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EIGENVALUES, GLOBAL BIFURCATION
AND POSITIVE SOLUTIONS
FOR A CLASS OF NONLOCAL ELLIPTIC EQUATIONS
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ABSTRACT. In this paper, we shall study global bifurcation phenomenon
for the following Kirchhoff type problem:

—(a—l—b/ \Vu|2dm>Au:>\u+h(a:,u,>\) in Q,
Q
u=20 on .

Under some natural hypotheses on h, we show that (aA1,0) is a bifurca-
tion point of the above problem. As an application of the above result, we
shall determine the interval of A, in which there exist positive solutions for
the above problem with h(z,u;\) = Af(z,u) — Au, where f is asymptoti-
cally linear at zero and asymptotically 3-linear at infinity. To study global
structure of bifurcation branch, we also establish some properties of the
first eigenvalue for a nonlocal eigenvalue problem. Moreover, we provide
a positive answer to an open problem involving the case a = 0.
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1. Introduction

In this paper, we study global bifurcation phenomenon for the following
problem:

—(a—|—b/ Vuzdm>Au = Au+ h(z,u,\) inQ,
(1.1) Q

u=20 on €,

where € is a bounded domain in R with a smooth boundary 99, a,b > 0 are
real constants, A is a parameter and h: Q x R? — R satisfies the Carathéodory
condition in the first two variable and

L h,s,0)

(12) s—0 S

=0

uniformly for almost every x € Q2 and A on bounded sets. Moreover, we assume
that h satisfies the following growth restriction:

(G) there exist ¢ > 0 and p € (1,2*) such that
ha,s. )] < (14 [P

for almost every z € 2 and A on bounded sets, where

2N

+00 if N <2.

Problem (1.1) is related to the stationary problem of a model introduced by
Kirchhoff in 1883 to describe transversal oscillations of a stretched string [27].
More precisely, Kirchhoff proposed a model given by the equation

0u oo E [F 2 0u
p8t2<h 5L A dx)wf(x,u),

@
ox

where p, po, h, E/, L are constants, f is an external force, which extends the clas-
sical D’Alembert’s wave equation by considering the effect of changing in length
of the string during vibration. Problem (1.1) received much attention only after
Lions [31] proposed an abstract framework to the problem. Some important and
interesting results can be found, for example, in [2], [4], [15], [14], [26]. Recently,
many mathematicians were studying problem (1.1) by variational methods, see
e.g. [5], [6], [32], [33], [35], [38], [41] and references therein.

The authors of [28] studied problem (1.1) with h(x,s,\) = Af(z,s) — As
by using the topological degree argument and variational method. Under some
assumptions on f, they provided a positive answer to the existence of positive
solutions to (1.1) for the cases a,b > 0 and a > 0, b = 0. They pointed out
that the case a =0 and b > 0 is an open problem. The study of Kirchhoff type
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equations has also been extended to the case involving the p-Laplacian and p(x)-
Laplacian. We refer the readers to [3], [7]—-[11], [17], [18], [20] for an overview
and references on this subject.

A distinguishing feature of problem (1.1) is that the first equation contains
a nonlocal coefficient a + b [, |Vu|? dz, and hence the equation is no longer
a pointwise identity. Moreover, the first equation of problem (1.1) with A = 0
is not homogeneous. So problem (1.1) is a fully nonlinear problem what raises
some essential difficulties to study this kind of problems.

The main aim of this paper is to establish the global bifurcation result for
(1.1) and to study its applications. Let A; denote the first eigenvalue of the
following problem:

—Au = Au in Q,

1.3
(1:3) u=20 on .

It is well known that ), is simple, isolated and it is the unique principal eigenvalue
of (1.3). The first result of this paper is the following theorem.

THEOREM 1.1. The pair (aA1,0) is a bifurcation point of (1.1). Moreover,
there is a component C of the set of nontrivial solutions of (1.1) in R x H}(Q)
whose closure contains (ar1,0) and it is either unbounded or contains a pair

(aX,0) for some X, an eigenvalue of (1.3) with X # \;.

As is known, this result is proved in the case ¢ = 1 and b = 0 (see [36]).
It has also been extended to the p-Laplacian problem in the case a = 1 and
b =0 (see [16]). While, (1.1) is a fully nonlinear problem. So the Rabinowitz
global bifurcation theorem cannot be used directly to obtain our result. We
shall transfer problem (1.1) into a new form and then use the Rabinowitz global
bifurcation theorem to prove Theorem 1.1 in Section 2.

In Section 3 we study the component C, obtained in Theorem 1.1, for the
following eigenvalue problem:

(1.4) —</ |Vul? dx) Au = pu?® in Q,
. Q
u=20 on Of.

2
,ulzinf{(/ |Vu|2dx> :ueH&(Q)7/u4dx:1}.
Q Q

We recall that a nodal domain of u is a connected component of Q \ {z € Q :

Let

u(z) = 0}. Our second result is

THEOREM 1.2. Assume that N < 3. Then uy > 0 is the first eigenvalue of
(1.4) and it has the following properties:
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(a) Any eigenfunction u corresponding to py belongs to C1*(Q) for some
a € (0,1), and du(z)/dy < 0 if u is nonnegative, where v is the outer
unit normal at x € ON).

