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HAMILTONIAN ELLIPTIC SYSTEMS WITH NONLINEARITIES
OF ARBITRARY GROWTH

Jost A. CARDOSO — JoAo M. po O — EVERALDO MEDEIROS

ABSTRACT. We study the existence of standing wave solutions for the fol-
lowing class of elliptic Hamiltonian-type systems:

—h2Au+ V(z)u=g(v) in RV,

—I2Av +V(z)v = f(u) in RV,
with N > 2, where £ is a positive parameter and the nonlinearities f, g are
superlinear and can have arbitrary growth at infinity. This system is in
variational form and the associated energy functional is strongly indefinite.
Moreover, in view of unboundedness of the domain RN and the arbitrary
growth of nonlinearities we have lack of compactness. We use a dual vari-
ational approach in combination with a mountain-pass type procedure to
prove the existence of positive solution for h sufficiently small.

1. Introduction

This paper focuses on the existence of positive solutions for the elliptic Hamil-
tonian system of the form

—R?Au+V(z)u = g(v) in RV,

(1.1) , o
—h*Av +V(z)v = f(u) inRY,
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where N > 2 and 7 is a positive parameter. System (1.1) arises when one looks
for standing wave solutions of the system of Schrédinger equations of the form

%~ Ay W~ Hy(.0), 20, @ RN

ot  2m e\¥,¥), - U, ,
2

(1.2) L0p W ) . i

ih ot 2mA<P+W($)<p Hw(z/}’sp), t>0, x eRY,

o(x,t),¥(x,t) € C,
which models a lot of phenomena in quantum mechanics. Here i denotes the
imaginary unit, % is the Plank constant, m is the particle’s mass, W is a contin-
uous potential, and H: R? — R is an C'-function such that

Hy, (ewul, equ) = ewHuj (u1,uz), forall uj,0€R,

and H(u,v) = G(v) + F(u), where F and G are the primitives of f and g,
respectively. Explicitly, we look for solutions of (1.2) in the form

(1.3) Pt z) = e EMly(x) and  o(t, z) = e E/Mby(g).

Substituting the ansaz (1.3) into (1.2) and setting V(z) = W(z) — E > 0 leads
to the time-independent coupled nonlinear Schrédinger equations (1.1). Other
examples where system (1.1) appears are the study of nonlinear optics and Bose—
Einstein condensates (see [15]), models of chemotaxis and activation-inhibition,
and models of population dynamics (see [18]). Over the last few decades, sev-
eral authors have studied nonlinear elliptic problems of type (1.1) motivated by
applications and richness of methods used to obtain existence and properties of
solutions. For the physical motivation we refer to [5], [8], [18], [22], [26] and
references therein.
When u = v and f = g, the system (1.1) reduces to the scalar equation

(1.4) —h2Au+V(x)u = f(u) in RY.

There are many papers that study equation (1.4) under several assumptions on
the potential V' and on the growth of the nonlinearity f (see for example [1],
[2], [5], [7], [13], [16], [19], [26]). In [19], P. Rabinowitz proved the existence of
solution with minimal energy for (1.4), for small i > 0, when f has subcritical
growth and liminf V(z) > xier]gN V(z) = Vo > 0. O. Miyagaki [16] studied the

x|—00
critical grow“ch‘ case, namely f(s) = A|s|97ts + |s[P71s, where 1 < ¢ < p <
(N +2)/(N —2), when the potential V is coercive. Another advance in the study
of (1.4) was obtained by M. del Pino and P. Felmer [13] assuming f has subcritical
growth and V has a strict local minimum in a bounded set A C RY, that is,
;relf'\ V(z) < xierng V(z). In fact, they have found a family wuy of solutions for

equation (1.4) which concentrates around the local minimum of V' (see also [7]).
Similar results were obtained by C. Alves et al. [2] when f has critical growth.
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In this paper we consider system (1.1) when the potential V' is a radial
function locally Holder continuous satisfying:
(Vo) The set Z = {x € RY : V(x) = 0} has nonempty interior.
(V1) There is A > 0 such that the level set G4 = {z € RV : V(z) < A} has
finite Lebesgue measure.

As we have already mentioned, we are looking for positive solutions of (1.1),
and so, as usual, we set f(s) = g(s) =0 for all s <0 and assume:

(Hi) f,g € C'(R) and f(0) = f'(0) = 0 = g(0) = ¢/(0);
(Hg) there exists ¢’ > 0 such that

0<(14+6)f(s)s < f(s)s*> and 0< (1+8)g(s)s < g'(s)s?, forall s > 0.

REMARK 1.1. Note that condition (Hs) implies the so-called Ambrosetti-
Rabinowitz condition, namely

0<(2+8)F(s):= [ f(t)dt< f(s)s, foralls>0,

(1.5) 0
0< (2+46)G(s) ::/ g(t)dt < g(s)s, forall s>0.

