Topological Methods in Nonlinear Analysis
Volume 48, No. 2, 2016, 477-492
DOI: 10.12775/TMNA.2016.045

© 2016 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

GROUND STATES
OF NONLOCAL SCALAR FIELD EQUATIONS
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ABSTRACT. We investigate the existence of ground state solutions for a class
of nonlinear scalar field equations defined on the whole real line, involv-
ing a fractional Laplacian and nonlinearities with Trudinger—Moser criti-
cal growth. We handle the lack of compactness of the associated energy
functional due to the unboundedness of the domain and the presence of
a limiting case embedding.

1. Introduction and main result

The goal of this paper is to investigate the existence of ground state solutions
u € H'?(R) for the following class of nonlinear scalar field equations:

(1.1) (=A)Y2u +u= f(u) inR,

where f: R — R is a smooth nonlinearity in the critical growth range. Precisely,
we focus here on the case when f has mazimal growth which allows to study prob-
lem (1.1) variationally in the Sobolev space u € H/?(R), see Section 2. We are
motivated by the following Trudinger—Moser type inequality due to Ozawa [27].
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THEOREM 1.1. There exists 0 < w < 7 such that, for all @ € (0,w), there
exists H, > 0 with

(1.2) /(e““Z — 1)dz < Hg|lul3-,
R
for all w € HY2(R) with ||(=A)Y4u|2, < 1.

From inequality (1.2) we have naturally associated notions of subcriticality
and criticality for this class of problems. Precisely, we say that f: R — R has
subcritical growth at +oo if

lim sup Ls) =0, foralla>0,
sotoo €45 —1
and has ag-critical growth at oo if there exist w € (0,7] and o € (0,w) such

that

lim sup & =0, for all o > ag,
s—doo €45 —1
lim sup & =400, forall a < ag.
s—doo €¥° —1

For instance, let f be given by
f(s) = s%elsl”  for all s € R.

If v < 2, f has subcritical growth, while if v = 2 and «p € (0,w], f has critical
growth. By a ground state solution to problem (1.1) we mean a nontrivial weak
solution of (1.1) with the least possible energy.

The following assumptions on f will be needed throughout the paper:

(f1) f: R — Ris a C', odd, convex function on R*, and

lim @

s—0 8

=0.

(f2) s+ s71f(s) is an increasing function for s > 0.
(f3) There are ¢ > 2 and Cy > 0 with

F(s) > Cyls|?, forall s eR.

(AR) There exists ¥ > 2 such that
IF(s) < sf(s), forallseR, F(s) = / flo)do.
0
The main result of the paper is the following:

THEOREM 1.2. Let f(s) and f'(s)s have ag-critical growth and satisfy (f1)—
(f3) and (AR). Then problem (1.1) admits a ground state solution u € H'/?(R)
provided Cy in (£3) is large enough.
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The nonlinearity
f(s) = As|s|972 + |S|q7256a052, g>2andseR,

satisfies all hypotheses of Theorem 1.2 provided that X is sufficiently large. More
examples of nonlinearities which satisfy the above assumptions can be found in
[18]. In R? one can use radial estimates, then apply, for instance, the Strauss
lemma [33] to recover some compactness results. In R analogous compactness
results fail, but in [20], the authors used the concentration compactness principle
due to Lions [35] for problems with polynomial nonlinearities. In this paper, we
use the minimization technique over the Nehari manifold in order to get ground
state solutions. We adopt some arguments from [4] combined with those used
in [10] and [21].

1.1. Quick overview of the literature. In [28], P. Rabinowitz studied

the semi-linear problem
(1.3) —Au+V(z)u= f(z,u) inRY, weHYRY), wu>0,

when V is a positive potential and f: RY x R — R has subcritical growth, that
is it behaves at infinity like s? with 2 < p < 2* — 1, where 2* = 2N/(N —2) is
the critical Sobolev exponent, N > 3. This was extended or complemented in
several ways, see e.g. [35].

