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EXISTENCE AND CONCENTRATE BEHAVIOR
OF SCHRODINGER EQUATIONS
WITH CRITICAL EXPONENTIAL GROWTH IN RV

JIAN ZHANG — WENMING ZOU

ABSTRACT. We consider the nonlinear Schrédinger equation
—Au+ (1 + pg(@))u = f(u) in RN,

where N > 3, u > 0; the function g > 0 has a potential well and f has crit-
ical growth. By using variational methods, the existence and concentration
behavior of the ground state solution are obtained.

1. Introduction
In this paper, we are concerned with the following Schrédinger equation:
(L1) ~Au+t (1+ pg(@))u = f(u) inRY,

where N > 3, i > 0, the potential g is nonnegative and the nonlinear term f is
of critical growth. This equation arises in many models of mathematical physics
and has been studied under various assumptions imposed on pu, g and f.

Recall that v is a ground state solution of (1.1) if and only if u solves (1.1)
and minimizes the functional associated to (1.1) among all possible nontrivial
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solutions. When p = 0 and f is a subcritical function, almost necessary and
sufficient conditions for the existence of ground state solutions to (1.1) are given
by Berestycki and Lions in [9] when N > 3 and Berestycki et al. in [8] for N = 2.
Subsequently, the authors in [1], [40] attempted to complete the study initiated
in [8], [9], by considering the nonlinearities with critical growth. The main
difficulty related to (1.1) is the lack of compactness. Several approaches have
been developed to overcome this difficulty. See for example [11], [23], [24], [27],
[31] for the subcritical cases and [39] for the critical cases. When p > 0, many
authors have worked on equation (1.1) in various forms and obtained numerous
results on the existence, multiplicity and concentration behavior of solutions. In
particular, in [7], Bartsch and Wang considered the subcritical problem

(1.2) —Au+ (14 pg(z))u=uP~1 in RV,

where N > 3, 2 < p < 2* := 2N/(N —2) and the function g satisfies the
following conditions:

(81) 9 € C(RY,R), g > 0.

(g2) Q:=int g~1(0) is non-empty and has smooth boundary and Q = g=1(0).

(g3) There exists My > 0 such that meas{r € RY : g(z) < My} < oo, where
meas denotes the Lebesgue measure on RY.

Under the above assumptions, they showed that for p large enough, problem (1.2)
admits a positive ground state solution. Moreover, the ground state solution
converges (as p — 00) to a positive ground state solution of the following limit
equation:

(1.3) ~Au+u=u"t, ue H Q).

Multiplicity of solutions for (1.3) were also considered. It is remarkable that the
function 1 4 ug represents a potential well whose depth is controlled by u and,
when g — oo, a certain of concentration behavior occurs. When the number
of components contained in € is more than one, we refer the reader to [19] for
multiplicity of positive solutions and to [32] for multiplicity of positive and sign-
changing solutions. For other related results, see [5], [6], [26], [34]-[35] and the
references therein.

However, in all papers mentioned above the nonlinearities are assumed to be
subcritical. Naturally, it is interesting to ask what happens when the nonlinearity
is of critical growth? We remark that Clapp and Ding [12] investigated the
following problem:

(1.4) —Au+ pg(z)u = u+u*> "t in RV,

where N >4, A > 0 and g satisfies (g1)—(g3) with  bounded. For A small and
u large, the existence and multiplicity of solutions for (1.4) were obtained and
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a concentration behavior was observed as 1 — oco. See also [13], [14] for other
critical cases.

The main goal of this paper is to study another class of nonlinearities with
critical growth and obtain the existence and concentration behavior of the posi-
tive ground state to (1.1). We introduce the following hypotheses on g and f:

(G1) g € C(RN,R) and g(x) > 0 for all z € RY;
(Gg) the set Qo :=

interior;

) there exists go > 0 such that the set {x € RY : g(z) < go} is bounded;
) f€CR",R);

) lim f(0)/t=0;
)
)

{x € RN : g(z) = 0} is bounded and has non-empty

Jim f()/( 1) = K > 0;
— 400
there exists 8 € (2,2*] such that f(¢)t — 0F(t) > 0 for ¢ > 0, where

F(t) = [, f(s) ds;
(f5) there exist ¢ € (2,2*) and A > 0 such that f(t) > M9~ for ¢ > 0.

Before stating the main results of the current paper, we need some definitions.
Denote the best Sobolev constants by

/ |Vul|? de
S . . RN

f .
e DV RN\ {0} .\ ?
(/ |u|2 dm)
RN

/ (|Vul® +u?) dz
Sq = inf L ,

weHY(Q0)\ {0} 2/q
o (/ |uqu>
Qo

[ vuk + o) do

inf
w€H (RN)\{0} 2/q
(/ ] dw)
]RN

We distinguish two different situations. Firstly, we consider the case of p > 0.

and

THEOREM 1.1. Assume that (G1)—(Gs) and (f1)—(f5) hold with

a0-2) N_2 SN2/

Then there exists g > 0 such that for p > pg, problem (1.1) admits a positive

N |:29(q_2):|(¢12)/2 |:8(N— 1):|(q2)(N2)/4 53/2

ground state solution.



348 J. ZHANG — W. Zou

REMARK 1.2. Condition (f3) characterizes equation (1.1) to be the critical
growth case. A typical example satisfying (f;)—(f5) is the function

fO =MTL L K22 > 0.
For this case, we may choose § = ¢ € (2,2*).

THEOREM 1.3. For u, > po, let u,, be a sequence of positive ground state
solutions from Theorem 1.1 with w, — co. Then up to a subsequence, u,, — u
in H*(R™) as p, — +oo, where u(xz) = 0 a.e. x € RN\ Qq. Moreover, if 0Q
is smooth, then u is a positive solution to the following problem:

(1.5) —Au+u = f(u), u € HE (D).

Similar conditions to (G1)—(G3) were introduced in [6], [7]. However, the
methods of [6], [7] do not apply to (1.1) due to the critical exponential growth.
In fact, it is known that the embedding is not compact even if the domain is
bounded. In [12], the authors considered a critical case. Unfortunately, it seems
that the device used in [12] does not work for (1.1). In this paper, we shall
apply a penalization approach developed by del Pino and Felmer [15]. Such an
approach has been widely used in dealing with singularly perturbed problems.

