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NONLINEAR NONCOERCIVE NEUMANN PROBLEMS
WITH A REACTION CONCAVE NEAR THE ORIGIN

PASQUALE CANDITO — GIUSEPPINA D’AGUi
NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. We consider a nonlinear Neumann problem driven by the p-
Laplacian with a concave parametric reaction term and an asymptotically
linear perturbation. We prove a multiplicity theorem producing five non-
trivial solutions all with sign information when the parameter is small. For
the semilinear case (p = 2) we produce six solutions, but we are unable to
determine the sign of the sixth solution. Our approach uses critical point
theory, truncation and comparison techniques, and Morse theory.

1. Introduction

Let © C RY be a bounded domain with a C2-boundary 9. In this paper,
we study the following nonlinear Neumann problem:

—Apu+ B(2)|uP?u = Aul"?u + f(z,u) in$,
(Px) Ju

— =0 on 012,

on
for B € L™(Q), B(z) > 0 almost everywhere in Q, with 5 # 0, Apu =
div(||Vu||?~2Vu) the p-Laplacian operator, 1 < p < +oo, and n(-) the out-
ward unit normal on 9. Moreover, A > 0 is a parameter and ¢ € (1,p). So,
the term \|z|9~2z is strictly sublinear (concave term). In addition, we assume

that the perturbation f(z,z) is a Carathéodory function (i.e. for all z € R,
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z — f(z,x) is measurable and for almost all z € Q, x — f(z,z) is continuous)
which exhibits (p — 1)-linear growth near +co.

Our aim in this paper is to prove a multiplicity theorem for problem (P))
for certain values of the parameter A and provide sign information for all solu-
tions produced. More precisely, we show that for all parameters A > 0 suitably
small, problem (P,) has at least five nontrivial smooth solutions, four of con-
stant sign (two positive and two negative, Proposition 3.6) and the fifth is nodal
(Theorem 4.3). In the semilinear case (p = 2), we produce six nontrivial smooth
solutions, but we are unable to determine the sign of the sixth solution (Theo-
rem 5.2).

In the past, problems with concave terms and asymptotically linear pertur-
bations were studied primarily in the context of semilinear (p = 2) Dirichlet
equations. We mention the works of de Paiva and Massa [4], Hu and Papa-
georgiou [12], Li, Wu and Zhou [16], Perera [25] and Wu and Yang [27]. Ex-
tensions to the Dirichlet p-Laplacian can be found in Guo and Zhang [10] (for
p > 2), Gasinski and Papageorgiou [8] (singular problems), [9] (positive solu-
tions of anisotropic problems), Kyritsi and Papageorgiou [14] (pairs of positive
solutions) and Motreanu, Motreanu and Papageorgiou [19] (problems which have
an asymmetric reaction, superlinear in the positive direction and coercive in the
negative direction; this leads to a different geometry and a distinct multiplicity
theorem with respect to our framework). For Neumann equations we mention
the work of Motreanu, Motreanu and Papageorgiou [20], who study the equation

—Apu+ MuP"2u = f(z,u) in Q, % =0 on 09.

Here A > 0 is a parameter and f(z,z) is a Carathéodory reaction exhibiting
a concave term near zero. A multiplicity result is proved (including a nodal
solution) for A > 0 small (Theorem 4.3).

We should also mention the work of Motreanu, Motreanu and Papageor-
giou [21] which inspired our results on the semilinear case (see Section 5).

Our approach uses critical point theory, combined with suitable truncation
and comparison techniques, and with Morse theory (critical groups).

The paper is arranged as follows. In the next section, for the convenience
of the reader, we recall the main mathematical tools that we use in this work.
Section 3 is devoted to constant sign solutions for (P ), Section 4 to the existence
of a nodal solution, and the semilinear case is studied on Section 5.

2. Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote
the duality brackets for the pair (X*, X). Given ¢ € C'(X), we say that ¢
satisfies the “Cerami condition” (the “C-condition” for short), if the following is
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true: “Every sequence {2, },>1 C X such that {¢(z,)}n>1 C R is bounded and
(14 ||znl)¢' (zn) = 0 in X* as n — oo,

admits a strongly convergent subsequence”.

This compactness-type condition is in general weaker than the usual Palais—
Smale condition. Nevertheless, it is strong enough to prove a deformation theo-
rem and from it to derive the minimax theory of certain critical values of ¢. In
particular, we have the following result, known in the literature as the “mountain
pass theorem”.

THEOREM 2.1. If X is a Banach space, ¢ € C1(X), xg,21 € X, p > 0,
[zo — 21|l > p,

max{p(zo), p(1)} < inf{p(z) : ||z = zoll = p} =7,

= inf t
c=inf Jmax (v(t))

where T' = {y € C([0,1],X) : v(0) = xo,7(1) = z1} and ¢ satisfies the C-
condition, then ¢ > n, and c is a critical value of .

Important in our analysis of problem (P,) will be the Banach space C(Q).
This is an ordered Banach space with positive cone

Cy={uecC'Q):u(z) >0, for all z € Q}.
This cone has nonempty interior given by
intC = {ueCy:u(z) >0, for all z € Q}.

We denote by |||, the usual norm on LP(£2) and by ||- || that on W () defined
by
lull = (1Dullf + [[ulp)/?,  for all u € WHP(Q).
The same notation will also be used to denote the norm in RY. However, no
confusion is possible, since it will always be clear from the context which norm
we use.
Now, we introduce some basic definitions and results concerning the following

Neumann problem:

—Apu+ B(2)|uP~?u =1(z,u) in Q,
(P1) Ju

— =0 on 00,

on
where 1 < p < 400 and l: QxR — R is a Carathéodory function with subcritical
growth with respect to the second variable, i.e.

(I*) there exist a nonnegative and nontrivial function o € L®(Q) and 1 <
r < p*, such that

l1(z,2)] < a(z)(1+ |z|""), for a.a. z€ Qandall z € R,
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where p* = pN /(N —p), if p< N and p* = 400, if p > N.
A weak solution of problem (P)) is any function u € W1P(Q) such that

(2.1) /Q[||Du||”_2(Du7 Dv)gy + B(2)|ulP~?uv — I(z,u)v] dz = 0,

for v € WHP(Q). We recall that u € WP(Q) is a sub-solution, while u €
WLP(Q) is a super-solution for problem (P)), if du/dOn < 0 < 9u/dn on 99, and

@2 [ 1Dulr (D Do) + B P = Uz wy ds <0

(2.3) /Q[HDEHP*Q(DE, Dv)r~ + B(2)[@P~?wv — (2, @)v] dz > 0,

for all v € WHP(2), v > 0 almost everywhere in €, respectively. Set
L(z,x) = /:l(z, s)ds for all (z,x) € 2 x R.

It is well-known that the critical points of the C'-functional

—1 ul|P 1 2)|u(2)|P dz — z,u(z))dz, wu Lp
‘I’(U)prD ||p+p/96()|()ld /QL(,())d, € WHP(Q),

are the weak solutions of problem (P)).
The following proposition is a particular case of a more general result due to
Motreanu and Papageoegiou [18].

PROPOSITION 2.2. If ug € WHP(Q) is a local C1(Q)-minimizer of ®, i.e.
there exists pg > 0 such that

®(ug) < @(ug +h), for all h € CH(Q) with |[h]| o1 gy < po,

then ug € C1(Q) with n € (0,1) and it is a local WP (Q)-minimizer of ®, i.e.
there exists p1 > 0 such that

®(ug) < ®(ug + h), for allh € WHP(Q) with ||h|wrso) < p1.

Let z € R. We set 2% := max{+x,0} and for v € WHP(Q), we define
ut () =u(-)*. We know that u* € WP(Q), ju| =ut +u~ and v = ut —u~.

The Nemytskii map corresponding to a measurable function h: 2 x R — R
is indicated as

Np(u)(-) =h(-,u(-)), forallue Wr(Q).