For N = 2 formally 2* ~ +4oo, but HY(RY) £ L>®(RY). Instead, the
Trudinger-Moser inequality [26], [34] states that H' is continuously embedded
into an Orlicz space defined by the Young function ¢(t) = o’ _ 1. In [1], [14],
[13], [24], with the help of Trudinger-Moser embedding, problems in a bounded
domain were investigated, when the nonlinear term f behaves at infinity like
¢s” for some a > 0. We refer the reader to [12] for a recent survey on this
subject. In [11] the Trudinger—-Moser inequality was extended to the whole R?
and the authors gave some applications to study equations like (1.3) when the
nonlinear term has critical growth of Trudinger—Moser type. For further results
and applications, we would like to mention also [2], [3], [16], [29] and references
therein. When the potential V' is a positive constant and f(x,s) = f(s) for
(r,s) € RN x R, that is the autonomous case, the existence of ground states
for subcritical nonlinearities was established in [6] for N > 3 and [7] for N = 2
respectively, while in [3] the critical case for N > 3 and N = 2 was treated. For
fractional problem of the form

(=Au+V(z)u= f(u) inRY,

with N > 2s and s € (0,1), we refer to [10, 19] where positive ground states
were obtained in subcritical situations. For instance, [10] extends the results
in [6] to the fractional Laplacian. In [19] regularity and qualitative properties of
the ground state solution are obtained, while in [31] a ground state solution is
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obtained for coercive potential. For fractional problems in bounded domains of
RN with N > 2s involving critical nonlinearities we cite [5], [9], [22], [30] and [17]
for the whole space with vanishing potentials. In [20] the authors investigated
properties of the ground state solutions of (—A)*u + u = u? in R. Recently,
in [21], nonlocal problems defined in bounded intervals of the real line involving
the square root of the Laplacian and exponential nonlinearities were investigated,
using a version of the Trudinger—Moser inequality due to Ozawa [27]. As it
was remarked in [21], the nonlinear problem involving exponential growth with
fractional diffusion (—A)*® requires s = 1/2 and N = 1. In [18] some nonlocal
problems in R with vanishing potential, thus providing compactifying effects,
are considered. See also [32] for related results on the existence of solutions for
fractional Schrodinger equations involving exponential critical growth.

2. Preliminary stuff

We recall that
- 2
HY2(R) = {u € L*(R) : / Mdmdy < oo},
R2 Yy
endowed with the norm

o = (s + [ =1 gy}

The square root of the Laplacian, (—A)'/2, of a smooth function u: R — R is
defined by

F((=2)2u)(€) = [¢]F (u)(©),

where F denotes the Fourier transform, that is,
1 ,
F = —/ e T Y(x) de,
@O0 = o= [ e 50(a)
for functions ¢ in the Schwartz class. Also (fA)l/ 2y can be equivalently repre-

sented [15] as

1 [ ule+y)+ule —y) — 2u(z)
21 Jr |y|?

(—A)l/zu = — dy.

Also, in light of [15, Propostion 3.6], we have

1 (u(z) — u(y))?
COANL/A 2 . ux) —uly))” 1/2
(2.1)  [(=A) " ul|f2 = o7 fe oyl dx dy, for all u € H/*(R),
and, sometimes, we identify these two quantities by omitting the normalization
constant 1/27. From [25, Theorem 8.5 (iii)] we also know that, for any m > 2,
there exists C,, > 0 such that

(2.2) lullpm < Chllull, for all w e HY?(R).
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PROPOSITION 2.1. The integral

/R (™% _ 1) dz

is finite for any positive a and u € H'/?(R).

PROOF. Let ag € (0,w) and consider the convex function defined by
ea0t2 _ 1

¢(t):T%a tEeR,

where H,, > 0 is defined as in Theorem 1.1. We introduce the Orlicz norm
induced by ¢ by setting

||| := inf {7 >0: /R{qb(:) dz < 1},

and the corresponding Orlicz space Ly« (0, 1), see the monograph by Krasnosel’skii
and Rutickii [23, Chapter II, in particular pp. 78-81] for properties of this space.
We claim that |jv[|4 < [|v]|, for all v € HY/2(R). Let v € H/2(R) \ {0} and set
w = |jv||~tv, so that by formula (2.1) we conclude

(2.3)

v(z) — v(y))? 1/2
[(=2) w2 = (er)11/2HU|| (/Rz ( (|:Z - y|(2y)) d:zcdy) <(2m)" V2 <1,

