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DECENTLY REGULAR STEADY SOLUTIONS
TO THE COMPRESSIBLE NSAC SYSTEM

STMON AXMANN — PIOTR BOGUSEAW MUCHA

ABSTRACT. We aim at proving existence of weak solutions to the stationary
compressible Navier—Stokes system coupled with the Allen—Cahn equation
— NSAC system. The model is studied in a bounded three dimensional do-
main with slip boundary conditions for the momentum equations and the
Neumann condition for the Allen—Cahn model. The main result establishes
existence of weak solutions with bounded densities. The construction is pos-
sible assuming sufficiently large value of the heat capacity ratio v (p ~ g7).
As a corollary we obtain weak solutions for a less restrictive case losing
pointwise boundedness of the density.

1. Introduction

Phase transition phenomena are an important subject of applied mathema-
tics. Complexity of physical nature of these processes makes us to choose different
models in order to obtain the best description in a concrete studied case. Here
we want to concentrate our attention on phenomena with fuzzy phase interfaces.
We consider the process of melting or freezing, at the level of almost constant
critical temperature. We want to control densities of phase constituents, and
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132 S. AXMANN — P.B. MUCHA

here we arrive at the Allen—-Cahn equation:

(1.1) Q%(w) — Ac = op.

The equation above gives us control of one of the phase constituents in terms
of the chemical potential p. In the chosen model this equation is coupled with
the compressible Navier—Stokes system, which represents a well established and
frequently studied model describing the flows of viscous compressible single con-
stituted fluids.

The mathematical analysis of coupled systems, the compressible Navier—
Stokes type and the phase separation, is in its infancy, see [1], [11], [17], [18],
[7], [6], although the mathematical theory of each of them separately is quite
developed (see e.g. [9], [14], [30]). In this article, we study existence of steady
weak solutions. The thermodynamically consistent derivation of the model un-
der consideration, which is a variant of a model proposed by Blesgen [2], was
presented by Heida, Malek and Rajagopal in [15]. It is represented by the fol-
lowing system of partial differential equations for three unknowns, density of the
fluid g, velocity field v, and concentration of one selected constituent c:

(1.2) div(pv) =0,
(1.3) div(pv ® v) =divT + ¢F,
(1.4) div(pev) = —pu,
o
(1.5) on =5 (0:¢) = Ac,

where the stress tensor T is given by
Ve’
T(Vv,Ve,p0,¢) =S(Vv) — [ Ve® Ve — 5 I —p(o,0),

with the thermodynamical pressure p(g,c) = 92% and the viscous stress S sa-
0
tisfying the Stokes law for the Newtonian fluid
S(Vv) =v (Vv + VTv) + ndiv v,

with viscosity coefficients v > 0, and 7 > —2r/3. The free energy is assumed to
have the form with the so-called logarithmic potential

1
flo,c) = o 1@"’*1 + (a1c+ az(1 —¢)) log o + clogc+ (1 — ¢) log(1 — ¢) + b(c)

with some positive 7, a1, a2 > 0, b a smooth bounded function with |b'(c)| < C.
Moreover, we assume without loss of generality that a; > as and we denote, for
the sake of simplicity, a = a1 — as, d = a1 and L(c) = clogc+ (1 — ¢)log(1 — ¢).
The logarithmic terms related to the entropy of the system assure that ¢ € [0, 1]
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almost everywhere, since
of
de
p(o,¢) =0” + o(ac + d).

In the literature one can find more general forms of constitutive relations [10],

(0,¢) =logc —log(l —¢) + (a1 — az)log o + V'(c) = L'(c) + alog o + V/(c),

[17], we want to concentrate on the above particular case to avoid tedious tech-
nicalities.

The fluid is contained in a smooth bounded domain 2, we supply the equa-
tions in the domain with boundary conditions

(1.6) v-n =0 atdf,
(1.7 n-T(¢,Vv) -1, +kv-1, =0 at 0Q,
(1.8) Ve-n =0 at 09,

where the parameter k& > 0 represents the friction on the boundary (1), 7,,
n = 1,2, are two linearly independent tangent vectors to 0f2, and n denotes the
normal vector.

The solutions are parametrized by means of the condition
(1.9) / odr =M.
Q

The fluid is driven by an external force F € L*°(Q, R3).
We aim at constructing weak solutions to the NSAC system. Let us introduce
the following definition of weak solutions to system (1.2)—(1.5).

DEFINITION 1.1. Let M > 0 be a given constant, v > 3, we say that the
quadruple o, v, u, ¢ is a weak solution to the steady Navier—Stokes—Allen—Cahn
system, if 0 € L7(£2), 0 > 0 almost everywhere in , v.e W12(Q), u € L*(Q),c €
W12(Q), 0 < ¢ < 1 almost everywhere on {¢ > 0}, with oL’(c) € L>/0+1)(Q)
and v - n = 0 satisfied on 92 in the sense of traces, and if the following holds
true:

(a) The continuity equation is satisfied in the distributional sense, id est (?):
div(ov) =0, in D'(R?).
(b) For every ¢ € C®(,R?), ¢ -n =0 at 9Q

/ (—o(vev): Ve +T(o,¢,Ve,Vv) : Vi) dx
Q

+/6)Qk(v.7-)(<p.ﬁr)d5:/QQF~¢dx.

(1) For the slip boundary condition corresponding to the case k = 0, we need to assume
that the domain €2 is not axially symmetric.
(2) Note that we do not need the notion of renormalized continuity equation, since our

density is regular enough.
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(c) For every ¢ € C*°({,R)

/gv'Vccpdz:/fugodx
Q Q

and

(1.10) /gugadx:/gaf(g’c)aerVc-chdz
Q Q Oc

such that [, 0 de = M.
The main result of the paper is the following.

THEOREM 1.2. Lety > 6, M > 0 and F € L>(Q,R?). Then there exists at
least one weak solution to system (1.2)—(1.5) such that ¢ € [0,1] in Q,

(1.11) 0€L™®(Q), veW'P(QRY and ccW?*P(Q) forp< oco.

As a corollary we obtain the following existence result, however without our
decent regularity of the density.

THEOREM 1.3. If we assume only v > 3 and M > 0, F € L>=(Q,R3), then
there exists at least one weak solution such that

(1.12) 0e LY75(Q), veWl?(Q), Vee LO12/7(q).