Let A: WhP(Q) — WLP(Q)* be the nonlinear map defined by
24)  (Au),v) = / |DulP2(Du, Do)gn dz,  u,0 € WP(Q).
Q

We have the following well-known result.
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PROPOSITION 2.3. The nonlinear map A defined by (2.4) is mazimal mono-
tone, it maps bounded sets to bounded sets and it is of type (S4), i.e. if up, — u

in WHP(Q) and lim sup(A(uy,), u, — u) <0, then u, — u in WHP(Q).
n—-+oo

In [24] we find

LEMMA 2.4. Let 8 € L () be a nonnegative and nontrivial function. Then,
there exists cg > 0 such that

o(u) = || Dul} —I—/Qﬂ(z)|u(z)|p dz > collull?,  for all u € WHP(Q).

Now, we introduce some suitable truncations associated with the nonlin-
earity [, which will play a crucial role in localizing the critical points of suitable
energy functionals strictly related to the functional ® associated to problem (Py).

Let w and v be two functions in W1P(Q), with v < w, we consider the
following three Carathéodory functions [*,1,,[Y: & x R — R defined, for every
(z,2) € Q@ x R, by putting

l(z,z), x < w(z),

“(z,x2) = ly(z,2) =
FO V), aswe, U0 T Ve, e,

l(z,v(2)), =z <wv(z),
L (z,2) = L U(2, ), v(z) <z <w(z),
l(z,w(z)), x>w(z).
Moreover, denote with LY, L, and LY the antiderivatives of {,[, and [{ re-

spectively (for instance, L"(z,x) = [ 1" (2, s) ds for every (z,z) € Q x R). We
consider the following functionals defined on WP (€):

B () = "g‘)—/ﬂLw(z,u(z))dz, By (u) = "g”—/QL,,(z,u(z))dz,
Y (u) = a;u) - /QLﬁ(z,u(z))dz.

Such functionals, see [7], are weakly lower semicontinuous and continuously
Gateaux differentiable on W1P(Q).
We give the following results which summarize some classical results for (P}).

LEMMA 2.5. Letl: Q x R — R be a Carathéodory function.

(li) Assume that (1*) holds with r < p. Then, problem (P)) admits a weak
solution w which is a global minimum for the functional ®, i.e. ®(w) =
inf{®(u) : u € WHP(Q)}. In addition suppose that there exists § € R
such that

oP
(2.5) / (ﬂ(z) — L(z, 0)) dz <0,
Q\P
then w is nontrivial.
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Let w be a weak solution of problem (Py). Then:

() we Ch(Q),0<n< 1.

(13) Suppose that, for every p > 0, there exists £, > 0 such that the function
zl(z, ) + &plxlP > 0 for almost all z € Q provided that |x| < p. Then,
if w is nonnegative (nonpositive) and does not vanish identically in €,
w € int Cy (—int Cy).

(la4) Assume that l(z,0) > 0 for almost all z € Q. Then every nontrivial weak
solution of problem (P1,) turns out to be a solution of problem (Py), as
well as, if 1(z,0) < 0 for almost all z € Q, then every nontrivial weak
solution of problem (Po) turns out to be a solution of problem (Py).

PROOF. For completeness we give a sketch of the proof of the above asser-
tions.

(1) Bearing in mind Lemma 2.4, because W?(Q) is embedded in L™(Q), for
every 1 < r < p*, there exist two positive constants ¢; and ¢, such that from
the growth condition (1*), for every u € W1P(Q), we have

r”alloo
T

[lev]
O(u) = collull” = lltlloofull — ===l

ullz = collull” = crllalloo fJull — ¢ [l]]"
which implies that ® is coercive, since r < p. Moreover, standard arguments
show that ® is also weakly lower semicontinuous. Since, WP (Q) is a reflexive
Banach space, the Weierstrass Theorem ensures that our conclusion holds. In
particular, by (2.5), an immediate computation furnishes that w is nontrivial.

(I3) Taking into account [11], where the authors proved that w € L (), the
assertion is an immediate consequence of the regularity results contained in [15].

(I3) Suppose that w is a nonnegative and nontrivial solution of problem (Py).
Since, we have that Ap,w < (|| B|cc +£&,)wP™!, Vazquez’s maximum principle [26]
gives at once our conclusion. If w is nonpositive, we can work analogously.

(I4) If w is a nontrivial weak solution of problem (Py,), testing (2.1) with
v = —w~ and by making use of Lemma 2.4, we have

collw |7 < /Q (IDw |7 + (2w |P) dz = — /Q Iz, 0w dz <0,

hence w > 0 and therefore w is also a solution of problem (P;). In the other
case, we work in a similar way:. O

LEMMA 2.6. Let w and w be respectively a sub-solution and a super-solution
of problem (P)) such that w < W, we have:

(a) If w is a critical point of ®“, then one has that w < W
(b) If w is a critical point of ®,,, then one has that w < w.
(¢) If w is a critical point of @g, then one has that w < w <w
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PRrROOF. We give the proof just in the first case, because in the others cases
we can work in a similar way. Since, w is a critical point of ®¥, we have

Alw) + Bl w = Nys(w).

We act on this with (w — w)™ € WP(Q) and bearing in mind that w is a
super-solution for problem (P)), we get

(A(w), (w /mwv’ (=) dz = [ 17 0(:) 0 —w)* d:

= / 1“(z,w(2))(w—w)" dz < (Aw), (w—w)") +/ BlwP*w(w —w) " dz.
Q Q

From this, we infer that
/ (||Dw|[P~?Dw — ||Dw||P~2Dw, Dw — DW)gx~ dz
{w>w}

—|—/ B(|lw[P~*w — |[w|P~*w)(w —w) " dz < 0.
{w>w}

Hence, since 5 > 0, according to 2 < p or 1 < p < 2 there exist two positive
constants by and by, see Gasinski and Papageorgiou [7, p. 740], such that, for
i =1,2, we have

lDCw @) I+ [ B((w - w)* P dz <o,
Q
which clearly implies that |[{w > W}y =0, i.e. w <. O

REMARK 2.7. We observe that if {(z,0) > 0 for almost all z € §, we have
that w = 0 is a sub-solution of problem (P;) as well as if [(z,0) < 0 for almost
all z € Q, we have that w = 0 is a super-solution of problem (P;). So, it is clear
that the conclusions of Lemma 2.5 in case (1) can be obtained also from (a) and
(b) of Lemma 2.6.

Now, we consider the following nonlinear eigenvalue problem:

—Apu+ B(2)|ulP~2u = Mu[P~2u  in
(2.6) Ju

— =0 on €,

on
with 8 € L*°(Q), nonnegative and nontrivial. A more general version of (2.6) is
studied in [22], where the potential function 8( -) is indefinite (i.e. sign changing).
So, in [22], it is proved that problem (2.6) has a smallest eigenvalue A\;(8). In
our case, for this eigenvalue, we have:
e \i(B) > 0, see Lemma 2.4;

o\ () is simple (i.e. if u, v are two eigenfunctions corresponding to 1 (8),
then u = &v for some £ # 0);
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o\ (B) is isolated (i.e. there exists € > 0 such that (Xl (5)&1 (B)+¢) does
not contain any eigenvalue of (—A,, W1?(Q), 3).

The eigenvalue has the following variational characterization:

(2.7) M(B) = inf{

o(u)

cu € WHP(Q), u# 0},

[l
where o(u) has been introduced in Lemma 2.4. The infimum is actually realized
on the one dimensional eigenspace corresponding to Xl(ﬂ) > 0. It is clear from
(2.7) that the elements of this eigenspace do not change sign. By %; we denote the
positive, LP-normalized (i.e. |||, = 1) eigenfunction corresponding to A;(8) >
0. Lemma 2.5 implies that u; € int C;.

Using the isolation of X1(ﬂ) > 0, we can also define the second eigenvalue
XQ(ﬁ) > 0 and via the Lusternik—Schnirelmann minimax scheme, we can have
a whole sequence {\, (8)}r>1 of distinct eigenvalues (usually called “variational
eigenvalues”) such that e (8) T +00. We do not know if these are all eigenvalues.
This is the case, if N = 1 (ordinary differential equations) or p = 2 (linear
eigenvalue problem).