On the other hand, lots of papers have been devoted to studying the existence
and concentration phenomenon of solutions to the following singularly perturbed

problem:

(1.6) —e?Au+V(z)u= f(u) inRY

with various hypotheses on V and f. Denoting v(xz) = u(ex), equation (1.6) is
reduced to

(1.7) —Av+V(ex)v = f(v) in RV,

The existence of a single spike solution which concentrates around any given
non-degenerate critical point of the potential V' was first constructed in [20]
for N = 1 and f(u) = u3. Later on, Oh [29], [30] extended this result to
higher dimension cases with f(u) = |u|P~tu, 1 < p < (N +2)/(N — 2). He also
considered multiple spike solutions. The arguments in [20], [29], [30] are based
on the Lyapunov—Schmidt reduction and the uniqueness and non-degeneracy of
the ground state to the limiting equation

(1.8) —Av+V(0)v = f(v) inRY.

Reduction methods were also found suitable for finding solutions of (1.7) con-
centrating around possibly degenerate critical points of V. See for example [3],
[28] and the references therein. However, the uniqueness and non-degeneracy of
the ground state solution are usually rather difficult to check. To overcome this
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difficulty, the variational approach by Rabinowitz [31] is proved to be success-
ful. Later on, by introducing a penalization approach, del Pino and Felmer [15]
proved a localized version of results in [31]. Jeanjean and Tanaka [25] extended
the work of [15] to a more general superlinear nonlinearity. The asymptotically
linear case was also considered in [25]. See [4], [10], [16]-[18], [21] for the subcriti-
cal cases and [38] for the critical cases. We note that solutions of (1.7) concentrate
at a solution of the limit equation (1.8). This concentration behaviors are rather
different from that of solutions to (1.1).

Now we consider the case of = 0in (1.1). Our aim is to improve the result
obtained in [1]. Recall that in [1], the authors proved the existence of the ground
state solution to (1.1) under assumptions (f;)—(fs) with 4 =0, 6 = 2 and

o\ ><N—2>/2] (a-2)/2 {q _ 2} (4-2)/2

i - /2,
N -2 2q a

A > [2<2—N>/25—N/2N<
Comparing with the result of [1], our argument is very simple. In particular, we
can remove condition (f4) by applying an indirect method developed in [22].

THEOREM 1.4. Assume p = 0. Suppose that (f1)—(f3) and (f5) hold with

q—2 (a=2)/2 N/2\(q—2)/2 ~vq/2
A — NS~ a= cC=,
>( 2q ) ( ) !

Then problem (1.1) admits a positive ground state solution u>. Moreover,

lim (IVur? + |ur)? = F(u)) dx = 0.

A—00 RN

REMARK 1.5. When replacing (f5) in Theorem 1.4 by the following condition:

(fg) there exist D > 0 and ¢ € (2,2*) such that f(t) > Dt9~! + Kt*>"~! for
t>0,

the authors in [40] proved that problem (1.1) also admits a positive ground state
solution for N = 3 with ¢ > 4, or N > 4. The main idea in obtaining this
result is in trying to solve the constraint minimization problem corresponding
to (1.1). It is remarkable that (f5) is different from (f5). In fact, when fixing
A>((g— 2)/2q)<q*2)/2(NS*N/z)(q*Q)/QCg/Q, we can define a function satisfying
(f1)~(f3) and (f5) by f(t) = max {\t9~!, Kt* ~1}, for t > 0. Clearly for this case
the function f does not satisfy (f5).

The outline of this paper is as follows: in Section 2, we establish some impor-
tant lemmas. In Section 3, we prove Theorems 1.1-1.3. In Section 4, we prove
Theorem 1.4.

Notations.

e (' denotes a positive (possibly different) constant.
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e B,.(z0) denotes the open ball centered at xg with radius r > 0, |B,(x0)|
denotes the volume of B,.(xg).

e For 2 < 5 < o0, [|ul|s denotes the usual norm of L*(RY), |lull1«(p, (xe))
denotes the usual norm of L*(B;(xo)).

o H'(RY) denotes the Hilbert space equipped with the norm

iy += | (9l + ) o

2. Preliminary lemmas

In this section, we assume that the hypotheses of Theorem 1.1 hold. Let
E = {u € H'(RY): / (1 + pg(x))u? dr < oo}
RN
be a subspace of H!(R") equipped with the norm

Julli= [ (V14 pgla))a?) do.

From (G1), we know that the embedding E < H'(RY) is continuous.

As we look for positive solutions, without loss of generality, we may assume
f(t) =0 for t < 0. Then from the maximum principle, any nontrivial solution
of (1.1) will be positive. Define the functional I, on E by

(2.1) () = 3 ull? - /RN F(u)de, ucE.

It is easy to check that the functional I,,: E +— R is of class C'. Moreover, the
critical points of I,, are the weak solutions to (1.1). For the simplicity, we may
assume that K = 1. Set h(t) = f(t) — (t*)> ~'. Then

1 1 x
) = gl = [ A e =g [ s,

where u € E, H(u) = [} h(t)dt. Instead of dealing with I,,(u) directly, we will
consider a truncated problem first. Similarly to [15], we modify the nonlinearity
f. By (Gs), we can find R > 0 such that 9 C Br(0) and g(z) > go for |z| > R.
For k> 2, we define f(t) = min {f(t), (1 + gop)t™/x}. Note that we can choose
x € C(RY,R) such that x(z) =1 for |z| < R, x(x) = 0 for || > R+ 1 and

0 < x(z) < 1. Then we define k(x,t) = x(x)f(t) + (1 — x(2))f(¢). Consider the
truncated functional J,, on E defined by

1
(2.2) T = 5l = [ K,
where

K(z,u) = /Ou k(z,s)ds = x(@)F(u)+(1—x(z))F(u) and F(u)= /Ou f(s)ds.
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Now we try to find a critical point u, of J, on E via a mountain pass argument
and investigate properties of u,. We will show that for 1 > 0 large, u, also
solves the original problem (1.1).

LEMMA 2.1. For p > 0, there is a sequence {un,} C E such that {u,} is
bounded in E,

0—-2] N-2
8

(N-2)/2
M N/2 !
Ju(un) = ¢y € (0, 0 = 1)} S > and J},(up) — 0.