Therefore, in light of Theorem 1.1, we have

2
v erow —1
gb()dx = [ ———de < |Jw||%. < 1,
/]R ”U” R Hozo L

which proves the claim by the very definition of || - ||¢. Fix now an arbitrary
function u € H'/2(R). Hence, there exists a sequence (¢,,) in C2°(R) such that
Yy, — uin HY2(R), as n — oco. By the claim this yields |4, — ully — O,

as n — 0o.
Fix now n = ny sufficiently large that |[¢n, — u|ls < 1/2. Then we have, in
light of [23, Theorem 9.15, p. 79], that

[ 920 = 200 dx < 2200, < 1.
R

Finally, writing u = (2u — 2t¢,,)/2 + (2¢n,)/2, and since

1 1
/ O (2, ) dx = /(e4a°¢i0 —1)dx = / (e4a°wio —1)dz < o,
R Ho, Jr He, supt(¥ng)

the convexity of ¢ yields fR ¢(u)dr < co. Hence, the assertion follows by the

arbitrariness of u. A different proof can be given writing (in the above notations)

/(eo‘“2 —1)dz = /(efwi —1)dx + /(e(w2 - eo‘wi) dx,
R R

R
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estimating the right-hand side by
e — e™n| < 2a(lthn — ul + [a])e> B g, —

using the Holder inequality, the smallness of |4, — u|| and Theorem 1.1 to con-
clude, for n large enough. U

Define the functional J: H'/?(R) — R associated with problem (1.1), given

by
J(u) = %/R(|(7A)1/4u\2+u2)dx7/F(u)d:c.

R
Under our assumptions on f, by Proposition 2.1, we can easily see that J is well

defined. Also, it is standard to prove that J is a C'-functional and
J (u)v = /(—A)1/4u(—A)1/4vdx+/uvdx—/f(u)vdx,
R R R

for all u,v € HY 2(R). Thus, the critical points of J are precisely the solutions
of (1.1), namely u € H'/2(R) with

/R(—A)l/‘*u(—A)l/% dx +/

wdr = / f(wyvdz, for allv e HY*(R),
R R

is a (weak) solution to (1.1).

LEMMA 2.2. Let u € HY?(R) and po > 0 be such that ||u|| < po. Then
/(eo‘“2 —1)dz < Ao, po), for every 0 < ap < w.
R

PROOF. Let 0 < ap3 < w. Then, by Theorem 1.1, we have

2
/(eauz )do < / (R0 1) gy < H, IIuIIHL; < Hop = Ao po).
R R u

since ||(—A)Y4ullul| 712, < 1, see inequality (2.3). O

REMARK 2.3. From (f1)—(f2) and (AR) we see that, for s € R\ {0},

(2.4) s2f'(s) — sf(s) >0,
f'(s) >0,
(2.5) H(s) :=sf(s) — 2F(s) >0,
H is even, and increasing on R,
(2.6) H(s) > H(As), forallX e (0,1).

Suppose that u # 0 is a critical point of J, that is, J'(u) = 0, then necessarily
u belongs to N := {u € H/2(R)\{0} : J'(u)u = 0}. So A is a natural constraint
for the problem of finding nontrivial critical points of J.

LEMMA 2.4. Under assumptions (f1)—(f3) and (AR), N satisfies the following
properties:
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(a) N is a manifold and N # 0.

(b) Foru € HY?(R)\ {0} with J'(u)u < 0, there is a unique A(u) € (0, 1)
with Au € N.

(¢c) There exists p > 0 such that ||u|| > p for any u € N.

(d) If u € N is a constrained critical point of J|n, then J'(u) = 0 and u
solves (1.1).

(e) m:ulélj{/J(u) > 0.

ProOF. Consider the C'-functional ®: H'/?(R) \ {0} — R defined by
®(u) = (o = ol = [ Fwyude.
Note that "= ®~1(0) and ®’(u)u < 0, if u € N. Indeed, if u € N/, then
#(wyu = [ (fu =1/ u)ds <o,

where we have used (2.4). Then ¢ = 0 is a regular value of ® and consequently
N = ®71(0) is a C'-manifold, proving (a).