In this latter case, by E(Xk (8)), we denote the eigenspace corresponding to
Xk(ﬁ). As a direct consequence of this property, we have that

(61) If ©(2) > A(B) for almost all z € Q, O(z) # Ap(B) with k > 1, then

k
o(u) — / Ou?dz < —e1|lul|? forallue @E(X(ﬁ)), and some ¢; > 0.
Q i=1

(02) If B(2) < }\\kJrl(/B) for almost all z € Q, O(z) # Xk(ﬁ) with £ > 1, then

o(u) —/ Ou*dz > ey|ul|®* for all u € @ E(i(B)) and some &5 > 0.
Q i>k+1
Next let us recall some basic facts from Morse theory. Let X be a Banach
space and let (Y7,Y5) be a topological pair such that Yo C Y7 C X. For every
integer k > 0, by Hy(Y7,Y3) we denote the k" relative singular homology group
with integer coefficients. For k < 0, we have Hy(Y7,Y2) = 0.
Given ¢ € C'(X) and ¢ € R, we introduce the following sets:

o= fre X pla) < o).
Ky ={reX:¢'(x)=0}, K;:={reK,: p)=c}

Let u € X be an isolated critical point of ¢ with ¢(x) = ¢ (i.e. u € Kg). The
critical groups of ¢ at u are defined by

Cr(p,u) = H(e°NU, o NU \ {u}), forall k>0,

where U is a neighbourhood of w such that K, N ¢°NU = {u}. The excision
property of singular homology implies that this definition of critical groups is
independent of the particular choice of the neighbourhood U.
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Suppose that ¢ € C'(X) satisfies the “C-condition” and inf p(K,) > —o0.
Let ¢ < inf ¢(K,). The critical groups of ¢ at infinity are defined by

Ci(p,00) = Hp (X, ¢°), forall k> 0.

By virtue of the second deformation theorem (see, for example, Gasinski-Papage-
orgiou [7, p. 628]), we have that the above definition of critical groups at infinity
is independent of the choice of the level ¢ < inf p(K,).

3. Solutions of constant sign

In this section, we produce nontrivial solutions of constant sign and we lo-
calize them. For this purpose, we introduce the following conditions on the data
of (P,\)

H(B) B € L*>=() is a nonnegative and nontrivial function.
(H1) Let f: 2 x R — R be a Carathéodory function such that f(z,0) = 0 for
almost all z € Q and satisfying:
(a) for every p > 0, there exists a, € L>(2) such that |f(z,z)| < a,(2)
for almost all z €  and all |z| < p;
(b) there exist n € L*°(Q2) and a positive constant 7 such that n(z) >
A1(8) almost everywhere in € and

o flzw) f(z,2)
n(z) < lm jnf |z|P—22 = lﬁigf |z[P—2z

<7 uniformly for a.a. z € Q;

(c) there exist & > 0 and 7 € (g, p] such that

&o < liminf

uniformly for a.a. z € Q,
r—+oo |Jj""

with F(z,z) = [ f(z,s)ds, (z,2) € Q x R;
(d) there exist dp € (0,1) and r > p such that
0<zf(z,z) <ci|z]", foraa. z€Qand |z| <dp, and some ¢; > 0,
and for every p € (0,6p), we can find €, > 0 such that
en < |f(z,2)|, foraa. ze€Qandallz e [u,d);

(e) for every p > 0, there exists £, > 0 such that for almost all z € €,
the function

x> f(z,2)+ §p|x\p*2x € R,

is nondecreasing on [—p, p].

Just to show that the class of functions satisfying H(S) and (H;) is nonempty,

we give
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EXAMPLE 3.1. Let a € C%(Q) with inga(z) > ap >0 and let p,m, 7, c; and
zE

co be five positive constants such that
g<n<p<r, ca—c=1, C2a0>X1(5).

The following function, defined in Q x R, satisfies hypotheses (Hg) and (H;):

a(z)z|" "2, [ < 1,

a(z)(ca|z|P~22 — c1]x|"22), |x| > 1.

f(Z,.’E) =

Now, to study problem (P,), for every A > 0, we consider the following
Carathéodory function Iy : 2 X R — R defined by

In(z,2) = Al %2 + f(z,2), (2,2) € QxR

and the corresponding energy functional ®y: W1P(Q) — R given by
=—— - / La(z,u(2))dz, for all u € WhP(Q),

p Q
where o(u) is given in Lemma 2.4 and Lx(z,2) = [, lx(2,s)ds for (z,2) €
Q x R. Evidently ®, € C*(W1P(Q2)). Hypothesis (Hy)(b) makes ®, indefinite
(noncoercive).

PROPOSITION 3.2. If hypotheses H(B) and (Hy)(d), (e) hold, then there ex-
ists \* > 0 such that for every A € (0,\*) problem (Py) has two nontrivial
constant sign solutions ug € int Cy and vo € —int C4, both local minimizers of
the functional @) .

PROOF. Let u; € int C be the positive LP-normalized principal eigenfunc-
tion for problem (2.6). Since 1 < ¢ < p and J§y € (0,1) is as in (H;)(d), there
exists t € (0,1), small enough, such that

(3.1) t1(2) € (0,60, (Ma(B) + 1Blloe) (18 (2)) < A(tAT ' (2)

for all z € Q. From this, owing to (H;)(d), we prove that u := tii; € int C is
a sub-solution of problem (P,). Indeed, one has

(3.2) —Apu(2) + B2)uP 7 (2) £ i (B) + [1Blloo)uP ™! < M7 (2) + f(2,u(2)).

To construct a super-solution for problem (P,), we use the following auxiliary
Neumann problem:

@:0 on 0F), ¢ >0,
on

which, by Lemma 2.5, admits a solution ¢ € int C .

~Apc+B(z)Pt =1 inQ,

CramM. There exists \* > 0 such that for every A € (0,\*) we can find
m =n(\) € (0,00/|c]|so) such that

(3-3) Amlellse)?™" + er(mllel o)™t < h ™,
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where ¢; is involved in (H;)(d). We argue by contradiction. So, suppose that
the claim is not true. Then, we can find )\, — 0T such that, for every n €
(0,80/]|¢]lo0), We have

777 < Aa(nllellse) ™ + er(llef o)

From this, when n tends to +oo, we get 7?1 < c1(n)|clloo)” 1, that is 1 <
c1n"Plle||"st. Since 7 > p and n € (0,80/|c|«) is arbitrary, when n — 07, we
reach a contradiction and this proves the claim.

Let @ = mc € int C.. We observe that @(z) = n1¢(z) < dg for all z € Q and
by making use of (3.3) and (H;)(d), for almost all z € 2, we obtain

(34)  —Auu(z) + B =1 [Ae) + B =i

>N (2) + Tt > u T (2) + f(z,1(2),
that is, @ is a super-solution of problem (P,). Since @ € intCy, by taking
t € (0,1) even smaller, we can have u = tu; < u.

We consider the following truncation of the reaction term of (Py) (see Lem-
ma 2.5):

Cl-functional, namely

(@A)Z(u) = w — /Q(L,\)g(z,u(z)) dz, forallue Wl’p(Q).

Using Lemmas 2.5 and 2.6, the functional ()" admits a critical point ug €

int C'y which is a global minimum such that u < uy < u. More precisely, we can
improve this conclusion, we prove that

(3.5) Up € inten gy lu, ul.

Indeed, let 6 € (O,mg%nuo) and set usg = ug — 0 € int C;. Let p = ||ul| and
let £, > 0 be as postulated in (Hy)(e). We have that there exists 6(§) — 07 as
d — 0%, such that, by (3.1), we get
(3.6)  —Ayus(z) + (B(2) +E)ul " (2)

> — Apuo(2) + (B(2) +&)uf " (2) — 0(6)

=g (2) + f(z,u0(2)) + Eup " (2) — 6(5)

> M (2)(2) + flz,u(2) + EuP T (z) — 0(8)

> — Apu(z) + B(2)uP 7 (2) + EuP T (z2) + f(zu(2)) - 0(9).
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Let g = minu > 0, with u € int C;.. Then by virtue of hypothesis (H;)(d), we
Q

have f(z,u(z)) > &, > 0, for almost all z € . Thus, since 6(5) — 0" as § — 0F,
we can find §* such that, for all § € (0,5*], we have

f(z,u(2)) > &, > 6(0), foraa. ze.
Hence from (3.6), we have
—Apus(2) + (B(2) + E)uf ' (2) = =Apu(2) + (B(2) + &,)u” " (2)  ae. in
which implies that
(3.7) u<us=up—, u€intCy.