(b) py is the principal eigenvalue of (1.4).

(¢c) 1 is simple if one of the following is satisfied:

(i) Q is an open ball in RY;
(i) Q C R? is symmetric in x and y, and convex in x and y directions;
or
(iii) Q C R? is convez.

(d) If one of conditions in (c) is satisfied, (1.4) has a positive solution if
and only if = py.

(e) Let v be any eigenfunction associated to an eigenvalue p > 1 and N be
its any nodal domain. Then we have

(1.5) V| > ¢,

where ¢ > 0 is some constant depending only on N and p.
(f) If one of conditions in (c)is satisfied, then py is isolated.

The authors of [35] proved the existence of p;. In [28], the authors proved
parts (c¢) and (d) in the case when  is a ball. Recently, the authors of [29]
showed parts (b)—(d). To the best of our knowledge, properties (a), (e) and (f)
are the first results on this kind of problems. So the results of Theorem 1.2
improve and generalize the corresponding results of [28], [29] and [35].

In Section 4, we describe the component C for problem (1.1) with h(x, s, \) =
Af(z,8) — As, i.e. for the following problem:

—<a+b/ |Vu2dm>Au:)\f(:1c7u) in Q,
Q
u=20 on €,

(1.6)

where 2 satisfies one of conditions in Theorem 1.2 (c). We assume that f satisfies
the following conditions:
(f1) f: OxR\R™ — R\R™ is a Carathéodory function such that f(z,s)s > 0
for almost every z €  and any s > 0.
(f2) There exists fo € (0,400) such that

lim f(@5)

s—=0+ aA1s

= fo
uniformly with respect to almost every x € Q.

(f3) There exists foo € (0,+00) such that
lim f(,s)

s——+00 bp,183

= feo

uniformly with respect to almost every x € Q.
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Our third result is

THEOREM 1.3. Assume that N < 3, Q) satisfies one of conditions in The-
orem 1.2 (c) and f satisfies (f1)—(f3). Then (1/fo,0) is the unique bifurcation
point of the set of positive solutions of (1.6). Moreover, there is an unbounded
component C in R x H}(Q) whose closure links (1/fo,0) to (1/fso, 00).

REMARK 1.4. The reason of restriction N < 3 in Theorem 1.2 is to ensure
u3 € L*(Q) for any u € H{(Q) which is crucial for our proof. If N = 4, the
authors of [29] have showed that g7 > 0 but it cannot be achieved in H}(Q). If
N > 5, they also showed that p; = 0. In addition, we pose the condition N < 3
as our proof depends Theorem 1.2 and the fact 4 < 2*.

REMARK 1.5. Note that Theorem 1.1 of [28] is our corollary of Theorem 1.3
if Q satisfies one of conditions in Theorem 1.2 (c). We also note that Theorem
1.2 (ii) (with a > 0) of [28] is the corollary of Theorem 1.3 if Q satisfies one of
conditions in Theorem 1.2 (¢). Clearly, Theorem 1.2 (i) of [28] does not occur
because (1/fo0,00) is the unique bifurcation point of positive solutions set of
(1.6) where a bifurcation from infinity occurs. Moreover, our assumptions on f
are more concise and weaker than the corresponding ones of [28, Theorems 1.1,
1.2, 5.1 and 5.2].

REMARK 1.6. From Theorem 1.3, we can see that any positive solution
of (1.6) lies in C. That is to say, we find the range of all positive solutions. So
one only needs to study the structure of C to find the positive solution of (1.6).

REMARK 1.7. By standard elliptic regularity theory (see [21], [22]), we know
that any weak solution of (1.1) or (1.6) belongs to C1:%(Q2) with o € (0,1) under
conditions (1.2) and (G) or (f1)—(£3).

In Section 5, we consider the case a = 0 in (1.6) and give a positive an-
swer to the above mentioned open problem. Concretely, we pose the following
assumption on f:

(f4) there exists fo € (0,400) such that

f(xvs) :ﬁ)

lim
s—0+t  A18

uniformly with respect to almost every = € ).

Our last result is the following theorem.

THEOREM 1.8. Assume that a = 0, N < 3, Q satisfies one of conditions
in Theorem 1.2 (c) and f satisfies (f1), (£3) and (f4). Then (0,0) is the unique
bifurcation point of the set of positive solutions of (1.6). Moreover, there is an
unbounded component C in R x H}(Q) whose closure links (0,0) to (1/fs,o0).
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REMARK 1.9. From Theorem 1.8, we can easily see that (1.6) has a positive
solution with A = 1 and f,, < 1. This gives a positive answer to an open problem
proposed by the authors in [28].

REMARK 1.10. Note that f is asymptotically linear at zero in Theorem 1.8
which is different from [28]. In [28], f is assumed to be asymptotically 3-linear
at zero in the case a = 0. We shall consider this situation in our future work.

The last section concludes the paper and outlines our future work.