0

We observe that system (1.1) is in the variational form. Taking H(u,v) =
F(u)+ G(v) is natural to consider the associated functional defined formally by

(1.6) Th(u,v) = /RN (R*VuVo + V(z)uv) dr — - H(u,v)dz,

since (1.1) is the system of Euler-Lagrange equations associated to Zj. It should
be mentioned that (1.1) is a Hamiltonian system since H,(u,v) = f(u) and
H,(u,v) = g(v). This type of systems has been subject of intense study in recent
years. We refer the reader to the articles by Ph. Clément et al. [9], J. Hulshof
and R. Van der Vorst [14], and B. Sirakov and S.H.M. Soares [25], and see also
D. de Figueiredo [10], [11], and references therein for a more recent and complete
description of the subject.

The study of system (1.1) by using variational methods presents three main
difficulties. First, the apparent lack of compactness in view of unboundedness
of the domain RY. This feature has been treated in the scalar case in many
papers, see for example, W. Strauss [26], H. Berestycki and P. Lions [5], P. Rabi-
nowitz [19] and M. del Pino and P. Felmer [13]. For elliptic systems, this feature
has been studied by D. de Figueiredo and J. Yang [12], and B. Sirakov [23]. Here,
we recover the lack of compactness by exploring geometric conditions on the po-
tential V' and working in an appropriate subspace of radial symmetric functions
HL ,(RY). Second, the arbitrary growth of the nonlinearities f and g prevents
the functional (1.6) to be well-defined in the usual Sobolev space. Here, once
again, thanks to the behavior of the potential V', we can perform a truncation
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argument to obtain an auxiliary system (see Section 2) whose associated func-
tional is well-defined. Third, the associated functional (1.6) is strongly indefinite.
To handle this fact, we will apply a dual variational approach used by M. Ramos
and J. Yang [21], and by M. Ramos and H. Tavares [20]. See also [4], [6] and
references therein. In addition, we refer the reader to A. Avila and J. Yang [3]
for a related dual formulation used for elliptic systems. We also mention that
assumptions similar to (Vo)—(V1) were used recently in the papers [1], [8], [17],
[24], [25].

1.1. Statement of main results. In our first result we prove the existence
of solutions for (1.1) when nonlinearities have polynomial arbitrary growth at
infinity.

THEOREM 1.2. Assume (Vo)—(V1) and (Hy)—(Hz). Furthermore, suppose
that
(H3) There exist p,q > 2+ 8 and ly,ly > 0 such that

im 2% 0 and tim 99

s$—+00 spfl s—+400 sqfl

=l.
Then, there exists hg > 0 such that (1.1) has a weak solution

(up,vp) € HE J(RY) x HL (RN,  for all h € (0, ko).

rad rad

Moreover, up, vy € C2(RYN) are positive and up(z),vi(z) = 0, as |z| — oc.

Next, in complement to the above result, we consider nonlinearities satisfying
a kind of global condition but not necessarily polynomial at infinity.

THEOREM 1.3. Assume (Vo)—(V1) and (Hy)—(Hsz). Moreover, suppose that
(Hy) for all e > 0, there exists C. > 0 such that

f(s)t+gt)s < e(s* + )+ C(f(s)s + g(t)t), for all s,t € R.
Then there exists hig > 0 such that (1.1) has a solution
(up,vp) € HE4RN) x HL (RN, for all h € (0, k).

rad

Furthermore, up, vy, € C2(RY) are positive and up(z), va(x) — 0, as |z| — oo.

REMARK 1.4. Note that hypothesis (Hs) is a growth condition at infinity,
but there are no restrictions on the values of p and ¢, that is, it can be allowed
in the range subcritical, critical or supercritical. We recall that if N > 3, the
notion of criticality for (1.1) is related with the so-called critical hyperbola

11,2

p ¢ N’
where p,q > 1, see Ph. Clément et al. [9] and J. Hulshof and R. Van der
Vorst [14].
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EXAMPLE 1.5. One can see that nonlinearities

(a) f(s) =8Pt withp>2+6 and g(s) =591+ 5" withg>r >2+7,
satisfy conditions (H;)—(Hgs), and satisfy (Hy) if and only if p = ¢. Furthermore,
one can see easily that the pairs of nonlinearities

(b) f(s) =sP~! and g(s) = s%e*, with p > 2+ &',

(c) f(s)=s%e* and g(s) = s2e*,

(d) f(s) = sPe” S’

and g(s) = s%e* |
satisfy hypotheses (H;)—(Hz) and (Hy), however, do not satisfy (Hs).

This paper is organized as follows. In the next section we modify nonlinear-
ities f and g to get an auxiliary Hamiltonian-type system with the associated
(RM). In Section 3,
we set up a dual variational formulation in order to obtain a new functional

energy functional defined in a subspace of H! ;(RY) x H} ,
suitable to apply the minimax procedure. Section 4 is devoted to proving the
Palais—Smale condition to the energy functional associated to the auxiliary sys-
tem. Finally, in Section 5, we prove the existence of solutions for the auxiliary
system of Section 3 and present the proof of the main results.