Similarly, taking into account (3.3) and (3.4), if for § > 0 we set us = us + 9 €
int C'y, then

—Aytis(2) + B(2)a5(2)

< — Apup(z) +5(z)up—1(z) + 5(5) with 5(d) as & — 07,

=uf ! (2) + [ (2, u0(2)) + p(0)

< g (2) + eruf ' (2) + p(6)

<Amllelloe)® + er(mlleloo)™™" + A(6)

< for all § € (0,6),
for some 6* > 0,

= — AT+ B(2)u 7 (2) a.e. in Q.

Hence, arguing in a similar way as in the proof of Lemma 2.6, it follows that
s < w which ensures that

(3.8) u—ug €int Cy.
From (3.7) and (3.8), we have ug € into g [u, 7] and it follows that
(b/\hﬁﬂ] = (q))\)@[%g] +d, for some d € R;.

Therefore, we have that ug is a local C'(Q)-minimizer of ®, and thanks to
Proposition 2.2, a local W1P(Q)-minimizer of ®,.

Working with (Ix)}(z,2), we can produce as above a nontrivial negative so-
lution vy € —int C'y with vy € inten g [v, 7], where v = —nyc and U = —tu; with
t € (0,1) small. Moreover, vy is a local minimizer of ®. O

To produce extremal constant sign solutions for problem (P)) for every
A € (0,A*%), i.e. a smallest nontrivial positive solution and a biggest nontriv-
ial negative solution, we consider the following auxiliary problem:

(3.9) —Apu+ B(2)|ulP?u = Au|?*u in Q, g—z =0 on 0N
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For this problem we have the following result.

PROPOSITION 3.3. If hypothesis H(B) holds and X\ > 0, then problem (3.9)
admits a unique positive solution uy € int Cy and a unique negative solution
i)\)\ = —it\)\ € —int C+.

PROOF. Since g < p, the existence of a nontrivial solution @y € int C is an
immediate consequence of Lemma 2.5. To prove the uniqueness, we consider the
integral functional v, : L'(Q) — R = RU {+oc0} defined by

1HDul/pHg + 1/ B(2)u(z)dz for u >0, ul/P € WHP(Q),
Yi(u): =< P pJa
+00 otherwise.

From Diaz—Sad [5, Lemma 1], we know that v, is convex. Also, by Fatou’s
Lemma, 4 is lower semicontinuos.

Let u,v € int Cy be two nontrivial positive solutions of (3.9). Then u,v €
dom~y and if h € CY(Q) for ¢t € (—1,1) small in absolute value, we have that
u+th and v+th € dom~y, and so v; is Gateaux differentiable at u and v in the
direction h. In fact, using the chain rule and the density of C1(Q) in W1P(Q),
for every h € W1P(Q) we have

_ p—1 _ p—1
vy (uP)(h) = %/{Z%hd@ Yy (WP)(h) = %A%hda
By virtue of the convexity of v, , we have that the map u — v/ (u) is monotone
and so it follows

0 <p(yy (uP) =4 (VP), uP — vP) L1 (q)

—Apu+ BuP~t —Ayv + BoPl
- /Q ( pup_l — pvp_l (uP —vP)dz

:)\/ <pl_qp1_q)(upvp)d2§0
0 \U (%

which implies that « = v. This proves the uniqueness of the solution @y € int Cy.

Since the nonlinearity |u(-)|?7 2u(-) is odd, Uy = —u € —int Cy is the unique
negative solution of problem (3.9). O

Another auxiliary result that we will need to reach our goal of establishing
the existence of extremal nontrivial constant sign solutions for problem (P,) for
every A € (0, \*) is the following:

PROPOSITION 3.4. If hypotheses H(B) and (Hy)(d), (e) hold, X € (0,\*) and
t € (0,1), then problem (Py) has a smallest solution in [tu,u] and a biggest
solution in [v,tv].

PROOF. Let :S'\j{ be the set of solutions of (Py) in the order interval [tu,T]
(see the proof of Proposition 3.2). From Aizicovici, Papageorgiou and Staicu [1],
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we know that the set .§;\r is downward directed (i.e. if uy,ug € §;\", there exists
u € S’? such that u < u; and u < ug). Let C C §;\r be a chain (i.e. a totally
ordered subset of §;\r) From Dunford and Schwartz [6], we can find a sequence
{tn}n>1 C C such that inf C' = TllI;fl u,. Clearly, for every n > 1, we have

(3.10) Alup) + Bub™ = Ml + Ny(up),  uy, € [tu, ).

Consequently, it is a simple matter to see that the sequence {u,} is bounded in
WLP(Q). So, we may assume that

(3.11) U, —u in WHP(Q) and wu, —u in LP(Q) as n — oo.

On (3.10) we act with u,, —u € WHP(Q), pass to the limit as n — oo and use
(3.11) to prove that
lim (A(up), u, —u) =0,

n—oo
which implies, see Proposition 2.3,
(3.12) Uy, — u € WHP(Q).

Therefore, if in (3.10) we pass to the limit as n — oo and use (3.12), then we
have
A(u) + fuP™t = xu?7t + Ny (u),

that is u € §j\' and v = inf C. Since C' is an arbitrary chain in :S‘\;\r, by virtue of
the Kuratowski—Zorn Lemma, we have that there exists a minimal element 7y of
§j Let v € :S’\;\r Since §;\r is downward directed, we can find y € §j such that
y < g and y < v. The minimality of 1 implies that iy = y and g < v, hence
Up is the smallest element of §j\'

Let .§; be the set of solutions in the order interval [v, tv]. This set is upward
directed (i.e. if vy,vq € §;7 there exists v € §; such that v > v and v > v,
see [1]). Reasoning as above, via the Kuratowski-Zorn Lemma, we produce
vy € —int C, the biggest element of §/\_. O

Now, we are ready to produce the extremal nontrivial constant sign solutions
for problem (P) for every A € (0, \*).

PROPOSITION 3.5. If hypotheses H(B) and Hy(d), (e) hold and X € (0,\*),
then problem (Py) has a smallest positive solution u, € intCy and a biggest
negative solution v, € —int C,..

PRrROOF. Let &, € (0,1), &, 0. For all n > 1, from Proposition 3.4 we
know that problem (P)) has a smallest solution @, € [u,, = e,u,T]. Moreover,

we have
Ayt (2) + BRI (2) = NBL (=) + f(2, () a2 e,

Oy,

o 0 on Of).
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From Lieberman [15, Theorem 2], we can find § € (0,1) and My > 0 such that
(3.13) i, € CY(Q) and [tnllcro@ < My, foralln=>1.

From the compact embedding of C(€2) into C1(2) and (3.13), we see that we
may assume that

(3.14) U, — u, in C*(Q).

By contradiction, we suppose that u, = 0. Then, we can find nyg > 1 such that
Un(z) € (0,60] for all z € 2 and all n > ng. In particular, by (H;)(d), we have

(3.15) f(z,2) >0, fora.a. ze€, all z €0,u,(z)] and all n > ng.

Since 4, € int C, we can find t,, > 0 such that t,,uy < U,, where u) is the unique
positive solution of problem (3.9) (see, Marano and Papageorgiou in [17]). Let
t, > 0 be the biggest such positive numbers and suppose that ¢, € (0,1). For
§>0,let u} =7y +6 €intCy. Let p =[]l and let &, > 0 be as postulated
by hypothesis (H;)(e). Bearing in mind (3.9) and Proposition 3.3 as well as that
q < p, we can find p(d) — 07 as § — 07, and §* > 0 such that, for all n > ny,
we have

—Ap(taT}) + (B(2) + &) (taT3)P

<t =A@ + (B(2) + &) ]

=t INGLT €, ()P u(9)

A (nin) !+ €t + AT — 1l + (o)

< )\(tn%\)q*l + fp(tnﬂA)pfl for § € (0,0"]

<At T2) T A+ F (2, tnT) + Ep(tnlin)P !

