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ABSTRACT. For an orthogonal I'-representation V' (I is a finite group) and
for an even I'-invariant C2-functional f: V — R satisfying the condition
0<0Vf(z)ex < V2f(x)rex (for > 1 and = € V \ {0}), we consider
the odd Newtonian system Z(t) = —V f(z(t)) and establish the existence of
multiple periodic solutions with a minimal period p (for any given p > 0).
As an example, we prove the existence of arbitrarily many periodic solutions
with minimal period p for a specific Dp-symmetric Newtonian system.

1. Introduction

The purpose of this paper is to study the existence of multiple periodic
solutions with a given minimal period p > 0 for the Newtonian systems of the
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type
(1.1) ¥=-Vf(x), zeV:=R",

where V' is an orthogonal I'-representation (with I" being a finite group), f: V —
R is a I-invariant even C?-function satisfying the condition

(1.2) 0<0Vf(z)ex <Vf(x)zex forxzcV\{0},

for some 6 > 1.

The problem of finding periodic solutions with minimal period for variational
problems is not new and there is a large literature devoted to this topic. Be-
ginning with the pioneering work of P. Rabinowitz (cf. [21]), the question of
existence of such solutions in the first order Hamiltonian systems

(1.3) % = JVf(z), J=

0 -Id
Id 0

)

was discussed in the works of Clark and Ekeland (cf. [6]), Ambrosetti and Mancini
(cf. [2]), Girardi and Matzeu (cf. [13], [14]), Deng (cf. [7]), Ekeland and Hofer
(cf. [9]), Zhang and Tang (cf. [23], 2013), Michalek and Tarantello (cf. [20]), Fei et
al. (cf. [12], [10]), Liu and Wang (cf. [19]), and many others. These authors used
various methods, such as the Mountain Pass lemma, finite-dimensional approx-
imations, duality principle, index theory, and restrictions to Nehari manifold,
to prove several interesting existence results for multiple periodic solutions with
the prescribed minimal period.

On the other hand, although there are many existence results for multiple pe-
riodic solutions of (1.3) with prescribed minimal period, there are only few such
results for system (1.1). The existence of such periodic solutions was discussed,
for example, in papers by Long (cf. [16, 17]), Fei et al. (cf. [11]), Xiao (cf. [22]),
and others. The main goal of this paper is to combine the Nehari manifold tech-
niques with the H-fixed-point reduction method in order to show the existence
of multiple periodic solutions with the prescribed minimal period for symmet-
ric Newtonian systems satisfying condition (1.2). More precisely, by exploring
I-symmetries of system (1.1), where I is a finite group, and by applying the
H-fixed-point reduction (for a specific subgroup H C I' x Zy x S'), we show that
the second order odd Newtonian system (1.1), where V is a I'-representation and
f is a T-invariant function (I is a finite group), has multiple p-periodic solutions
with the minimal period p. Depending on the size of the group I', this number
of p-periodic solutions may be arbitrarily large. Our approach is based on the
usage of the Nehari manifold techniques developed by Yu Ming Xiao in [22].

Our main result, Theorem 4.4, mainly states that for any I'-symmetric New-
tonian system (1.1), satisfying (1.2), and for any p > 0, there exist multiple
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T-orbits of p-periodic solutions with the minimal period p. In fact, such an or-
bit exists for any “maximal” orbit type (which we call twisted mazimal type) in
the functional space 52 (see Subsection 3.1). In addition, we present an exam-
ple of such symmetric systems (3.1), where T is a dihedral group D,,. Then, if
n=gqg" ... q%, where ¢ < ... < gs are prime numbers, we define

2(¢1 + g2+ ...+ qs) when n is odd;

o(n) =
2+2(g2+...+¢qs) when n is even.

The obtained result shows, as an example, that the Newtonian system (3.1)

with f given by (6.7), admits at least o(n) periodic solutions with the minimal
period p. Notice that for any N, there is n such that o(n) > N.

To the best of our knowledge, this is the first time the combined equivariant
and Nehari techniques were applied to obtain the existence of multiple periodic
solutions with a prescribed minimal period p for symmetric Newtonian systems.

This paper consists of five sections. In Section 2, various definitions con-
cerning key concepts are listed. In the meantime, basic results pertaining to
the equivariant topology, representation theory, and the Principle of Symmet-
ric Criticality are elaborated (cf. Subsection 2.3). In Section 3, all the required
assumptions are formulated for the I'-symmetric system (3.1), which is refor-
mulated as a symmetric variational problem (cf. Subsection 3.2). Properties of
the Sobolev space A of p-periodic functions and its H-fixed-point subspace .77
(cf. Subsection 3.1) are also discussed. Then this variational problem (3.8) is
reduced to a I' X Zy-symmetric variational problem on . (cf. Subsection 3.1).
In Section 4, properties of twisted subgroups are discussed and the notion of
maximal twisted orbit type in J# is introduced. The main result, Theorem 4.4,
is stated in Subsection 4.2 and the proof of Theorem 4.4 is presented in Sec-
tion 5. For completeness, all the auxiliary results needed in the proof are listed
in Subsection 5.1. Next, the Nehari manifold for the variational functional J as-
sociated with (3.1) is defined and its properties are examined in Subsection 5.2.
The Palais—Smale condition is established in Subsection 5.3 and the existence of
the minimum of J on the Nehari manifold is proved in Subsection 5.4. Finally,
we show that the function minimizing J on the H-fixed-point subspace of the
Nehari manifold has the minimal period p (Subsection 5.5). In Section 6, an
example of a system (3.1) is presented, which is symmetric with respect to an
action of the dihedral group D,, and satisfying all the required properties of the
main theorem. For this particular example, the existence of multiple (depend-
ing only on the number n) periodic solutions with an arbitrary period p > 0 is
established (cf. Theorem 6.1).

