

(a) o(A) = 0.(A), i.e. A has only essential spectrum

(b) o(A) CR\(—1,1) and o(A) is symmetric with respect to origin.

It follows from Lemmas 2.1 and 2.2 that the space L? := L?(RY,R?) pos-
sesses the orthogonal decomposition

I’>=L oL, z=z +z*
such that A is negative definite (resp. positive definite) in L™ (resp. L™). Let
|A| denote the absolute value of A and |A|'/? be the square root of |A|. Let
E = D(|A|'/?) be the Hilbert space with the inner product
(z,w) = (|A]"22, | Al *w)y
and norm ||z|| = (z, 2)'/2. There is an induced decomposition
E=FE @E*%, where E* = ENnL*,

which is orthogonal with respect to the inner products (-, - )o and (-, - ).

LEMMA 2.3. ([39, Lemma 2.4]) ||-|| and ||-||g: are equivalent norms. There-

fore, E embeds continuously into LP := LP(RN R2) for any p € [2,2*] and com-
pactly into LY = LP (RN R2) for any p € [2,2*), and there exists a constant

loc loc
mp such that

(2.1) mplzlp < 2|, forallz € E, p e [2,27].

In virtue of assumptions (Fo)—(F3), for any ¢ > 0, there exist positive con-
stants r., C. and C. such that

fls) <e forall0 <s<r,,
(2.2 F(el) < clef? + Colep for all 2 € R, pe (2,2°),
F(|z]) > CLz|? —€|z|> forall z € R%, 6 > 2.
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On E we define the following functional:

23) ) =5 U= 1P - [ Ke@F(ah -5 [ Wl

Lemma 2.2 implies that ®. is strongly indefinite. Moreover, our hypotheses

imply that ®. € C*(E,R), and a standard argument shows that critical points
of @, are solutions of problem (P.) (see [10], [46]). For convenience, let

- [ K@)F (e + /W el

LEMMA 2.4. V. is weakly sequentially lower semi-continuous. WL is weakly

sequentially continuous.

Using the Lemma 2.3, one can check easily the above lemma, here we omit
the details (see, for example [10], [22] and [46]).

Set, for r > 0, Bf = {2z € ET : |z]| <r} and S}t = {z € E* : ||z|| = r},
and for e € E*, E, := E- ®R"e with Rt = [0, 00). Now we discuss the linking
structure of ®..

LEMMA 2.5. There exist v > 0 and p > 0 both independent of € such that
Pc[p+(2) 2 0 and |4+ (2) = p.

PROOF. Observe that, mo = 1 by Lemma 2.2 (b). For any z € E™, by (2.1)

and (2.2) we have
L2
LIl [ K@ P - g [
RN

I?

D (2)

V

1
S 12112 = enlelf - Conll?

V

1
L2l = enllel? = Conmy Pzl — 2wz o
1 _ w

(5~ 0 lelP = Commg el = 52 3 el

Since p € (2,2*), choosing suitable £,7 > 0 we see that the desired conclusion
holds. U

LEMMA 2.6. For any e € E*\ {0}, there exist R. > 0 and C = C, > 0 both
independent of € such that ®.(z) < 0 for all z € E,\ Br, and max ®.(E.) < C.

PROOF. For any z € F,, that is z = te + v for some ¢t > 0 and v € E~. By
the Young inequality and (2.2), we have

1
B.(2) =5 (Plel = [ol?) = [ Kela)Fte+ o) =5z [ Wela@he +of*

1
<5 (Elel® = [[v]]*) + aclte + v]3 — aCllte + vl
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1 1
< (5 el + aclelf) + (ashlf = 5 Dol ) ~ aCtlee + ol

1 1
< (G Iel? + aclel) + (aclolt - 5 101?)

—1%aCL(1 — (6 — 1))lely + <~ VaCl|v]g

for some 0 < ¢ < 1/(0 —1). Since 6 > 2, choosing large R. > 0 we see that the
desired conclusion holds. O

Similar to an argument in [30], we define the following minimax value:

= e o) 1)

As a consequence of Lemmas 2.5 and 2.6, we have
LEMMA 2.7. There is C > 0 independent of € such that p < c. < C.

Recall that a sequence {z,} C E is said to be a (PS)_ sequence for a func-
tional ® € CY(E,R) if ®(z,) — ¢ and ®/(z,) — 0, and ® is said to satisfy the
(PS), condition if any (PS), sequence for ® has a convergent subsequence. With
Lemmas 2.4, 2.5 and 2.6 and by a standard linking argument it follows that ®.
has a (PS),_ sequence (see [10] and [30]). Obviously, if . satisfies the (PS),_
condition, then c. is a critical value of ®.. Unfortunately, since there is no com-
pactly embedding from H' into LP for 2 < p < 2*, then the (PS),. condition
does not hold in general, we have to go through more analysis.

Following Ackermann [1], for a fixed z € ET we introduce ¢.,: E~ — R
defined by

de,z(w) = D (2 4+ w).
A direct computation gives, for any w,p € E~,

oL (w)lp, 0] = — lloll* — ¥/ (z + w)[e, ¢]

el - —1/ We ()] + wf> 2| pf?