The existence of non-stationary solutions to the above mentioned system
with the no-slip boundary condition for the velocity was shown by Feireisl et al.
n [11]. Ding et al. studied in [7] the global existence of weak, strong, and even
classical solutions in 1D with free energy approximated by a suitable bistable
function, assuming no vacuum zones in the initial data. Further, Kotschote [17]
considered a more advanced model where the extra stress tensor is multiplied
by a density function. He showed, however only the local-in-time existence of
strong solutions provided positiveness of density, including the thermal effects as
well. The existence of travelling waves for this model was shown by Freistiihler
in [13]. To the best our knowledge there are no results concerning existence
of weak solutions to the stationary system (1.2)—(1.5). Concerning the steady
solutions to the compressible Navier—Stokes system, we refer to the pioneering
work of Lions [20] and its further extensions [27], [29], [3], [12], [16], [28], [31].
We use a technique developed by Mucha and Pokorny (see [22], [23]), which
was also modified for the Navier—Stokes—Fourier system [24]. Methods from [22]
allow to obtain solutions with pointwise bounded densities, which seem to be the
best possible regularity for weak solutions. Here we find an explanation for the
solutions called decently regular solutions.

The paper is organized as follows. First we compute a formal a priori es-
timate, it allows us to determine the expected regularity of sought solutions.



DECENTLY REGULAR STEADY SOLUTIONS TO THE COMPRESSIBLE NSAC SYSTEM 135

In Section 3 we deal with the approximative system, we construct regular ap-
proximative solutions together with required estimates in the dependence on
approximative parameters. Finally we analyze the limit, showing the strong
convergence of approximative densities. The method is based on the fact that
for approximative densities p. we are able to find such m that

(1.13) lim [{o. > m}| = 0.
e—0

The proof of Theorem 1.3 is an easy application of nowadays well-understood
techniques; it will be sketched in Section 5.

We shall say a word concerning limits of admissible +’s. Large v’s do not fix
too well to physical theories. However we can look at such results in the following
way. For the evolutionary compressible Navier—Stokes system [9] mathematical
results started from nonphysical growth of the pressure function, but after some
time the progress of the theory allowed to reach classical constitutive laws. Thus,
there is a hope that it is possible to find a better a priori estimate to NSAC.
Another viewpoint on this issue is that we treat it as an admissible modifica-
tion of the standard models. Such interpretation keeps our result in applied
mathematics.

Throughout the paper we try to follow the standard notation.

2. A priori estimates

Before the technical part of the proof, we will present a priori estimates on
certain norms of the solution derived by purely heuristic approach. All generic
constants, which may depend on the given data as well, will be denoted by C,

its values can vary from line to line or even in the same formula.

LEMMA 2.1. Let Q C R? be a bounded domain with C**< boundary. Assume
that all the above mentioned hypotheses are satisfied with v > 3 and that o, v, i, ¢
is a sufficiently smooth solution satisfying (1.2)—(1.5) with boundary conditions
(1.6)—(1.8). Then

Ivllwr2) + llellzsr-s) + Vel Ler-12/+(0)
+ llullzz (o) + oL’ ()l Lev-121/60-0(0) < C,
where C' may depend on the data, but is independent of the solution.

REMARK 2.2. Note that (6y — 12)/y > 2, for v > 3, and that from the bound
of the last norm on the left-hand side, we immediately deduce that ¢ € [0,1]
almost everywhere on the set {9 > 0}. Moreover, if v > 4, then according to the
Sobolev imbedding c is a continuous function and we conclude from the maximum
principle for harmonic functions that in fact ¢ € [0, 1] almost everywhere in .
Indeed, our construction of solutions is done via approximation with large growth
~ > 6, hence we keep the limits of ¢ in the case of Theorem 1.3, too.
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Proor. First, multiplying the momentum equation by the velocity field v
yields (with usage of Korn’s inequality and boundary condition)

(2.1) —/pdivvdm—l—C’/|Vv|2dx§/Qch-v—ga—fVc~v+QF~vdx,
Q Q Q dc

where we have used equation (1.5) as well. Further, we conclude from the con-
tinuity equation that

/pdivv—l—div(gfv)dx:/gch-vdx,
Q [¢) dc

and according to the constitutive equation for p we get

(2.2) /,qua::/ —opVe - vdx.
Q Q

Thus, summing up (2.1)—(2.2) yields for p > 6/5

/|VV| + W dx<C’/ oF - de<c(1+||g||L6/5(Q)) <C(1+HQ”€C}3§§§7 1)))

In order to bound the density by means of the Bogovskii estimates, we need
Ve in L(Q), ¢ > 2. This can be deduced from the constitutive relation for p.
We state this for purpose of future references in the following lemma.

LEMMA 2.3. Suppose that f(o,c) is as above, and pu € L1(Q) and o € LP(Q)
with ¢ > 2, p > 3, ¢ < 3p/(p — 3) satisfy equation (1.5) with boundary condition
(1.8). Then

+ HQ,LLHLPLI/(P-FQ)(Q) + ||ACHqu/(p+q)(Q)
qu/(p+q)(Q)

+ ||VC||L3P<1/(3P+3q*m>(ﬂ) < C(”QHLP(Q)(”N”M(Q) +1)+1).

|5

PROOF OF LEMMA 2.3. Let us test the corresponding equation by F(L'(¢)),
for the increasing function F with growth (F(¢) ~ \C|’8+1 with some 8 > 0, so
(recall that L is convex)

le DL @)L ) < / (Ve F'(L'(e))L"(¢) + oL () F(L'(¢))) da
— / o — alog g — V'(¢) F(L'(c)) da
Q
<C / (%P1 (0))” (1) 0 OHY) + 0B [log o) + 0|/ (¢)|° |¢]) da
Q
1 1 1/(B+1) B+1 Y@
gc(||g/(ﬁ+)L<>||W(unL ol Y6 +< [ elosel dx) )

n ||al/<ﬁ+l>L'<c>|§:i{2)

which yields
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B+,

llo ( )||Lﬂ+1(sz)

1/ ﬁ-‘rl B+1 1/(6+1)
<c(1+|u||m||em - ( [ elosal dx) )

Now we fix the exponent 3 such that ¢/(¢ — (8 + 1)) = p € (3,00), hence

1”/®9=D L) ot 11700

p/(a(p—1))
< (14 oyl + ([ allos o207 o) )

Thus,

oL/ (¢ )||LP<1/(P+‘1)(Q - ng/ Pa—q) (pq a—p)/(Pa—a) |, ()||LP‘1/<‘1+P)(Q)