Acknowledgments. The authors would like to express their thankfulness to
the referee, who by pointing out several instances in the text requiring additional



662 W. Krawcewicz — Y. Lv — H. Xi1a0

explanations and editorial corrections, contributed to the improvement of this
paper.

2. Preliminaries

Throughout this section, G is assumed to be a compact Lie group.

2.1. Equivariant jargon. For a subgroup H C G (it is always assumed to
be closed), we denote the normalizer of H in G by N(H), the Weyl group of H
in G by W(H) := N(H)/H and the conjugacy class of H in G by (H). The set
®(G) of all conjugacy classes in G admits a partial order which can be defined
as follows: (H) < (K) if and only if gHg~! C K for some g € G.

For a G-space X and z € X, G, := {g € G : gx = z} is called the isotropy
of x and G(z) := {gz : g € G} is called the orbit of x. One can easily verify that
G(z) ~ G/G,. Denote the orbit space of X by X/G, which is the set of all orbits
in X under the action of G. Furthermore, we call the conjugacy class (G,) the
orbit type of x (or simply an orbit type) in X and put ®(G; X) := {(H) € ®(G) :
H = G, for some z € X}.

Also, for a G-space X and a closed subgroup H of G, we adopt the following
notations: Xy :={r € X : G, =H}, X" :={z € X:G, D H}, X(yy) :={x €
X :(G,) = H)}, X :={zx e X:(G,) > (H)}, among which X is called
the H-fixed-point subspace of X.

Let X and Y be two G-spaces. A continuous map f: X — Y is said to be
equivariant if f(gz) = gf(x) for allz € X and g € G. If the functional f: X — R
satisfies f(gz) = f(z) for all z € X and g € G, then f is called G-invariant. As
is known (see, for instance, [8], [5]), for any subgroup H C G and equivariant
map f: X — Y, themap ff: X7 - Y with ff := f|xu, is well-defined and
W (H)-equivariant.

2.2. Isotypical decomposition of finite-dimensional representations.
As is well-known, any compact group admits only countably many non-equivalent
real (resp. complex) irreducible representations. Therefore, given a compact Lie
group I', we always assume that a complete list of all real (resp. complex) irre-
ducible I'-representations, denoted by V;, i = 0,1,... (resp. U;, j =0,1,...), is
available. Here we assume that Vy (resp. Up) stands for trivial real (resp. com-
plex) one-dimensional G-representations. Let V' (resp. U) be a finite-dimensional
real (resp. complex) I'-representation (without loss of generality, V' (resp. U) can
be assumed to be orthogonal (resp. unitary)). Then, it is possible to represent
V (resp. U) as the direct sum

(2.1) V=We...eV,
(2.2) (resp. U =Up @ ... d Uy),
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which is called the T'-isotypical decomposition of V (resp. U), where the isotypical
component V; (resp. U;) is modeled on the irreducible I'-representation V;, i =
0,...,7 (resp. U;, j = 0,...,s), i.e. V; (resp. U;) contains all the irreducible
subrepresentations of V' (resp. U) which are equivalent to V; (resp. U;).

Given an orthogonal I'-representation V', denote the group of all I'-equivariant
linear invertible operators on V' by GLY (V') . Then, the isotypical decomposition
(2.1) induces a decomposition of GL"(V):

(2.3) GLY (V) = EB GL' (V).

For every isotypical component V; from (2.1), one has GL' (V;) ~ GL(m;,F),
where m; = dimV;/dimV; and F is a finite-dimensional division algebra, i.e.
F =R, C or H, depending on the type of the irreducible representation V;.

2.3. Principle of symmetric criticality. Assume that ) is a Hilbert G-
representation and ¢: £ — R is a continuously differentiable G-invariant func-
tional. Assume (H) € ®(G;9) and let o: § — R be the restriction of ¢
to HH. Then, since Vi is G-equivariant, we have Vip($H) C §. Therefore

Vo' (z) = PyVeo(z) = Vo(z), =€H,

where Py is the orthogonal projection onto $. Consequently, if x is a critical
point of ¥ then it is also a critical point of ¢, i.e. H-symmetric critical points
of ¢ are critical points of ¢ (Palais-Symmetric Criticality Principle).