We end this section by introducing some notation conventions which will be
used later in this paper. Let X be the usual Sobolev space H}(£2) with the norm
full = (fq |Vu|2d31:)1/2 and X* be its dual space. Denote by (-,-) the duality
pairing between X and X*. We write u,, — u and u,, — u for the weak and
strong convergence of the sequence {u,} in X, respectively. Use ¢’ = ¢/(¢ — 1)
to denote the conjugative number of ¢ with ¢ > 1. For a measurable set A of
RY we denote its measure by |A|. Also, we denote by ¢ and ¢;, i € N, generic
positive constants (the exact value may be different from line to line).

2. Global bifurcation

Firstly, consider the following auxiliary problem:

—Au= f(z) inQ,

2.1
21) u=20 on 0f2.

As is known, problem (2.1) possesses a unique weak solution for each f € X*.
Let us denote by G(f) the unique weak solution of (2.1). Then G: X* — X
is a linear continuous operator. Since the embedding X <— L7(Q) is compact
for each ¢ € (1,2*), the restriction of G' to L7 () is a completely continuous
operator.

Clearly, the pair (A, u) is a solution of (1.1) if and only if (), u) satisfies

1
(2.2) u= G<a+b”u|2(>\u+H(A,u))>,

where H(J, -) denotes the usual Nemitskil operator associated with h. From
condition (G) and 2 < 2*, we can see that G: L?' () U L2(Q) — X is completely

continuous.

ProOOF OF THEOREM 1.1. Let

1 Ab||ul|?

1 )
bu= 2 G0, B0 = o GHO) = s

G(u).

Clearly, L: X — X is linear and completely continuous operator, H:RxX — X
is compact. Moreover, it is easy to see that a); is a simple characteristic value
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of L. Then equation (2.2) is equivalent to
w=Aou+ H(\ u).

Next, we show that H = o(||ul|) at u = 0 uniformly on bounded X intervals. It
is sufficient to show that
H
- H(zw)
lul=0  [lu]

=0 in L (Q).

Without loss of generality, we may assume that p > 2. Otherwise, we can
consider p = ¢p, ¢ > 1 such that p € (2,2*). From p < 2*, we can see that
/ _ 2 2* _
rip—2) _ v
2% 2%
So we can choose a real number r > 1 such that
I * !
-2 1 _2"-p
2% T r T 2%

It follows that
(2.3) pr(p—2) <2 and p'r <2%.

For any € > 0, in view of (1.2) and (G), we can choose positive numbers
d = d(e) and M = M (0) such that for almost every x € , the following relations
hold:

h A
‘(I’SS’)'SE for 0 < [s| <0,
h A
‘(x,ss,)' < M|s[P~2  for |s| > 4.
Then
H(\u)

do < e|Q| + MP" / ulP (=2 4y
Q

J

From this inequality, (2.3) and v — 0 in X, we get

u

— 0 in L"(Q).

” o

Let v = w/||ul|. By the boundedness of v in X, (2.3) and continuity of the
embedding X < L? (), we have

(2.5) / P de <
Q

for some constant ¢ > 0. Then from (2.4), (2.5) and the Holder inequality, we

- |
<(/,

obtain
/,

H(\u)
il

H(\u)l?
|ul
H(Au)

u

’
|v|p, dz

") ([ o
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Now, from global bifurcation theory (see [37, Theorem 1.3]), we get the exis-
tence of a global branch of the set of nontrivial solution of (1.1) emanating from
(a)\l, 0) O

3. Properties of the first eigenvalue of a nonlocal problem

In order to study properties of the component C, obtained in Theorem 1.1,
we shall consider the following eigenvalue problem:

(3.1) —</ |Vul? dm) Au = pu® in Q,
. Q
u=0 on O0f).

Let
I(w) = [ul?, wes:= {ueX:/u4dxl}.
Q

Denote by A the class of closed symmetric subsets of .S, let
Fm={Ae€ A:i(A) >m—1},

where m is a positive integer and i(A) denotes the Yang index of A. The authors
of [35] have proved that problem (3.1) possesses unbounded sequences of minimax
eigenvalues 0 < p1 < pg < ... such that
= inf I(u).
o = 8, e

In particular, if m = 1, taking A = {u, —u : u € S}, we get

T :inf{|u||4 cu € X, /u4d1‘ = 1}.
Q

Next, we are going to study the properties of uy. These properties are im-
portant in the study of global bifurcation phenomena.

PROPOSITION 3.1. Let u be any eigenfunction corresponding to pi. Then
u € CH(Q) for some « € (0,1). Furthermore, du(x)/dy < 0 if u is nonnegative,
where v is the outer unit normal at x € ON).

PROOF. Note that problem (3.1) is homogeneous. So by scaling we may
suppose that ||u]] = 1. It follows that

—Au=pu® inQ,

3.2
(3.2) u=20 on 0f).

