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POSITIVE SOLUTIONS
OF A DIFFUSIVE PREDATOR-PREY MUTUALIST MODEL
WITH CROSS-DIFFUSION

JUN ZHOU

ABSTRACT. In this paper, a competitor-competitor-mutualist model with
cross-diffusion is studied by means of the Leray—Schauder degree theory and
global bifurcation theory. The conditions for the existence and multiplicity
of positive solutions are established.

1. Introduction

The competitor-competitor-mutualist model is the following ODE system:

d 0
ul:am(l—ul UQ), t>0,

dt K, 14 mus
dU2 (5
1.1 — = 1——— t
(1) = on(1- 2 ). >0
dU3 us
— = 1—— -], t>0,
dt WUS( LO +ZU1>

where w1, us and ug represent the population densities of two competitors and
a mutualist. Model (1.1) was proposed and studied by Rai et al. in [17], where
the explanations of the ecological background of this model can be found as well.
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Zheng [24] introduced diffusion to (1.1) to get the following reaction-diffusion

system:
ou Up dug
— —d1Auy = 1l-—=-— Q,t>0
ot 1AU; au1< K 1+tmus) rell, >0,
%?dgAUQﬁUQ(].[u(inul>, ZL’EQ,t>0,
(1.2) Aus uy
— —d3Auz = 1——, e, t>0,
ot 3l = Y3 Lo + luy v
8ui .
E(w,t)zOorui(x,t)z(),z:1,2,3, r e, t>0,
ui(x,0) = uo(x), i =1,2,3, x € Q,

where Q is a bounded domain in RY (N > 1 is an integer) with smooth boundary

09, 0/0v is the outward normal derivative on 0. The homogeneous Neumann

Ou;

boundary % = 0 means there is no migration of all species across the

0% (0,00)
boundary of their habitat. While the homogeneous Dirichlet boundary condition

Uilpax (0,000 = 0 can be considered as such a condition under which neither of
the three species can exist on the boundary. The positive constants dy, ds and d3
are called diffusion coefficients, the initial data wu;g are nonnegative continuous
functions. Zheng discussed the stability of nonnegative constant solutions of
(1.2) with Neumann boundary and the existence and stabilities of trivial and
nontrivial nonnegative equilibrium solutions with Dirichlet boundary.

The steady-states of (1.2) with Dirichlet boundary were studied by Chen and
Wang in [5], and Hei in [12], and the conditions for the existence of coexistence
states and the corresponding parameter regions were established by. While the
steady-states of (1.2) with Neumann boundary were investigated by Cheng and
Wang in [4], and Xu in [22], and the global stability of the unique positive con-
stant steady-state and the existence and non-existence of non-constant positive
steady-state were established.

Taking into account the inter-specific population pressure between two com-
petitors, Chen and Peng [3] introduced a cross-diffusion into (1.2) and considered
the following elliptic system after scaling:

au
_dlAulzul(l_U1_1+i3), .1'69,
— dgA[(l + d4’U,1)’LL2} = UQ(l — Uy — U1)7 x € Q7
(1.3) )

—dsAuz =uz(1 - —> €Q,

3AU3 u3< 1+u1>’ T
6ui .

(£)=0,i=1,2,3, x € 0N

ov
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System (1.3) is a quasi-linear elliptic system and the term djujus is called the
cross-diffusion term. The existence and non-existence results concerning non-
constant positive steady-states were proved in that paper.

Based on the above consideration, a natural question is how about the sta-
tionary patterns of (1.2) with cross-diffusion and Dirichlet boundary. In this
paper, we will investigate this problem. After scaling, we consider the following

problem:

Auu(aum>, x €,

14+ mw

— A[(1 + ku)v] = v(b — v + du), x € Q,
(1.4)

—szw(c— e ), x € Q,

1+ nu
u=v=w=0, x € 09,

where  is a bounded domain in RY with smooth boundary 992, N > 1 is an
integer. The parameters a, c,d, r, m,n are positive, b € R, and x is nonnegative.

Analysis of the existence and multiplicity of positive solutions to (1.4) is the
main goal of this paper. Positive solutions here refer to those solutions being
component-wise strictly positive in 2. Our method is based on the bifurcation
theory and the Leray—Schauder degree theory.

The rest of this paper is organized as follows. In Section 2, we give some
preliminary results that are needed in later discussions. In Section 3, we obtain
sufficient conditions for the existence of positive solutions to (1.4). In Section 4,
we give some multiplicity results about the positive solutions to (1.4).