2. Auxiliary elliptic system

Our approach is based on the minimax method. The natural space for study-
ing weak solutions of system (1.1) is H},(RY) x H{,(RY) where

HL(RY) = {u € H'(RY): /

V(x)u?dr < oo}
RN

and the associated functional is defined by

(2.1) Tr(u,v) = /RN (R*VuVv + V(z)w) dz — /R (F(u) + G(v) dx.

N

Note that, under assumptions (Vo)—(V1), we have the continuous embedding
(2.2) HL(RY) — HYRY) — L"(RY),

for all 2 < r < 2* (see [24] for more details). Then, we see that Zj, is well-defined
provided that |F(s)] < Cls|P and |G(s)| < C|s]? with 2 < p,q < 2*. As men-
tioned by Ph. Clément et al. [9], and J. Hulshof and R. Van der Vorst [14],
this type of assumptions is too restrictive. To study system (1.1) when nonlin-
earities have arbitrary growth, one cannot use variational methods based on the
functional (2.1) directly, because it is not well-defined in general. To overcome
this technical difficulty, inspired by papers [1], [13], [20], we make a convenient
modification of nonlinearities f and g so that we can consider a new system that
has a associated functional which is well-defined. Explicitly, using (H;)—(Hz),
given € > 0, we consider a; > 0 such that

f(a1) <e and f'(s) > f'(a1), forall s> ay,
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and we define the function
- f(s) if s <ay,
(2.3) f(s) = ~
Bys+ By if s > aq,
where By = f'(ay) and By = f(a1) — f'(a1)as.

REMARK 2.1. Using the assumptions on the potential V' we obtain that there
exist 0 < Ry <71 <719 < Ry and a > 0 such that

V(r)=0, forallze A2, and V(r)>a >0, forallzec RN \Agf,
where Af2 denotes the annulus of radius 0 < p; < p2, that is,
A ={z € RY 1 py < |z] < p2}.

Now we consider the auxiliary function f: RY x R — R defined by

Xata F(5) + (1= x4m)F(s) 5 >0,
0 if s <0,

f(JZ,S) =

where yy denotes the characteristic function of the measurable set U C RY.
Similarly, we can find as > 0 and define the corresponding function g. The
primitives of f and g are respectively, F(z,s) = [; f(z,t)dt and G(z,s)
Jy gl t)dt.

Next, for an easy reference, we collect some properties of the function f
(resp. g).

LEMMA 2.2. The function f is radially symmetric in x, that is, f(|x|,s) =
fQyl, s) if |z| = |y|. Moreover, f satisfies:

(a) f(z,s) = f(s) = o(s), near the origin, uniformly in v € RY;

(b) f(z,5) < f(s) and SL(z,5) > 0 in RN x [0, 00);

(c) (c1) For all (z,s) € AR? x (0,00) U (RN\AR) x (—00,a1],

(2.4) (1+68)f(x,s)s < %(:ﬂ, 5)s%.

(c2) For all (z,s) € RNV \ Agf x (0, 00),
(2.5) flz,8)s < %(1‘7 5)s%.

(c3) Moreover, for all (x,s) € RN\A% x (0, 00),
(2.6) 2F (z,s) < f(z,s)s < %52 < %V(av)f7

where k> 1 and a > 0 is given in condition (V1).
(d) F(-,u) € LY(RYN) provided that u € H. j(RY).

rad
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PROOF. The proof of items (a)—(c) is an easy consequence of the definition
of f. To prove (d), if u € HL ;(R"), by the Strauss lemma (see [26]),
(2.7) lu(z)| < Clz| N2 ||| gagwy, for all z € RV \ {0}.
Therefore,

lu(z)| < C|R1|(1_N)/2||U||H1(RN) =c¢y, forallze Agf.
From (2.6), it follows that
F(z,u)dr < max F(s)| AR —|—/ L2 dzr < 00,
RN s€[0,c1] E ]RN\AQ? k
where |U| denotes the Lebesgue measure of the measurable set U C RY. g

Now we consider the following auziliary Hamiltonian system:

—h?Au+ V(2)u = g(z,v) in RN,

(2.8) ) N
—h*Av + V(z)v = f(z,u) inRY.

In order to study system (2.8) variationally, we consider the subspace of H_, ;(RY)

1Y g (RY) = {u e HL®Y): [ Vie)utde < oo},
RN

which is a Hilbert space when endowed with the inner product
(u,v) = / [VuVv + V(z)uv]dz, u,v € Hy q(RY),
RN

1/2

and its corresponding norm is |[u| = (u,u)'/*. Note that, under assumptions

(Vo)—(V1), we have the continuous embedding
H\l/,rad(RN) — Hrlad(]RN) — LP(RN)’

forall 2 <p < oo, if N =2 and 2 <p < 2* =2N/(N —2),if N > 3. We
also recall that, due to W. Strauss [26], the last embedding is compact for all
2<p<oo,if N=2 and 2 < p < 2% if N > 3. Given & > 0, we define

(u, V) = / [R2VuVv + V(z)uv] dz, u,v € Hy q(RY),
RN

and Eraq := H{,  (RY) x HY, 4(RY) endowed with the inner product

<(U, U)7 ((ba ¢)>h = <’U,, ¢>ﬁ + <Ua <P>h7 u, v, ¢7 P e H\1/7rad(RN)a

and its corresponding norm is ||(u,v)||n = (||ul|? + ||v]|?)*/2.