By the embedding X < L?" and N < 3, we have pu?(-) := f(-) € L*(R). By
[25, Theorem 8.12], we know that u € W22(Q). Furthermore, by the general
Sobolev embedding theorem [19, p.270], we get u € C7(Q2) for some v € (0,1).
Moreover, by the definition of weak derivative, Vf = p;3u?Vu. It is easy to
verify that Vf € L?(Q). So we have f € W12(Q). By [25, Theorem 8.13], we
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know that v € W32(Q). Again using the general Sobolev embedding theorem
[19, p.270], we get u € C1*(Q) for some o € (0,1). Furthermore, if u > 0, by
the strong maximum principle [23, Theorem 1.2], du(x)/dv < 0 for all € 9Q.0

PROPOSITION 3.2. Let u be an eigenfunction associated with 1, then either
u>0oru<0inQ, i.e. uy is the principal eigenvalue of (3.1).

PROOF. We notice that if u is an eigenfunction, so is v := |u|. Without loss
of generality, we shall assume that ||v|| = 1. So we have

—Av = v in Q,
v=20 on Jf).

By the strong maximum principle [25, Theorem 8.19], we know that v > 0 in the
whole domain. By the continuity of u, either u or —u is positive in the whole
domain. 0

PROOF OF THEOREM 1.2. Propositions 3.1 and 3.2 imply properties (a)
and (b), respectively. So we only need to prove properties (c)—(f). Although
property (c) was proved in [28], [29], we shall still give a rough sketch of the
proof here for reader’s convenience.

(c) Consider the following auxiliary problem:

—Au=1u® in Q,

3.3
(33) u=20 on 0f).

If Q is an open ball in RY | Lemma 2.3 of [24] implies that the positive solution
of (3.3) is unique. Let u,v be two eigenfunctions associated with A;. Then
VAu/|lu|| and /Ajv/|v]| are both solutions to (3.3). Hence u = |juljv/|v]],
which shows that A; is simple. If Q C R? is symmetric in # and y, and convex
in z and y directions, Theorem 2.1 of [12] and Theorem 5 of [13] imply that the
positive solution of (3.3) is unique. Similar argument shows that A; is simple.
If O C R? is convex, Theorem 1 of [30] implies that the least energy positive
solution of (3.3) is unique, where the least energy solution is the one which

/ |Vu|? da
i _Jo 0
ue)lfr,lfﬁéo /2"
([}
Q

Suppose that w and v are positive solutions of (1.4) with A = A;, then both u

achieves

and v are least energy positive solutions of (3.3). So u = cv for some constant
c> 0.
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(d) Suppose on the contrary that (3.1) with p > pq has a positive solution v,
and let u be a positive eigenfunction corresponding to p;. Similarly to Proposi-
tion 3.1, we can show that v € C1%(Q) for some a € (0,1) and dv(z)/dy < 0.
By this and Proposition 3.1, there exists a constant ¢, > 0 large enough such
that tov > u. Clearly, v := tyv is also an eigenfunction of (3.1). Define f! and
f2 on X by

4

Let A= (f') and B = (f?)". Then w is a weak solution of (3.1) if and only if
Aw = pBw. Tt is not difficult to show that Bu < Bv. Then

1 :1 4 2 :1 4
Py = glols P = [ wtde

1/3
Au = pyBu < py Bv = uB(nv) = A(no)  with n = (lﬁ) : < 1.
Taking ¢ = (u — nv)T as a test function in Au < A(nv), it follows from (a)
of Proposition 5.2, which will be proved in Section 5, that V(u — nv)* = 0,
this implies (u — n0)T = 0 and so v < v in Q. Repeating this argument n
times, we obtain that 0 < u < n™v. Letting n — 400, we get u = 0. This is a
contradiction. So v must change sign.

(e) By an argument similar to that of Proposition 3.1, we know that v €
C(f), then v),, € Hj(N). Define

v forx €N,

(3.4) w=
0 forzeQ\N.

It is easy to see that w € X. We first consider the case N = 3. Then

2
</ |Vw|2d:c) :,u/ w dz.
N N

By the Holder inequality and the Sobolev embeddings we have

2/3 2 2/3
c4</ |w6daj> < (/ |Vw|2dx> :/,L/ wh dr < ,u(/ wﬁdx> IN]L/3,
N N N N

where ¢ > 0 is the best embedding constant of H}(N) — LS(N). It follows
that [N > ¢'2/p®. For N =1 or 2, it is well known that H}(N) continuously
embeds in L (N') with the best embedding constant ¢ > 0. From this fact and
reasoning as above, we can show that |N| > ¢*/pu.

(f) Assume by contradiction that there exists a sequence of eigenvalues
tn € (u1,0) for some constant § > py which converges to pi. Let u, be the
corresponding eigenfunctions. Property (d) implies that u,, changes sign. Inte-
gration by parts gives

</Q|Vun|2dx>2 :un/ﬂ(un)‘*dx.
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Define

Un

(fore)”

Obviously, v, is bounded in X so there exists a subsequence, denoted again
by vy, and v € X such that v, — v in X and v, — v in L*(Q). Since the
functional I is sequentially weakly lower semi-continuous, we have that

2 2
</ |Vv|2dx> < lim inf </ an|2dx> = liminf p, = p1.
Q n—-+oo Q n—-+oo

On the other hand, [, (v,)* dz = 1 and v, — v in L*(Q) imply that [, v*da = 1.