< ||Qp/(pq d L/(C)HLq(p—l)/p(Q)||Q(pqiq7p)/(pqiq)Hqu(q—l)/(m—p—q)(Q)

1
< C”Q” Pq :0 q)/(a(p—1))

p/(a(p—1))
(1 Uty + ([ ohog o7 as ) )

1 1 1
< Clloll ™" O™ (14l oo el + ol =)
< C((lpllizae) + Dllellze@) + 1)
For the other terms we have
|00 ()l Lpastar () + l@10g 0l Lrasrar () < C( + llell e (a)),
lopll Lrasw+ar ) < llelle@llpllLe)

Using the classical elliptic estimates on the equation —Ac = oy — Q%, to-
gether with the embedding W14/ (P+4)(Q) — [3ra/Br+34-r0) (), we get

Vel Lararp+3a—pa) Q)

<

of
05, +ou + |l

C(lul Loy + Dlloll e @) + 1),
Lar/(a+p)(Q)

where for Q we can take {0 > 0o} which has positive measure and on which
¢ € [0,1] almost everywhere according to the logarithmic terms in L’(c¢). This
completes the proof of Lemma 2.3. O

Applying Lemma 2.3 with ¢ = 2 yields
(7p—6)/(6p—6
Vel ovriosnay < C(1+ ol gy ).

Now, we are ready to perform the Bogovskii estimates, id est to test the momen-
tum equation by (3)

® = Blo" — {0"}al

(3) We use notation {g}q = (1/]9]) fQ gdzx.
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where o > 0 will be specified later, and B ~ div™' is the Bogovskii operator.
The theory implies that |[V®||» < Cllo*||Lr with ®|gq = 0 (see e.g. [4], [5],
[27]). We obtain

/p(g,c)gade/ (—(ov®@ V) : V®+S(Vv): V® — oF - ®) dx
Q Q

+C/ \VC\Q|V'1>|dz+/p(g,c){ga}gdx.
Q Q

The terms on the left-hand side of the inequality have sign and give the desired
estimate of 07, if the right-hand side will be estimated, thus we set p = v+ .
We will present only the most difficult and restrictive terms.

(2.3) /IVCI V| <[Vl Zonsim () IV Rl 1w/ o-0) 0

Tp—6)/(3p—3 o
<O (1+ ol e ol avrian-o ey )

7p—6)/(3p—3) (Bap—2p+6)/(3 1
<1+ el 7 ol Sy 20V 519

5p+3 3p—3
<O(1+ lll Sy ™),

provided 3pa/(2p — 6) < p, or equivalently
(2.4) 0<a<2(y—3),
which yields the restriction v > 3. The condition (y+a)(5+3c)/(3(y + ) — 3) <

v + « is satisfied even for all v > 8/3, so we can put this term to the left-hand
side. Further, provided a < 2y — 3,

(2.5) /2 (v & V) : V& < V]2 107 0720

3(p—1
<1+ Nl ™Y el oo an-s @) | V@ | o)

3(p—1 a 3a)/(3 1
<1+ ol el By e,

where the condition (2(y + &) + 3a)/(3(y + @ — 1)) +a < v+« is less restrictive
since it requires only 5 + 3a < 3(y + @) = v > 5/3. The other terms can be
estimated similarly so we get, taking maximal possible value of o« = 2(y — 3),
that ||o||Lsv-s(q) < C. Using this in the already derived estimates for v,c and p
yields the result of Lemma 2.1. O

Now, we will show that for v > 6 we can expect principally better regularity
of solutions, this is connected to the fact that in this case we can take according
0 (2.4), a > 7, so p(p,c) € L*(f2), for some s > 2.

LEMMA 2.4. For v > 6 we have for solutions to (1.2)—(1.8)

IVliwre) + ol ) + [IVellne @) + 1l e @) + oL’ (€)|| Lo () < Cp,
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for any 1 < p < +o0 and ¢ € [0,1] almost everywhere in ).

PRrROOF. First, since v > 6 we observe a certain smoothing effect of (1.4) and
(1.5). In what follows, we will repeatedly use Holder’s inequality in the third
equation and Lemma 2.3. Indeed, since ov-Ve = —pand o € L3776, v € LS and
Ve e LO=12/7 we get yu € LGV=9/7 (1/(3y — 6) +1/6 + /(67 — 12) > 1/2),
and, applying Lemma 2.3, Vc € L7~2, which can be again plugged into the third
equation in order to get u € L(67=12)/(7+6) and again Ve € L67-12)/(12=7) 4
least for 6 < v < 12, etc. This procedure can be repeated until Ve € L,
since there exists no reasonable solution to the following system of algebraic
equations, where P corresponds to the expected integrability of Ve, @ to p and

3Q(y—2)/(3y + Q — 6) corresponds to opu:

111 1 3Q(y - 2)

2.6 ——t -+ === P = .

(26) 37—6+6+P Q’ 3v—-6—-Qy—-Q

So we get that P — 400 and @ — (67 —12)/y > 3, id est for any v > 6
after finite number of such steps we have Ve € L®(Q), u € LO712/7(Q), and

Ac € L7=12/0+2)(Q). Thus, to summarize

[vilwiz@) + llollzsr-s @) + Vel o @) + 1l Lor-1204 ()
+ |1 AcllLor-1217642) ) + 1oL (©)l| or-121/0420 () < C.

From the last norm we can deduce ¢ € [0,1] almost everywhere on {g > 0}.
On the other hand, ¢ is continuous in © and on the set {o = 0} it satisfies the
Laplace equation, and therefore the maximum principle. Thus, ¢ € [0, 1] almost
everywhere in Q. (%)

Now, we will use the fact that we work with the slip boundary condition,
and thus we can deduce from the momentum equation the following relation for
vorticity (w = curlv), see [21]:

—vAw = —curl(pv - Vv) — curl(AcVe) + curl(pF) in €,

k
w- Ty (2X2)v~1'2 on 012,
v
k
W- Ty = 2X1—; V-To on 01,
divw =0 on 0,

where x,, are the curvatures related to the vectors 7,,. Note, that n- (Ve® Ve) -
T, = 0 on 99, since Vc- n‘[)Q =0.