In view of Lemma 2.2 system (2.8) is variational, and the associated func-
tional Iy : Fraq — R,

(2.9) I (u,v) = (u,v)p — / (F(z,u) + G(z,v))dx

RN
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is well-defined. Note that formally the Euler—Lagrange equations associated with
I, are precisely the equations in (2.8). Furthermore, I, € C?(FE,.q,R) and the
first derivative is given by

(2.10) A%WWX¢¢)=@MWE+@%@h—/‘U@ﬂﬁ?+ﬂ%@ﬂd%

RN
for all ¢, p € H‘l/’rad(]RN). The critical points of the functional Iy correspond to

nonnegative weak solutions of (2.8).

REMARK 2.3. For simplicity, in the next two sections, we will assume that
h =1 and we will use the following notations: (-, -) = (-, )1, |- = |1 and
I1=1.

3. Reduced functional

In this section, inspired by the approach of papers [6], [20], [21] allowing to
overcome the difficulty that the associated functional I is strongly indefinite, we
introduce a reduced functional. Explicitly, fixed w € H‘l/,rad(RN ), we consider
the functional F: H\l/,rad (RY) — R defined by

F() = Iw + ¢, w — ).

PROPOSITION 3.1. The functional F is bounded above and there exists a uni-
que € Hy,  (RY) such that

IHw + Yy, w — 1) = sup IHw+ Y, w—1).
YEH L a(RY)

ProOOF. Firstly, we observe that

fwwﬂmW—wW—/ [F(z,w+ ) + Glz, w — )] dr,
RN

Fwwng—ﬂ%@—/[fmw+w+ymw—wwmm

RN

which together with Lemma 2.2 implies

F' () (@, ¢) <0, forall v, € Hy q(RY), ¢ #0.

Thus, F is a strictly concave functional. Furthermore, one can see that F is
weakly upper semi-continuous, so F achieves the maximum at a single point
,(/) € H\lf,rad(RN)' U

REMARK 3.2. As a consequence of Proposition 3.1, for each w € H‘l/’rad(]RN)
there is a unique v, € H‘l,md(]RN) such that

(3.1) I'(w+ o, w — Py (¢, —¢) =0, for all ¢ € Hy, ,.q(RY).
In fact,
I'(w+ thw, w — Py (¢, —0) = —F (¥u)(¢), for all ¢ € HY, 4(RV).
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Moreover, 1, is the unique weak solution of the elliptic equation
(3.2) —2A% + 2V ()Y = —f(z,w + ¥) + g(z,w — ) in RV,

Consequently, the map ®: H{, . (RY) — H{ (RY), ®(w) = 1, is well-
defined.

PROPOSITION 3.3. The map ® belongs to Cl(H‘l/,rad(RN),H‘l/’rad(RN)).
PROOF. Let (Eyaq)” :={(¥,—¢): ¢ € H‘l/’rad(]RN)} and consider the maps:

T Erad X (Erad)_ — Erad7 ((’U,,’U), (1/]7 _¢)) — (’LL,’U) + (M _77[])7
I/I Erad — (Erad)/ ad Erada

P: Erag — (Brad)™,  (w,0) (“2”,”2”>.

Thus, we can define the map G: Fraq X (Eraq)” — (Erad), G = PoI’o7. Note
that G is C! and

D2g((ua v)’ (Z/J, 711)))((257 7¢) =Po I”(T((u’ U)v (1/)7 7¢)))(¢7 7(725)
=PoI"((¢,n)(d —9),

where ((,n) = (u,v) + (¢, —v). Identifying (Fraq)” = ((Eraa)”)’ and defining
T =PolI"((¢,n)), we obtain

T(6,—0) (0, —p) = —2(6,0) — / F(,0) + ¢ (@, )] d,

RN
for all ¢, ¢ € Hy, ..4(RY). We claim that T is one-to-one. In fact, if (¢, —¢) =
(0,0) then T'(¢, —¢)(p, —¢) = 0, which together with Lemma 2.2 implies

200l == [ [(.0)+ g/l dz <.
RN
and so ¢ = 0. On the other hand, we have
T+10)(6. =) =) == [ 170+ @mlopds,

where Id: (Erad)i - ((Erad)i)/a Id((d)afgb))((pvfcp) = 2<¢a §0>7 for all ¢390 €
H‘l,yrad(]RN). We claim that (T' + Id) is a compact operator. For that we write

T+41d = S; + S, where S1,55: (Frad)” = (Erad)” = ((Eraa) )’ are defined by
516, —9) = | F'e.0vpdo
S2(¢, =) (@, —¢) = /RN g'(z,n)¢p da.