It follows that
2
(/ |Vu|2dx> Sul/v4d:c.
Q Q

The above inequality and the variational characterization of p; imply that

2
(/ Vo|? dx) :,ul/ vt de.
Q Q

Then Proposition 3.2 implies that v is positive or negative. Without loss of

Vp 1=

generality, we may assume that v > 0 in . Since v,, — v X, passing if necessary
to a subsequence, we can assume that

v, — v in LYQ) with ¢ € (1,27),
v, — v in a.e. Q.
So we conclude that |Q | — 0, where Q. denotes the negative set of u,. This
contradicts estimate (1.5). O
4. Positive solutions

In this section we apply Theorems 1.1 and 1.2 to study the existence of
positive solutions for (1.6).

LEMMA 4.1. Assume (f1)—(f3) hold. Then (1/fo,0) is a bifurcation point
of (1.6) and the associated bifurcation branch C in R x X whose closure con-
tains (1/ fo,0) is either unbounded or contains a pair (\/(foA1),0) where X is an
eigenvalue of (1.3) and X # ;.

PRrROOF. Let ¥: @ x R\R™ — R\ R~ be a Carathéodory function such that
f(xv 3) = GJ)\lfOS + 19(177 5)

with

(4.1) lim I, s) =0 and lim I(a, s)

s—0+ a1 s s—+oo 83

= lefoo
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uniformly with respect to almost every = € Q. From (4.1), we can see that A¢
satisfies assumptions of (1.2) and (G). Now, Theorem 1.1 can be applied to get
the results of this lemma. O

Let P={u € X :u(z) > 0 for all z € Q} be the positive cone in X.

LEMMA 4.2. We have C C (R x P)U{(1/f0,0)}) and the last alternative of
Lemma 4.1 is impossible.

PROOF. By the strong maximum principle [25, Theorem 8.19], we know
that w > 0 in the whole domain for any nontrivial solution (A, u) € C. So we
have ¢ C ((R x P) U (R x {0})). Suppose on the contrary that there exists
Amstm) — (M (for1),0) when m — +oo with (A, um) € C, Uy Z 0 and
A # A. So we have u,, € P for each m € N. Let v, := un/|um|, then
(A, Ui ) satisfies

Am F(A, Um)
=G —2m (s ooy, + D Um )
v (a+b||um||2<“ votm = ))

By an argument similar to that of Theorem 1.1, we obtain that for some conve-
nient subsequence v,,, — v as m — +o0o. Now v verifies the equation —Av = Av
and ||vg]| = 1. Hence vy must change its sign, and this is a contradiction. Fur-
thermore, it follows that C C (P U{(1/fo,0)}) and C is unbounded in R x X.O

REMARK 4.3. From the proof of Lemma 4.2, we can see that (1/fo,0) is the
unique bifurcation point of the set of positive solutions of (1.6).

Next, we give a Sturm type comparison theorem.

THEOREM 4.4. Assume that N < 3, g and f, are two weight functions such
that g € C(Q), fn € L3() and f, # g almost everywhere in Q0 for any n large
enough. Let u be a positive weak solution of
—|lu|?PAu = g(z)ud  in 9,

s JulP A = g(2)

u=20 on 0L2.
Let v,, € W21(Q) be any solution of

—|v||?Av = fo(z)v®  in Q.

If gu? < f,02 for almost every x € Q and n is large enough, then v,, must change

sign for n large enough.

ProoF. Without loss of generality, we may assume that ||u|| = ||v,|| = 1 for
any n € N. Suppose the contrary, e.g. that v, > 0 for n large enough. Then by
the following Picone’s identity:

2 2
Vul2 - V(L) vo = [Vl + L vl — 2% vuve > 0
| v V2 v
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and an easy calculation, we obtain, for n large enough,
5 u? 9 u
0< / Vul* + = |Vu,|* = 2—VuVu, | dr
Q Un Un,

= /Q (9(z)u® = fo(2)v2) v? dz < 0.

Consequently, we have u = cv,, for n large enough. Furthermore, we have u =
+w,, for n large enough. But this is impossible since f,, #Z g almost everywhere
in Q for n large enough. This accomplishes the proof. t

PrOOF OF THEOREM 1.3. In view of Lemmas 4.1, 4.2 and Remark 4.3, it
is sufficient to show that C joins (1/fo,0) to (1/fs,00). Let (A, u,) € C, where
u, # 0 satisfies A, + ||u,|| = +oo. Since (0,0) is the only solution of (1.6) for
A =0, we have CN ({0} x X) = . Tt follows that A\, > 0 for all n € N.

We claim that there exists a constant M such that A\, € (0, M] for n € N
large enough. Suppose the contrary, that lim A, = +oo. Since (A, uy) € C,

n—+oo
it follows that
A [z, un)
a+bllunl®>  un

We consider two cases to deduce a contradiction.

Au, + u, =0 in Q.

Case 1. There exists a constant ¢ > 0 such that ||u,|| < ¢ for n large enough.

In this case, we have
1 S 1 S 1
a = a+blu,l? T a+bc?