(4) More precisely, since c is continuous, the set U = {c ¢ [0, 1]} is open. Considering any
ball B(r,xzo) C U, we get that ¢ = 0 almost everywhere in B(r,z¢), hence ¢ satisfies Ac = 0

in B(r,zo) and cannot reach neither maximum nor minimum within this ball.
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Now, we would like to show that ||Vw||1rq) < C, for some p > 1. First,
we have v-T|y, € W1/22(99), so we control w on the boundary. Further,
oF € L3775(Q), ov-Vv € LP(Q), for any p € (1, (6y — 12)/(4y — 6)), and finally

[AcVel Lov-12)/¢42) ) < JAC Lov-12)/ 42 () [Vl Lo (@) < C.

According to the fact that 1 < (3v —6)/(2y —3) < (6y — 12)/(y + 2) even for
all v > 8/3, we get
we WHB1=0/21=3) (),

Now, we will proceed in the same manner as in [22], using the Helmholtz
decomposition of the velocity field v = curl A 4+ V¢, define G = —(2v + n)A¢ +
p(o, ), observe

VG = —pv-Vv+vAcurl A + (oF + AcVc)
and show that G € WH(37=6/(27=3)(Q) — [(37=6)/(r=1)(Q)). This further yields
o' € LY¥¥5(Q), veWwhi¥5(Q) — L2(Q)
and after more iterations o € L*®(Q2), v. € WHP(Q), ¢ € WLP(Q), for any
1 < p < oo as well O
3. Approximation

In this section we define a problem approximating the original one and prove
the existence of the corresponding solutions. We introduce h = M/ [Q], € > 0,
a smooth cut-off function

1 foro<m-—1,
K(o) =4 € (0,1) for o€ (m—1,m),
0 for o > m,

a “regularized logarithm” which is a function I. € C'*([0,0)) which is bounded
from below by log(v/e) — 1 (¢ > 1 will be specified later) and

log(s) for s > /e,

convex, non-decreasing for s < /g,

l(s) =

with (°)
0 </e(2lL(s) + sl(s)) < C,
3.1) 0 <s(2lL(s)+sl’(s)) <C for a.a. s € [0,00),

where C' is independent of €. Further we denote the approximated free energy
by
fe(o,¢) =T(0) + (ac + d)l(0) + Le(c) + b(c),

(5) We can get such a function, e.g. by replacing the logarithm by a suitable affine function

for small arguments.
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where we define L.(c) = [; . (1 —s)ds for ¢ € [0,1], and then extend
it to the whole R as a convex functlon with || L[|z (o) < —Clog /e, T'(0) =
(0~1)/(v — 1) and approximated pressure

pele.0) = Fu(o) + (act d) [ K690, (21105) ds,
where P, (o fo v871K(s) ds. Our approximation problem then reads
(3.2) e+ div(K(0)ov) = eAp+eK(o)h,

(3.3) % div(K (0)ov ® v) + %K(g)gv Vv — VAV — (v + )V (div V) + Vp. (0)

0
= K(o)oF + div (Vc@VC— % ) — aVc/ sK'(s)ds,
0

(3.4) K(o)ov-Ve= —p,

e
(3.5) K(olon = — Ac+ K(e)o—- (0)L'(c).
Moreover, we supply equations with the additional boundary condition
(3.6) Vo-n=0.

PRrROPOSITION 3.1. Let € > 0. Suppose that the assumptions of Theorem 1.2
are satisfied, then there exists at least one solution o, Ve, lie, ce to system (3.2)—
(3.5) with (1.6)—(1.9), (3.6). Moreover, we have with 1 < ¢ < 400 the following
estimates independent of e:

(3.7)  lleell=() + [I[Vellwra) + 5HV0||2L2(Q)
+ell(K(0)o) 2L (0) |2 () < C(m),

(3-8)  pellzz() + lullLz) + Vel Lo /e @) + [[Vellwrz(a)
+ (K (0)0) TV CILL ()| e ririy @y < C
PRrROOF. The existence of solutions for the approximative system will be

deduced by means of the following variant of the Leray—Schauder fixed point
theorem, see e.g. [8].

THEOREM 3.2. Let X be a Banach space and T a continuous and compact
mapping T : X — X, such that the possible fixed points t =tTx, 0 <t <1, are
bounded in X. Then T possesses a fixed point.

We define spaces
M, ={we (W%4(Q),R?), w-n=0on o0},
My ={m e W>%(Q),Vm-n=0on o0},
={zeW>(Q), Vz-n=0o0n 00},



142 S. AXMANN — P.B. MUCHA

and search for p € M,, v.€ M,,, and ¢ € N, with 1 < p < oo, see [27], [9] for
similar considerations for the Navier—Stokes system. Let us first concentrate on
the continuity equation.

LEMMA 3.3. The solution operator S1(v) = o of the problem

o+ div(K(9)ov) =elAp+eK(p)h inQ,
Vo-n =0 on 0f)

is for p > 3 a continuous compact operator from M, to W?2P . Moreover, o > 0,
fQ odx < M, and

lellwzr < C(m,e)(1 + [[V]lwir))-

PRrOOF. The proof can be found in [24], see also [22], [19]. We recall here
only the idea how to obtain the estimates. First, considering the subset {o <
0} C Q, we get o > 0 almost everywhere in €2, then integrating the approximate
continuity equation over {2 yields

/di:v:h/QK(g)d:v,

so K (o) = 1 almost everywhere in €. Further, testing the continuity equation
by o yields

5/@(@2 + |VQ|2)dx—5/QK(Q)thx
S—/Q@diV(K(Q)@V)d$=/QV-VQK(@)de

— [ v v ( [ Ksds) do < CUR @ 1200 T e
since the last term on the left-hand side can be easily bounded we get
(3.9) elVollta(q) < C(L+ K (0)e* 2@l VViiz2(@)). O
Similarly, for the last two equations we have
LEMMA 3.4. The solution operator Sa(v) = ¢ of the problem
—p=K(0)oVe-v,
~Ac+t K(o)osT'(c) = K)o — K(0)o 2L in ©, where 0 = S,(v),

dc
Ve-n=0 on 082

is for p > 3 a well-defined compact operator from M, to N,,. Moreover, ¢ € [0,1],
and

lellwazar@ra + Vel poarera @) < Clllullz@ 1K (0)ell La@) +1)-
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PROOF. The proof is quite similar to the previous lemma, for the estimates
we proceed analogously as in the proof of Lemma 2.3. For constructing the
solution we use again the Schauder fixed point theorem. We consider for fixed
0 € M, the mapping c — z defined as a solution operator to the problem

—pu=K(0)oVce-v,

(3.10) Az + K(o)oel/(2) = K (o)on — K(o)o 2 (0,0),

Vz-n=0 on 0.