Using the Strauss lemma, we obtain

C@)] < CUell Bl = e in AR,
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We can consider My = IT[lOaX] f'(s) and M3 = rr[l(?x]f'(s), ay defined by (2.3).
s€|0,c2 sel0,a1

If (¢, —Pn) — (¢0, —¢0) in (Eraq)” we have

[ 7016, = dueldo < (a4 My + 1) [ (6 = ).

RN
which implies
151(¢n, =dn) = S1(d0, =d0)ll((Boa)-) — 0-

Similarly, we can prove that

HSQ(¢7M _d)n) - S2(¢07 _¢0)||((Erad)7), — 0.

This proves that T + Id is a compact operator. From the Fredholm alternative
we conclude that T is an isomorphism. Finally, from (3.1), it follows that

G((w, w), (2(w), =2(w))) = PoI'(w+ &(w), w - ®(w))) =0,

for all w € H‘l/,rad(RN ). Then, by using the Implicit function theorem, we
conclude that ® is C. O

By Proposition 3.1, we can consider the reduced functional J : H‘l/’]rad (RM) =R
defined by

J(w) :I(w+¢w7w *@[}w)

=l = ol = [ [P+ )+ Glasw = )] de
Using the chain rule and (3.1), we obtain

J/(w)(¢) = I/(w + d)waw - ww)((ba ¢))a for all d) € H\l/,rad(RN)'

Setting K := {w € Hy,4RY) : J'(w) = 0} and K; := {(u,v) € Eraq :
I'(u,v) = 0}, we have the following result (see [6, Proposition 2]).

PROPOSITION 3.4. The map h: K; — K defined by h(w) = (w4, w—1y,)
is a homeomorphism between critical points of J and critical points of I whose
inverse h™t: Kr — K is given by h™(u,v) = (u+v)/2.

In view of the previous proposition, we will obtain the existence of solutions
for the modified system (2.8) via critical points of the functional J. The next
result shows that J has the mountain-pass geometry.

LEMMA 3.5. Assume (Vo)—(V1) and (Hy1)—(Hz) hold. Then, the functional
J satisfies:

(a) there exist 8,p > 0 such that J(w) > B for |w|| = p;
(b) there exists e € H‘l, (RN), with ||e|| > p, such that J(e) < 0.

rad
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ProoF. (a) From (Hz), given € > 0, there exists 6 > 0 such that, for all
z € RN,
F(z,s) < 252 and G(z,s) < 232, for all |s| < 4.

From (2.7) we can choose p sufficiently small such that for ||w]| < p,

F(z,w)dx < E/ w?dr and G(z,w)dx < E/ w? d.
2 ARQ

Rg Ro Ro -2
ARl ARl ARl

Since J(w) = I(w + thy, w — 1) > I(w, w), by (2.6), we obtain

J(w) > [w]]? - /RN (2, w) + Gla, w)] da

1
2||wH2—6/ wzdx—f/ V(z)w? dx
ARz 72

Ry

2/ {|Vw|2 + (1 — 1>V(9c)w2} dx — 5/ w? da.
RN ]f ARQ

Now, using that
/ w? da < C/ [[Vw]? + V(z)w?] da,
AgR? RN

for some C' > 0, we conclude that J(w) > Cy|lwl||?, which proves (a).
In order to prove (b) we consider ¢ € C’go(Agf) such that ¢(x) > ag > 0 for
all z € K, where K C supp(¢). For t > 0, it follows from (1.5) that

NWSfMW—LFww+wwM—AG@w—mwM

<ol = o [ (@0 + vy ot [ (00 0 o) 4T
K K
for some constants C,C > 0. Since

(2t6)2H" < 22 (1) + 1hig) )T + (16 — vig) )],
we get
J(t¢) < t2||¢H2 _ t2+6/0/ ¢2+6/ dr +€,
K

which implies (b) and this completes the proof. O

4. Palais—Smale condition

In this section we study the Palais—Smale condition for the functional I =
Ii: Eraa — R defined in (2.9) (see Remark 2.3). Let X be a Banach space,
I € CYX,R) and ¢ € R. We recall that a functional I satisfies the (PS).
condition if any sequence (wy,), C X (called a (PS). sequence) such that

I(w,) = ¢ and ||[I'(wy)|lx — 0,

has a convergent subsequence.
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REMARK 4.1. One can see that if I satisfies the (PS). condition then .J also
satisfies the (PS), condition.

LeEMMA 4.2. Assume (Vo)—(V1) and (Hy)—(Hz) hold. Under condition (Hs)
or (Hy) all (PS). sequences for I are bounded.