IN

=) Ke(2) (' (12 + w])|z + wllo® + f(lz + w])el?).

By (Ko) and (Fy), it is easy to see that @7, (w)[p, p] < 0 for ¢ # 0. In addition,

1 1
Benw) < 5 2112 = 5 ol = —o0 as ] - oo.

Therefore, there is a unique h.(z) € E~ such that ¢. ,(h-(2)) = max Pe,» (W)
wer—
andw;éhg()lfandonlylf(b( ) Q. (2 + he(2)).
It is clear that 0 = ¢ ,(h.(z))wforallw € E~. Forany z € ET andw € E~

setting v = w — h.(2) and g(t) = Pe (he(z) + tv), one has g(1) = ¢ .(w ),
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g(0) = e »(he(2)) and ¢'(0) = 0. Thus

This implies that
1
(W) = o (he(2)) = / (1= )6, (he(2) + to)[, o] dt

= —/ (1 —t)[||v|2+(2* - 1)/ We(z)|z + he(2) 4 tv]? ~2|v)?
0 RN

|(z + he(2) + tv)v]?
|z + he(2) + tv]

n Ke(x)(f’(z+hs(2)+tvl)
RN

+ f(lz + he(2) + tv|)|v|2)] dt

1
— 5l [ ),
RN

where

|(z + he(2) + tv)v|?
|z 4+ he(2) + to|

() = [ o (Kg(a:) [f’<|z+hs<z> T tol)

+ f(lz + he(z) + tv|)v|2] + (2* = D)We(2)|z + he(2) + tv|2*—2|v|2> dt.
Hence
2 BCrhE) -Gt =g P+ [ H),
Now, define the reduced functional I.: E¥ — R by
L() = Bz + he(2) = 5 (1217 = [he(?) = Tele + he(2)),

and its Nehari manifold by A4, := {z € ET\{0} : I’(z)z = 0}. Then critical
points of I, and ®. are in one-to-one correspondence via the injective map z —
2 + he(z) from ET into E.

LEMMA 2.8. For any z € E1 \ {0}, there is a unique t = t(z) > 0 such that
t(z)z € M.

For the proof of the previous lemma, we refer to [1, 14]. Here we omit the
details.

LEMMA 2.9. We define d. := iI:l/fV I.(2), and d. = c..
zeNe

PROOF. Indeed, given e € ET, if 2 = w + se € E, with ®.(z) = max D, (v)
veEFl,.

then the restriction ®.|g, of ®. on E. satisfies (P.|g, ) (z) = 0 which implies
w = he(se) and I.(se)(se) = PL(z)(se) =0, i.e. se € Az. Thus d. < c.. On the
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other hand, if z € A, then (®.|g,) (z + he(2)) =050 c. < max O, (v) = I.(2).
veklk,
Thus d. > c.. This proves d. = c.. O

LEMMA 2.10. For any e € ET\ {0}, there exists T, > 0 independent of € > 0
such that t. < T, fort. > 0 satisfying t.e € ..

PROOF. Since I.(t.€)(t.e) = 0, one gets
(2.5) ®e(tee + he(tee)) = max Oe(2).
This, together with Lemmas 2.6 and 2.9, implies that
ce < P (tee + he(tee)) < cltg — cztg + 3,
from which one can show the desired conclusion. (|

Let . := {z € E\ {0} : ®.(z) = 0} be the critical set of ®.. Since
critical points of I. and ®. are in one-to-one correspondence via the injective
map z — z + h.(z) from EV into E, from Lemma 2.9, it is easy to see that if
He # () then c. = inf{®.(z) : z € #.}. Using the standard bootstrap argument
(see e.g. [14], [16] for the iterative steps), one obtains easily the following result.

LEMMA 2.11. If z € J with |D.(2)] < C1 and |ul]a < Cs, then, for any

r>2,z¢€ H*" and ||z g2 < A, where A, depends only on Cy,Cy and .

Let .Z. be the set of all least energy solutions of ®.. If z € %, then ®.(z) = ¢,
and a standard argument shows that % is bounded in F, hence, |z|o < Cq for
z € %, some Cy > 0 independent of . Therefore, as a consequence of Lemmas
2.9 and 2.11 we see that, for each r > 2, there is C, > 0 independent of € such
that ||z||g2 < C, for all z € Z.. This, together with the Sobolev embedding
theorem, implies that there is C'sc > 0 independent of ¢ with

(2.6) |20 £ Cs forall z € Z..

LEMMA 2.12. Assume that |b| < 2, there is Cy > 0 independent of x,z € £
and € > 0 such that

1/2
en  Ei<al [ EwPa) L cerY se .
Bl(l’)
where By(z) ={y: ly — x| < 1}.

PROOF. Let z = (u,v) be a solution of (P.). Recall that |z]? = u? + v%.
Then, fori=1,..., N,
D; D;
Dy(|2?) = 2|2|Di(|2]) = 2|z] %ﬁ”” = 2(uDyu + vDv),
z

Dii(|z|2) = 2D;(uD;u + vD;v) = 2(D;uD;u + uDyu + DivD;v + vDy;v).