<N f(2 ) + &

= — Ay, + (B(z) + &,)ul 1 (2), a.e. in .
From this, by standard arguments, we infer that tnﬂ‘i < U, for all n > ng and
all § € (0,6*] which implies that @, — t,u € intCy and this contradicts the
maximality of ¢, > 0. Therefore, we have ¢, > 1 for all n > 1. Hence, one
has uy < 4, for all n > 1. So, it results that 0 < Uy < uy, i.e. u, > 0, again

a contradiction. Therefore, u, # 0 and u, € int Cy and u) < u,. Moreover,

since
A(Uy) + Bulr = A\ad™ + Ny (@), forall n > 1,

passing to the limit as n — oo and using (3.14), we obtain

A(un) + Bul ™" = M~ + Ny (u.),
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so u, € int Cy is a solution of (Py). Clearly, u. € int C is the smallest non-
trivial positive solution of (Py). Similarly, we produce v, € —int C'y the biggest
nontrivial negative solution of (Py). O

PROPOSITION 3.6. If hypotheses H(B) and (Hy) hold and X € (0,\*), then

problem (Py) has two more nontrivial constant sign solutions:
veintCy, ve€—-intCy and wuy<u, ug#u, 0<wvg, 0VFuvg.

PrOOF. From Proposition 3.2 we know that problem (Py) has a nontrivial
solution ug in the order interval

0,7 = {u € WHP(Q) : 0 < u(z) <(z) ae. in Q}.

We may assume that ug is the only nontrivial solution of (Py) in [0,%] (otherwise
we already have a second nontrivial solution of (Py) and the two solutions are
ordered, since the solution set is downward directed). Using ug € int Cy, we
introduce the following truncation of the reaction in problem (P):

Mld7H2) + fzu0(2)) if @ < ug(2)

(3.16) (IN)uy (2, ) =
’ Az?71 + f(z,7) if x > ug(2).
This is a Carathéodory function and, using the notation adopted is Section 2,
we set
_ O'(U) 1,p
(P (1) = > (L))o (2,u(2))dz, for all u € WHP(Q)).
Q

CrLAaM 1. The function (®)),, satisfies the C-condition.
Let {u,} € W1P(Q) be a sequence such that

(3.17) (@) ug (un)| < Ma, for some My > 0, for all n > 1,
and
(3.18) (14 lun)((®r)1, (un)) — 07 in WP (Q), as n — oo.

From the latter, we have

(@)L (), ) Joll, for all v € W'P(Q), with &, | 0,

| <
1+HH

that is,
(3.19) ‘(A(un / Bl P 2upv dz — / () (2, un)vdz| < 1 m ” I lv]]-
Putting v = —u,, € WHP(Q), from the previous inequality, an easy computation

gives o(u,,) <&, for all n > 1, which, by Lemma 2.4, clearly ensures that

(3.20) u, — 0 in WHP(Q).
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Next, in (3.19), we choose v = u;f € WLP(Q). Then, because ug € int C, see
also (3.15), we have

(3.21) —o(uf) + A Up? +/ fzoul)ul dz < Ms,
{“n>u0} {“n>u0}
for some M3z > 0. On the other hand, from (3.17) and (3.20) we get

(3.22) o(ul) — )\8/ up? — / pF(z,u,)dz < My
qd J{u,>uo} {un>uo}

for some My > 0 and all n > 1. Adding (3.21) and 3.22, we obtain

(3.23) /Q[f(z, uut — pF(z,u) dz]dz < Ms + A(S - 1) /Q(u;f)q dz,

for some M5 > 0 and all n > 1. From hypothesis (Hj)(c), there exist & € (0,&)
and Mg > 0 such that

(3.24) &ilz|” < f(z,2)x — pF(z,x), for a.a. z € Q and all |x| > Ms.

On the other hand, hypothesis (H;)(a) implies that there exists M; > 0 such
that

(3.25) |f(z,2)x — pF(z,2)] < My, foraa. z€ Q and all |[z| < M.
Combining (3.24) and (3.25), one has

(3.26) &ilx|T — Mg < f(z,z)x — pF(z,z), fora.a.zecQandallxz>0.
Returning to (3.23) and using (3.26), we obtain

(3.27) /(u;)T dz < My + A(p - 1) /(u:)q dz,

Q q Q
for some My > 0 and all n > 1. Since ¢ < 7 < p, from (3.27) we infer that
(3.28) {ut} C L7(Q) is bounded.

First suppose that N # p. Recall that 7 < p < p*. So, we can find ¢t € [0,1)

such that
11—t ¢

p T
Invoking the interpolation inequality (see, for example, Gasinski—Papageorgiou
[7, p. 905]) we have

s llp < llusf 7~ uss [l for allm > 1,
which implies that
(3.29) [uf |5 < Migllw) [P, for some Mg > 0 and for all n > 1.

Moreover, from (3.19) with v = u,> € W1P(Q), we have

(3.30) o(ul) — / (I\)ug (2, up)uf | <e,, foralln>1.
Q
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But from (H;)(a), (b) and (3.16) we have
(3.31) |x(In)uy(z,2)] < ca(1+ |z|P), foraa.ze€ Q, all z € R, some ¢g > 0.

Therefore, owing to Lemma 2.4, exploiting (3.30), (3.31) and (3.29), we can
assert that

(3.32) collu P < es(1+ ug [I7) < ea(1+ [l [7),

for some c¢5,c6 > 0 and all n > 1. Recall that t € [0,1). So tp < p and from the
previous inequality, it follows that

(3.33) {uf} CWHP(Q) is bounded.

Now, suppose that N = p. In this case p* = 400 and by the Sobolev embedding
theorem one has that W1?(Q) < L"(Q2) for all r € [1,+00). So, in the above
argument we replace p* with r € [1,+00) big and again we reach (3.33).

Putting together (3.20) and (3.33) we infer that {u,} C W1P(Q) is bounded.
Consequently, we may assume that

(3.34) U, —u in WHP(Q) and wu, —u in LP(Q).

In (3.19), we let v = u,, —u € WHP(Q), pass to the limit as n — +oo and use
(3.34), we can realize that

lim (A(up),un, —u) =0,

n—+oo
and since A is an operator of type S, see Proposition 2.3, we obtain that u,, — u
in WHP() and this proves Claim 1.
CLAIM 2 ug € int Cy is a local minimizer of (®y ), -
To this end we use the following truncation of 1) (z, z):

In(z,up(2)) if z < up(z),
(3.35) (e, (z,2) == < Ix(z,2) if up(2) <z <(z),
In(z,u(z)) if x> u(z).
According to Lemmas 2.5 and 2.6, we point out that the functional
(®r)p,: WHP(Q) - R
defined by
u _ O'(U) w 1,p
(Pr), (u) = > (LA)u,(2,u(2)) dz, for all u € WHP(Q),
Q
admits a global minimum @, € W?(2) such that vy < Uy < u. But recall
that we have assumed that u is the only nontrivial solution of (Py) in the order
interval [0,a], it follows that ug < Uy = up.
From the proof of Proposition 3.2, we have that w — ug € int C. Hence,
note that (®x)% (u) = (®x)uy,(u) for all u € [0,7], we deduce that ug is a C*()
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local minimizer of (®)),, and, owing to Proposition 2.2, W1?(Q)-minimizer of
(®x)uy- So, Claim 2 is verified.