PROOF. First, assume (Hs). Invoking (2.10), we get

1) fual® + anH2::.AéN[f(x,un)vn‘+'g(w,vn)un]dx‘+*6nH(un,vn)H

where €, denotes a sequence of positive numbers such that €, — 0 as n — 0.
Since

21 (U, V) — I (U, V) (U, V) = /RN (f(z,un)up — 2F (2, u,)) dz

-ﬁéN@@ﬂmwn—2G@ﬂMDd%

using (2.4)—(2.6), we conclude that

2 !
[ Gl + gl va)on) do < 20 21, 00) = 1 a0 0,00
AR2

Ry

<O+ Cen(|l[(un, va)ll)-
From (H;) and (Hs), given € > 0, there exist 6. > 0 and C. > 0 such that
f(s)<es, 0<s<6., and f(s)<C.sP"' s5>6..

Now, using (2.7), we have

/ f(up)vy, dz
A2 {un >80}

(p—1)/p 1/p
(g e 8) (o)
AR20{un>d.} A2

Ry

(p—1)/p
< Cllonl| </R Flun) f(uy)t/ P~ dx)
AR?ﬂ{u"Z(iE}

(p—1)/p
<cul( [, fluunde)
ARfﬁ{unZ(Ss}

for some C. > 0. Then, we obtain

(4.2) flx,up)v, dx

Ra
AR1

SE/R (ui+v§)dx+CsH(umvn)H(C+gn(H(umvn)”))(p_l)/p.
AR?
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Similarly, we have

(4.3) / g(x, vp)uy do
Ap?
<c [t 2 do ol )€+ &l Cam )5,
AR

From (2.6), we get

1
(4.4) / (F (@ tn)vn + (2, vn)un) do < ~ / V(@) (2 + 02) d.
RN\Af2 ke Jrrafe

Thus, from (4.1)—(4.4), we deduce that

1
Jan® - Jlon” < (2Ce + k) (lunl® + lonll?) + (2C: + &) (un, o)
+ Ceen |ty 0a) |2~ D/PH 4 Oy || (un, ) | @D/ 74,

Considering € > 0 and k > 1 such that (2Ce + 1/k) < 1, since (2p —1)/p < 2
and (2¢ — 1)/q < 2, we conclude that (uy,,v,) is bounded in Fp.q.
Now assume that (H4) holds. Given € > 0, from (4.1) and (Hy) we have

il + ol << [ 2+ o2 o+ Ce [ (FG@un)un + gl va)vn) da

Ro
Ry Ry

+ / (st + 9 v )t e+ £ty 00
RN\ A2
Using (4.2) and (4.4), we obtain
2 2 1 2 2
a2 + [foal? < <2Oe+k)<|un T loal®) + Ce + Cutnll (s 0]l

Choosing € > 0 and k > 1 such that (2Ce + 1/k) < 1, we conclude that (u,,v,)
is bounded in FE,.q. O

Following the paper of M. del Pino and P. Felmer [13], in order to obtain the
Palais—Smale condition, the next result plays an important role.

LEMMA 4.3. Assume (Vo)—(V1) and (Hy)—(Hs) hold. Let (tn,vn)n C Eraq
be a bounded sequence such that

1 (s 0n) | (Braay = 05 10— 00

Then, given € > 0, there exists Ry > 0 such that for all R > Ry it holds

n—oo

lim sup/ [[Vun|? 4+ V(z)ul] do < e (respectively, v,).
{lzI>R}
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PRrROOF. Let R > 4Ry (R from hypotheses (V1)), consider a cut-off function
nr € C§°(RY,[0,1]) defined by

0 if |z < R/2,

nr(z) =
r(?) 1 if 2| > R,

and |Vng| < ¢/R, for some ¢ > 0. Here we will use the following notation:

||'U,n||727R = /RNHVU,J2 + V(z)u2|nrdx (respectively, v,).

Since (up,v,) is bounded in Ey,q, we have I'(uy,vn)(NRUn, NRUR) = 0n(1),
that is,

@)l + ol = [ (7)o + g0 d

— / Un Vg, - Vg — / v, Vo, - Vg + 0, (1).
RN RN

From (2.6), we conclude that

(lunllfy + lonll5,)-

el

/]RN (f(x7 un)vn + g(xvvn)un)nR de <

Then, by (4.5), we obtain

1 c
(1 - k) (lunlla, + llonllZ,) < g luallzelVunllze +llval 22 Vonllz2) + on(1).

Since (up,vy) is bounded, choosing R sufficiently large we obtain the desired

result. O

REMARK 4.4. One can see that if (up,v,)n — (u,v) weakly in E,,q so that
[ I' (tp, vp)|| = 0n(1) then (u,v) is a critical point of I.

LEMMA 4.5. Assume (Vo)—(V1), (H1)—(Hz) and (Hg) (or (Ha)) hold. Then
the functional I satisfies the (PS). condition for all c € R.

PROOF. Let (upn,vn) C Fraqa be a (PS). sequence for the functional I. By
Lemma 4.2, we have |[(un,v,)]] < C. Then, up to a subsequence,
U, = u and v, v in H‘l/,rad(RN).