ProoF. Conditions (f;)—(fs) imply that for all € > 0 there exists C(¢) >0
such that

(2.3) ()] < elul + C(e)ul*

Note that

K(m,u)dazﬁ/ F(u)dx.
RN RN

Together with (Gy), (2.3) and the Sobolev embedding theorem, we can find
r > 0 such that J,(u) > ¢ > 0 for [Ju|, = r. Condition (f5) implies that
F(u) > Au™]7/q. Choose ¢ € C§°() such that ¢ > 0 in Qg and ¢ # 0. Then
we have tligloo Ju(tg) = —oo. Define

Cp = inf o Ju(v(1)),

where I' = {y € C([0,1],E) : v(0) = 0, Ju(v(1)) < 0}. It follows from the
mountain pass theorem in [2] that there is a sequence {u,} C E such that
Ju(un) = ¢, > c and Jj (un) — 0.

It is well-known that S, is attained. Then we can find ¢ € H{ () such that
1 >01in Qp, ¥ # 0 and

/Q (V4P +4?) de

(/Q |w|de)2/q |

From the definition of ¢, it can be derived that ¢, < sup J,(ty)) = sup I, (t¢).
>0 >0

From (Gz) and (f5),

q:

1 A
sup 1, (10) < swp [ 5 [ (9 2)as =20 [ o]

t>0 t>0

LN _ 1 g 022 N=-2 I v
2 q) N 7 10 (3N =1 '

Then we have

g—2[ N—2 (N7
cu < [ ] SN/2,

40 |8(N —1)
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On the other hand, by (fy),

(24)  cuton(l) +on(Dunll, = Julun) — 5 (JL(un),un)

1 1 1 ~ ~

> (G- gl [ o) [ T — )| o
2 0 |z|>R 0
1 1 1 1\1

>[Z_ 2 " P e 1 2d

(55 1l =(5-5)5 0 wooni
1 1 1 1\ 1

>le= w2 -(z-=)= 1 2d

> (55 Il (5-7)5 [0+ notead as

-2

> 2 2,

which implies that ||u,||, is bounded in E. O

Now we investigate properties of the sequence {u,,} obtained in Lemma 2.1.

LEMMA 2.2. There is a sequence {z,} C RY and B > 0 such that

/ ui dx > 5.
Bl(zn)

Moreover, the sequence {z,} is bounded in RY.

PrOOF. We may assume that u,, > 0 in £. Now we prove the first result.
Assume to the contrary that

lim sup / u? dx = 0.

"0 2eRN J By (2)
By the Lions lemma in [37], we obtain
(2.5) u, — 0 in LY(RY), for all t € (2,2%).
Note that

/ k(z, up)uy, dz < fup)uy, de,
RN RN

hence

2 da.

By (f1)—(f3), there exists s € (2,2*) such that for all € > 0, there exists C(g) > 0
satisfying |h(u,)u,| < elun|? + elun|?>” + C(e)|un|®. Together with (2.5), we
obtain
(2.6) h(up ), dz = 0,(1).

RN
Thus,

2.7) on(1) > Jun 2 —/ |2 da.
RN
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On the other hand,

6 0n(1) = (i) = 57 (T4 ), )

1 1
=¥ Hun”i + /RN {2* k(x, up)u, — K(z,un)] dx.
Observe that

-/ 5 ) = Flu)|do+ [ @ 5 Flun)un = Flu)| do

v G 5 Tl = Flun)| do

_ /MR {21 (i)t — H(un)} do + /M (@) [21 Bt )ty — H(un)} du
; /IMG = x(0)| s Tl = Fla)| o
Similarly to (2.6), we also have [,y H(u,)dz = 0,(1). Then

/RN [21 ko, unJun — K(z, un)} dz

Therefore,
28 autou) =y lul+ [ (= x5 Flunun - )| ds
|z|>R
> a2 = = [ (14 pg(@))ad do
- N ® N "
> 1 |V, |? do + = (1 + pg(x))u? da.
=N Jox ON Jon ™

Assume that

1
lim {/ |V, |? do + 7/ (1 + pg(z))u? dx} =1
n—oo RN
Then by (2.7), we have

lim Jun|? dz > 1.
n—oo RN

Moreover, it follows from ¢, > 0 that [ > 0. Thus, by

/RN |Vu,|? dz
S< 2/27
2 dx)

([t
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we get [ > SN/2. Together with (2.8), there holds ¢, > SV/2/N. On the other

hand, for N > 3, we have

6—2[ N—2 (NP2
3

“< " |3N-1D

2 1
N/2 N/2 N/2
S < N2 S < N SH=,

a contradiction. Therefore, there is a sequence {z,} C RY and 8 > 0 such that

/ u% dx > 5.
Bl(zn)

Now we prove that {2, } is bounded in RY. For L > R+1, define ¥, € C5°(RY)
such that ¥y (z) =0 for |z| < L, Up(x) =1 for || > 2L and 0 < ¥p(z) < 1.
Moreover, |V | < C/L. Note that
on(1) = / [Vu, V(¥ru,) + (14 pg(z))uz V] de — / k(x, up)un ¥y, de,
RN RN

hence we have

/ [|Vun|2\I/L + (14 pg(x))u vy, + Vu, V¥ uy,| dx
]RN

=o,(1) + fup)un ¥y dx

RN
1 1
Sou)+ 3 [ (+ug@)vids 0,0+ [ (14 pgla))ud vy do.
K JrN 2 RN
Then we derive that
1
f/ w2V de < o,(1) — Vu, V¥ u, dr
2 RN RN

c 1/2 1/2
<op(l)+ = </ Vi, |? dx) (/ u? dx) .
L RN RN

Choosing L > 0 sufficiently large, we obtain that flw\22L u2 dr < /2. Together
with fBl(Z’ ) u2 dx > /3, we know that the sequence {z,} is bounded in RY. O

Now we can prove the existence of critical points of the functional J, on E.

