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EIGENVALUES, GLOBAL BIFURCATION
AND POSITIVE SOLUTIONS
FOR A CLASS OF NONLOCAL ELLIPTIC EQUATIONS

GUOWEI DAl

ABSTRACT. In this paper, we shall study global bifurcation phenomenon
for the following Kirchhoff type problem:

—<a+b/ |Vu|2dm>Au:>\u+h(w,u, A) in Q,
Q
u =0 on €.

Under some natural hypotheses on h, we show that (aA1,0) is a bifurca-
tion point of the above problem. As an application of the above result, we
shall determine the interval of A, in which there exist positive solutions for
the above problem with h(z,u;\) = Af(z,u) — Au, where f is asymptoti-
cally linear at zero and asymptotically 3-linear at infinity. To study global
structure of bifurcation branch, we also establish some properties of the
first eigenvalue for a nonlocal eigenvalue problem. Moreover, we provide
a positive answer to an open problem involving the case a = 0.
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1. Introduction

In this paper, we study global bifurcation phenomenon for the following
problem:

- a+b/|Vu|2dx>Au—)\u—|—h(3:,u,)\) in Q,
(1.1) Q

u=20 on €,

where € is a bounded domain in R with a smooth boundary 02, a,b > 0 are
real constants, A is a parameter and h: Q x R? — R satisfies the Carathéodory
condition in the first two variable and

(1.2) lim &5 _

s—0 S
uniformly for almost every x € €2 and A on bounded sets. Moreover, we assume

that h satisfies the following growth restriction:

(G) there exist ¢ > 0 and p € (1,2*) such that
|h(z, s, A)] < c(1+ s~

for almost every x € €2 and A on bounded sets, where

2N

+00 if N <2.

Problem (1.1) is related to the stationary problem of a model introduced by
Kirchhoff in 1883 to describe transversal oscillations of a stretched string [27].
More precisely, Kirchhoff proposed a model given by the equation

Pu_(p E [
oz~ \'n 2L J,

ou

2
0%u
o dx)@ = f(z,u),

where p, po, h, E/, L are constants, f is an external force, which extends the clas-
sical D’Alembert’s wave equation by considering the effect of changing in length
of the string during vibration. Problem (1.1) received much attention only after
Lions [31] proposed an abstract framework to the problem. Some important and
interesting results can be found, for example, in [2], [4], [15], [14], [26]. Recently,
many mathematicians were studying problem (1.1) by variational methods, see
e.g. [5], [6], [32], [33], [35], [38], [41] and references therein.

The authors of [28] studied problem (1.1) with h(x,s,\) = Af(z,s) — As
by using the topological degree argument and variational method. Under some
assumptions on f, they provided a positive answer to the existence of positive
solutions to (1.1) for the cases a,b > 0 and a > 0, b = 0. They pointed out
that the case a =0 and b > 0 is an open problem. The study of Kirchhoff type