Now we prove N’ # () and that (b) holds. Fix u € H'/?(R)\ {0} and consider
the function ¥: RT — R,

t2
W(t) = Spu? —/F(tu) da.
2 R
Then ¥'(¢) = 0 if and only if tu € N, in which case it holds

2.7) ||u||2—/Rf(§u)udx.

In light of (2.4), the function on the right-hand side of (2.7) is increasing.
Whence, it follows that a critical point of W, if exists, is unique. Now, there
exist 6 > 0 and R > 0 such that

U(t)>0 ifte(0,8) and U(t) <0 ifte (R,o0).

In fact, by virtue of (£3), there exist C,C’ > 0 such that
t2
U(t) = §||u||2 - / F(tu)dx < Ct* — C't1 <0,
R

provided that ¢ > 0 is chosen large enough. Using (f1) and the fact that f has
ap-Trudinger—Moser critical growth at 400, for some a € (ap,w) and for any
€ > 0, there exists C; > 0 such that

F(s) <e[s® + 84(60‘52 ~1)]+C.s*, seR.

Then, for any v € H/?(R) \ {0},

t2
W) 2 5l - el - Cot!fullhe — et [ ud(e - 1)da.
R
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For 0 < t < 7 < (w/(2alul?))"/?, by Lemma 2.2 and (2.2), there is C' =
C(Jlul|, @) > 0 such that
1/2

‘/u4(ea(tu)2 _ 1) < ”u”iB (/ e2a7—2u2 . 1) <C.
R R

Then, for some B, B’ > 0, we have
U(t) > Bt — B't* >0, for t > 0 small enough.

Thus, we conclude that there exists a unique maximum ¢y = ¢o(u) > 0 such that
tou € N, and consequently N is a nonempty set. Given u € H/?(R)\ {0} with
J'(w)u < 0, we have

(1) = ||ul|® - /Rf(u)udx = J (u)u <0,

which implies ¢g < 1.

Let us prove (c). Let a € (ag,w) and pg > 0 with ap3 < w. By the growth
conditions on f, there exists r > 1 so close to 1 that rapi < w, £ > 2 and C >0
with

f(s)s < 232 + C(ems2 —1)Y7|slf, for all s € R.
Let now v € N with ||u|| < p < pg. Then, by Lemma 2.2 and (2.2), we have for
ueN

1 2 r
@8) 0= 2 [l - {lul — ¢ [ (e =)l ds
R

3 s 1/r , /7'
> ||u|2—C(/ (er” —1) dx) (/ |u|r£dx>
4 R R

3
> 2l = Cllul,

which yields 0 < p := (3/(4C))"/=2) < |lu|| < p, a contradiction if p <
min{p, po}. Then v € N implies [lul| > min{p, po}, proving (c).

Concerning (d), if w € N is a minimizer, then J'(u) = A®'(u) for some A € R.
Testing with u and recalling the previous conclusions yields A = 0, hence the
assertion.

Finally, assertion (e) follows by condition (AR) and (c), since u € N implies
J() = (12— 1/9) [l > (1/2 - 1/9)p > 0. O

LEMMA 2.5. Let (un) C N be a minimizing sequence for J on N, that is,
(2.9) J (up)un, =0 and  J(up) = m:= inﬁ/ J(u) asn — oo,
ue

then the following facts hold:

(a) (un) is bounded in HY?(R). Thus, up to a subsequence, u, — u weakly
in H'/2(R).
(b) limsup ||u,|| < po, for some pg > 0 sufficiently small.
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(¢) (un) does not converge strongly to zero in L°(R), for some o > 2.

PROOF. Let (u,) C HY?(R) satisfy (2.9). Using (AR) condition, we have
for ¥ > 2,

(210)  m+o(1) = J(un) > ”“;”2 - % Flun)un da = (1 - 1) m?,
R

which implies (a).
To prove (b) we use assumption (f3) and the fact that, by (2.2),

- [[o]
2.11 S, = inf S,(v) >0, S,(v) = .
( ) q veH/2(R)\{0} q( ) q( ) ||U||Lq
Let (u,) C N and u € N satisfy (2.9). Then inequality (2.10) yields
29
(2.12) lim sup ||u,||* < 3™

Notice that, for every v € H'/2?(R)\ {0}, arguing as for the proof of (b) of
Lemma 2.4, one finds t¢ > 0 such that tov € N. Hence m < J(tov) < max J(tv).