The second equation is for € > 0 strictly elliptic, furthermore, its right-hand
side belongs to W1P(Q) < L% (), in particular, we deduce that K (0)oL/(c) €
L>(Q) and Ve € W1°(Q), hence we find K (0)oL”(z) € L>(f2) since o and 2
are continuous, put the corresponding term to the right-hand side, observe that
in fact

.fa

K(o)on — K(o)o 5= — K(o)ecL'(2) € W (),

and so z € W3P(Q), and the correspondlng mapping is compact by the same
reasons as above. In order to get the desired estimate independent of e, we test
the equation

—Ac+ K(0)o(L.(c) +eL'(c)) = K(0)op — K(0)o(V'(c) + al-(0))

by F(LL(¢)+eL’(c)), where F is an increasing function such that (F(¢) ~ P,
|F| ~[¢|?, for some 8 > 0. Note that L’ (c)+cL’(c) is a non-decreasing function,
so we get

(311) (Ko L]t o) + 1K (@) LU o)

< / (IVe2 F/(LL(€) + eZ (€))L (c) + eL"(c))
+ K(0)o(LL(c) +eL'(c))F(LL(c) + EL'(C))) dx

(0)onF (L (c) +eL'(c)) dx

¢) +al-(0))F(L.(c) + eL'(c)) dx

)

hence

(3.12) e||(K(0)o)" PTVL (c)|| po+1(ay + (K (0)0) PTILL(c) | ps+1(0
< C(l|pllze @)1 K (@) oll Le/w-s+1) () + 1)

and, using the classical elliptic estimates, we obtain as in Lemma 2.3

HCHszPq/(erq) + ||VC||L3pq/(3p+3q7pq)(Q) < C(HMHLP(Q)HK(Q)QHL‘Z(Q) + 1)a
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especially for p = 2,

lellwz2a/ 0 + Vel poorora @) < Cllpllz@ 1K (@)el L) +1)-

The issue of existence of solutions to (3.10) requires some comments. The func-
tion L'(-) is singular and it keeps the value of z in the interval [0, 1]. Thus, we
approximate (3.10) by its regularization substituting L’(-) by Lj(-) which is ob-
tained in the same manner as for f. in (3.1). The estimates are the same, there
is no problem to pass to the limit 6 — 0, since we control the second derivatives
of z. Hence, we ensure that z € [0,1] as well. (]

Finally, we define the solution operator 7: M, — M,, T(v) = w of the
problem

(3.13) —vAw— (v +n)V(divw) = —% div(K(0)ov®@ V) — %K(Q)QV - Vv

2 0
— VP.(0) + K(0)oF + div <Vc ®Ve— @ ]I) — aVc/ sK'(s)ds,
0
where ¢ = S1(v) and ¢ = Sa(v), equipped with the boundary condition
w-n=0, n-T(w) -1, +kw-7=0, on .

LEMMA 3.5. T is a continuous and compact operator from M, to M, for
p > 3.

PROOF (Idea of the proof). It is again a strictly elliptic system with the
right-hand side that belongs at least to LP(2) and it contains at most first order
derivatives of o, v and at most second order derivatives of ¢, see e.g. [27] for

similar considerations. U

Finally, we will verify that all possible solutions of t7(v) = v, for ¢t € [0,1],
are bounded in M,, independently of ¢. Testing the momentum equation by v
yields (with usage of the last equation tested by v - V¢)

(3.14) t/v~Vp5(g,c) dz+/ W |VV] + (v +n) |divv]?) da
Q Q

+/ E(Jvy - T1)* + [va - 72?) dS
o0

Ofe
Oc

St/ﬂK(g)gF-vdw—i—t/Q(K(Q)QMVC-V—K(Q)Q VC-V) dx

—|—t/Q (—ggK(g)L’(c)Vc'v—aVc-v/QsK'(s) ds) dz,

0

from the equation for concentration we get

//L2d$:—/K(Q)Q,uV'VCd.’E.
Q Q
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Next,

(3.15) /Qv - Vpe(o,¢) dzx

:/Qv-Vg(wm—lK(g)+(ac+d)K(9)jg(@Qlé(e))) dx

0
—l—/aVc-v/ K(s)i(SQZfs(s))ds dx
Q 0 ds

and

(3.16) /QK(Q)QV . Vc%(g, ¢)dzx

Ofe
do

= [ K(0)ov-V(f- +07")de — | K(0)o*all(o)v - Vedz
/ I

- [ Ktoev-ve

: (2F/(Q) + ol (o) + (ac + d)IL(0) + (ac + d)jg(@é(@)))
— /Qdiv (K(g)gv <f€ + 9%];6» dx

- [ vt (0n) £+ 0% ) o
. /Q oVe-v /0 " (K ()21 (5) ds

S

+ /Q K(o)v - V@%(@QF’(@) + 0% (o) (ac + d)) dx.

The first term on the right-hand side of (3.16) can be eliminated by boundary
conditions, for the second one we will use the continuity equation (tested by

(f-+ ,Q%J;E )). The third one cancels with the last terms of (3.14) and (3.15), and

the last term is exactly the same as the main part of (3.15). Thus, summing up

the resulting inequalities with appropriate powers of ¢, we get

or.
BAT) ¥Ry + il + ¢ [ o fe+ 0% ) as

§t/K(g)gF-vdw—t/ eoK (o)L (c)v - Vedx
Q Qx

+t/ﬂ(sAg+5K(g)h)<f5 +Q%§) dz,

where we have introduced the notation Qx = {K(g)o > 0} N Q.
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We estimate the e-dependent terms

—€ K(0)oL'(¢)Ve-vdx = —/ eK(0)ov - V(L(c)) dx
Qx Qk

:/ eoK(o)v -nL(c)dS + / ediv(K(g)ov)L(c) dx
Flopn Qx

<VellVellrz@lloK' () + K (o)l 3 @) IVIiLe o) VEIL(e) || L= (i) VE
+ 1K (0)ell L2y IV V| 20y VEIIL(E) | L ()™
and we can wse YEIL(0) 1 @) < CYEIR (0)0)/ DL 1) with
estimate (3.12).