3. Multiple periodic solutions for symmetric Newtonian systems

Assume that p > 0 is an arbitrary number. Let I" be a finite group and
V = R™ an orthogonal representation of I' (T" is acting on R™ by permuting
the vector coordinates in R™). We are interested in the following second order
Newtonian system

() = —Vf(z(t)), teR, z(t) €V,

(3.1)
z(t) =z(t +p), i(t)=a(t+p),

where f: V — R is a C?-function satisfying the following assumptions:

(A1) fiseven,ie. f(—z)= f(z), for all z € V, f(0) = 0.
(A2) f is I-invariant, i.e. f(yx) = f(z) forally €T and x € V.
(A3) There exists a constant 6 > 1 such that for all z € V' \ {0}

(3.2) 0<OVf(x)ex < V2f(z)r ez,

where e stands for the dot product in R”.
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3.1. Sobolev spaces of p-periodic functions. Let A denote the first
Sobolev space of p-periodic functions from R to V| i.e.

H=HI R, V) ={z: R~ V:2(0) = z(p), zlo, € H([0.p];V)},

equipped with the inner product

= [ "(#(0) o (1) + 2(t) o (D)) db, .y € HAR, V).

Let O(2) denote the group of 2 x 2-orthogonal matrices. Notice that O(2) =
50(2) U SO(2)k, where k = [ _J]. It is convenient to identify a rotation
[SosT =7 ] € SO(2) with €™ € ST  C. Notice that rke'™ = e k.

Put G =T x Zy X 0(2), then the space A is an orthogonal Hilbert repre-
sentation of G. Indeed, for x € A and ~v €T, e™ € S we can define the group
action as

(v, £1,eM)a(t) = £y (t + ]21), (v, £1,e"k)x(t) = ivx( —t+ ]2)—7—)
™ ™

T" is acting on V = R™ by permuting the vector coordinates in R™.
It is useful to identify a p-periodic function z: R — V with a function
7: S' — V via the following commuting diagram:

R— 5!
\ / T = ei27r7'/p.

Using this identification, we will write H'(S}, V) instead of H}(R,V). In ad-
dition, notice that for z € %” the isotropy group G’, where G’ :=I' x S1, is
twisted if and only if = is a non-constant periodic function.

x’

Consider the O(2)-isotypical decomposition of A, which is

(3.3) H = @Vk, Vi := {ug cos(2kn/p - t) + vg sin(2kw/p - t) : ug,vx, € V'}.
k=0

Each of the components Vi, can be identified é—equivariantly to the space V7, of
complex p-periodic functions defined by

i . U + Vg U — Vg
Vi, = {e’QWkt/p(xk +iy) : Tk, yx €V}, where z = S U= T

One can easily notice that the space V} is equivalent to the complexification
Ve .=V @V of V, where k acts on vectors in V¢ by conjugation and for
€™ € SO(2) ~ S, €™z = ?*7 . 2, where ‘-’ denotes complex multiplication and
z =z + iy € V. We will denote this é—representation by v, (V¢). Let us define
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the space fNLQ”’(Vc) composed of all sequences 3 := {z;}72, such that zp € V,
zi € 0 (V) for k > 0, and satisfying the condition

o0
Il = ol + 3 el (§ + 4%t ) < o0
k=1

The space h2P (V€) is clearly a Hilbert é—representaution7 which is equivalent
to J.
Denote by H C Zy x O(2) the subgroup

H:={(1,1),(~1,-1),(1,), (-1, —k)} = DY.

We are interested in the H-fixed-point subspace 5 := #H . Notice that the
normalizer N(H) =T x Zs X Dy, therefore W(H) =T X Za, and 5 = HH g
a W (H)-orthogonal representation.

Clearly, each Vi in the decomposition (3.3) is I' X Zy X Og-invariant and
therefore

(3.4) H =PV
k=0

By the definition of fixed-point subspace, we can easily obtain that z € 57 if and
only if z is even and —z(p/2 + ) = —x(p/2 — t) = x(t). It follows immediately
that

g )10} if k is even,
{ug cos(2km/p-t) 1 ur, € V} if k is odd.

Then we have the following decomposition of 7

(3.5) A =P Wasr,  Wayr == {ugir1cos(2(2 + )m/p-t) s ugyr € V},
=0

where each of the components Wy; 11 is I'-equivariant to V.
For any function z € 7 C S, by using the isotypical decomposition (3.4)
of 7, we have

P o - ,
Il = / (i(t) o i(t) + 2(t) o o(t)) dt = 3 [uzrsa 2 <§ N w)

1=0 p
Notice that the norm [|| - ||| on ., associated with the inner product
P
@)= [ #ei0dr, ye .
0

which is given by

(3.6) llal P := mep(w)

=0 p
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is equivalent to the norm ||-||, therefore (.52, ||-|) is equivalent to the Hilbert space
(A1 Il)- Therefore, without loss of generality, we can assume in what follows
that ## is equipped with the norm (3.6). In order to simplify the notation, in
what follows we will simply write || - || instead of ||| - ||| and we will denote the
inner product (-, -)’ by (-, -). In addition, notice that we also have

(3.7) lzllze < ||=|| for all z € 2.

3.2. Reformulation of (3.1) as a symmetric variational problem.
Consider the space 2 defined in Subsection 3.1 and define the following varia-
tional functional J: 5 — R:

38 T = [ (GROF - So))d o) = o) s o)

where # € #. Notice that solutions to (3.1) are the critical points of 7, i.e. if
VJ(x) = 0 then z is a C3-function satisfying (3.1) and vice versa. Therefore,
finding solutions to (3.1) can be reduced to finding critical points of J.