Now, using assumption (f3) and formula (2.11), for every ¢ € Hl/z( )\{0},
we can estimate

o
<m <m — a
m < max.J(ty) < max ( 5 1917 = Cot 9L,

ng)? ) ) . . 1 2q/(q 2)
<o (SR, - el ) = (5 - 2) S

which together with (2.12) implies that

20 (1 1\ S, (y)*/(a=2)
2
thUP [Jun|” < 9_2 ( - ) W-

Taking the infimum over ¢ € H'/2(R) \ {0}, we get

9 (]_2 824/('1 2)
7% ¢ o <

provided Cj is large enough, proving (b)

timsup 2 <

Let us prove (c¢). By Lemma 2.4 (c¢), we have

|2 = / Flun)n dz > g > 0.

In view of assertion (b) the norm ||uy,]|| is small (precisely, we can assume that
rallu,||* < rapd < w for r very close to 1). Arguing as in the proof of (2.8), we
can find € € (0,1) and C' > 0 such that

rau? 1/r
lunll? = / F(n )t d < elfun| 22 + C / (7 1) || do

1/r
gsunmo( [ (e - )dx) lun e < ellunl2 + Cllunllore.
R
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which implies 0 < (1 — €)p? < (1 — &)|Jun||* < Cllunll®,.,, and, consequently,

() cannot vanish in L™ *(R), as n — oo. O
Next, we formulate a Brezis—Lieb type lemma in our framework.

LEMMA 2.6. Let (u,) C HY?(R) be a sequence such that u, — u weakly in
HY2(R) and ||un| < po with pg > 0 small. Then, as n — oo, we have

/Rf(un)undﬂc:/Rf(un—u)(un—u)dx—k/Rf(u)udx%—o(l),

/RF(un)dx:/RF(un—u)daz+/RF(u) dz + o(1).

Proor. We shall apply [8, Lemma 3 and Theorem 2]. Since f is convex
on RT and by the properties collected in Remark 2.3, we have that the functions
F(s) and G(s) := f(s)s are convex on R with F(0) = G(0) = 0. We let a €
(ap,w) and pg € (0,1/2) with ap? < w. Thus, by Lemma 2.2, we have
(2.13) sup/ (eo‘“i —1)dz < 0.

neN JR
Choose k € (1,(1 — po)/po) and let € > 0 with ¢ < 1/k. Then, in light of 8,
Lemma 3], the functions
. . . ) 1
Ge(s) = j(ks) = kj(s) 20 ve(s) == |j(Ces)| + [j(=Ces)|, Ce = k1)

satisfy the inequality |j(a + b) — j(a)| < ede(a) + 1 (b), for all a,b € R, and, if
Up i= U, — u and u,, satisfies (2.13), we claim that

(1
( il

iii

n — 0 almost everywhere;
j(u) € LM(R):
fR ¢e(vy,) dz < C for some constant C independent of n > 1;
Jg e (u) dz < oo, for all € > 0 small.

Under this claim, then, by [8, Theorem 2], it holds

(2.14) hm/ |7 (un) — j(vn) — j(u)| dx = 0,

with 7 = F and with j = G. Next we are going to prove the claim. Item

) v
i)
(iif)
(iv)

(i) follows by the weak convergence of (u,). To prove (ii) it is enough to use
Proposition 2.1 (see the growth conditions below). To check (iii) for j = F' and
j =G, we find a € (ag,w), D >0 and ¢ > 2 such that

(2.15) F(s) <(s2+e*" —1)+D|s|9, forallseR,
(2.16) <(s®+ e’ — 1) 4+ Dl|s|?, forall s € R,
(2.17) )| < (s+ e’ —1) + D|s|[?", for all s €R,
(2.18) s| < (s+ e’ —1) + D|s|?!, forall s € R.