SEMICLASSICAL GROUND STATES FOR HAMILTONIAN ELLIPTIC SYSTEM 255

This yields that
N N
A|Z|2 = Z D”(|Z|2) =2 Z (DluDzu + uDiiu + Dﬂ}DiU + UDii’U)
i=1 i=1

=2(|Vul? + |Vo|? + ulAu + vAv) = 2(|V2|? + 2Az2),
where Vz = (Vu, Vo). Since z = (u,v) is a solution of (P.), then
(2.8)  Alz]? =2(|Vz]? + 2Az)
—2(juf? + Juf? — W, ()]
—2K.(2) f(|z))uv + b- Vuu — b - Vov + |Vz[?)
>2(|2f* = wlz* 2 (jul® + |of*)

—wf(lzD)([ul* + [v*) + b Vuu —b- Vov + |Vz|?)

*_
2 Q’U,’U

> 2(|z|2 el = k(DA

2 2 2 2
(T [T Y i)

" b b '
=21 = wlsf? = s (el = Bt = Bl s 4 v

: b
22(1af? — ll?” = ns (el - Bl

as |b| < 2. On the other hand, by some similar arguments as in [9], we know
that |z(x)| — 0 as |z| = oo. Thus, for any a > 0, it follows from (F}) that there
is R > 0 such that

(2.9) fz) <o, Jz| = R
Therefore, by (2.8) and (2.9), there exists § > 0 such that
(2.10) Alz|? > —6)z|?, z € RY,

which implies that |z|? is a sub-solution of the equation (—A—§)z = 0. Moreover,
by the sub-solution estimate [19], we have

z<x>|sco(/ |z<y>|2dy) . eRY,
Bi(x)

with Cy > 0 independent of z, z € %, and € > 0. O



256 J. ZHANG — X. TANG — W. ZHANG

3. The autonomous problems

In order to prove our main result, we need some results on related au-
tonomous system. For the constants p,v > 0, consider the subcritical au-
tonomous system

(3.1) —~Au+b-Vu+u=pf(|z|)v inRN,
‘ —Av—b-Vo+v=pf(]z])u inRY,

and the critical system

—Au+b-Vutu=puf(z))v+rvz? v inRV,

(3.2) X
—~Av—b-Vo+v=pf(lz])u+v/z|>* 2u in RV.

Firstly, we introduce the results of the subcritical system. It is well known
that the solutions of system (3.1) are critical points of the functional
B = 5 (42 = 1712 = [ PO = 5 1 IP = 17I) - Wala)
RN
defined for z = 2~ + 2t € E = E~ @ E*. Denote the critical set, the least
energy, and the set of ground state solutions of ®,, as follows:

K ={z € E:®)(z) =0},
cp = inf{®,(2) : z € %, \ {0}},
L={ze X, Pu(z) =cu}.

LEMMA 3.1. There hold the following conclusions:

(a) system (3.1) has at least one ground state solution, i.e., %, # 0, and
¢, > 0;

(b) ¢, is attained, and &), is compact in H*(RY);

(c) there exist C,c > 0 such that |z(z)| < Cexp(—c|z|), for x € RN and
2 €L,

PrOOF. For the proof of (a) and (b), we refer to the proof in [34, Theo-
rem 1.1]. Now, we show that (c) holds. Let z = (u,v) € .Z,. By (b), |2(z)| = 0
as || — oo uniformly in z € Z,. In fact, if not, then there exist o > 0,
{z;} € &, and {z;} C RN with |z;| — oo such that o < |z;(z;)]| for all j.

Without loss of generality, we may assume that z; — z in H 2. By (2.7),

1/2
0 < |5(a))] SCO(/ |zﬂ>
Bl(aj])

1/2 1/2
sco(/ B —z?) +co(/ z|2) S,
Bi(z;) By (z;)

a contradiction. Therefore, by (2.8) and (2.9), there are R > 0 and § > 0 such
that Alz|? > §|z|2 for |z| > R.



SEMICLASSICAL GROUND STATES FOR HAMILTONIAN ELLIPTIC SYSTEM 257

Let T' be a fundamental solution to —AI' + 6" = 0. Using the uniform
boundedness, we may choose I' so that |z(y)[? < T'(y) for |y| = R. Set w =
|| — T, then

Aw = Alz|> = AT > §(]z]* = T) = éw.
By the maximum principle, we can conclude that w(y) < 0 for |y| > R, i.e.
2(y)]* <T(y) for |yl > R.
It is well known that there are ¢/, C’ > 0 such that
I'(y) < C"exp(=cly|) for |y = 1.
Therefore, there are ¢, C' > 0 such that
12(2)|* < Cexp(—c|z|) for z € RY,
that is,
|2(x)| < \Fcexp<g |:17|> for z € RY. O

As before we introduce the following notations:
hy: ET = E~, ®,(2+h,(2)) = nax @, (2 +w);
I,: ET >R, I.(2) = ®u(z+ hu(2));
M, ={z€ ET\ {0}: I(2)z = 0}.