Let us make the following obvious remarks:

REMARK 3.1. Under assumptions (A2), the functional J: A = Ris T x
O(2)-invariant, thus VJ: 5 — S is I' x O(2)-equivariant. Moreover, J is
C?-Fréchet differentiable and we have

(VT (@),y) = DI (x)y / C(@(t) o 9(t) — VF(x) 0 y(t)) dt,
(V3 (@) 2) = DT (@)0e2) = | ") @ 2(0) — P21 (2(0)y (1) o 2(2). ) dr.

where z,y,z € .

REMARK 3.2. Under assumption (A1), the gradient map V.7 has additional
symmetry Zsg, i.e. it is I' x Za x O(2)-equivariant. Let J# be the H-fixed-point
subspace of A and J be the restriction of J to the H-fixed-point subspace, i.e.
H o= A = Tlow: H — R. Since VI () C A, it follows that VJ =
V| is a T’ X Zy-equivariant completely continuous gradient field. Therefore,
the critical points of J are also critical points of J, and consequently they are
the solutions to (3.1). In addition, notice that any non-zero critical point x of
J is a non-constant p-periodic solution to (3.1), i.e. 0 is the unique stationary
solution of (3.1) in 7.

REMARK 3.3. Notice that the I' x Zs-equivariant operator VJ(x) defined on
the space . equipped with the norm (3.6) can be explicitly expressed by the

formula

(3.9) VJ(z) =z —joL;" o Nyja(w), Nos(2)(t) = Vf(x(t)),
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where Loz = &, Lyt: A — (H¥(SL V), j: H3(S);V) — A is a compact
operator.

4. Statement of the main result
Put G =T x ZQ.

4.1. Maximal orbit types in . Consider the Hilbert G-representation
introduced in above, where G := I' x Zy x O(2) and G’ :=T' x S. By identifying
St with SO(2), we have G’ C G. Consider the following subgroups of G:

K= {(v,2) € K x 5" : ¢(7) = 2'},

where K C T is a subgroup, ¢: K — S' is a homomorphism, and & is a fixed
positive integer. In such a case, the group K%' is called a twisted (by homo-
morphism ¢) [-folded subgroup of G'. Following this practice, we denote the
twisted one-folded group K®! by K? and simply call it twisted. Notice that the
normalizer N (K®!) of K%! can be written as

N(K*') =N, x S', where K ¢ N, C N(K),
N, :={g € N(K): ¢(gkg™") = ¢(k) for all k € K}.
Since (K x S')/K?%! ~ S we have the following exact sequence:
0— S' —W(EK») — N,/K — 0,

thus there is a natural injective homomorphism from S* to W (K%!). Denote
the set of conjugacy classes of all twisted isotropy groups in X by ®¢(G’; X) C
O(G; X), ie. PYG';X) is the set of all twisted orbit types in X. Also, denote
the subset of ®'(G’; X) composed of all (H) such that H is a twisted [-folded
subgroup by ®}(G’, X). We have the following definition.

DEFINITION 4.1. A one-twisted orbit type (K?) € ®(G’; X) is said to be
a twisted mazimal orbit type if (K?) is maximal in ®¢(G’; X) with respect to the
natural order relation.

DEFINITION 4.2. Let « € 5\ {0}. Then the orbit type (G;) is called to be
t-mazimal, if (G!) is twisted maximal orbit type in 7.

REMARK 4.3. Notice that if (G,) is a t-maximal orbit type in J# \ {0}, then
it is a maximal orbit type in 7 \ {0}. Indeed, suppose that H C G and (H) is
the orbit type in 52\ {0} for some x. Then there exists a subgroup K C I' and
a homomorphism ¢: K — Zg such that H = K¥. If H is not maximal in s#\ {0}
then the homomorphism ¢ can be extended to ¢’: K’ — Zs, where K C K’ and
H = K¥ isa G-isotropy for some 2/ € J \ {0}. Therefore, ker¢ C ker¢'.
Plus, since z and 2’ are non-constant, then G,,G’, € ®'(G’';.#). Let ¢ and
¢’ be the homomorphisms associated with G/, and G’,, hence, ker ¢ C ker¢'.
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Therefore, we have G, C G/, and thus (GY,) is not a maximal twisted orbit type
in # which is a contradiction with Definition 4.2.

4.2. Formulation of the main result.

THEOREM 4.4. Let p > 0 be an arbitrary number. Assume that the function
f:V = Ris a C%-functional satisfying conditions (A1)—~(A3). Then, for every
mazimal orbit type (K) in 7\ {0}, there exists at least one G-orbit of critical
points of J in H, corresponding to an orbit of p-periodic solutions to (3.1) in
the space A with the minimal period exactly p. Moreover, if {(K1),...,(Kmn)}

is the collection of all t-mazimal orbit types in H, then system (3.1) has at least
m

Z II'/ K| periodic solutions with the minimal period exactly p.

Jj=1
5. Proof of the main result

The proof follows the ideas from [22], which are based on the application of
the concept of Nehari manifold. For the sake of completeness, we include all the
related details. Full credit for the main idea of proof should be given to Yu Ming
Xiao.