It is not restrictive to assume that wug is an isolated element of K(%)uo.
Otherwise, we obtain a sequence of distinct nontrivial positive solutions of (P))
belonging to int C, see Lemma 2.5. So, we assume that g is an isolated crit-
ical point of the functional (®,),, which is a local minimizer (see Claim 2).
Therefore, we can find p € (0, 1) small such that

(3.36) (B2 ) (110) < IF[(®3 ) (1) : lu— wol] = p] = .
For ¢t > 0, we have
<%nwmw{}@n—4@m¢amw»w
P~

—ngfL@wdmm@mZ

- N R
<CX0) - 2ol - / F(z,ti(2)) d= + My,
Q

for some My; > 0. Hypothesis (H;)(b) implies that, given € > 0, we can find
M12 = M12(€) such that

1
F(z,x) > —(n(z) —e)aP, for a.a. z € Q and x > Ms.
p
Using the above estimates, for some M3 > 0, we have

~ P~ At tP N ctP
(P2 )uo (tu1) < —A1(B) = —lun I - —/ nil dz + — + My
p q P Jo p

tP ~ ~
<=1 [Ga® - nom (e ds e +
Q
Since uy € int Cy and n(z) > i (B) almost everywhere in €, n # 1 (8), we have

e = [ ) = M)ty de >0,
Q
and
~ P
(P ) (tur) < E[_E* +e] + Mis.
Choosing ¢ € (0,¢e4), from the above inequality, we infer that
(3.37) (Pr)u, (tUy) = —00  as t — +oo.

Claim 1, (3.36) and (3.37) permit the use of Theorem 2.1 (the mountain pass
theorem) and we obtain for the functional (®)),, a critical point u € W1P(Q)
such that

(@) o (u0) < My < (P )u, (@)-
Clearly u # ug and, by Lemma 2.6, we have ug < @ and so @ is a second nontrivial
positive solution of (Py). Also we have that u € int C..
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Similarly, starting with vg € —intC, and working as above we produce
a second nontrivial negative solution v € —int C; of (Py) such that v < vy with
v 75 Vo- O

4. Nodal solutions

In this section, we turn out our attention to the existence of nodal (i.e. sign
changing) solutions of (P). We start by computing the critical groups of ®, at
the origin.

PROPOSITION 4.1. If hypotheses H(B) and (Hy) hold and X > 0, then
Ci(®,,0)=0, forallk>D0.

PROOF. By virtue of hypothesis (H;)(d) for n € (q,p), for almost all z € Q,
all |z| < g, we have

n<2|x|q +F(z,x)> ~ (Nal?+ f(z,2)a) = >\<Z _ 1> 2|7+ nF (2, 2) — f(z )z

2 (2= 1)lel = oo 2 A( L= 1) laft il

Since n > ¢ and ¢ < r, we can use Proposition 2.1 of Jiu—Su ([13]) and conclude
that Cj(®,0) =0 for all & > 0. O

Let u, € intC'y and v, € —int C'y be the two extremal nontrivial constant
solutions, we introduce the following truncation of the reaction in (Py):

M (2)]97204(2) + f(2,0.(2))  if 2 < v.(2),

(4.1)  (In)yr(z2) = S M| 22 + f(2,2) if v.(2) <o < us(z),
Al (2)[ 7 %us (2) + £ (2, us(2)) i ua(2) <z,

we set
() o) = [ @) o) ds

and consider the C'-functional (®)% : W'?(Q) — R defined by

(@) (u) = %U(u) - /Q (L)Y (2, u(2)) dz, for all u € WEP(S).

PROPOSITION 4.2. If hypotheses H(3) and (Hy) hold and A > 0, then
Cr((®2)%,0) =0, for allk > 0.

PRrROOF. We consider the homotopy

ha(t,u) = (1 —t)(Pa)% (u) + t®y(u), for all (£, u) € [0,1] x WHP(Q).

Evidently, (®5)% is coercive and standard arguments prove that it satisfies the
C-condition. Moreover, a simple modification of the proof of Claim 1 in the
proof of Proposition 3.6 shows that the functional ® satisfies the C-condition.
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CramM. We may assume that there exists p € (0,1) small enough such that
u = 0 is the only critical point of hx(t, - )c(o 4] in B,={ue Wb (Q): ||lu| <p}.
Indeed, suppose we can find {t,, },>1 C [0,1] and {u,}n>1 € WHP() such that

(4.2) t, —t, u, =0 in WHP(Q) and (hy),(tn,un) =0, foralln>1.
From the equation in (4.2), we have
A(un) + Blun P un = (1= )Ny yus (un) + tn(Nn |9 *up + N (un))

for all n > 1, hence
—Apun(2) + B(2) [un(2) [P 2un(2) = (1 = ta)(1N)y7 (2, )

(43) FAaltn (T 2un(2) + taferun(2))  ae. in €
Oun
% =0 on 89

From Hu and Papageorgiou [11], we know that we can find 8 € (0,1) and M4 > 0
such that
(4.4) u, € CH?(Q) and lunllcro@) < M, foralln > 1.
Since C1¢(2) is embedded compactly in C1(2) and by virtues of (4.2) and (4.4),
we have u,, — 0 in C1(Q), hence
Up € [Vs, U] = {u € WHP(Q) 1 0,(2) < u(2) < ui(2) ae. in Q}  for all n > ny.
Thus, for n > ng, equation (4.3) becomes

—Apuun(2) + B(2)[un (2) [P (2) = Nun(2)[*™un (2) + f(2,un(2)) ace. in Q,

aa% =0 on 99,
then {u,}n>1 C [vs, us] N CH(Q) are nontrivial nodal solutions of (Py). So, we
are done. This proves the claim.
The above claim, the homotopy invariance of the critical groups and Propo-

sition 4.1, for all £ > 0, imply that
Cr(hx(0, -),0) = Cr(hr(1,-),0) = C’k((@,\);‘:,()) = Ci(D,,0)
= Cr((®2)%,0) = 0. 0

Now, we are ready for the complete multiplicity result theorem for prob-
lem (Py). We stress that our result provides sign information for all the solutions
produced.

THEOREM 4.3. If hypotheses H(B) and (Hy) hold, then there exists \* > 0
such that for all X € (0, X\*) problem (Py) has at least five solutions:

ueintCy, veE —intCy, up <u, ug # U, v <wg, U F# vy,

and yo € Jvg, uo[ N C*(Q) nodal.
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PRrOOF. From Proposition 3.6, we know that there exists A* > 0 such that
for all A € (0, A*) problem (Py) has at least four nontrivial solutions of constant
sign

ug, U € int Cy ug <uU, uy AU
vy, ¥ € —intCy, U <wgy, vy # .
We may assume that the solutions up and vy are extremal, i.e. ug = u, and
vg = v, (see Proposition 3.5).
We consider the following truncations of the reaction term of (P):

0 if x <0,

(In)o™ (z,2) = ¢ A9~ + f(z,2) if 0 < <u.l(z),
Ml (2) + [z ua(2)) if 2 > u.(2),
Mow()T20,(2) + (5 0.(2) i 2 < 0. (2)

()0, (z,2) = § M| 22 + f(z,2) if v,(2) <z <0,
0 if x > 0,

Mo (2)|720,(2) + £z, 0a(2)) i 2 <, (2),
(In)yr (z,2) = S Mx|9722 + f(2, ) if v.(2) <z < u(z),
M7 (2) + f(2,u4(2)) if & > u.(2),

and the correspondent associate functionals, see the notation adopted in Sec-
tion 2,

(@i ) = 7 [ (g o)
@800 = 7 = (L2, Gute))

x —@— U (2. u(2)) dz
@) = S~ [ (L) Grute))

CLAmM 1. K(g, s = {0,us} and Kg,)o = {vs,0}.

We do the proof for K(g,)u~, the proof for K(g,)o being similar. Indeed,
bearing in mind Lemmata 2.5 and 2.6, it is easy to see that K g,y C [0, u.].
The extremality of u, implies that K g,)u = {0, u.}. Similarly, we show that
K@,y = {v«,0}. This proves Claim 1.

Arguing as before we also have that K(g,yu: C [0, u].

CLAIM 2. u, € int C4 and v, € —int Cy are local minimizer of (®y)y-.

Using hypothesis H; (d) and since ¢ < pand 8 € L*° (), by (1;) of Lemma 2.5,
we have that there exists @ € W1P(Q) with @ # 0 such that

(®x)g” (@) = inf{(Px)g" (u) - w € WHP(Q)}.
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Also u € {0,u.}, see Claim 1. Hence, U = u, € int Cy. Therefore, there exists
a neighbourhood U in int CT of u, such that

(@3)% (us) = (225" (ui) < (@2)g" (w) = (®2)% (u), forallu e U.