NONLOCAL PROBLEMS WITH TRUDINGER—MOSER NONLINEARITY 487

We claim that ¢, (v,,) verifies (iii). First let us consider the case j = F, that is,
¢e(vn) = F(kvy) — kF(vy). In fact, by the Mean Value Theorem, there exists
¥ € (0,1) with w, = v, (k(1 — ) +9¥) such that

e (vp) = Fkvy) — F(vn) + F(v,) — kF (vy)
= fwn)on(k = 1) + (1 = k)F(vn) < f(wn)on(k = 1),
since k > 1 and F' > 0. Analogously, for j = G, we have
¢e(vn) = Gkvy,) — G(vy) + G(vy) — kG (vy,)

= f/(wn)wnvn(k = 1)+ flwp)vn(k = 1) + (1 = k) f(vp)vn
< f/(wn)wnvn(k — 1) + f(wn)vn(k — 1)a

since k > 1 and f(s)s > 0 for all s € R. Thus, to prove (iii) for F' and G, it is
sufficient to see that

(2.19) sup/ fwn)vp, dx < oo, sup/ I (wp)wpv, doe < oo.
neNJR neNJR

We know that |[u,||? = ||va||?+]|ul|>+0(1), as n — oo, so that limsup ||v, || < po-
n

In turn, by the choice of k, we also have
lim sup [[wn | = [[o]l (1 = 9) +9) < po(k(1 — 9) +9) < polk +1) < 1
n

Since ap < o < w, we can find m > 1 very close to 1 such that ma < w. Then,
by (2.17), we get

/f(wn)vnda:
R
S/|wn||vn|dx+/(eawi—1)|vn|dx+D/|wn\q’1|vn|dz
R R R
. , 1/m
< Nlwnllz2llvnllz + Dlwnllfe vnllze + (/R(emaw" - 1)d1‘> lvn ||

1/m
— man
scwmmn+ommq%wwc<4@ "”“> ol

, 1/m
<C+C</(emawn—1)dm) <cC.
R

The last integral is bounded via Lemma 2.2, since ||w,| < 1 and ma < w.
The second term in (2.19) can be treated in a similar fashion, using the growth
condition (2.18) in place of (2.17). We claim that ). verifies (iv) for both F'
and G. It suffices to prove

/ F(Ceu)dr < oo, for all e > 0.
R
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By (2.15) this occurs since by Proposition 2.1, we have

/ (eac§“2 — 1) dr < oo.
R

Analogous proof holds for G via (2.16). We can finally apply [8, Theorem 2]
yielding (2.14). Thus

/j(un)dgc:/j(vn)dgc—i—/j(u)cla:—f—o(l)7
R R R
for j = F and j = G. O

The previous Lemma 2.6 yields the following useful technical results.

LEMMA 2.7. Let (u,) C H'?(R) be as in Lemma 2.5 then, for v, = u, —u,
we have
J'(u) u + liminf J'(v,) v, = 0,

so that either J'(u)u <0 or liminf, J'(v,)v, < 0.

PROOF. Recalling that v, = u, —u, we get ||u,|?* = |Jval|® + [Jul|? + o(1).
Then, by Lemma 2.6,

/ flup)uy de = / f(op)v, dx + / f(w)udz + o(1).
R R R
Since u,, € N, by using the above equality, the assertion follows. O

LEMMA 2.8. Let (u,) C N be a minimizing sequence for J on N, such that
Up — u weakly in H'/2(R) as n — oo. Ifu € N, then J(u) = m.

PROOF. Let (u,) C N and u € N be as above, thus
1

m+ o(1) = J(u,) — §J’(un)un = %/RH(un) dzx

which together with Fatou’s lemma (recall that (2.5) holds) implies
1
iJ’(u)u = J(u),

which yields the conclusion. O

mzlliminf/?l(un)dxz lliminf/’H(u)d:r:J(u)—
T 2 e

3. Proof of Theorem 1.2 concluded

Let (u,) C N be a minimizing sequence for J on N. From Lemma 2.5 (a),
(uy,) is bounded in H'/?(R). Thus, up to a subsequence, we have u,, — u weakly
in HY/2(R).