LEMMA 2.3. For pn > 0, there is a positive critical point u, of J, satisfying

[

”uu
Moreover,

SN/2.,

g—2[ N—2 1WN=2/2
Ju(uy,) < [8 }

46 (N-1)
PROOF. By Lemmas 2.1 and 2.2, there is a sequence {u,} C E such that
Uy, — uy, 7# 0 weakly in F,

9—2{ N -2 TNQW

Jy‘(un) — Cl‘ < W m

SN2 and  J),(un) — 0.
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Now we prove that J) (u,,) = 0. In fact, we only need to prove that (.J}(u,), ») =
0 for all ¢ € C2°(RY).

From Theorem A.4 in [37], we know if 1 < p,q,7r, s < o0, k € C(Q x R) and
|k(z,u)] < C(|u[P/" + |u|?/*), then the operator

A: LP(Q)NLYQ) — LT(Q) + L (), u— k(z,u)
is continuous. Here the norm of LP () N L4(QY) is defined by

[ulprg = [[ulle @) + lullLa(o)

and the norm of L"(Q) + L*(Q) is defined by

[ulpvs == inf {||v]|Lr) + [[w]|Ls); v € L™(Q), we L¥(Q),u=v+w}.

We may assume that u, > 0 in H. From (2.3), we know that
[, un)| < 1f (un)| < C(jun|*? + [un]**)

with 2* — 1 < t < 2* and s = t/2* — 1. Note that the function ¢ € C°(RY)
has a compact support £2,. Due to u, — u, weakly in F, we have u,, = u, in
L?*(Q,) N L*(Qy). Then by Theorem A.4 in [37], we have k(z,u,) — k(z,u,) in
L*(Q,) + L*(Qy). Thus, for all p € C°(RY),

[ ) = ke wllelde = [ hGe.u) = KGu,)liol da

Qe

< |k(xaun) - k(zyuu)b\/s |S0‘2/\s/7

where 1/s+ 1/s' = 1. Let n — oo, there holds

lim |k(x,up) — k(z,u,)||p|dr = 0.

n—oo RN

Together with

lim [Vu, Vo + (1 + pg(z))unp] de = / Vu, Vo + (1 + pg(x))u,p] de,

n—oo Jpn RN
we have Jj (u,) = 0. A standard argument shows that u, is positive.
Since ||ty ||, is bounded, by (2.4), we have
46 N—2 (N2
Jup]? < 75w < {S(N—l)}
The Sobolev embedding theorem implies that

, _ [(V—2)5 1"
<[]

SN/,

[y
On the other hand,

cu +on(1) = Ju(un) —

% (T3, (un), tn) = /]RN [; k(z, un)un, — K(z,u,)| dz.
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Observe that k(z,un)u,/2 — K(z,u,) > 0. Then by the Fatou lemma, there
holds

(N-2)/2
02{8]\72 } o2 -

< - = =
JH(U’M) > Cy < 40 (N _ 1)

The following lemma is focused on a property of the sequence {u,}.

LEMMA 2.4. For pg € (2,2%),

=~ 2% —2)/2 —2)/21 65 /(1—60)
laullco < CN, 8,p0) (1 + 182~ 4 gl 1522 7272) 0 o
where C(N, S, po) is a positive constant and 8y := 22*/((2*)? — 22* + 4).

Proor. For simplicity, we denote u, = u. The basic idea is the Moser
iterations. By Lemma 2.3,

(2.9) / (VuVe + (14 pg(z))up) de = k(z,u)pdz, forall p € E.
RN RN

Define u; = min{u,}. Let z; = u?(ﬁfl)u with 8 > 1. Note that z; € F if u € E.
For 0 < 72 < ry and y € RY, define n € C§°(B,, (y)) such that n(z) = 1 for
x € B,(y), 0 <n(z) <1and |[Vn| <2/(r1 —732). Set ¢ = n?2 in (2.9). Then

/ [VUV (u?(ﬂ_l)u)nz + Van217ul2(5_1)u +(1+ ug(a:))u2ul2(’8_1)n2 dx
]RN

:/ k(z,u)uu?(ﬁ_l)Ude.
RN

Conditions (f;)—(fs) imply that for all € > 0, there exists C'(¢) > 0 such that
E(z,u)u < f(u)u < elul® + (14 €)|u*” + C(e)|ulPo. Choose o € (0,1/2). Then

(2.10)
/ [|V’U4|2’U412(571)’I’}2 +2(8 - 1)|Vul|2ul2(ﬁfl)772 + VanZnulz(ﬁfl)u} dx
]RN
<1 +50)/ |u|2*ulz(ﬁ*1)172 dx + C(ao)/ |u|p°ul2(ﬂ71)772 dx.
RN RN
By the Young inequality,
VuVm]u?(Bfl)u dx

RN
Together with (2.10), there holds

1 _ _
< f/ |Vu|2ul2(ﬁ 1)772 da:+4/ \Vn|2|u|2ul2(ﬂ Y gz
4 RN RN

/N [|Vu|2ul2(’8_1)7]2 +2(8 — 1)|Vul\2ul2(6_1)772] dx
R
<16 /RN |V77|2|u|2ul2(ﬁ_1) dz 4+ 2(1 4 ¢9) /RN |u|2*u12(ﬂ_1)172 dx

+2C (o) /N |u|p°ulQ(B_1)772 dx.
R
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By the Sobolev embedding theorem,

-1
(2.11) S|nuu,

2, S/ }V(nuulﬁfl)ﬁdz
RN
§2/ \Vn|2|u|2u12(ﬁ_1) d:c+2/ PtV (uul )2 da
RN RN
< (ﬂ —+ ].) /N [\Vu‘2ul2(ﬁ—1)n2 + Q(ﬁ — 1)|Vul|2ul2(6—1)n2] dr
R
+2/ |Vn\2|u|2u12(ﬁ_1) dx
RN
<15+ 1) [ VaPluP ) ds
RN
+2(8+1)C(e0) /RN fufPou2 PV dy

2* u?(ﬁfl)nQ de.