5.1. Auxiliary results.
LEMMA 5.1. Assume f: V — R satisfies conditions (A1)—(A3). Then
(5.1) 0<(140)f(z) <Vf(x)ex forallxzeV\{0}

PROOF. For any x € V'\ {0}, define the function ¢: R — R by ¢(t) := f(tx)
for all t € R. Clearly ¢ is of class C!' and by direct computation, we have
#(0) = £(0) =0, ¢/(t) = Vf(tr) ez and ¢''(t) = V2f(tz)z @ x. Therefore, by
(A3), we obtain that for any ¢ > 0, the following inequality holds:

0 < OV f(tx) e (tz) < V2 f(tz)(tz) o (tx),
which implies 0 < 6¢'(¢) < t¢''(t). Thus,

0f(x) = /01 0¢'(t) dt < /01 tg"'(t)dt = Vf(z) ez — f(x).
Thus, it follows immediately that 0 < (1+ ) f(z) < Vf(z) e z. O
LEMMA 5.2. Assume f: V — R satisfies conditions (A1)-(A3). Put
M :=max{f(z):|z]| =1} and m:=min{f(x):|z| =1}
Then, for all x € V,
(5.2)  f(z) < Mz|” for|z| <1 and f(z) >mlz|"T for |z| > 1,

where |z)*> = z o x.
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ProOOF. If x = 0, then f(z) = 0 and |z| = 0, so, obviously, the lemma is
true. For any x € V' \ {0}, define the function ¢: R — R by ¢(t) := f(tz) for all
t € R. Clearly, ¢ is of class C! and ¢/(t) = V f(tz) e x. By the previous lemma,
we have 0 < (14 60)f(tz) < Vf(tx) etx, i.e. 0 < (14 0)p(t) < t¢'(t). Assume

s > 1, then
T ¢'(t) / 1+6
dt > — dt.
/1 o(t)  — 1 ot

Consequently, f(sz) = ¢(s) > sHDp(1) = s(4+9 f(z). Therefore, we can
conclude that if || > 1, then

flx) = f<|x|£> > |z|(1+9)f<£) > |+,

] ]

if |x| < 1, then

T 1
Therefore, it follows that

f(:E) < |x|(1+0)f<ﬁ> < M|:E|(1+9). 0
X

5.2. Nehari manifold for J. We define the following set:
(5.3) N :={z e \{0}:(VJ(x),z) =0}
PROPOSITION 5.3. N is a complete sub-manifold of 7 of co-dimension one.
PROOF. Define the function ¥: 52 — R by
U(z) :=(VJ(z),z) forallze 7.

Clearly, ¥ is of class C'. We claim that zero is a regular value of ¥ on 7\ {0}.
Indeed, notice that N = ¥=1(0) N (s \ {0}), and for every z € N (remember
x # 0) we have

0=(VJ(z),z) < /Op |(t)|? dt = /Op Vf(x(t)) e xz(t)dt.
Since DY (z)v = (V2J(z)v,z) + (V.J(x),v), thus by (A3)
DU (z)x = (V2] (2)z,z) + (VJ(2),2) = (V2] (2)z,2) + 0

=1pruwﬁ-—v%ﬂx@»x@>-xu»dt

[ (% 1(0) ) 9 1(a(0)00) 0200 di < 0

Consequently, DU(z): s — R is surjective for all z € N, and therefore zero
is a regular value of ¥ restricted to . \ {0}. Thus N is a sub-manifold of
co-dimension one. In order to show that N is complete, we notice that there
exists € > 0 such that B:(0) N N = (. Notice that, inequality (5.2) implies that
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[[V2£(0)]] = 0. For, by the Taylor formula f(x) = V2f(0)x @ 2/2 + r(x), where
lim r(x)/|z|? = 0, thus by (5.2)
z—0

1

V(O ez < Ml +|r(x)
and, consequently,

V2 f(0)z ez
EE

2|r(z)|
x>

<oM|z®~t +

which implies that the non-negative quadratic form V2 f(0)zex is zero for any x.
By continuity of V2f(z), there exists n > 0 such that for |z| < n we have
[V2f(x)|| < 1. The continuity of the inclusion i: # — C(S,; V) (C(S,;V)
equipped with the norm ||z||s := max{|z(¢)| : t € [0,p]}) implies that there
exists € > 0 such that if ||z]| < e then ||z|lcc < 1. Then, by applying inequalities
(A3), (5.2) and (3.7) we obtain

U(x) = /Op:b(t) o i(t)dt — /p Vfi(x(t)) ex(t)dt

o

> ol 5 [ P IGel)e(o) ex(0)at

1 1 1
> |lz)2 = 5 llall3e > 2l - 5lall? = W(l - 5) > 0.

Consequently, if z € B.(0) then x ¢ N. O

PROPOSITION 5.4. Assume f: V — R satisfies conditions (A1)—(A3). Let
J: H# — R be defined as in Remark 3.2 and N be defined by (5.3). Then
x € S\ {0} is a critical point of J if and only if x € N and it is a critical point
of JIn: N = R.