Plainly, critical points of I, and ®, are in one-to-one correspondence via the
injective map z — z + h,(z) from E7 into E. Similar to Lemma 2.8, it is easy
to check that, for each z € E* \ {0}, there is a unique ¢t = ¢(z) > 0 such that
tz € A, and

cp =inf{l,(2) : z € M.} = EEE;E{{O} max P, (2).
For the later use, define, for o € (2,2%),
2 _ 1,112
Lo el = o]

weEF\{0}veE~ |u+wv|2

and consider the system

—Au+b-Vu+u=|2/"%v inRY,

(3.3)
—Av—b-Vo+v=|2z[""2u inRY,

with the energy functional defined by
1 _ 1 -
To(2) =5 (17 I1P = 117117 - */ ||
0 JrN

and the least energy denoted by . The following lemma is due to [13, Lemma 4.5]
(see also [15]).
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LEMMA 3.2. T, is achieved at some z which is a ground state solution of

T, = ( 207 )(0_2)/0.
o—2

PrROOF. We employ the argument from [13]. For reader’s convenience, we
give the details. Set, for any u € ET and v € E™,

[ull® — o]

Ju(v) = ——5— and T,(u) = max 7Z,(v).

|u+v|?, veEE~

If we E~ with #,(w) =T, (u), then for v € E7,

system (3.3). Moreover,

2
0= fy(wp = T+ wlt (— (w, v)|u+ w2
= (ul? = ol Du+ w2 [ m+w04w+ww)
RN
and
" 2 2 2
w (w)[v,v] = m — lv[l*|u + wl;

— (= P+ w2 [l
RN
2
(o —2)(ul? - |w||2>|u+w|320< / ) |u+w|02<u+w>v)

— (o — ull? = ||w||®)|u + w|2° w4 w|((u+ w)v)?
(o = 2)(lull” = [[w[]*) v+ w5 /RN|+| ((+)))

2

< o+ wlt ( — lvlI*u + w2
o

- Q= ol + ol [ et ul ) <o,

Here we have used the estimate (by the Holder inequality)

2
(/ |u+w”‘2(u+w)v> g|u+w\g/ lu + w]((u + w)v)>2
RN RN

and [Jul|? — [Jw||* > 0 (since T, (u) > 0). Therefore, _#, attains its maximum at
a unique point. Observe that

12— 112
N s e
uw€EH\{0} weE, |w]|2
If the function
lw ]2 — fw™ |

mu(w) = |w‘2
o



SEMICLASSICAL GROUND STATES FOR HAMILTONIAN ELLIPTIC SYSTEM 259

attains its maximum on E, at w, setting @ = my, (w)Y ("= w/|w|y, then m, (©)
= my(w) and for any v € E,,
1/(e—2)\ 1
0= !, (w)o = 2( Ml 77 (Ad,v) —/ @72 @0 ).
[wo RN
This implies that @ is a critical point of 7,. Consequently,

-2 -2
T (@) = T2

20
hence, T, > (207/(0 — 2))(7=2)/7.
One the other hand, let z be a ground state solution of system (3.3) with

v < To(W) = (ma(w))?/ =2,

z= 2T+ 2z and take u = 2*. One has m,(z) = |2|272. Plainly, one checks as
above that for v € E—,

s =2 (<= [ ) =0

and

- 2 _ o o
Ll < g (= PR = (1P = 1P [ 12 <o.

|z
Therefore,
+112 _ —1|2 9 (0—2)/c
TU(Z+) _ ||Z H QHZ H _ ‘Z|572 _ ary ) O
‘z|0' o—2
LEMMA 3.3. If f(s) = cos® 2, then the corresponding least energy of system
(3.1) denoted by c, (o) satisfies ¢, (o) < (uco) =/ (072,

PROOF. Now assume f(s) = cos” 2, and denote the corresponding energy
functional of system (3.1) by
1 _ Heo
yp, p—— +12 _ PAN b o
(2) = 5 (1717 = Ml=717) = = o 2|
Let z be a least energy solution of system (3.3) and v = z*. Set ¢, € E, with
TH(ey) = maxyep, 7 (w). Then by Lemma 3.2,

o—2 e = e 2\ o/
cu(0) < TH(eg) = ——(peo) 72 <H<f””<f”>

20 les|2

< 02— 2 (peo) =2/ =TI/ =) = (1yey) =2/ (=2,
o
completing the proof. O
We now turn to critical system (3.2). Its solutions are critical points of the
functional
_ v .
Bule) =5 P =B = n [ O = 3% [ s
RN RN

(=17 = 11271%) = T (2)

N = N
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defined for z = 2= + 2zt € E = E~ @& E*. Denote the critical set, the least
energy, and the set of ground state solutions of ®,,, as follows
K ={2€ E:®,,(2) =0},
cpw = Inf{®,,(2) : z € £, \ {0}},
L ={2€ K : pu(2) =}
First we have the following result, which is very important in our arguments.

LEMMA 3.4. ¢, is attained if ¢, < ¢* = SN2 INy(N=2)/2,

PROOF. Let {z,} be a (PS). sequence with ¢ = ¢,,,,, then ®,,,(2,) — ¢ and
@), (zn) = 0 as n — oco. It is not difficult to check that {2,} is bounded in E.
By Lion’s concentration principle [25], {2, } is either vanishing or non-vanishing.