Concerning the term e K(p) (fE + Q%QE), we have three parts. First, I':(0) +
oI'.(9), which can be bounded by the corresponding term on the left-hand side,
see £(of:). Second, (ac+d)(1+1.(p)), which has good sign on the set {o <e~'}
and is bounded by ¢(1 + 0)K(g) on {o > e~ '}. The third term e(L.(c) + b(c))

can be bounded according to our definition of [.. For Ag( fe + g%;) we have

- / Vol? (ve"~ + (ac + d)(ol! (o) + 21L(0)) dz
Q
- €/QVQ -Ve(ll(o)o +b'(c) + LL(c)) da.

The first integral has a good sign. Indeed, 072 as well as ol (o) + 2I.(0) are
non-negative (for large arguments we have ol” (o) + 2l.(¢) = 1/0 > 0, in the
other case the conclusion is obtained from the fact that for small arguments
l. is increasing and convex, see (3.1)). Note also that we have (3.9) and for
g > 0 the approximated version of (1.5) yields ¢ € [0, 1] as soon as we control
| K (0)oll 2 llpllL2(q)- For the rest we get, denoting V. (c) = b'(c) 4+ LL(c) and
U= IVI[fyi2) + telZ (), that

t [ £IVel Vel L(eo + V) da
Q
< HYEIVEV elo(oy Vel 2oy VEIL (Do + Vel =ie)

1/2 1/2
<EYEC K ()] 1550y IV oty 1K (@) el vy 1l 2 2
1/2 3
<tYEC|K ()| ooy 1K ()l £ (@) U4,

where we have used the choice of [. that guarantees

Ve(llL(o)ol L= (o) + Ve (e) L) < C
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independently of €. Thus,
U< C+IK@el Lo +lK (@eliz@U

2
+ VeI K (0) 0| iy 1K (@)l o @ U/4).
However ||K(¢)o||rs(q) is definitely finite, so finally,

U< C(A+IIE (el 7o), N1Vellpsarornia) < CIK (0)ellaclull Lz (e) +1)-

The Bogovskii estimates go along exactly the same lines as in the a priori ap-
proach as soon as we observe that

0
/av-Vc/ tK'(t) dt® dx
Q 0

< Clvllze@ Vel povrsn o) 1K ()0l Lov/ -9 () | R Lo ()

1 2 3(2 1
< |K(e)ell 2y ),

so ||oc||3v-6(0) < C, independently of m and . Furthermore, by the same
iteration process applied on the last two equations of (1.2)—(1.5) as in the a priori
approach, we can deduce that

(319) ||/’L€HL6'Y/(’Y+3)(Q) + ||VCE||L°°(Q) + ||ACE||L6’Y/(6+’Y)(Q) < C.

Having these estimates in hands and noting that || K(0)o| 1) < C(m), we can
apply the elliptic theory on equation (3.13) and get the estimate of fixed points
of 7 in M,. This completes the proof of Proposition 3.1. (]

4. Artificial diffusion limit

This section of the paper is dedicated to the proof of convergence of the
constructed approximative solutions to a weak solution to the original system. As
usual, the key part is related to the proof of the strong convergence of densities.
Thanks to estimates (3.7), (3.19), we extract from the family (o¢, Ve, e, Ce)
subsequences which converge in the corresponding spaces as ¢ — 0+. Namely (%),

Ve =V in Wh1(0Q),
Ve 2V in L>°(Q),
0- =" 0 in L™(9),
pe(0,¢) =" p(o;c) in L>(9),
K(o:)0: =" K(Q)Q in L>(Q),
K(oc) =" K(o) in L>(9),

Qs “re

/O tK'(t)dt = | tK'(t in L=(Q),

(6) We denote a weak limit of nonlinear expressions {we (e, Ve, fte, ce)} by w(o, v, i, c).
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he(o:) =" he(e) in L>(9),
ce —¢ in W2(Q),
Ve, =+ Ve in L°(Q),

)
eK(0.)o0-L'(c.) = eK(p)oL'(¢) in L*(Q),
)
)

K(0:)eeLL(ce) = K(g)oL'(c)  in L™*/7(9),
He — [ in L*(Q

)

K(Qs)@sﬂs —\K(g)gp, in L2(Q .

Thus, we get
div(K(g)ev) =0,

1 1——— -
3 div(K (0)ov @ V) + iK(Q)QV Vv —vAv — (v +n)V(divv) + Vpe (g, c)

=

2
(0)oF +div(Ve® Ve — @H

K(o)ov-Ve=—p,

-
) — avc/ tK'(t) dt,
0

K(o)on = —Ac+ he(o) + K(0)o(L'(c) + V'(c)) + K (0)oL'(c),
v-n=0, Ve-n=0,
n-T(e,v) -7, +kv-7,=0, ondQ,
where h.(s) = as-l.(s). Note that, due to the high regularity we have the point-
wise convergence of concentrations. In order to show the pointwise convergence
of densities as well we need to investigate the momentum equation, especially its

potential part defining the effective viscous flux. Let us decompose the velocity
field v, using the Helmholtz decomposition, i.e.

v =Vp+curl A,

where
curlcurl A = curlv =w in €, Ap =divv in Q,
divcurlA =0 in §, and Vo-n =0 on 012,
curlA-n=0 on 09, /cpdx =0.
Q

For the stream function A we have good estimates, see [25],
IV eurl Al|Laq) < [|wllLa(a)s V2 curl Al Loy < llwllwrag),

and since w solves

—vAw = —curl (K(g)ov - Vv) + curl(K (o) oF)

——
+ curl (ACVC - aVc/ tK'(t) dt)7
0
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we have [|w||w1.40) < C(m). Similarly, we also decompose the approximative
velocity field as v, = V. + curl A; and deduce due to the slip boundary condi-
tions the following problem for vorticity:

1
—vAw, = curl <K(gs)gsF — K(0:)0eve - Vve — §5hK(g€)v5

1 (3
+eg0eve + Ac.Ve. —aVe, / tK'(t) dt)
0

=:H;

1
— curl <25Ag5v5) =: H; + Ho,

=:H»

k
We " T1 = —(2)(2 — V)VE -To on 0f,

k
We - Tog = (2)(1 — V)Vg “To on 0€,
divw, =0 on Of).