PROOF. It is clear that if for z # 0 we have V.J(z) = 0 then € N and =
is also a critical point of .J|y. Suppose that x € N and DJ(z)|r, () = 0. Since
T,(N) is a subspace of co-dimension 1 such that T,(N) @ span{z} = 52, we
have that for every v € 5 there exists u € Tx(N) and t € R so v = u + tz.
Therefore,

DJ(z)v = DJ(z)u+tDJ(x)x = DIy (z)u +t(VJ(x),2) =04+ 0=0,
and consequently V.J(z) =0, i.e. x is a critical point of J. (]

LEMMA 5.5. Assume f: V — R satisfies conditions (A1)—(A3). Let J: # —
R be defined as in Remark 3.2 and N be defined by (5.3). Put S() :={w €
S ¢ ||lw|| = 1}. Then there exists a differentiable function s: S() — (0, 00)
such that

(a) for all w € S(S) we have (VJ(s(w)w),s(w)w) = 0;
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(b) if for some ¢ > 0 and w € S(H) we have (VJ(cw),cw) = 0, then
c=s(w).

PROOF. Define the function £: S(#) x R — R by the following formula:
(5.4) R(w, s) = J(sw) / | (t)]? dt — / f(sw(t

Then, for every s > 0, we have
' (w,s) =s pw S sw(t)) o (sw
Rfw.s) =5 [P de = [7 V(o) o i) a
"(w,s) = pu') 2qp— L p2sw sw(t)) o (sw
)= [ - % 79w eu) s (u) d

where w € S() and s € R. Let w, € S(H) be fixed. Put

1 4
—5 [ st ar >0,
2 0

then there exists § > 0 such that for all w € M := S(5) N Bs(w,) we have

p
/ |w(t)|2 dt > n,.
0

Let 0 < n < n,. Put A, := {t € [0,p] : |w®)|*> > n/p}. We claim that
inf{u(Ay) : w € M} = a, > 0. Indeed, suppose for contradiction that there
exists a sequence w, € M such that p(A,,) — 0 as n — oo, then we have for
alln € N

P
n<%</|mwﬁﬁ:/ mmwﬁ+/ o (£)2 dt
0 A Ac

Wn, Wn,

g/wh%@ﬁﬁ+g@umw»

Since fA |wn(t)|?dt — 0 as n — oo, it follows that n < 7, < 1 which is
a contradlctlon Therefore, for s > 0 being a sufficiently large number we have

for all w e M
1, 2 b
o5 lwll® = [ flsw(®) dt
0

1 p 1 NGk
—s? f/ f(sw(t))dt < =s* — <—> mags’t <0,

so, for s sufficiently large, R(w, s) < 0. Similarly, for s > 0 being a sufficiently

(5.5)  R(w,s)

IN

large number we also have, for all w € M,

(5.6) &.(w,s) = s||lw|?*— /OP Vf(sw(t)) e w(t)dt

§5—9+1

n (6+1)/2
t)dt <s—(1+9) (Z_)) mags® < 0.
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Notice that for s > 0 being sufficiently small (say 0 < s < a,), we have that for
all w € S(A) and t € [0,p], |w(st)| < 1, therefore, by Lemma 5.2, f(sw(t)) <
M (s|w(t)])?*+1. Consequently, we have

1 p 1 P
S(u5) = 32 = [ sowoyan > 32 -3 [ ar

and therefore, for sufficiently small s > 0 we have R(w, s) > 0 for all w € S().
Clearly, we also have that for sufficiently small s > 0, & (w,s) < 0 for all
w € S(H).

Put ¢ = s, where s > 0 is a number for which inequality (5.6) holds for
all w € M, ie. &, (w,c1) < 0. On the other hand, one can choose ¢, = s,
where s > 0 is a sufficiently small number such that R, (w, s) > 0 for all w € M.
Therefore, by the Intermediate Value theorem, for every w € M, there exists
So(w) € (cp,c1) such that RL(w, s,(w)) = 0. In order to prove the uniqueness,
assume that for a given w in M there exist two s1,82 € (co,c1) such that
R (w,s;) =0,i=1,2. Notice that, if &, (w, s,) = 0, then

[t = 5 [V o o)
0 o JO

and therefore (since 6 > 1)

& (1, 5,) :/O,, i (8)| dt — Sig/opwf(sow(t))(sow(t)).(sow(t))dt

= 5% OP (Vf(sow(t)) @ (sow(t)) — V2 f(sow(t))(sow(t)) e (sow(t))) dt < 0.
This means we have
(5.7) R (w,8,) =0= & (w,s,) <0.

Therefore, since RY (w, s1) < 0 and & (w, s2) < 0, there exists s’ € (s1,2) such
that Rq(w,s’) = min{R,(w,s) : s € [s1,s2]}. Consequently, R.(w,s’) = 0 and
£ (w,s’) > 0. However, on the other hand, by (5.7), we have & (w,s’) < 0
which is a contradiction. Differentiability of the function s: S() — (0, 00)
follows from the Implicit Function theorem. ([

REMARK 5.6. Assume f: V — R satisfies conditions (A1)—(A3) and consider
the function K: S(5) x R — R defined by (5.4) and the function s: S(J) —
(0, 00) given in Lemma 5.5. The properties of the function £ can be summarized
as follows:

(a) for every w € S(#) the function K(w, - ) has a unique maximum at s(w)

and R(w,s(w)) > 0;
(b) for every w € S(), élggo R(w, s) = —o0;
(c) for every w € S(H), &, (w,s(w)) = 0 and K&, (w,s(w)) < 0.
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For a given w € S() the function £(s) := R(w, s) can be illustrated by the
following graph:

£(s)

COROLLARY 5.7. Assume f:V — R satisfies conditions (A1)-(A3) and
consider the function 8: S(5€) x R — R defined by (5.4) and the function
s: S(H) — (0,00) given in Lemma 5.5. Let N be the Nehari manifold defined
by (5.3). Define 20: S() — N by W(w) := s(w)w, for w € S(H). Then W

is a diffeomorphism.
5.3. Palais—Smale condition.