+A5 D +20) [ o

272 < §/2. Since gy € (0,1/2), we have
272 < 35/4. We also have

Lemma 2.3 implies that (2* 4 2)||u
(2* +2)(1 + o) ju

2
AR

/ ) uf PP dae < Jful|2e 2wy M)
RN
Set B = By = 2*/2 in (2.11). Then

(2.12) SHnuufo_l

b <680+ 1) [ (VaPRuPu Y do
RN
+8(50+1)C(50)/ |u|p°ul2(ﬁ"’1)n2 da
RN
§136ﬁo/ |V77|2\u|2u12(5071) dx
RN

+ 1680 C (o) ||~ 072|B,, (y)| 3 ~P0)/2",

2
o llu

Note that we can find r; € (0,1) such that

1B, ()]

/o . S —N(po—2)/(2(2" —po))
< min{l,s2 /(27 =p0) (328, C(g)) 2"/ 2 —P0)|: } }

2(2°+2)
Recall that (2* + 2)|ul? "2 < §/2, so we have

[Br (n)] < 87/ 770 (3260 Ce0)) 72/ 3100 u. 7 (02T,
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Together with (2.12), there holds

Bo—1 Bo—1
H“ulo HLQ*(BTZ(y)) < H““ o 77 2
272 212, 2(Bo—1) 272 2\ gt
< fﬁo/N V)2 [ul?u; dz < == Po( - ) [luwy [
Let | — co. We have
Co 1/Bo
(2.13) lullLoo2* (B, (y)) < (h — 7“2) lull L2 (B, ()

where Cy = 2/2728p/S. For i > 2, let r; = (2+27%)r;/4. Define n; €
C§°(By,(y)) such that n;(z) = 1 for z € By, (y), 0 < n(x) < 1 and V| <
2/(r; —riy1). Let B; = 65", where 6y = 22*/((2*)? —22* +-4). Then §; > 1
Similarly to (2.11), we have

—1

Sl < o+ 1) [ 19 Plafd ) de

+cl(6i+1)/ fufPou; %Y decl(@ﬂ)/ uf? w2 de,
RN RN

where Cy = max{17,2C(go)}. Then, due to |B,,(y)| < 1 and (2.13),

12 2 2 12
e P Rl e I Lt S

Ty =T

*_ 2 —1112
+Cl(ﬁi +1) |:Hu||i2*520(3 () + HUHZ[);*BO B,. (y))}”uul |‘L2*50(BTi(y))

<2008 () Wt

Co (2" =2)/Bo
— T2

2% -2
s, (

—l—ZC'lﬂizuuull L2 (B, (1))

[ul

) 12 Co (Po—2)/Bo I
i 0—
+201/Bz HUUl ||L2*(50(B"i(y))('f’1 —7’2) Hu”LQ*(BTl(y))'

Due to 1/(r; —riy1) = 4 - 271 /rp and (2% —2)/Bo, (po — 2)/Bo < 2, we
can find Cy > 0 such that (Co/(ry —13))2 =280 (Co/(ry — 1)) Po=2/Po <
(C2/(ri = ri41))?. Thus,

12 8C1 37 gi-1
SH““I ||L2*(BTA+1(y)) = (ry — 1311)2 || ||L2*50(BTi(y))
20,0232 _ _ 1
T —11"2 )2 (” ”iz*?Br wn T ||“||io2*?Bn(y>>>||““l 1||L2*50(Br,-(y))

2%—2)/2 2)/2
[03/31(1+||U|(Lz* )/ )+H HL20 (B)/(y))) ?

Ty — Tit1

<

H“ ﬁl_lHLQWO(B W)’
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where C3 = C5(N, S, po) in view of the definition of Cy,C; and Cs. Let | — oo,
we have
(2.14) lullp2vei (s, @)
= 2*-2)/2 2)/2
<[c@a+nm& 2l ")

Ty — Tit1

1/Bi
] ||uHL2*ﬁi—1(BTi ()’
where C' = C3/v/S. Then, by (2.14),

[ullL2s: B, )

-1

j=2

2 —-2)/2

)/2) 1/B;
] llwll 2= (Bry ()

TJ — ’I”J+1

272

) /2 15
e

9\ [263/(1=80)+83(1=0)7%)/ (1=80)* =6 " / (1=d0)]
%)
L 1+nm@*””+u|p°2”q*“”éw“”@

:J

l[ull Lo so-2=+2(m,, (4))

1
Let 1 — co. We have

9\ 95(2=60)/(1=60)*
i, s < (2)

XFC( 2*”+nmﬂww*“”w

m ||u||L2*50(BT2 ()

_ 3 58(2—00)/(1=60)* 16C, 1/Bo
~— \ 4o 77“1

{80( -2/

) 55/(1—80)
T :l
2% _9)/2 2)/21 83 /(1—50)
=C(N, 8, po) (1 + [[ull$F 272 4 [l o= 272) 00750 |y

in view of 2* 8y —2* 42 < 2*fy, | By, (y)| <1 and (2.13). Now Lemma 2.4 follows
easily. O

3. Proofs of Theorems 1.1-1.3
Now we are ready to give the proof of Theorem 1.1.

Proor or THEOREM 1.1. By Lemma 2.3, there exists u, € E, u, > 0, such
that

SN/2,

6—2[ N—2 (NP2
Jy(uy) =0 and  Jy,(u,) < { }

40 [8(N -1)
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Moreover,

(N —2)g V=274
[upll2- < {_} :

Then, by Lemma 2.4,

(2" -2

2 —2)/2\83/(1=bo)
O A R [

2%

(31 Nuulloo < C(N, S, po) (1 + [luy,

2*
S 50(N7 S7p0) = 50~

From (2.3) and (3.1), we can find po > 0 such that for u > po, f(uu)/u, <
(1 + pg(x))/k for all |z] > R, from which we have k(z,u,) = f(u,). Then

L) =0 and () = Julu) < U2 [S(Z]VV__ZD] W e,
Let my, :=inf{I,(v) :v € E, v > 0,1, (v) = 0}. Since I}, (u,) = 0, we have
6—2[ N—2 (N7
49[&N—D]
By the definition of my,, there exists {v,} C E such that v, > 0, I,,(v,) = m,
and I}, (v,) = 0. Note that for n large enough,

N—2)/2
g—2[ N—2 W2/ GNp2

40 |8(N —1) '
Without loss of generality, we assume that

-2 N-2 |V,
40 [3(N 1)

my < Iu(u) < SN/2,

I, (vy) <

I, (vn) <

for all n. Then by (fy),

6—2[ N—2 (NP2
40 |8(N —1)
which implies that

1 1

1
N/2 2
S / > I/L(vn) - 5 (I/;(vn),vn) > (2 - 9) HUTL”;U

(N=-2)/2
Applying the Sobolev embedding theorem, we have

) (N—Q)S (N-2)/2
b<loen]