The structure of the right-hand side of the first equation enables us to consider
we = w? + w! + w? as a sum of solutions to three particular systems, namely

VAwg =0, yAw; =H,, yAwg =H, inQ,
k
wg-71:—<2xg—>v5-7'2, w;~7'1:0, w?-*rl =0 on 0f,
v
(4.1) .
WS'T2_<2X1>V5'T1, wl-Te =0, wz-ngO on 0%,
v
divw?! =0, divw! =0, divw? =0  on 09.

LEMMA 4.1. If the vorticity w. = wl + w} + w? solves (4.1), then we have
[w?llwrac) + willwra@) < C(1+ m1+7(4/3*2/@),
for q € t[2,6v/(6 + )], and
w2 Lagoy < C(m)e'/?,  for q € [1,2].

PRrROOF. Following closely the corresponding considerations in [23], we deduce
that (see [25])

w2 lwra) < ClHillw-1a) and  [wllwra) < Cllvellwra),
but according to (3.19) for any ¢ such that 2 < g < 6v/(6 + y) we have

[vellwra)y < C(|[pe(0e: )l La) + [|Ace Vee| pay +1) < C(1 +m7(1_2/Q)),
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so we concentrate on w!. If we denote r = 6y/(6 + ) > 3 we get, by interpola-
tion,

Hw;HWLq(Q) < C(l + HK(QS)QEVEVVEHL‘Z(Q) + ”ACEVCEHLQ(Q))
SC(1+mllvel o) IVVellLa@))

7/(37 6)

<o(1+mlvel ¥

r—2 2 r—2
||VVEHL2(Q<§)/(Q( ))Hv H q )/(Q( )))

<C’(1+mHVV5||T/ (3r—6)+r(q— 2)/( (T 2)))
< 0(1 +m +<4rq76r>/<3q<r72>>v<1fz/r’)) < C<1 T m1+7(4/3*2/q)).
Finally, for the last part we get, for ¢ < 2,

w2l Loy < ClleAoevellw 1o
S CE(||VQ5V5||L<1(Q) + ||VQEVV5HL6/5(Q)) S C(m)51/2. O

Now, we are approaching the key definition of the effective viscous flux.
Inserting the Helmholtz decomposition into the approximative momentum equa-
tion yields

V(=(2v +n)Ag. + pe(0-,c.)) = vAcurl A + K(o.)o-F

1 1 1
- K(Qa)@ave -Vve — §5AQ£V£ - §€h‘K<QE)V8 + EiQaVa

: Ve |* R
+div | Ve ® Ve, — —5 I)—aVee tK'(t) dt,
0
and we introduce the fundamental quantity

(4.2) G. = —(2v +n)Ap + pe(0e,cc) = —(2v + 1) div ve + pe (e, ¢ )-

Similarly, inserting the Helmholtz decomposition into the limit momentum equa-
tion, we obtain (with usage of the fact that due to the continuity equation we
have K (p)oVvv = K(p)ov - Vv) that

V(=(2v+n)Ap+p(o.c)) = vAcurl A + K(9)oF — K(o)ov - Vv

Vel ¢
+ div (Vc@ Ve — 2]1) - aVc/ tK'(t) dt,
0

hence we define the limit version of effective viscous flux by
(4.3) G=—-2v+nAp+plo,c) =—2v+n)divv + p(o,c).

Note we have control of [, Gedx = [, pe(0e,¢.)dz and [, Gdx = [, p(o,c) dx.
Further we state the most important features of the effective viscous flux.
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LEMMA 4.2. There exists a subsequence such that G. — G (strongly) in
L?(2), and

(4.4) |Gl Lo (o) < C(O) (1 + mHQWS“), for any ¢ € (0,(y —6)/3].

PROOF. Let us decompose G. to G. = Gl + G2, where G? contains the
“strongly e-dependent” terms of the right-hand side of (4.2), namely

1
VG? = —5§Agsv5 —veurlw?  with /QGg dr =0,
so, for ¢ € [1, 2],
G2l La0) < C(ellAgevelw-1a(@) + vl curlw?|lw-1a)) < C(m)e'/?.

Using once more the estimates from Lemma 4.1, we observe that

/ G.dx
Q
and

(45) (Gl lwra < C(L+mIGB20)  for g & [2,63/(6+ 7).

<C

Therefore, since v > 6 we have, at least for a suitably chosen subsequence,
Gl — G' (strongly) in L®(Q) and G2 — 0 (strongly) in L*(Q).

Thus, G. = GL + G? — G = G (strongly) in L9(Q), for q € [1,2].
Finally, setting ¢ = 3 + 3¢/(2y — 3¢) in (4.5), we get the desired conclusion

Gl =) < C@|IGwrag) < C(C)(1+m!HEN/3H, 0
Now, we are ready to show that we are able to choose m in such a way

that actually K(g)o = o almost everywhere in Q. This will be an immediate
consequence of the following lemma.

LEMMA 4.3. There exists mqg such that
-3
(4.6) mT(m—S)'Y— |Gl Loy =1 for m > my,

and at least for a subsequence 1in(1) [{o: >m — 3} =0.
e—

PROOF. Let us define a smooth non-increasing function N: [0,00) — [0, 1]
such that

1 for ¢t € [0, m — 3],
N(t)=<¢€[0,1] forte (m—3,m—2),
0 for t € [m — 2,00),

and multiply the approximative continuity equation by N!(g.), for some suitable
power [ € N, in order to get after some manipulations

QE
// tIN'Y(t)N'(t) dt div v, dz > R.
QJ0
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with R. = ¢ [, (N'(0:)Ao: + (h — 0:)N'(0:)) dz, R. — 0 as e — 0 (7). Further,
by the definition of G, we have

—(m—3)/Q (71Nl_1(t)N'(t) dt>pa(ga7ca)dm

/Q (/OQ —IN'""H N (1) dt) G. dz

7/ (1—NZ(QE))p5(QmCe)dx
{Qs>m_3}

Sm +R€7

S/ (1_Nl(96))‘G6‘ dx+|Ra|
{oe>m—3}

Recalling the structure of the pressure, we have according to (3.1) and the fact
that c. € [0, 1]

(4.7) Pe(0e,ce) = Py(oe) + (ace +d) /095 K (t)det (£21L(t)) dt > Py(0.),

which yields

m—3 m—3
T(m —3)" {oe >m —3}| - T”pe(gsaCs)||L2(Q)||Nl(95)||L2(Q)

<Gl () Hoe >m =3} + (|G = GellLr(a) + [ Re| -
According to (4.4), we are able to choose mg satisfying (4.6), yielding
{0z > m =3} < C(IN"(e) 2o, m—3p) + |G = Gellpr) + |Rel).