PROPOSITION 5.8. Assume f: V — R satisfies conditions (A1)—(A3). Let
J: H — R be defined as in Remark 3.2 and let N be the Nehari manifold defined
by (5.3). Then J satisfies the Palais—Smale condition ((PS)-condition for short)
on N, i.e. if x, € N is a sequence such that

(a) for some a <b, a < J(xy) <b for alln € N, and
(b) le VJ(xn) =0, then {z,} contains a convergent to an element in N
n—oo

subsequence.

PROOF. Assume that a sequence {x,,} satisfies conditions (a) and (b). Notice
that, since x,, € N, thus

(5:5) ol = [ 9 $anlt) o 0ult) .

By assumption, J(z,) < b for all n € N, thus by Lemma 5.1 and (5.8),

Since 6 > 1, thus we get, for all n € N,
b

P ESYICE)] > |lzn?,
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which implies that the sequence {z,} is bounded. By formula (3.9), we have
that
VJ(zn) =an —jo L™ o Nyys(xn),
where j is a compact operator. Therefore, the sequence y,, := joL 'o Nvy(zn),
n € N contains a convergent to x, subsequence {y,,}. However, V.J(z,,) — 0
as k — oo, thus lim x,, = lim y,, = x.. Since NV is complete, z. € N. O
k—o00 k—o0

5.4. Minimization of J on Nehari manifold.

LEMMA 5.9. Assume f: V — R satisfies conditions (A1)—(A3). Let J: H# —
R be defined as in Remark 3.2 and let N be the Nehari manifold defined by (5.3).
Then for every x € N, J(x) > 0.

PROOF. By a similar argument as in the proof of Proposition 5.8, for every
x € N, we have

sy = 3ol - [ e o (5 - ) 20O

LEMMA 5.10. Assume f: V — R satisfies conditions (A1)—(A3). Let J: 7 —
R be defined as in Remark 3.2 and let N be the Nehari manifold defined by (5.3).
Assume that H is a subgroup of G :=T X Zg such that (H) is an orbit type in
H. Put NH .= {x € N :gx ==z for allg€ H}. Then, there exists x, € N
such that J(z,) = inf{J(z) : x € N} and V.J(zo) = 0. Moreover, G,, D H.
In the case (H) is a mazimal orbit type in J, we have Gy, = H.

PROOF. Notice that N¥ is a closed subset of N, thus it is a complete Hilbert
manifold. On the other hand, since (H) is a twisted orbit type in 5, thus
(H) € ®'(Gy 2\ {0}) = (G; S()).
Moreover, if w € S(#) then s(w)w € N and since Gy = Gg(w)w, We have
NG S(AH) = ¢ (G N),

thus NH £ (). Since J satisfies the (PS)-condition on N, it also satisfies the
(PS)-condition on the submanifold N thus by standard arguments, there exists
z, € N¥ such that J(z,) = inf{J(z) : = € N7}. Denote by J¥ the restriction
of J to NH. Then V.JH(z,) = 0 and therefore, by the Principle of Symmetric
Criticality, VJ|n(z,) = 0. Then, by Proposition 5.4, V.J(z,) = 0. O

5.5. Proof of minimality of period.

LEMMA 5.11. Assume f: V — R satisfies conditions (A1)—(A3). Let J: 7 —
R be defined as in Remark 3.2 and let N be the Nehari manifold defined by (5.3).
Assume that H is a subgroup of G :=T' X Zg such that (H) is a mazimal orbit
type in  and let z, € N® be such that J(x,) = min{J(x) : x € N}, Then
the minimal period of x, is p.



PERIODIC SOLUTIONS FOR ODD NEWTONIAN SYSTEMS WITH SYMMETRIES 675

FIGURE 1. Minimization of J over Nehari manifold.

PROOF. Assume for contradiction that x, has the minimal period p/k, where
k > 1 (k has to be an odd number). Suppose that H = K% thus we have
G, = K%. Define the function z1(t) := x,(t/k), t € [0,p]. Then z; € S and
G, = H. Denote by y, € N the element y, = s(z1/||z1])z1/|| 21| =: az1(t).
Then we have J(az,) < J(x,) and J(yo) > J(zo).