This means that u, is a local C'!()-minimizer of (®5)%, so, by Proposition 2.2,
u, is a local WP (Q)-minimizer of (®,)"~. Similarly, for v, € —int C;, using
this time the functional (®,)9 . This proves Claim 2.

Without any loss of generality, we may assume that
(D)5 (04) < (Pa)g; (us)-

The analysis is similar if the opposite inequality holds. By virtute of Claim 2
u, € intCy is a local minimizer of (®)yr. So, we can find p € (0,1) with
p < |lve — u.||, such that

(4.5) (Pa)er (ve) < (Pa)yr (us) < Inf{(Pr)yr () @ lu — u.l| = p} = 7.

Recall that (®y)y* is coercive and so it is easy to prove that it satisfies the C-
condition. This fact and (4.5) permit the use of Theorem 2.1 (the mountain pass
theorem). So, we can find yo € WP(2) such that

(4.6) (@2)y7 (04) < ()7 (ua) <1p < (P2)y7 (%0),

(4.7 (®5)',. (y0) = 0.

From (4.6), we see that yo ¢ {v.,u.}. From (4.7), see also Lemma 2.6, we
have that yo € K(,)u- is also a critical point of ®,. Hence yo € C1(9) is also

a solution of problem (P}).
Since o is also a critical point of (®))3* of mountain pass type, we have

(4.8) C1((®2)v;y0) # 0.
On the other hand from Proposition 4.2, we have
(4.9) Ci((®2)yr,0) =0, forall k>0.

Comparing (4.8) and (4.9), we infer that yo # 0. Since yo € [vi, us] and yo ¢
{ts, vy, 0}, by virtue of the extremality of u, and v., we conclude that yo € C1(Q)
is a nodal solution of (Py) with A € (0, A*).

5. Semilinear problems

In this section, we deal with the semilinear equation (i.e. p = 2). With respect
to the case p # 2, exploiting some ideas introduced in [21], under stronger
regularity condition on the perturbation f(z, -) and using Morse theory, we
generate a sixth nontrivial solution but we are unable to specify its sign.
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The problem under consideration, is the following:

—Au+ Bu = Au|"?u+ f(z,u) in Q,
(Sx) ou
— =0 on 092,
on
with 1 < ¢ < 2 and A > 0. The hypotheses on the perturbation f(z,x) are the

following:

(Hz) f: QxR — R is a measurable function such that for almost all z € Q,
f(2,0) =0, f(z,-) € CYR) and
(a) there exists 2 < r < 2* such that |f.(z,2)| < a(2)(1 + |z|"~2) for
almost all z € Q, all x € R with o € L>*°(Q) 4,

o~

(b) there exist integer m > 2 and functions ¢, € L>(Q2) such that
Am(B) < 0(2) <0(2) < Anga(B) ae.in Q. An(B) # 0, Ania(B) #9
and

9(z) < liminf M < lim sup 1z 2) < 3(2)

r—+oo T z—+o0 T

uniformly for almost all z € Q,
(c) there exist & > 0 and 7 € (g, 2] such that

€0 < liminf f(z,z)x — 2F(z,x)

uniformly for a.a. z € Q,
r—+oo |$‘T

(d) there exist dp € (0,1) and r > 2 such that
0< f(z,2) <cilz|” for aa. z € Q, all |z| < d and some ¢; > 0
and for every p € (0,dp), we can find £, > 0 such that
Eu < |f(z,2)] foraa. zeQ, all z € [u,d).

REMARK 5.1. Evidently, hypothesis (Hg)(d) implies that f.(z,0) = 0 for
almost all z € Q. Also, from hypothesis (Hz)(a) and the mean value theorem,
we see that in this case hypothesis (Hy)(e) is automatically satisfied.

For A > 0, let ®): H!(Q) — R be the energy functional for problem (Sy)
defined by

1 A
D) (u) = io(u) — aHqu - / F(z,u(2))dz, foralluec H' ().
Q
In this case
o(u) = | Dull3 —|—/ B(2)u(z)*dz, for all u € H(Q).
Q

Clearly, ®) € C?(H'(Q2) \ {0}). For the problem (S)), we have the following
multiplicity theorem:
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THEOREM 5.2. If hypotheses H(B) and (Ha) hold, then there exists \* > 0
such that for all A € (0, \*) problem (Sx) has at least siz nontrivial solutions:

ug, U € int Cy, up <u, uy #u,
v,V € —intCy, U <wgy, vy #7,
Yo € inte g [vo, uo]  nodal and Y € Q).
ProOF. From Theorem 4.3, we already have five nontrivial solutions:
ug,u €t Cy,  wp <U, 1wy # U,
v,V € —intCy, U <wg, vy #7,
and yo € int i (g [vo, uo] nodal.

From Proposition 3.1, we know that solutions ug and vy are local minimizers of
the energy functional ®,. So, we have

(5.1) Ck((I),\,UQ) = C}C(‘I))\,Uo) = 0y,02Z, forall k>0.

Let ¢ = ||u|loc and let &, > 0 be such that for almost all z € Q, z —
f(z,2) + &P~ is nondecreasing on [0, o]. We have

=ug ™ (2) + f(2,u0(2)) + Eguo(2)
AU (2) + f(z,0(2)) + &u(z) (since ug < )
= — AU(z) + (B(z) + &)u(z) a.e. in .

From this, one has

A —uo)(2) < ([Blloc + &) (@ —uo)(2) ae. inQ,
and owing to [26], & — ug € int Cy. We introduce the set
[ug) = {u € W'P(Q) : up(z) < u(z) ae. in Q},
and recall that (®))o: WHP(Q) — R is the C''-functional defined by

(Pr)o(u) = % — /Q(LA)O(Z,U(Z)) dz, forallue Wl’p(Q).

We have

(®x)ol[ue) = (PA)wolfuo) + 5;7 for some f; eR,

(5.2)
= Crl(®)oler @) @) = Crl(®x) oy @), for all k> 0.
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Moreover, from Palais [23] (or alternatively using the homotopy invariance of
the critical groups) we have

(5.3) Cr((@x)olcr@)» @) = C((®2)0,d),  for all k >0,
(54) Ck(((b/\)uo|cl(§)’ ﬂ) = C’k((fI),\)uO,@), fOI' all ]{) Z 0.

Similarly, since u € int C;. and @y |c, = (®A)o |, , we have

(5.5) Cr(®y, 1) = Cr((Pr)o,u), forall k>0.

Finally, recall that @ is a critical point of (®)),, of mountain pass type. Therefore
(5.6) Cr((®A)uo, ) # 0.

From (5.2)—(5.6) it follows that Cq(®», %) # 0. This, by virtue of Proposition 25
of Bartsch [2], implies that

(5.7) Ci(®x,0) = 0 1Z, forall k> 0.

In a similar way, we show that

(5.8) Ci(®x,0) =01 Z, forall k> 0.

Via the maximum principle of Vazquez [26], as before we can show that
up — Yo € int C4  and gy — vy € int Cy,

(5.9) = Yo € inteu (g [vo, wol-

Assuming without any loss of generality that ug and vy are extremal (i.e. ug = .,
Vg = s, see Proposition 3.5) and using the notation of Section 4, we have

Dy |[v0,u0]: ((I))\)Z‘:: |[v0,u0] .

Since g is a critical point of mountain pass type (see the proof of Theorem 4.3),
as above we obtain

(5.10) Ci(®r,y0) = 0k1Z, for all k > 0.

From Proposition 4.1, we have

(5.11) Cr(®,0) =0, forall k>0.
Let
JR— ~ 71 ~
Hy = @E(/\l(ﬂ)) and Hy = H,, = @ E(Xi(B))
=1 1>m+1

We have orthogonal direct sum decomposition H*(Q)) = H,, ® ﬁm+1.
By virtue of hypotheses (Hz)(a), (b), given € > 0, we can find ¢j2 = ¢12(¢) > 0
such that

(5.12) F(z,2) > =(9(2) —e)a® — c1a, foraa. z€Q, all z € R.