[|vn

Due to I;,(v,) = 0, there holds

/ (Vo,Vo + (1 + pg(z))vep) de = / f(vp)pdz, forall € E.
RN RN

Following the same lines as in the proof of Lemma 2.4, we get

2*—2)/2 —2)/21685/(1—80) ~
CT2 o | o272y 0 0 gy e < Co,

[vnlloe < C(N, S, po)(1+ ||vn |5
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where C(N, S, po) is as in Lemma 2.4. Then for 1 > 1, we obtain f(v,)/vy, <
(14 pg(z))/k for all |z| > R, from which we have f(v,) = k(z,v,). Thus,
I(vn) = Ju(vs) and I}, (v,) = J},(vy). From (2.3) and (I},(vy),v,) = 0, we have

Jonll? < g/ |vn|2dz+C(s)/ lvn|? da.
RN RN

Set € = 1/2. The Sobolev embedding theorem implies that

1, 1 - )
sl < (5) [l do < o

from which we have

(3:2) ol > p>0.

1
20)/@=2)

Now we claim that there is a bounded sequence {z,} C RY and 8 > 0 such
that fBl(Zn)va dz > B. In fact, if nle sup fBl(E) vZdx = 0, then similar to

©© ZeRN

(2.7)—(2.8), we can prove that

(3.3) on() 2 [oalls = [ ol do
RN
and
1 2 1 2
(3.4) my + on(1) > N o |Vu,|* dx + IN RN(l + pg(z))us, de.

By (3.3), we may assume that

1 - . i
lim [/ |an|2dx+f/ (1+ug(x))v3dm} =1 and lim |on|? da > 1.
RN 2 RN

n—oo n—oo [pN
From (3.2), we know [ > 0. The Sobolev embedding theorem implies that

Va7

2/27°
(/ v, |2 d:z:)
RN

from which we get [ > S™/2. Together with (3.4), there holds m, > S™/2/N,

a contradiction with

-2 N—2 (N2
49 |8(N —1)

S <

2 1
my, < SN/2 < WSN/Z < N SN/2
for N > 3. Therefore, there is a sequence {Z,} € RY and 8 > 0 such that
I} Bz )v% dz > B. The prove of the sequence {Z,} is bounded is just the same
as in the proof of Lemma 2.2, we omit it here. Thus, we have v, — v, # 0

weakly in F,

g—2[ N—2 (N2
L(vn) = Ju(vy) = my, < [ } SN/2

40 [8(N —1)
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and I} (v,) = J,(vs) = 0. Following the same lines as in the proof of Lemma 2.3,
we can derive that v, — v, > 0 weakly in , I, (v,) = 0 and m,, > I,,(v,). Since
I},(v,) = 0, by the definition of m,,, we have I,,(v,) > m,. Then I,(v,) = m,.
Together with v, > 0 and I}, (v,) = 0, we know Theorem 1.1 holds. O

In Theorem 1.3, we study the behavior of u, as p — oco.

PrROOF OF THEOREM 1.3. From the proof of Theorem 1.1, we know that
uy,, satisfies I, (u,,) =0,

g—2[ N—9 JWN-2/2
I(u,,) < =2 2 =2 SN2,
" 0 [8(N-1)
_ (N—2)/2
2 < 2| D=2 SN2
i =9 |3(N = 1)

and ||u,,, oo < Co, where Cy is as in Theorem 1.1. For simplicity, denote Uy, =Uy,.
Hence u,, — u weakly in H*(R") as y — +o0o. We also have

N—-2)/2
1[ N-2 T )/ gNp2
5 :

(N —1)
By the Fatou lemma, we get [,y g(«)u?® dz = 0. Then it follows from (G1)-(Gg)
that u(z) = 0 for almost every = € RY \ y. We claim that

p [ atandde < < 5

(3.5) lim flup)u, de = /]RN fw)ude.

p—>+00 RN

Note that g(z) > go for |z| > R. For L > R, define ®; € C5°(RY) such that
Op(x)=0for |z] < L, ®r(x) =1 for |z] > 2L and 0 < &1 (x) < 1. Moreover,
V& | < C/L. Due to I;,(u,) = 0, we have

(3.6) /]RN [V, V(®ru,) + (1+ ,ug(sc))@,;ui] dx = /]RN O f(up)uy, dx.
Observe that
/RN [(1+ ug(ar))(I)Lui - ®p f(up)u,] dx
> /RN (14 ngo)®rus — @ f (up)uy] da.
Then, due to [Ju,||e < Co and (2.3), we can find 77 > 0 such that for p > 7,

(3.7) /RN [(1+ ,ug(:r))tl)Lui — O fluy)u,] do > /RN @Lui dx.

From (3.6)—(3.7),

(3.9) / (Va2 + u2) dxg/ VL[Vl do < <.
|z|>2L RN L
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On the other hand, in view of |Ju,|lec < 50, by the Lebesgue Dominated Con-
vergence Theorem, we have

lim uy ), — flu)u|dx = 0.
Jm [ s
Then
(3.9) #EIEOO - |fup)un — f(u)u| do = Mgr}rloo olzar |fup)uy = f(u)ul| de
< f(w)uldz + lim fluy)u,| de.
[, e [

By (2.3) and (3.8), we get f|x\>2L |f(up)uy|de < C/L. Together with (3.9), we
can derive that (3.5) holds. Now we claim that u, — u in H'(R") as u — 4o00.
In fact, due to I} (u,) = 0, we have

(3.10) / (Vu,Vu +u,u) de = flup)ude.
RN RN
Let p — 400, we get
(3.11) / (|Vul|? 4+ u?) dx = (w)udz.
RN RN

Due to I;,(u,) = 0, we also have

/ (IVuu)?® + ui) de < / [[Vu, >+ (1+ ,ug(x))ui] doe = / f(up)uy, dz.
RN RN RN
Then, by the Fatou lemma, (3.5) and (3.11), we get