Assume that {z,} is vanishing. Then |z,|s — 0 for s € (2,2*). By (2.2), we

have

zZn|) = o(l), Zn zn2=0 , Zn znz+—z7 =o(1).
[Pz =), [zl o), [ fzaDz( =) = o)
Then

1
c+o(l) =P (zn) — 3 @, (2n)2n

[ (5 £GP = FlGab) +0 (5 - 52 )

which yields that |z,|o- — (N¢/v)'/?" as n — co. Moreover, by the Holder

« v x
5 = N 5 +o(1)

| Zn

inequality, we have

l2nll* = @, (2n) (23 = 27)

b [ St =)+ [ el e - )
RN RN
:V/ |2nl* 2 () = 20) +o(1) S vlzl3 T Ha = 2l +o(1),
RN
combining with ||z,|| = ||z} — 2, ||, which implies that
lzall llza — 24 272
S < n LS < vlznlse “+o(1
_|Zn2* 2:_27:'2*— | 2 ()
Ne (27—2)/2"
v

and hence ¢ > SN/Q/NV(N_Q)/Q, a contradiction.
Therefore, {z,} is non-vanishing, that is, there exist 7,9 > 0 and =, € RV
such that, setting w, (x) = z,(z + x,), along a subsequence,

/ |2 > 0.
B-(0)
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Without loss of generality, we assume w, — w. Then w # 0 and is a solution of
system (3.2). And so ¢, is attained. O

LEMMA 3.5. ¢, is attained if

(3.4) p W=/ <
PROOF. Observe that, for the nonlinearities, by (Fg) we have

HCo o
Wi (2) 2 0u(0) = B2 [ pap.
g RN

So, by the reduction process and the min-max scheme, we deduce c,, < ¢, <
cu(0). If (uco)™2/°=2y < ¢*, that is, (3.4) is satisfied, then c,, < c* by
Lemma 3.3. So ¢, is attained by Lemma 3.4. O

Combining Lemma 3.5, similar to the proof of Lemma 3.1, we have the
following results.
LEMMA 3.6. If (3.4) is satisfied, then:
(a) Huw # 0
(b) ¢y > 0 is attained and £, is compact in H*(RN);
(c) there exist C,c > 0 such that |z(x)| < Cexp(—cl|z|) for all x € RN and
2 €Ly

Set as before the induced map h,,: E* — E~, the functional
I, € CHET,R): I,,(2) = @, (2 + h(2)),
and the Nehari manifold .4},,,. The following lemmas will be useful to study our
problem.
LEMMA 3.7. Let z € A, be such that I,,,(2) = ¢, and set E, = E~ @ Rz.
Then

max yy(w) = L (2).

PRrROOF. Clearly, since z + hy,(2) € E,
I (2) = @ (2 + hu(2) < ggﬂxz D, (w).
On the other hand, for any w =v + sz € E,,
D, (w) = Ppp(v+52) < Py (sz+ hpw(sz)) = 1, (s2).

Thus, since z € A,

max B, (1) < max L (52) = L (2). O

LEMMA 3.8. Let p1 < po and v < vo, then cuu, > Cupuy- In addition, if
max{fio — p1,v2 —v1} >0, then ¢y, > Cuyu,-
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PROOF. Let z € £),,,, with ®,,,,(2) = ¢u,u, and set e = z*. Then

CM1V1 = (I)Mll/l (Z) = max ‘I)NIVI (w)

weE,

Let zy € E. be such that ®,,,,(20) = maxyep, Pusv, (w). One has

Cuivy = (pulm (Z) > (I),LL1V1 (ZO)

Vo — 11 *
= B o) + (2 =) [ P+ 25 [P
RN RN

V2 — 11 *
> 2 =) [ Fal) + 2 [l
RN RN

this implies ¢, > Cusrs- -

4. Proof of the main result
In the sequel, we shall denote p = K(0) and v = W (0), remark that by (Ko)
(4.1) K(ex) > p and Wi(ex) = v
uniformly on bounded sets of z as ¢ — 0. Recall that

k= max K(z), w := max W(x),
z€RN z€RN

and let

1 _ w *
Buole) = 5 (I = 1717 = [ P =57 [

The following lemma plays an important role, which is the key ingredient for
existence result.

LEMMA 4.1. limsupc. < ¢, In particular, lim ¢ = ¢y, if A # 0.
e—0 =0

PROOF. Firstly we show that
(4.2) Ce > C, foralle>0.
Arguing indirectly, assume that ¢, < ¢, for some ¢ > 0. By definition and
Lemma 2.9, we can choose e € ET \ {0} such that max ®.(2) < cpw- By
definition again one has ¢, < ?é%f D, (2). Since K (z) < k and W, (z) < w,

then ®.(z) > Py, (2) for all z € E, and we get

Crw > max @, (z) > max @y, (2) > o,
z€E,. 2€E.
which is a contradiction.
Now we turn to the proof of the desired conclusion. Set K°(x) = p — K(x),

WOo(z)=v —W(z) and K0(z) = K(ex), Wo(z) = WO(ez). Then

@3) ) =B+ [ KE@F(eD) + g [ WOl
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In virtue of Lemma 3.6, let z € .Z),, be a ground state solution to (3.2) and
e = zT. Obviously, e € A}, 2~ = hy(e) and I, (€) = ¢,. There is a unique
t. such that t.e € 47, and hence

(4.4) ce < I.(tce).