From (f1)-(f3), we can see that f(z,u,)/u, > o for some ¢ > 0 and almost
every z € Q and all n € N. By (f2) and (3), F(x,un)/u, € L?/3(Q), where F
denotes the usual Nemitskii operator associated with f. Applying Theorem 2.6
of [1], we have that u,, must change its sign in €, what contradicts Lemma 4.2.
Case 2. ||up| — 400 as n — +o0.
Now, consider

”unH2 f(x»un)u:%

Follun® wy "

=0 in Q.

For any fixed € € (0,1/b), obviously, there exists Ny > 0 such that, for any
n > Ny,

[[wnll®

4.3 —_— > - —
(*3) bl b

By (f1)—(£3), there exists a constant ¢ > 0 such that f(x,u,)/u, > o for almost
every x € ) and n large enough. Let

[unl®  f(@, un(@))

atblunll?  un(z) ui(z)
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Then we have hIJIrl fu(@)un(z) = +oo for almost every z € Q. By (f1)—(£3)
n—-+0o0

and [25, Theorem 8.12], we know that u,, € W*2%(Q). So we have u,, € W21(Q).

On the other hand, by Theorem 1.1 of [23], we have that for any nonempty
compact subset K C (), there exists a positive constant c¢,, such that u, > c,
almost everywhere in K. Then it is not difficult to show that f,, € L3(K) for
any fixed n € N. Applying Theorem 4.4 on K with g(x) = pu1, we have that u,
must change its sign in K for n large enough. This is a contradiction.

Therefore, we get that ||u,| — +oo. Let w: @ x R\ R™ — R\ R~ be
a Carathéodory function such that

f(zv 5) = b,uflfoos3 + W(SC, 5)
with
w(z, s)

(4.4) im %) 0 and  lim

§—>400 53 s—0t S

= a\ fo

uniformly with respect to almost every = € 2. Then (A, u,,) satisfies

_ An 3

Dividing the above equation by |[u, || and letting @, = un/[|u,||, we get
- An[un® ( 3 w(%un)))
Up =G| — 5 | bur fooy, + ———2= | -
= O (st S

(4.5) N G C))

notee lug?

Next, we show
=0 inL7(Q)

for some ¢ < 2*. Without loss of generality, we may assume that ¢ > 4. Other-
wise, we can consider ¢ = ¢q, ¢ > 1 such that q € [4,2%).

From (4.4), for any € > 0, we can choose § = d(g) and M = M(J) such that
for almost every x € 2 and any n € N, the following relations hold:

(4.6) |w(x,s)] <M  for|s| <4,
(4.7) |w(z,s)] <els|® for |s| > 4.

By (4.6) and (4.7), we can easily show that
@(@, un(z))

C /
doer < ——— —|—5/ U, 27 da.
/g TP S e e,

It follows from g > 4 that 3¢’ < 2*. From the above inequality, u,, — +o00 in X,

|, || = 1, we get the desired result. It is not difficult to show that @3 is bounded
in L9 (Q) and A, |[un||2/(a + b|lun||?) is bounded in R for n large enough. By the

compactness of G, we obtain that —||u||?AT = fiu; foo@>, where U = liIJIrl Up,
n——+oo
and g = lim J\,, again choosing a subsequence and relabeling it if necessary.

n—-+oo
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It is clear that |[@|| = 1 and @ € C C C since C is closed in R x X. Therefore,
Lemma 4.2 implies @ > 0. Theorem 1.2 shows that 7 = 1/ fo. Therefore, C joins

(1/f070) to (1/f00’oo) t
COROLLARY 4.5. Assume that N < 3 and f satisfies (f1)—(f2). Then for
Ae (1/f0, 1/f00) U (1/foo7 1/f0)7

problem (1.6) possesses at least one positive solution. In particular, if fo > 1
(<1) and foo <1 (> 1) then (1.6) possesses at least one positive solution with
A=1.

EXAMPLE 4.6. Let a = b= 1, A =1, f(x,5) = vs + us®. By Corollary 4.5,
there is an unbounded component C in R x H} () whose closure links (A1 /v,0) to
(11/p, 00). In particular, (1.6) has at least one positive solution when A = 1 and
(vyp) €{(v,p):0<v <Ay, p>prpor (vyp) €{(v,p):v>A, 0<pu<pg}

This result can be seen as a complement of Theorem 3.4 of [29] where the
authors considered (1.6) with a = b =1, A = 1, f(z,s) = vs + us®. They got
the local existence result of positive solution when (v, ) belongs to a subset of
{(v,p) :0<v <A +e*, u>pu}.

5. Answer to an open problem

In this section, we consider problem (1.6) with a = 0, i.e. the following
problem:

—b/ Vul? deAu = Af(z,u) in Q,
(5.1) Q| | (@u)

u=20 on .

To prove Theorem 1.8, we need the following topological lemma.