Since I’ (tp, Upn)(Un, tn) = 0n(1) = I'(un, vy )(v,u) and I'(u, v) (v, un) = 0 =
I'(u,v)(v,u), we obtain

@) N =l + Jon =l = [ (F@0) = Flaw)o, do

n / (92, 0) — g, 0)unde + [ (Flasu) — flz,un))ode
RN RN

+ RN (g(m,v) - g(.’E,’Un))U dx + On(l)
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We claim that
[ ) = fwendz 50, 0o,
RN

In fact, we consider a ball B = Br(0) with radius sufficiently large such that
Agf C Bpg. Then, using (2.6) and Lemma 4.3, there exists R > 0 sufficiently
large such that

(47) [ ) = 1wy, do = o,(0).
RN\Bg

The Sobolev embedding together with (2.6) implies

/ (f(z,un) — f(z,u))*dz =0, n— oc.
Br\Ap?

Since (v,,) is bounded in L2(RY), we obtain

(48) [ ) = faa)on de = 0,(1).
Br\AR2

Moreover, using (2.7) and Lemma 4.2, we have |u,(2)| < C; and |v,(2)] < Cs,
for almost every = € Agf, for some constants C7,Cy > 0, and we conclude that

(49) [ (o) = faw)ondo = 0u).

R
Hence, by (4.7)—(4.9), the claim is proved. Finally, an analogous claim with
similar terms of (4.6) holds. Therefore, the proof of the lemma is complete. O

5. Proof of Theorems 1.2 and 1.3

Firstly we will prove the existence of solution for the modified system (2.8).
In fact we will show that this solution is also a solution of (1.1). For each & > 0
and w € Hy, ..4(RY), we get

In(w) = In(w + hw, w — Yy)
=l = ol = [ [P ) + Glaw = )] do.
Moreover, for all ¢ € HY . 4(RY), we have
Th(w)(0) = Th(w + thuy 0 — ) (,)
=2wphn— [ [0+ i)+ gle,w—bu)leds

PROPOSITION 5.1. Assume (Vo)—(V1), (H1)—-(Hz) and (Hs) (or (Hy)) hold.
Then, for each h > 0, the functional Jy possesses a nontrivial critical point
wy € HL J(RY) such that

5.1 J, = ¢p = inf Jr(y(t 0
(5.1) n(wn) = cx ;rel“rél[gﬁ] n(y(t)) >0,
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where I' = {v € C(]0, 1],H‘1/’rad(RN)) :(0) = 0 and Ju(y(1)) < 0}. Moreover,
(un, o) = (Wh+ Yy, , Wh—Pu, ) is a C*(RYN) positive solution of (2.8) such that

Iﬁ(uh, ’Uh) = Ck.

PRrROOF. Invoking Lemmas 3.5, 4.5 and the mountain-pass theorem, we obtain
a critical point wy, of Jy. In view of Proposition 3.4 we obtain that (w4, , ws—
Y, ) 18 a critical point of Ir. Denoting up = wp + 1y, and vy = wi — 1y, and
considering u;, = min{0, us}, we have I} (ux,vr)(0,u,, ) = 0, that is,
—/ (R?|Vuy |? + V(2)(uy, )?) do = / g(z,vp)u, dz > 0.
RN RN
Therefore, up > 0. Similarly, we obtain v; > 0 and, using the maximum princi-

ple, we conclude that uy and vy are positive. O

REMARK 5.2. Using standard elliptic regularity, one can see that ws, ¥, €
C2(RN), up = wp + y, and vy = wy, — 1y, are positive. Indeed, adding the
equations of (1.1) we obtain

(5.2) —h2Awy, + V(z)wp = f(z,up) + g(z,v5) in RY.

Then, we can apply classical regularity theory to equations (3.2) and (5.2) using
properties of f and g.

LEMMA 5.3. The minimaz level cy, defined in (5.1) satisfies
cn =o(h?), ash— 0.

ProoF. Consider ¢ € C§%,q(A?) such that ¢(z) > 0, for all z € RV,
and ¢(x) > ag > 0, for all z € K, where K C supp(¢) has positive measure.
Following the same arguments as in the proof of Lemma 3.5, we obtain Jp(t¢) —
—o00 as t — 0o. Thus,

cp < I{lzagc Jh(t¢) = Jh(th(b)a

for some ¢ > 0. Since V(x) = 0, for all 2 € A}?, we deduce that

(5.3) en < Tnltnd) < £ / B2V de.
ATQ

1

On the other hand, from J} (tr$)(¢) = 0, we have

(54)  tn /A*z WV o[ da = /RN [f (@, th¢ + Pr,) + 9(2, tho — Yu,0)]d d

1

> / £ (tn6 + i) + 9(tnd — Puno)|d d.
K
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Now observe that either there exists K; C K, with positive measure, such that
Yine = 0 in Ky, or there exists Ko C K, also with positive measure, such that
i, < 0 in Ko. In the first case, since f(s) is increasing for s > 0, we obtain
t
o [ Vol dn> [ o+ viode> [ forpdr>a [ L0
Aj2 K Ky K¢
Now, since f(s)/s also is increasing and lim f(s)/s = oo, we conclude that
S§—00
tr — 0 as h — 0. On the other hand, if 94,4 < 0 in Ky then —1)¢,4 > 0 in K.
Since g(s) is increasing, by (5.4), we have that
t
o[ WPz [ gtno—vypedrza [ 200
A2 K K, @
Thus, we obtain that ¢t — 0 as B — 0. Therefore, by (5.3), the proof is
complete. O

dx.