By Lemma 2.10, {t.} is bounded. Without loss of generality, we may assume
that t. — tg as ¢ — 0. Set

ze = tee + he(tee), we = tee + hyy(tee),
Ve = We — 22 = hyy(tee) — he(tce).

Next, we show that v. — 0 in E. Similarly to (2.4), we have

1 1
(4.) B.(20) = o) =g ol + [ Ho(o) 2 5 luel,
1
@6 Bulwd) =Pl =g ol + [ Gelo) 2 5wl
where

[z + tve)uef?

H.(x) /01(1 — 1) (Ks(fﬂ) {f'(zs ) ]

+ f(|ze + tv5)|v62} + (2" - 1)We(2)|2e + tv5|2*2|v,32) dt,

Ge(w) =/01(1 ) (u {f’(we PN (Gt (3

|we — tog]

+ f(Jlwe — tv5|)|v5|2} + (2" = Dv|we — tv5|2*_2|v€|2> dt
From (4.5), (4.6) and the mean value theorem we know that

||U€||2 <o (26) -9 (we) + q)ul/(we) - /u/ Za)

:/ K(2)(F(|z]) — F(|w.])) /W° )zl —

| K@) f(wel)weve / W) e,

RN

o[ w0 [ o[ L o] a
w e o . = tue]

1
+ [ W )/ (1—t)<(2*—1)|w5—tv8|2*_2|v5|2> dt
0
< - / KO(2) f(jwe|)weve — / W20 (z)|we]? ~2weve.

)
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It follows from (F;) that
@n el < [ K@Dl + [ W@ e o]
RN RN
<o [ IR
RN

2*71‘U8|

te / KO (@) e [P~ e + / WO ()| e

RN RN

1/2

s@( / |K£<x>wa|2) 0,12

RN

(p—1)/p

+c1( / |K£<x>|p/<”1>wep) 0.1y

RN

(2*—1)/2"
([ wraEre )
RN

Since t. — to, it is clear that {z.}, {w.} and {v.} are bounded. Moreover, by

2% .

the exponential decay of e and the continuity of h,,, we have for ¢ € [2,2%]

R—o0 R—

limsup/ |we|? = limsup/ [tee + hyy(te)|? = 0.
|z[>R |z|>R

By (4.1) and the above fact, it follows that

as) [ RGP = /|x|<R+ /|m.>R)'K3(”2'wE'2

= [ K@ s [l = o)

lz|>R

as € — 0, and similarly

@0 [ K@P O o, [ Wow)

as ¢ — 0. Thus, by (4.7), (4.8) and (4.9), we know that |vc|| = ||hu(t-€) —
he(tee)|| — 0, that is, h.(t-e) — hy.(toe). Consequently,

1 x
[ K@D+ 5 [ W@l -0
RN RN

as € — 0. This, jointly with (4.3), implies

2% /(2" —1) ‘wE‘Z" _ 0(1)

D, (2c) = P (teethe(tee)) = O, (teethe(tee))+o(1) = @, (foe+h, (toe))+o(1),
that is, I.(t.e) = I, (toe) + o(1) as € — 0. Recall that by Lemma 3.7

I (toe) < max D, (w) = 1I,(e) = cpu.
Now, using (4.4) we obtain

g% e < gg% I.(te) = I, (toe) < ¢
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Suppose additionally .# # () (that is 0 € .#), we find u = k and v = w, then

Cuv = Cuw. Obviously, by (4.2) we have HH(I) Ce = Cpu- O
e—

LEMMA 4.2. ¢, is attained for all small € > 0.

PROOF. Given ¢ > 0, let {z,} C 4% be a minimizing sequence I.(z,) — c..
By the Ekeland variational principle, we can assume that {z,} is, in addition,
a (PS),_ sequence for I. on .#z. A standard argument shows that {z,} is in
fact a (PS), sequence for I. on E" (see [30]) and {z,} is bounded. Hence
{#n + he(2n)} is a bounded (PS), sequence for ®. on E. Then we can assume,
without loss of generality, that z, + h.(2y) := w, — we. = wl +w; in E with
@’ (w:) = 0. So we are going to show that w. # 0 for all small £ > 0.

For this end, we take ¢ > 0 satisfying koo := limsup K(z) < £ < K :=

|| =00

max K(z), and define K*(x) = min{¢, K (x)}. Note that, by (K;) we refer
zTE

(4.10) (TrWN=2=D/4 < gp

And invoking Lemma 3.6, (4.10) implies that ¢y, is attained.
Now we consider the functional
1 _ 1
oL(z) = 5 (IF 1P = 1=711%) —/ KL{2)F(j2]) = o [ We(@)|2]?
2 RN 2 RN
and as before define correspondingly ht: E* — E—, IY: Bt — R, A ¢! and
so on. Following the proof of Lemma 4.1, one finds
. / _
(4.11) ;1_% Co = Cpy-
Assume by contradiction that there is a sequence ¢; — 0 with w.; = 0. Then
Wy = Zp + he,(2,) = 0in E, 2z, — 0 in L] for ¢ € [2,2%), and w,(z) = 0
almost everywhere on RY. Let ¢, > 0 be such that t,z, € ,/Vaf We see that
{tn} is bounded and one may assume ¢, — ¢y as n — co. By assumption (Ky),
the set A., := {x € RN : K., (z) > ¢} is bounded. Additionally, by virtue of