LEMMA 5.1. Let X be a normal space and let {C,,} be a sequence of unbounded
connected subsets of X. Assume that:

(a) there exists z* € iminf C,, with ||z*]] < 4o0;
n—-+oo

—+oo
(b) for every R > 0, ( U Cn) N Br is a relatively compact set of X, where
n=1
Bgr={z € X : || <R}

Then D = limsupC,, is unbounded, closed and connected.
n—-+o0o

PROOF. Let Xgp = X N By for any R > 0. Then Xy is a metric subspace
+o0
under the induced topology of X. Let A, = C, N Br. Clearly, we have |J A, =

n=1

+oo +oo
(U Cn> N Br. So | A4, is relatively compact in Xg. Furthermore, z* €
n=1 n=1

lim Jirnf C,, implies that every neighbourhood U(z*) of z* contains points of all
n—-+0o0o
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but a finite number of sets of {C,}. So there exists a positive integer N such
that for n > N, U(z*) N C,, # 0. Since ||z*]] < 400, we can take R > 0 large
enough such that U(z*) C Bg. Thus, U(z*)NA, = U(z*)NC,, # 0 forn > N. So
we have z* € liminf A,,. By Theorem 9.1 of [39], it follows that A = limsup A,

n—-+00 n—4o00
is connected in Xg.

We claim that B := (hm sup Cn) N Br = A. For x € A, any neighbourhood

n—-+oo
V in Xp of x contains points of infinitely many sets of {C,, N Br}. So there exist

Zpn; € Cp, N Bgr such that z,, — = as i — 4o00. It follows that x € Br and
x € limsupC,, i.e. ¢ € B. Conversely, if x € B, any neighbourhood V' in Xp

n—-+00
of x contains a point z of limsupC, and thus V', a neighborhood of z, contains
n—-+oo

points of infinitely many sets of C,, N Br. It follows that x € A. Hence, B is
connected. As R is arbitrary, we get that D is connected. From [39], we know
that D is closed.

Next, we show that D is unbounded. Suppose on the contrary that D is
bounded. It is easy to see that D is a compact set of X by (b) and the fact of
z* € D. Let Us be a d-neighbourhood of D. So we have that

(5.2) oUs ND = .

By (a) and the connectedness of C,,, there exists an integer Ny > 0 such that for
all n > Ny, C, NOUs # 0. Take y,, € C,, NOUs, then {y, : n > Ny} is a relatively
compact subset of X, so there exist y* € 9Us and a subsequence {y,, } such
that y,, — y*. The definition of superior limit shows that y* € D. Therefore,
y* € OUs N D. However, this contradicts (5.2). Therefore, D is unbounded. O

In order to apply Lemma 5.1 to prove Theorem 1.8, we need to discuss the
following Kirchhoff-Laplace operator @ (u) := —blul|?Au.

Denote ®(u) := b||u||*/4. Tt is obvious that the functional ® is continuously
Gateaux differentiable and its Gateaux derivative at the point u € X is the
functional ®'(u) € X* given by

(@' (u),v) = b||u||2/ Vu-Vvdz.
Q

Obviously, the Kirchhoff-Laplace operator is the derivative operator of ® in the
weak sense. We have the following properties of the derivative operator of ®.

PROPOSITION 5.2. Let L = ®'. Then:

(a) L: X — X* is a continuous and strictly monotone operator;
(b) L is a mapping of type (S4), i.e. if up, = u in X and

lim (L(up) — L(w), up — u) <0,

n—+

then u, — u in X;
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(¢) L(u): X — X* is a homeomorphism.

PrOOF. (a) Let u,, — uin X, i.e. lirf |un, — ul] = 0. Then we can easily
n—-+0oo
see that liIJIrl llun|l = |lull. For any v € X, by using of the Holder inequality,
n—-+0oo

we have
|(L(un) — L(u), v)]

z‘b||un||2/ Vun-Vvdx—b||u\|2/Vu-Vvda:
Q Q

:’b||un||2/(Vun—Vu)-Vvdx—i—b(HunHQ— ||u|\2)/ Vu-Vods
Q Q

< bllunl ||l — wulll[v]l + blllunl* = ul*[lull o] =0 as 7 — +oo.

It follows that L is a continuous operator.
For any u,v € X with v # v in X, by the Cauchy inequality, we obtain
(5.3) (L(u) — L(v),u —v)
= (L(u),u) = (L(u),v) = (L(v),u) + (L(v), v)

:b||u|\4—b||v||2/Vu-Vvdx—b||uH2/Vu~Vvdx+b||v||4
Q Q

b<|u||4 ol = (el + o) /Q Vu. Vo da:>

(llul® + flol*)>

20l + o] :

) — b(Jlull? — o]?)? > 0,

i.e. L is monotone. In fact L is strictly monotone. Indeed, if (L(u) — L(v), u—v)
=0, then from (5.3) we have

lull = ||v|l, Vu=Vwv ae. inQ.

It follows that ||u —v|| = 0, i.e. w = v, what contradicts u # v in X. Therefore,

(L(u) — L(v),u —v) > 0. It follows that L is a strictly monotone operator in X.