/RN(|Vu|2+u2)dx < dm [ (Vuul?+u2)de

p—r—+00 RN
S/ f(u)udx:/ (|Vul|* 4+ u?) dz.
RN RN

The Brezis-Lieb lemma in [37] implies that u,, — u in HY(RY) as p — 4o0.
Moreover, if 9 is smooth, then due to u(z) = 0 for almost every x € RN \ Q,
we have u € H}(Qo). We claim that there exists ¢y > 0 independent of u such
that [on ([Vu,|* +u?) dz > co. Indeed, by I},(u,) = 0, we have that

0= / [|v“u|2 +(1+ Mg(a:))ui} do — / flup)uy, de.
RN RN
Then, by (2.3), there is M > 0 independent of p > 0 such that

1 1 2% /2
0> */ (|Vu#|2 + ui)dx - M[/ (|Vu#|2 +ui) dx} )
2 RN S RN

Note that if

2"-2)/2  g2+/2
} < 4M

{AN(|VU#|2 + ui) dx
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then )
0> Z/RNQVUMF —I—ui)dx,

which implies that u,, = 0, a contradiction. Thus, we obtain that

) ) 2"=2)/2  g2*/2
[/RN(|W“| +u")d4 = a

and the claim is proved. Define the functional L on H}(Qg) by
1
L(u) = 7/ (|Vul|? + u?) dz —/ F(u) dx,
2 Qo Qo
where u € Hg(Q). Recall that u, — u in H'(RY) as 4 — +o0o. Then by

Jan (V> +u?) de > co, we have u # 0. On the other hand, due to I/, (u,) = 0,
we have L'(u) = 0. A standard argument shows that v is positive. ]

4. Proof of Theorem 1.4

In order to prove Theorem 1.4, we need the following abstract result estab-
lished in [22].

THEOREM 4.1. Let X be a Banach space equipped with a norm |- || x and let
J C R* be an interval. We consider a family (H¢)cey of Ct-functionals on X
having the form

He(u) = A(u) — ¢B(u), forall ¢ € J,
where B(u) > 0, for all w € X, and either A(u) — +oo or B(u) — +00 as

lullx — co. We assume there are two points vi,ve in X such that

ce = '1161{1 tlen[g,)i] He(vy(t)) > max{H¢(v1), He(ve)},  forall ¢ € J,

where T := {y € C([0,1], X) : v(0) = vy, y(1) = v2}. Then, for almost every
¢ € J, there is a sequence {v,} C X such that

(a) {vn} is bounded,

(b) H¢(vn) = ¢,

(c) H{(vn) =0 in X~

Moreover, the map ¢ — c¢ is continuous from the left.

Let X := {u € H'(R") : u is radial}. For the simplicity, denote |||z = |||
For A\ > ((q—2)/(2q))(‘1_2)/2(NS_N/2)(‘1_2)/20(‘}/2 and ¢ € [1/2,1], define a
family of functionals H, C)\ on X by

2w = 5l =¢ [ Pl de

The principle of symmetric criticality implies that a critical point of H g‘ on X is
a critical point of Hg‘ on H'(R™). Denote H{(u) = H(u).
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LEMMA 4.2. For A > ((q—2)/(2¢))@=2/2(NS=N/2)@=2/2C8/%  there is
v € (0,1) such that for almost every ¢ € [1 — vo,1], there is a sequence
{ud} C X satisfying {u)} is bounded, Hg\(u;\l) — cé and (Hé‘)’(u;\l) — 0. More-
over, cé‘ € (0,8N/2/(NCIN=2)/2)) and the map ¢ — cé‘ is continuous from the
left.

ProOF. For A > ((¢ — 2)/2q)(q’2)/2(NS’N/z)(q*Q)/QCg/Q, choose vy € (0,1)
such that

(4.1) max  ((N=2)/2-2/(a-2) o 24 SN2 aja- \2/a-2)
Ce[l=70,1] g—2 N 1
Set J = [1—0,1], A(u) = ||u[|*/2 and B(u) = [~ F(z) dx in Theorem 4.1. It is
easy to see that B(u) > 0 for all w € X and A(u) — +00 as ||ul| = oo. Similarly
to the proof of Lemma 2.1, we can prove that for almost every ¢ € [1—~p, 1], there
is a bounded sequence {u)} C X satisfying Hé\(u;\L) — cg\ and (Hé‘)’(uf‘l) — 0.
Moreover, the map ¢ — CZ\ is continuous from the left. The definition of cé‘
implies that cé‘ < igg H g‘ (tp) with ¢ € X satisfying

[ Ve + 167 do
RN

(/RN |¢|de)2/q

A
42 spi0) < s |52 [ (VoP+loPyde =2 [ ol

t>0
— ; 1 _ } ; 09/(a=2)
¢2/@=2) \2 ¢ ) \2/(a=2) ¢

Together with (4.1), we get cé < SN/Q(NC(N’”/Q). O

q:

Then by (f5), we have

LEMMA 4.3. For X > ((q—2)/(2¢))@2/2(NS—N/2)a=2/2¢8/2 4nd ¢ €
[1 —70,1], let {u}} C X be a sequence obtained in Lemma 4.2. Then u)} — ué‘
m X.

PrOOF. Without loss of generality, we may assume that ;) > 0 in X. Since
|lu)| is bounded, we have u) — ué‘ weakly in X. Then (Hé‘)'(ué‘) = 0. By
(f1)—(f3), we have

h(t)t =0 and lim h<t)t2*:

im —— —————r = 0.
[¢]—o0 [t]2 + []2" t—0 |t[2 + |t

We also have that [,y (Jup|?> + [u}[?>") dz is bounded. Then the compactness
lemma of Strass [9], [33] implies that

(4.3) lim |h(ud)u) — h(ué‘)u6\| dx = 0.

n—oo RN n
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Similarly to (4.3), there holds

(4.4) lim H(u)) dx = H(ug\) dz.

n—oo RN RN

Set vy = up — uC Then by (4.4) and the Brezis-Lieb lemma in [37],

1 .
(15) @~ ) = 5 P — = [P da+o,(1),
RN

On the other hand, by (4.3) and the Brezis-Lieb lemma,
(4.6)  0a(1) = ((HY) (up),upn) — (HZ) (ug),u) = [lopll* — C/RN jop|*" da.