LEMMA 5.4. Assume (Vo)—(V1) and (Hy)—(Hs) hold. If (up,vsn) = (Wa+vuw,,
Wi, — Yo, ) 15 a solution of (2.8), obtained in Proposition 5.1, then

otn, on)l0szs = o), as B0,
where r = min{(p — 2)/p, (¢ — 2)/q} > 0.

PRrROOF. Note that
(5.5) lunlls + lonlls = /RN (f (@, un)on + g(, vr)un) dz
and

215 (un, vn) — Ip,(un, ) (un, vs) = /RN(f(l’a up)up — 2F (2, up)) dx

+ /RN (9(z,vp)vn — 2G(z,vp)) dx.

From (2.6), we obtain

/R (f(x,up)up — 2F (x,up)) de + /R (9(x,vp)vr — 2G(z,vy)) dx < 2c¢p,.
AR? AR?

By (2.4)-(2.6), we deduce that

!

(5.6) /AR2 (f(z,up)up, + g(x, vp)vp) de < 2+ 2ch,.

5/
Ry

Now, analogously to (4.2), we have
(5.7) /ARQ F, up)op da < s/AR2 (3 +v3) dz + CelP V7| (un, vn) I,
Ry Ry

and

(5.8) /A g(@, vn)up de < e /A (uh +v7) da + O™ (up, o) 1,
4 Ry

Ry
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where C' = C(g) > 0. Then, using (2.6), (5.5) and (5.7)—(5.8), we conclude that

1
Jonll + lenll < (2C= -+ 1 ) lunl + onl)

+ 20| (up, vh)”n(cép_l)/p 4 C;q—l)/q).

1

Considering € > 0 and k > 1 such that (2Ce + 1/k) < 1/2, we obtain
A\, vn) | s < Ca | (umy on) |l < AC (P D/P 4 cla=/ay,
Applying Lemma 5.3, we obtain the desired result. O

LEMMA 5.5. Assume (Vo)—(V1), (H1)—(Hz2) and (Hyg) hold. If (up,vn) =

(W + Yy, , Wk — Ya,,) 1S a solution of (2.8), obtained in Proposition 5.1, then

),
(un, va)|| x5 = 0r(1), as h— 0.

ProOF. From (5.5) and (Hy), given € > 0, there exists C. > 0 such that

ol + ol <= [ k) do+ Cc [ (Foun)un + gl vn)on) do

12 AR?
/ (@, un)on + gz, vn)un) da.
RN\ AR2

Using (2.6) and (5.6), we get

244

1
ol + ol < (€4 5 ) land + o) + 2025 e

Now, choosing € > 0 and k > 1 such that (Ce + 1/k) < 1/2 and assuming that
h <1, we obtain
n? 2 2 1 2 2 A
< Uunllzn + llonll) < S lunlli + llvallz) < Cen,
where C' > 0 is independent of i. Applying Lemma 5.3, we complete the proof.[]

PRrROOF OF THEOREM 1.2. For each h > 0, we consider (us, vs) a solution of
(2.8), obtained in Proposition 5.1. By (2.7), we have

and Uh(l') < C’”/UHHH1

Cllun
(5.9) un(z) < < L

= ‘x|(N71)/2

almost everywhere in RY \ {0}. We denote

mh:max{ max up(z), max vh(x)}.
2EDAL? T€OAR?

From (5.9) and Lemma 5.4, it follows that lims_,omp = 0. Thus, given a > 0,
let hg > 0 be such that my < a/2, for all h € (0, ho]. Then, (up + vy —a)™ =
in 6A§f. Since up + vy satisfies the equation

—R2A(u+v) + V(z)(u4v) = f(z,u) + g(z,v) inRY,
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we obtain

/ B2V (up +vp —a)T|* dx = / =V (2)un + f(x,un)](up + vy —a)t d
D D
+ [ V@ + gl + o —a)* do,
D

where D = RV \Tgf. By (2.6), we have
—V(x)s+ f(z,s) <0 and —V(z)s+g(z,s) <0,

for all z € RV \ AIFE’ and s > 0. Thus,

/ B2V (up +vp —a) T2 dz <0.
D

Hence, up +vr, —a < 0 in RY \Agf. Now, choosing a = min{ay, as}, where a4

and ay were defined in (2.3), we conclude that up < a; and v; < ag in RV \Ag’f.
Then,

f@,un) = f(up) and  g(w,vs) = g(vs) n RV \ AR,
Therefore, (up,vy) is a solution of (1.1) for all & € (0, ho]. O

PrROOF OF THEOREM 1.3. The proof is analogous to the proof of Theo-
rem 1.2 with Lemma 5.4 replaced by Lemma 5.5. O
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