Lemma 3.7, one has
D (tnzn + L, (tnzn)) < e, (tnzn + he,(tnzn)) = I, (tnzn) < I, (2n).
Then, we obtain

&< Ifj (tnzn) = <I>ﬁj (tnzn + hﬁj (tnzn))

Ej—

= D¢, (tuzn + he, (tnzn)) + /RN (K., (@) = KL (@) F([tnzn + B, (tn2n)])

< I, (z) + / (Key (@) = OF (ftnzn + B, (bnza)]) = s, + (1)

A,

as n — oo, hence cﬁj < ¢, By (4.11), letting j — oo, yields ¢y < cro which
contradicts with c.,, < ¢y since £ < k (see Lemma 3.8). O
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In the same way, we obtain
LEMMA 4.3. % is compact in H2(RYN) for all small e > 0.

PrOOF. We first show that £, is compact in E. Assume by contradiction
that, for some ¢; — 0, £, is not compact in E. Thus, for each j, there exists
a sequence {z}} C Z., so that it has no convergent subsequence. But {z]} is
bounded. So, we may assume, without loss of generality, that zZ — 0 as n — oo.
As done for proving the Lemma 4.2, one gets a contradiction.

Let {z,} C % such that z, — z in E. Using the same notations as in (1.6),

we have
Az, = Ko (@) f(J2n])2n + Wa(z)\zn|2*_2zn,
Az = K.(2)f(|2])z + We(z)|2)* 2.

Therefore, by (2.6) and z, — z in E, we have

A =2 = [ K@iz = F12D2) + Wellza 22, = o7 22)

2

2

< [ K@ bz, 1:D2)

* * 2
—|—/ |T/VE(|Z7L\2 22n — |2)? 2z)| = o(1),
RN
which implies that z, — z in H2(RY). O

Next we shall prove the concentration phenomena for the ground state solu-
tions of (Pe).

LEMMA 4.4. Let z. be given as in the proof of Lemma 4.2, Then there is
a mazimum point ye. of |z-(x)| such that lim0 dist(eye, #) = 0, and for any se-
E—r

quence Y-, we(x) = z.(x+y.) converges in H*(RY) to a ground state solution of

~Au+b-Vu+u=rf(lz])v+wlz> 2v inRY,

(4.12) .
—Av—b-Vo+v=rf(|]z])u+wlz]* 2u inRN.

PROOF. Let ¢; — 0, z; € £}, where & = . Then {z;} is bounded.
A concentration argument shows that there exist a sequence {y;} C RM and
constants r > 0, ¥ > 0 such that

li_minf/ |2 > 0.

I By (y;)

Set w;(z) = zj(x + y;). Then w; = (u;,v;) is a ground state solution to the
following system:

—Auj +b-Vuj +u; = K, () f(Jw;])o; + ng (2)|w;]? ~2v; in RN,

(4.13) - _ . ,
—Av; —b-Vv; +v; = K, (@) f(lwj])u; + We, (x)|wj|2 ’2uj in RV,
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where IA(EJ (x) = K(gj(z + y;)) and ﬁ/\ej (x) = W(ej(x + y;)). Hence, for any
per,

(4.14) L (wy)p = (w], ") — (wj_,sf)
/ KEJ f(w;wjp — / We] )\w]|2 wijp =0

and the least energy (using the notations of the previous section)

where F(|z]) = f(|z])|z|*/2 — F(|z]). Moreover, ., = ., (w;) = ®.,(2j) = c,.
After extracting a subsequence, we may assume that w; = w in E and w; — w

q
in Ly,

for g € [2,2*) and w;(z) — w(z) almost everywhere on RV,

We now turn to the claim that {¢;y;} is bounded. Assume by contradic-
tion that ¢;|y;| — oo, without loss of generality assume K(g;y;) — Ko and
W(ejy;) = We. Note that K > Ko and w > We, by (Kp). Since for any

v e Cge,

IKOOWOO(W)SO
=) =) = [ Kfulue— [ Wl
= m (( wf o)~y 7) = [ (Rey () () =7 ()l ‘2)sz0):07

consequently, w = (u, v) solves

—Au+b-Vu+u=Kof(lw))v+ W w/? ~2v in RY,

(4.16) SR,
—Av—=0b-Vv+v=Kf(lw)u+ Wx|w| u in RY,

with the energy
1 _
@17) P (0) = 5 (o= oI = [ KeoP(u) = 5 [ Wl

_ / Koo F(ul) + — / Wolwl® > exc_w.,
RN N ]RN

here cx__w., denotes the least energy of (4.16). It follows from x > K., and

w > Wy that c., < cx__w., by Lemma 3.8. Moreover, by Fatou’s lemma,

/RN <Kooﬁ(|w)+;]Woo|w|2*> < lim <f<5_( )VF (|wj|)+ W, (x)

J—0o0 ]RN
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Consequently, by (4.15), (4.16) and Lemma 4.1, we have

an<cKoo OC,SCI)KOOW ( )< li)m CE = Crw,
j—oo

a contradiction.