Note that (H?)'(u&\) = 0. Similarly to Proposition 1 in [9], we have the Pohozaev
type identity:

N -2 1
4. JR— A2 _ Flu) — = a2
(4.7) v [ ViePar= [ lerd) - 1] ao
Then, by (4.7), there holds

1
H/\ )\:7/ v)\Zd >0
g(ug) N RN| U§| r 2 U,

from which we have CC H’\(ué\) < cé‘ < SN2)(N¢W=2)/2). Assume that
a2 = 1 > 0. By (4.6), we get that ¢ [ux [v}[* dz — 1. We claim that [ = 0.
Otherwise, we have [ > 0. The Sobolev embedding theorem implies that
A2
R

= 2/2%”
</ o) Q*dx)
RN

hence we have [ > SN/2/¢(N=2)/2_ Thus, by (4 5), there holds CC HC (UC)
I/N>SN/2/(N¢CV=2)/2)  a contradiction with CC H2 (u2) < SN2 (N¢IN=2)/2
Then we have [ = 0, which implies that u} — uC in X.

O+ |

PROOF OF THEOREM 1.4. By Lemmas 4.2 and 4.3, for almost every ¢ € [1—
Y0, 1], we have H’\(uq) = c< (0, SN/Q/( ¢N=2)/2)) and (H)‘) (u ) = 0. The
maximum principle implies that uC is positive. Choose ¢, € [1 — 7o, 1] such that
Co = 1, (HY)'(u}) = 0 and HY (w}) = ¢}, € (0,8V/2/(NGN /%)) Then,
by (4.7), we obtaln that CCn l/N S \Vué‘”|2 dz is bounded. The Sobolev
embedding theorem implies that [;x |u2‘ >"dz is bounded. From (2.3) and
((Hé‘n)’(ug\ ), uC ) = 0, we can derive that ||uC || is bounded On the other hand,

due to boundedness of ||uC I, HA(UCR) H’\ (UCn ) fun F ) dz and
nh_{r;occ = ¢} € (0,SN/2/N), we obtain that lim H/\(u< y=cte (0 SN/2/N)

A —
and nhﬁrr;o(H ) (u n) 0.
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Assume that ué‘ — uy weakly in X. Then (H*)(u}) = 0. We claim that
u) # 0. Otherwise, we have u¢, — 0 weakly in X, from which we get ué‘n — 0

in LY(RY), for all t € (2,2*). Then, by (f;)—(f3), we derive that
H(ué‘n) dx = 0,(1) and / h(ué‘n)ué‘n dz = 0,(1).
RN RN '
Note that lim H’\(ué‘n) = ¢} and lim (H)‘)/(ué‘ ) = 0. We have
n—o00 g n—00 n
1

1 A2
2 ||uCn|| _2*

/ |U2\n|2*d$ = Ci\+0n(1) and H’Ué\n ||2—/ |U2\n|2*d$ = On(l)
RN RN

Similarly to the proof of Lemma 4.3, we can derive that ué‘n — 0, a contradiction
with ¢} > 0. Thus, we have uj # 0. The maximum principle implies that u}) is
positive.

Now we claim that ¢ > H*(ug). In fact, from equations (H2 )'(u ) = 0,
(H*) (u}) = 0 and (4.7), we have

1 1

A A (A A2 PP A2

€, &, (e,) N/]RNl ug,|*dx  an (up) N/]RNl up|” da
Then by the Fatou lemma, we derive that

. 1
= lim =+ / VU de = ).

Let m* := inf{H*(u) : v € HY(RY), u > 0, (H*)(u) = 0 in H-1(RM)}.
The principle of symmetric criticality implies that (H*)'(uy) = 0 in H~1(RY).
Then we have m* < HMu}) < ¢} < SN/2/N. By the definition of m?*, there
exists {u)} € HY(RY) such that u} > 0, H)(u})) — m* and (H*)'(u)) = 0.

n
Similarly to the proof that Hué‘n || is bounded, we can derive that |lu)| is bounded.

On the other hand, due to (2.3) and ((H*)'(u}),u)) = 0, we have for all ¢ > 0
that there exists C'(¢) > 0 such that

P <e [ e o) [

Choose € > 0 small enough. From the Sobolev embedding theorem, there holds

2% /2
/ \Vu |? de < C’(/ Vuf;|2dx) .
RN RN

Thus, there exists ¢ > 0 independent of n such that
/ |Vur|? dz > o.
RN
Together with (H*)'(u))) = 0 and (4.7), we have
1 1

A A2
() == [ Vi Pde > = o,
o) = [ IVadFde> 5o

which implies that m* > 0.
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Now we claim that there exists {y}} C RY such that (- +y;) — v #0
weakly in HY(RY). If u}) — u* # 0 weakly in H'(RY), it is obvious that the
claim is true, so we may assume that u) — 0 weakly in H*(RY). Then either

(4.8) lim sup / luh|* dx = 0
Bi(y)

n—oo yERN

or there exists v > 0 such that

(4.9) lim sup / luh|?>dz > v > 0.
Bi(y)

n—oo yERN

If (4.8) holds, by the Lions lemma in [37], we get u) — 0 in L{(RY) for all
€ (2,2%). Together with H*(u))) — m?* and ((H*)'(u)}),u)) = 0, there holds

1 * *
5 || all? — */ up|* de = m* +o0,(1) and fuy|® */ [upl? da = 0,(1).
RN RN

Similarly to the proof of Lemma 4.2, we can derive that u} — 0 in H!(RY),
a contradiction with m* > 0. Then we have (4.9). Thus, there exists {y)} C RY
such that u) (- +y;) — u* # 0 weakly in H'(RY). Together with H*(u\) — m*
and (H*)'(u)) = 0, we know u* is positive, (H*)'(u}) = 0 and m* > H*(u?).
Since (H*) (u*) = 0, we also have m* < H*(u?) from the definition of m*. Then
H*(u*) = m*. Thus, problem (1.1) admits a positive ground state solution u*
for p=0.

On the other hand, we know m* < ¢}. The definition of ¢ implies that

Y <sup H*(t¢) with ¢ € H*(RY) satisfying
>0

/ (V[ + 6P) da
RN

2/q
(/ |o|? dx)
RN

Then, by (4.2), we have lim m* < hm e} < lim sup H*(t¢) = 0. O

A— 00 A—ro0 t>0

(I:
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