ASSERTION 3.1. There exist a sequence (y,) C R and constants v, R > 0
such that
Yyn+R
lim inf lun|? dz >~ > 0.
" Yn—R
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If not, for any R > 0,
y+R
lim inf sup/ [ty |* dz = 0.
n yeERJy—R
Using a standard concentration-compactness principle due to P.L. Lions (it is
easy to see that the argument remains valid for the case studied here) we can
conclude that w,, — 0 in LI(R) for any ¢ > 2, which is a contradiction with
Lemma 2.5 (c).
Define @, (z) = up(z + y,). Then J(u,) = J(@,) and without of loss gen-
erality we can assume y, = 0 for any n. Notice that (u,) is also a minimizing

sequence for J on N, which it is bounded and satisfies

R
liminf/ |, |? dz >, for some v > 0,
R

n

and @, — @ weakly in H'/2(R), then @ # 0 (u # 0).
ASSERTION 3.2. J'(u)u = 0.

If Assertion 3.2 holds, then combining (d) of Lemmas 2.4 and 2.8 we have
the result.

We shall now prove Assertion 3.2. Suppose by contradiction that J'(u)u # 0.

If J'(u)u < 0, by Lemma 2.4 (b), there exists 0 < A < 1 such that Au € N.
Thus

)\||u||2:/Rf()\u)ud:E.

Using (2.5) in combination with Fatou’s lemma, we obtain
1 1
m = liminf - / H(u,)dz > = / H(u) dx
no 2 /g 2 Jr
1 1,
>3 H(Au)dz = J(Au) — §J Au)du = J(Au),
R

which implies J(Au) < m and, hence, a contradiction. Here we have used (2.6).

If J'(u)u > 0, by Lemma 2.7, we get liminf J'(v,)v, < 0. Taking a sub-
sequence, we have J'(vy,)v, < 0, for n large gnough. By Lemma 2.4 (b), there
exists A, € (0,1) such that A\,v, € N.

ASSERTION 3.3. limsup A\, < 1.
n

If limsup,, A, =1, up to a sub-sequence, we can assume that A, — 1, then
J () vn = J' (Apvn) Ao + o(1).

This follows provided that

(3.1) /Rf(vn)vnd:r::/Rf()\nvn))\nvndx—l—o(l).
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In fact, notice that if n,, := v, + 7, (A, — 1) for some 7 € (0,1), it follows

f(vn)vn - f()‘nvn))‘nvn = (f’(nn)nn + f(nn))vn(l - /\n)~

Since ||nn|| = ||[vn + Tvn(An — Dl < Apllvnll < po, it follows by arguing as for the
justification of formula (2.19), that

sup/ L' ()1t + f () |Jon | daz < o0,

so that (3.1) follows, since A, — 1. Since A,v, € N we have J' (A,v,)Apv, =0
what implies that J' (v, )v, = 0(1), which is a contradiction with lim J' (v, )v,, <0.
Thus, up to subsequence, we may assume that A, — Ao € (0, ?) Arguing as
before, from (2.6) we infer

m+o(l) = %/R’H(un) dz > %/R’H(/\nun) dz

since H(uy) > H(Auy). By means of Lemma 2.6 applied to w,, = \,u,, (whose
norm is small, being smaller than the norm of u,) and w = A\gu, we have in turn

/R’H()\nun) dx = /RH()\nun — Aou) dz + /RH()\OU) dx + o(1).

Furthermore, we have

(3.2) /R’H()\nun — Aou) dx = /RH()\nvn) dz + o(1).

In fact, notice that A\,u, — Aou = Apv, + Yu, where v, := A\, — Ao — 0 as
n — o0o. We have

H(Anun - AOrUJ) - H(Anvn) = Hl(ﬁn)u'}/na ﬁn = TUYn + Anvn

for 7 € (0,1) and |||l = |[Tuyn + Anvnll < ynllull + Anllvn]l < po for n large
enough. Then, arguing as for the justification of (2.19), we get

sup [ [ io)lulde < sup [ 1707+ F@llonldo < o,
which yields (3.2) since 7, — 0 as n — oo. Therefore, we obtain
m+ o(1) > %/R’H()\nvn)dz + L / H(Aou) dz
= J(A\pop) — fJ (Anvn) v, + /7—[ (Mou) d

J(Anvn) + /H)\Ou

Since u # 0, we have [, H(Aou) dz > 0. Then J(A,v,) < m for large n enough,
namely a contradiction. O
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