N =
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Then, for u € H,,, we have

Ba(w) = 5o(0) = Slully~ [ Feud:

2
<1 — [ 9u*d 2| _ 2y Q
<5 |o) u” dz + el|ull [[ull§ + 12/ v
Q q
1
< 5[6 — c)|Jul® + c12]9Q N,  for some ¢13 > 0.

Choosing € € (0, ¢13), we infer that

~—

(5.13) ®y(u) = —oo as ||ul| = oo, u € Hy,.

On the other hand, again from hypotheses (Hz)(a), (b), given € > 0, we can find
c14 = c14(€) such that

(5.14) F(z,x) < (1/9\(2') +e)z? + ¢y, foraa. zeQ, allz eR.

DN | =

Then, for u € Fm_l,_l, we have

1

B(w) = 50(0) = Slully = [ Fleu)a:

1
> 5[615 — 6”"&”2 — CmHU”q — 814|Q|N, for some c15,c16 > 0.
Choosing ¢ € (0, ¢15), and since g < 2, we infer that
(5.15) ®y(u) = +oo  as ||ul| = oo, u € Hpypyr.

Recall that @) satisfies the C-condition. This fact and (5.14), (5.15) permit the
use of Proposition 3.8 of Bartsch and Li [3]. So, we have

Cy,, (P, 00) #0, where d,, =dim H,, >2 (recall m > 2).
This means that we can find § € K, such that
(5.16) Ca,, (®x,y) # 0.
Comparing (5.16) with (5.1), (5.7), (5.8), (5.10), (5.11), we infer that
7€ Ko, \ {0,u0,v0,4,0,y0},
then 7 € C1(Q) is the sixth nontrivial solution of (Sy), A € (0, \*). O
REMARK 5.3. It is an interesting open problem to see whether 7 is nodal.

Acknowledgements. The authors have been supported by the Gruppo
Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAM-
PA) of the Istituto Nazionale di Alta Matematica (INAAM). The authors wish
to thank the referee for his/her remarks.



316

[1]

«

=

8]

9)
[10]
[11]
[12]
[13]
[14]
[15]
[16]

(17]

(18]

(19]

20]

(21]
(22]

P. CanDITO — G. D’AGUi — N.S. PAPAGEORGIOU

REFERENCES

S. Aizicovici, N. PAPAGEORGIOU AND V. STAICU, Existence of multiple solutions with
precise sign information for superlinear Neumann problems, Ann. Mat. Pura Appl. (4)
188 (2009), no. 4, 679-719.

T. BARTSCH, Critical point theory on partially ordered Hilbert spaces, J. Funct. Anal. 186
(2001), no. 1, 117-152.

T. BARTSCH AND S. L1, Critical point theory for asymptotically quadratic functionals and
applications to problems with resonance, Nonlinear Anal. 28 (1997), no. 3, 419-441.
F.O. DE PA1vA AND E. MAsSA, Multiple solutions for some elliptic equations with a non-
linearity concave at the origin, Nonlinear Anal. 66 (2007), no. 12, 2940-2946.

J.I. DAz AND J.E. SAA, Existence et unicité de solutions positives pour certaines equations
elliptiques quasilinéaires, C.R. Acad. Sci. Paris Sér. I Math. 305 (1987), no. 12, 521-524.
N. DUNFORD AND J. SCHWARTZ, Linear Operators, Wiles-Interscience, New York (1958).
L. GASINSKI AND N.S. PAPAGEORGIOU, Nonlinear Analysis, Ser. Math. Anal. Appl. 9,
Chapman and Hall/CRC Press, Boca Raton, 2006.

, Nonlinear elliptic equations with singular terms and combined nonlinearities,
Ann. H. Poincaré 13 (2012), no. 3, 481-512.

, A pair of positive solutions for the Dirichlet p(z)-Laplacian with concave and
convez nonlinearities, J. Global Optim. 56 (2013), no. 4, 1347-1360.

Z. GUO AND Z. ZHANG, WP versus C1 local minimizers and multiplicity results for
quasilinear elliptic equations, J. Math. Anal. Appl. 286 (2003), no. 1, 32-50.

S. Hu AND N. PAPAGEORGIOU, Nonlinear Neumann equations driven by a nonhomogeneous
differential operator, Commun. Pure Appl. Anal. 10 (2011), no. 4, 1055-1078.

, Double resonance for Dirichlet problems with unbounded indefinite potential and
combined nonlinearities, Commun. Pure Appl. Anal. 11 (2012), no. 5, 2005-2021.

Q. Jiu AND J. Su, Ezistence and multiplicity results for Dirichlet problems with p-
Laplacian, J. Math. Anal. Appl. 281 (2003), no. 2, 587-601.

S. KyRITSI AND N.S. PAPAGEORGIOU, Pairs of positive solutions for p-Laplacian equations
with combined nonlinearities, Commun. Pure Appl. Anal. 8 (2009), no. 3, 1031-1051.

G. LIEBERMAN, Boundary regularity for solutions of degenerate elliptic equations, Non-
linear Anal. 12 (1988), 1203-1219.

S. L1, S. Wu AND H.Z. ZHou, Solutions to semilinear elliptic problems with combined
nonlinearities, J. Differential Equations 185 (2002), no. 1, 200-224.

S.A. MARANO AND N.S. PAPAGEORGIOU, Positive solutions to a Dirichlet problem with

p-Laplacian and concave-convex nonlinearity depending on a parameter, Commun. Pure
Appl. Anal. 12 (2013), no. 2, 815-829.

D. MOTREANU AND N.S. PAPAGEORGIOU, Multiple solutions for nonlinear Neumann prob-
lems driven by a monhomogeneous differential operator, Proc. Amer. Math. Soc. 139
(2011), no. 10, 3527-3535.

D. MOTREANU, V.V. MOTREANU AND N.S. PAPAGEORGIOU, On p-Laplace equations with
concave terms and asymmetric perturbations, Proc. Roy. Soc. Edinburgh Sect. A 141
(2011), no. 1, 171-192.

, Multiple constant sign and nodal solutions for nonlinear Neumann eigenvalue
problems, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 10 (2011), no. 3, 729-755.

, On resonant Neumann problems, Math. Ann. 354 (2012), no. 3, 1117-1145.

D. MuGNAI AND N.S. PAPAGEORGIOU, Resonant nonlinear Neumann problems with indef-
inite weight, Ann. Sc. Norm. Sup. Pisa Cl. Scu. Vol. XI, 4 (2012), 729-788.




NONLINEAR NONCOERCIVE NEUMANN PROBLEMS 317

[23] R. PavAls, Homotopy theory of indefinite dimensional manifolds, Topology 5 (1966),
1-16.

[24] N.S. PAPAGEORGIOU AND G. SMYRLIS, Positive solutions for nonlinear Newmann problems
with concave and convex terms, Positivity 16 (2012), no. 2, 271-296.

[25] K. PERERA, Multiplicity results for some elliptic problems with concave nonlinearities,
J. Differential Equations 140 (1997), 133-141.

[26] J.L. VAZQUEZ, A strong mazimum principle for some quasilinear elliptic equations, Appl.
Math. Optim. 12 (1984), 191-202.

[27] S.P. WU AND H. YANG, A class of resonant elliptic problems with sublinear nonlinearity
at origin and at infinity, Nonlinear Anal. 45 (2001), 925-935.

Manuscript received August 14, 2014
accepted September 8, 201

PASQUALE CANDITO
Department of Engineering
University of Reggio Calabria
Via Graziella (Feo Di Vito)
Reggio Calabria, ITALY

E-mail address: pasquale.candito@unirc.it

GIUSEPPINA D’Acuf

Department DICIEAMA

University of Messina, Contrada Di Dio (S. Agata)
Messina, ITALY

E-mail address: dagui@unime.it

NIKOLAOS S. PAPAGEORGIOU
National Technical University
Department of Mathematics
Zografou Campus

Athens, 45780 GREECE

E-mail address: npapg@math.ntua.gr

TMNA : VOLUME 47 — 2016 — N° 1