Thus {e;y;} is bounded. Hence, we can assume z; = €;y; — 2o. Then w
solves
—Au+b-Vu+u=K(zo)f(|w)v+ W(zo)|w[* 2v in RN,

(4.18 .
) —Av —b-Vo+v = K(zo) f(|w))u + W(zo)|w|* 2u in RV,

with the energy

l\DM—t

(419)  Pr(ag)w(ae) (W) = 5 (Jw*[* = [lw™]?)

- [ KGorud -5 [

/ K (o) F(Ju]) + / W (o) 0?2 cxc(opm (o

here cg (yow(s,) denotes the least energy of (4.18). Furthermore, note that
IA(EJ. (x) = K(zo) and ﬁ/\gj (x) = W(xg), by Fatou’s lemma,

(4.20) /RN (K(:co)ﬁqu n % W(x0)|w|z*>
< lim (l?aj (@) F(Jwy]) + %ﬁ/\q ($)|wj|2*>.

J—0 JRN

It follows from (4.15), (4.19) and Lemma 4.1 that

(4.21) CK (o)W (20) < PK (o)W (o) (W) < jlgn Ce; < CK (w0)W (0)-

This implies that K(xo) = &, W(zo) = w and cg(z0)w(zo) = Crw, SO by
Lemma 3.8, 29 € .#. And it is obvious that one may assume that y; € RY
is a maximum point of |z;|. Moreover, from the above argument, we readily see
that any sequence of such points satisfies z; = ¢;y; converging to some point
in A as j — oo.

Next we prove w; — w in H*(RY). Recall that, by (4.21),

/RN (K(mo)ﬁ(|w|) n % W(xoﬂw'Q*)

_ lim (f< () F(fus]) + 5 T, <w>|wJ‘|2*)~

J—00 RN

Using the Brézis—Lieb lemma, one obtains

~ ~ 1 ~ .
lim (KE]. (2)F (jw; = ) + - W, (@) — w]? ) —0,

J—00 RN



SEMICLASSICAL GROUND STATES FOR HAMILTONIAN ELLIPTIC SYSTEM 269

which implies that |w; — w|e« — 0. Moreover, by the Holder inequality, one
has |w; — w|, = 0 in LP for all p € (2,2*). Then |w]ﬂE —w*|, — 0 in LP for
all p € (2,2*] by the continuity of projection operator. For convenience, denote
¢; = w; —w. Remark that {¢;} is bounded in E and ¢; — 0 in LP for all
p € (2,2*]. The scale product of (4.13) with gbj yields

/RN Aw;¢t = /]RN (K., f(lwj)w; + We, [wi|* —2w;) ¢t = o(1),

this implies that (w;r,gi);r) = o(1). Similarly, using the exponential decay of
w together with the fact that w;: — 0 in LL_ for ¢ € [2,2%), it follows from

loc

(4.18) that <w+,¢j> = o(1). Thus ||¢j|| = o(1), and the same argument shows
that [|¢; || = o(1). We then get w; — w in E. Similarly to the argument of
Lemma 4.3, we can prove that w; — w in H?(RY). O

LEMMA 4.5. Let w; be given as in the proof of Lemma 4.4. Then |w;(x)| — 0
as x| — oo uniformly in j € N.

PRrROOF. Assume by contradiction that the conclusion of the lemma does not
hold. Then by (2.7) there exist o > 0 and z; € RY with |z;| — oo such that

1/2
o < |wj(z;)| < C()(/ |wj|2>
By (z;)

1/2 1/2
< co( [, w> +co( / w|2> S,
]RN Bl(zj)

since w; — w in H2(RY), a contradiction. O

LEMMA 4.6. There are ¢,C > 0 and a mazimum point y. of |ze(z)| such that
c
|ze] < Cexp . |z — ye| |-

PrROOF. It follows from (2.8), (F1) and Lemma 4.5 that there are R > 0 and
0 > 0 such that

Alw.|? > §lw.|? for all || > R and ¢ > 0 small.

Let T be a fundamental solution to —AT" + §I' = 0. Using the uniform bound-
edness, we may choose I' so that |w.(y)|?> < T'(y) holds on |y| = R for all e > 0
small. Set ve = |w,|?> — T, then

Av. = Alw.|? — AT > §(Jw:|* = T') = dv..

By the maximum principle, we can conclude that v.(y) < 0 for |y| > R, i.e.
lwe (y)|> < T(y) for |y| > R. It is well known that there are ¢/, C’ > 0 such that

[(y) < Cexp(—c|y]) for [y| > 1.
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Therefore, there are ¢, C' > 0 such that |w.(z)]? < Cexp(—c|z|) for all z € RY
and € > 0 small, that is,

o) < VO oxp( 5 b e

for all z € RY and € > 0 small. O

PROOF OF THEOREM 1.1. Going back to (P.) with the variable substitution

x> x/e, ne(x) := z.(x/e) is a semiclassical ground state solution of (P.) for all

¢ > 0 small by Lemma 4.2. Lemma 4.3 shows that conclusion (b) holds. Finally,

it is clear that x. := ey, is a maximum point of |n.(z)|, and conclusions (c) and

(d) follow from Lemmas 4.4 and 4.6, respectively. d
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