I = [ lio0Pat = [ () a
_ %/Op |ag’co(t/k)|2dt—/Opf(axo(t/kz))dt

1 p/k p/k

_ d 2 _
“% |aio(s)|? ds — k ) flazo(s)) ds

= % /Op lad,(s)|* ds — /OP flazo(s))ds
L7 2ds — ! azx,(s))ds = J(ax T
<5 [l as = [ fary(s) ds = Taw,) < Iwo)

and we get a contradiction. See Figure 1. O

6. Example of D,-symmetric functional

Suppose T is the dihedral group D,, C O(2), which is

D, ={1,,. ~,’y”71,n,fm, .. ,fynflﬂ}, v = e2mi/n

Assume that W := R" is the natural D,-representation with the D,-action
defined on the generators as follows:

T

(6.1) Yy, xn)t = (22, ..., 2, 21) T,

(6.2) K(x1,. ., o0)T = (21,20, ..., T2),
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where (71,...,2,)7 € R™. Clearly, the matrices of transformation equations
(6.1) and (6.2) are

0 1 0 0 1 0 0 0
0 1 0 0 0 O 1
T, := and Ty := | : ,
0 0 O 1 0 0 1 0
1 0 0 0 01 0 0

respectively. One can easily construct examples of a function f: R™ — R satis-
fying conditions (A1)—(A3) which is also D,,-symmetric.

For the complete list of irreducible D,,-representations and the corresponding
basic degrees, we refer the reader, for instance, to [5, p.174]. Here, we restrict
ourselves with the data important for the present paper.

Put m := |n/2]. Then W admits the isotypical decomposition

(6.3) W =Vi®...® Vpy,

where V; >~ V;, j = 0,...,m (according to the convention introduced in [5]).
Then, for any collection of real numbers, {uj}}“:(), there exists a unique D,,-
equivariant linear symmetric operator, A: W — W, such that o(A4) := {p; : 0 <
j < m} and the eigenspaces E(u;) = V; (see [4]). If C' is a matrix of such an
operator, A: W — W, then

(a) if n is odd, then

m m .
21k
(64) C=c¢old + E Cr [TéC + T;k] and p; =co+ g 2¢}. cos (ﬂ—]),
k=1 k=1 n
(b) if n is even, then

-1
(6.5) C=cold + > c[TF + T, %+ T

3

k=1
e ok
and pj =co+ ; 2¢y, cos (T) — Crm-
Put (see (6.3))
(6.6) V=Wo... eV,
and assume therefore that p; >0, j =1,...,m are given numbers. Let A: V —

V be the corresponding linear operator, i.e. for n odd, the matrix C' of A is

- k| p—k - 2rkj
C= Z c[Ty + 1,7 and  p; = Z 2¢y, cos -
k=1

k=1
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and for n even, the matrix C of A is
m—1 m—1 27Tkj
k —k
C= ck[T + 1,7 + eIy and  pj = Z 2c¢y; cos (T) — Cm.
k=1 k=1
Since A is a positive operator, one can define B := v/A. Let f: V — R be
defined by

(6.7) f(z) :=|Bz|* = (Bx @« Bz)? = (Az e 2)?, zcV.

One can easily verify that f is D, -invariant and satisfies properties (A1)—(A3).

Assume that n = ¢ - ... ¢S is an integer, where ¢ < ... < g5 are prime
numbers. Notice that each of the subspaces Wy 41 in (3.5) is equivalent to the
D,, x Zo-representation V', consequently, the t-maximal orbit types in 52 \ {0}
are the same as the maximal orbit types in the space V' \ {0}. Consider the D,,-
isotypical decomposition (6.6). Notice that it is also the isotypical decomposition
of V' with respect to the action of the group G := D,, X Zs. An orbit type (H)
in V is t-maximal if and only if it is maximal in one of the isotypical components
V;\ {0}. The lattices of the orbit types for the components V;, j =0, ..., m, are
shown in Figure 2.

(Dn X Zg) (Dn X Zg) (Dn X ZQ)
(D) (5gh) (Dgh) (Dfi)
(Zn) (Zn)

0<j<g,lodd 0<j<g,levennisevenandj=4

FIGURE 2. Orbit types in the isotypical components V;. Here h = gcd(n, j)
and [ := 7.
h

We can recognize the maximal orbit types in V' \ {0} as follows.
If n is odd, then n = ¢ - ... ¢% with ¢ > 2. The maximal orbit types in
irreducible representations are (Dp,;), where h; = g7 - ... - q;”_l

1,...,s. In such a case, the G-orbit of (Dy,)-type contains |D,, X Za/Dp,| = 2¢;

Qg A
g i =

elements.
On the other hand, if n is even, then ¢ = 2, i.e. n =2% -....¢%. In this
case, we have two types of the maximal orbit types in irreducible representations,
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which are (Dp,) i = 2,...,s, where |D,, x Zy/Dp,| = 2¢; and (D), where
|Dy, x Za/DY| = 2. Therefore, we have the following result.

THEOREM 6.1. Assume that n = ¢{* - ... - q%* is an integer, where q1 <
... < qs are prime numbers. Let V. C R™ be the D, -representation given by
(6.6) (with the D,, action given by (6.1) and (6.2)) and let f: V — R be given
by (6.7) (where we assume that p; > 0, j = 1,...,m). Then system (3.1) has
at least o(n) p-periodic solutions with the minimal period p, where o(n) is given

by:
(a) o(n) =2(q1 + ...+ qs), when n is odd;
(b) o(n) =242(g2+ ...+ qs), when n is even.
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