(b) From (a), if u, — w and @ (L(un) — L(w), uy, —u) <0, then we have
n—r-+0o0o

lim (L(u,) — L(uw),u, —u) = 0.

n—-4o0o

In view of (5.3), we obtain that Vu, converges in measure to Vu in §, so we
get a subsequence (which we still denote by w,,) satisfying Vu, (x) = Vu(x) for
almost every z € 2. Moreover, we also have

(5.4) lim /\Vun|2 dx:/ Vul? d.
Q Q

n—+oo

From (5.4) it follows that the integrals of the functions family {|Vu,|*} possess
absolute equi-continuity on € (see [34, Chapter 6, Section 3]). Since

[Vuy — Vul? < 2(|Vu, > + [Vul?),
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the integrals of the family {|Vu,, — Vu|?} are also absolutely equi-continuous on
2 and therefore we have

lim |V, — Vul*dr = 0.
Q

n—-+oo
Therefore, u, — u, i.e. L is of type (S4).
(c) It is clear that L is an injection. Since
(L(w),w) _

— = bjul|* = +o0,
ull-+o0 ||| [l =400

L is coercive, thus L is a surjection in view of the Minty—Browder theorem (see
[40, Theorem 26A]). Hence L has an inverse mapping L~!: X* — X. Therefore,
the continuity of L~! is sufficient to ensure L to be a homeomorphism.

If fo, f €X* fo— f,letu, = L7(f,), u = L7L(f), then L(u,) = fn,
L(u) = f. The coercive property of L implies that {u,} is bounded in X. We
can assume that w,, — up in X. By f,, — f in X*, we have

kETOO<L(u”k) - L(u0)7unk - u0> = ng{?@(f”k’””k - u0> =0.

Since L is of type (S4), un, — up. Furthermore, the continuity of L implies that
L(up) = L(u). By injectivity of L, we have ug = u. So u,, — u. We claim that
un — uw in X. Otherwise, there would exist a subsequence {u,,} of {u,} in X
and g9 > 0 such that for any j € N, we have [|u,,, —u|| > 9. But reasoning as
above, {u,,; } would contain a further subsequence Uy, — uin X as | — 400,
which is a contradiction to ||, — ul| > eo. Therefore, L™" is continuous.  [J

Now, consider the following auxiliary problem:

—blulPAu = f(x) in©,

5.5
(5:5) u=20 on ON.

LEMMA 5.3. For any f € X*, problem (5.5) has a unique weak solution.

PROOF. Define F(v) = [, fvodx for any v € X. We can easily see that F
is a continuous linear functional on X. Since L is a homeomorphism, (5.5) has
a unique solution. O

Let us denote by S(f) the unique weak solution of (5.5). Then S: X* — X
is a continuous operator. Since the embedding of X — L?(Q) is compact for
each g € (1,2%), S: Lq'(Q) — X is a completely operator.

For any n € N, we study the following auxiliary problem:

—<1+b/ |Vu|2dm)Au:)\f(x,u) in Q,
n Q
u=20 on .

(5.6)
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Clearly, we can see that fo = fon. Theorem 1.3 implies that there exists a se-
quence of unbounded continua C,, of positive solutions to problem (5.6) emanat-
ing from (1/fon,0) and joining to (1/fs, +00).

PrOOF OF THEOREM 1.8. Let X = R x X under the product topology.
Clearly, X is a Banach space. Now, we verify the assumptions of Lemma 5.1.
Taking z, = (1/fon,0) and z* = (0,0), we have that z* € gglfgcn So (a) is
satisfied.

By (f3) and (f4), F(z,u(z)) € L*3(Q). Now, we consider two possibilities
to verify (b): (1) n < +o0 and (2) n = 4o0. If case (1) occurs, the completely
continuous property of G implies (b). If case (2) occurs, the compactness of S

follows (b). By Lemma 5.1, C :=lim sup C, is an unbounded component such
n—-+o0o

that (0,0) € C and (1/fs,+00) € C. This completes the proof. O

COROLLARY 5.4. Assume that N < 3, § satisfies one of the conditions in
Theorem 1.2 (c) and f satisfies (f1), (f3) and (f4). Then for A € (0,1/fx),
problem (5.1) possesses at least one positive solution. In particularly, if foo <1
then (5.1) possesses at least one positive solution with A = 1.

REMARK 5.5. From Remark 1.7, we know that any weak solution of (5.6)
belongs to C1*(Q) with a € (0,1) under assumptions of (f1), (f3) and (f4). It
follows that u € C1*(Q) with o € (0,1) for any (A, u) € C which is obtained in
Theorem 1.8.

6. Future work

In future we plan:
(1) To study the case fo & (0,400) (fo & (0,400)) or foo & (0,400). This
plan origins from Theorem 1.2 and the following special example:
—(a + b/ |Vu|2dx)Au =Au inQ,
Q
u=0 on €.

(6.1)

It is easy to see that fo, = 0. While, the positive solution pairs of (6.1) must be
(M (a+b|e1]]?), ¢1), where ¢ is the corresponding positive eigenfunction to \;.
Thus (A1,0) is a bifurcation point of the set of positive solutions of (6.1) and
(A1(a+b|¢1]|?), 1) is the corresponding unique unbounded branch.

(2) To study the unilateral global bifurcation phenomenon and the existence
of one-sign and sign-changing solutions for (1.1).
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