However, the last two terms tend to zero as ¢ — 0+ and, having fixed € > 0,
[N'(02)||L2({o.>m—3}) tends to zero as | — +oo as well. Thus, Lemma 4.3 is
proved. O

Finally, we deduce the pointwise convergence of densities. Our main aim is
to show that

Py(0)o = Py(0)o,

which will further lead to g. — g strongly in L(Q) for ¢ < oo.

LEMMA 4.4. The weak limits satisfy

(4.8) /p(g, c)odr < | Godu.
Q Q

(") Note that —el [, N'=1(02)N"(c) |[Voe|* dz > 0.
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PROOF. Testing the approximative continuity equation by log m —log(o. +9)
and taking the limit for 6 — 0+, we get (see [22])

/ K(0:)ve - Voedx > eC(m)
Q

and, by Lemma 4.3, fQ o-divv.dr < R., with R. — 0 as ¢ — 0+. Hence the
definition of G yields

/ps(gsacs)«gs dx S / Gs@s dx — (2V+77)R5
Q Q

and passing to the limit with ¢ we get (4.8), since, according to Lemma 4.2,
Go = Go. O

LEMMA 4.5.

(4.9) /ngdx:/ﬂ(?gdx.

PROOF. First, with the usage of Fridrichs’ commutator lemma, we are able
to approximate ¢ by smooth bounded functions o, and deduce that

/ odivv+v-Vodr =0.
Q

Further, testing the continuity equation by log(o, + d) — logd and then passing
to the limit at first with n — co and then with § — 0+ gives us fQ v-Vodx =0,
hence fQ odivvdx = 0 as well. Thus, using again the properties of G, we obtain
(4.9). O

Further, the strong convergence of ¢ and the convexity of s — s” and s —
521’ (s) gives us

p(o;c)o < plo; c)o,
which combined with (4.8) and (4.9) yields

p(o,¢)o =p(o,c)o a.e. in .
Thus, 07+ = po7 and g, — o strongly in L7 ().

Now, we move our attention to the last two equations of system (1.2)—(1.5)
and show that due to strong convergence p. and c. all the remaining nonlinear-
ities can be identified, so we have indeed obtained the solutions to our original
system for v > 6.

5. Existence for v > 3

In order to prove the existence of only weak solutions of the system under
consideration for v € (3, 6] we will use the following idea. We modify the pressure
ps(0,¢) = plo,c) + 60" with I' > 6, for which the already proved result stays
obviously valid and then, using the a priori estimates derived in Section 2, pass
to the limit with 6 — 04. This limit passage can be performed in the same
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spirit as in the case of the Navier—Stokes system, using the techniques due to
Lions and Feireisl, see e.g. [26] with 6 replaced by ¢. The compactness of the
additional stress in the momentum equation and in the additional equations will
be just easy application of the Rellich—-Kondrachov compactness theorem due to
the uniform bound of Ac.

First, according to the already proven part, there exists a sequence of solu-
tions satisfying the equations with the modified pressure ps denoted by (gs, Vs,
¢s, pis). Exactly with the same procedure as in Lemma 2.1 we can deduce that
it satisfies

I'+2v—6
IVsllwr29) + llesl zor-—s o) + dllosll LE335 e ) + 1 Ves | Lior—124 (0

+ V25| Lor—120/cv—0 () + sl L2 @) + lles L' (¢s) || pior—12)/a-0 () < C,

with C independent of §. So we can extract subsequences, denoted here in the
same way, such that

Vs =V in W2(Q),

Vs =V in L1(Q), forall 1 < g <6,
05 =0 in L*77%(9),

of — o7 in L"(R2),  for some r > 1,
cs —c in W2(61=12)/6v=4) (),

Ves =+ Ve in L*(Q),
0sL'(cs) = oL'(¢) in L¥?(Q0),

dos —0 in L"(9), forall 1 <r <T + 3y —6,
s = in L*(Q),
05/ts — OfF in L*(9).

Hence, consequently,

05Vs — OV in LQ‘(Q), 05Vs @ Vs = ov RV in L3/2(Q),
oslogos —ploge  in L*(Q) 05Cs — oc in L3(Q),
Ves @ Ves ~Ve® Ve in LNQ), [Ves|® = [Ve]?  in LY(Q).

Note that c¢s are continuous and c¢s € [0,1] almost everywhere in 2, hence
llesllzee < 1 independently of § > 0. To summarize, we have shown that the
limit solution satisfies, in particular, in the weak sense

div(ov) =0,

2
div(ev ® v) — divS(Vv) + Vp(o, ¢) = oF + div (Vc % Ve — @ 11),

v-n=0,
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n-T(¢,v) -7, +kv- -7, =0, ondQ.

Thus, the main difficulty is to show that g5 — ¢ in L*(Q) for some s > 1. To
deal with this problem, we can proceed exactly in the same manner as in the
standard case of the Navier—Stokes equations. Moreover, thanks to the constraint
~ > 3, the renormalized continuity equation is satisfied, according to Fridrichs’
commutator lemma, see [27, Section 3.1]. Thus, in order to prove the celebrated
effective viscous flux identity discovered by Lions [20]

(5.1) plo,c) Tk(0) — (2v + n)divv T (o) = p(o, ¢) Tk (o) — (2v +n) divv Tk(0),

where

z for0 <2z <1,
T(z) = kT<Z>7 T(z) = { concave on (0,00),
2 for z > 3,

we will test for £ € N and ¢ € C°(Q) the momentum equation and its approxi-
mate version by

¢ = (VAT (1aTk(0)), and ¢ = (VAT (1aTk(05)),

respectively. Equality (5.1) is then deduced from the above mentioned conver-
gences and the properties of the Riesz transform, especially its commutators,
see e.g. [10, Theorem 10.27]. Further, having (5.1) in hand together with the
renormalized continuity equation, it is not difficult to show that, see [27],

[T@dvi=0. [ Tdvvar=o,
Q Q

and

li i T — T ~+1 =0.
im 63& I T%(0s) k()| L1 ()

k—o0
This implies that |05 — 0|/ 11(q) — 0. Finally, we turn our attention back to the
Allen—Cahn equation and realize that as soon as we have pointwise convergence
of ¢ and p and weak convergence of u, the fact that the limit of the sequence
satisfies the original equations is immediate. This completes the proof of our
main theorem. O
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