2. Preliminaries

In this section we list some notation, definitions and well-known facts which
will be used in the sequel. We use ||- || x as the norm of Banach space X, (-, -) as
the duality pair of a Banach space X and its dual space X*. For a linear opera-
tor L, we use N'(L) as the null space of L and R(L) as the range space of L, and
we use L[w] to denote the image of w under the linear mapping L. For a mul-
tilinear operator L, we use L[wi,...,w] to denote the image of (wq,...,wg)
under L, and when wy = ... = wg, we use L[w;]* instead of L[wy,...,w;]. For
a nonlinear operator F', we use F,, as the partial derivative of F' with respect to
the argument u.

First we recall some well-known abstract bifurcation theorems. Consider an
abstract equation

F(\u) =0,
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where F': R x X — Y is a nonlinear differential mapping, and X,Y are Banach
spaces such that X is continuously embedded in Y. The following bifurcation
and stability theorems were obtained in [6], [7], [16] (see also [19], [20]).

THEOREM 2.1. Let U be a neighbourhood of (Mg, up) inRx X, and F: U =Y
be a twice continuously differentiable mapping. Assume that F(\ ug) =0 for all
(N ug) € U. At (Mo, ug), F satisfies

dim./\/’(Fu(Ao, ug)) = codimR(F, (o, up)) = 1

and
Fyu(Aosuo)[wo] € R(Fu(Ao,uop))-

Here N(Fy(Xo,u0)) = span{wg}. Let Z be the complement of span{wg} in X.
Then the solution set of F(A,u) = 0 near (Ao, up) consists precisely of the curves
u=ug and T := {(A(s),u(s)): s €I =(—¢,e)}, where \: 5 R, z: [ = Z are
C! functions such that u(s) = ug + swg + sz(s), A(0) = Ao, 2(0) =0, and
(€, Fuu (Ao, uo)[wo, wol)

2<€, F)\u()\o, UO)[’LU()]> ’
where £ € Y* satisfies R(Fy(ho,ug)) = {¢p € Y : (£,¢) = 0}. Moreover, if in
addition, F,(\,u) is a Fredholm operator for all (\,u) € U, then the bifurcation
curve T' is contained in X, which is a connected component of S, where S :=
{Au) e U: F(A\u) =0, u# ug}; and either ¥ is not compact in U, or X
contains a point (A, ug) with M # Ag.

XN(0) =—

THEOREM 2.2. Assume that all assumptions in Theorem 2.1 are satisfied,
and let {\(t),u(t)} be the solution curve in Theorem 2.1. Then there exist C?
functions m: (Ao —e,do+¢€) =R, z: (Aog—e,\o+¢) = X, u: (—6,9) = R, and
w: (=4,0) = X such that

F,(A\ uo)z(A) =mN)z(A), Ae(ho—¢g, o+e),
Fu(A®), u®))w(t) = pt)w(t), te(=4,0),
where m(Ag) = p(0) =0, z(Ag) = w(0) = wg. Moreover, neart = 0 the functions

w(t) and —tXN (t)m’(Ao) have the same zeros and, whenever u(t) # 0, the same
sign. More precisely,
RV ’
iy~ (Om (Ao)
t—0 wu(t)

For each q(x) € C(9), the eigenvalues of

=1.

—Au+qu=Au, x€f, u=0, x€dN,
are denoted by A;(q), i=1,2,... Then A\i(q) < A2(q) <... and lim \;(g)=00.

71— 00

It is well known that A;(q) is strictly increasing in the sense that ¢;(x) < ga2(x)
and q1(z) #Z q2(z) implies A;(¢1) < Ai(g2). Moreover, the eigenfunction corre-
sponding to A1(g) can be chosen positive in Q. We denote A;(0) by \; and let
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¢1(x) be the eigenfunction corresponding to A\; with normalization ||¢1||z2(q) = 1
(see |23, Proposition 1.1]).
Now we give two results for comparison of eigenvalues (see [1], [9], [14], [21]).

THEOREM 2.3. Let q € C(2) and M be a sufficiently large number such that

M > q(x) for all x € Q, define a positive and compact operator
L= (A + M) Y (M — q(x)): Co(Q) — Co(Q),

where Co(Q) : {p € C(Q) : p = 0 on IN}. Denote the spectral radius of £ by
r(£). Then we have:

(a) Mi(q) > 0 if and only if (L) < 1;

(b) Ai(q) <0 if and only if r(£) > 1,

(¢) A(q) =0 if and only if r(£) =1

THEOREM 2.4. Let q(x) € C(Q) and ¢ € C(Q) N C?(Q) such that ¢ > 0,
¢ Z£0inQ, and ¢ =0 on 00. Then:

(a) Ai(q) <0 if0# —Ad+q(z)¢ < 0;

(b) Ai(g) =0 if —A¢ + q(x)d = 0;

(c) Ai(g) >0 if0# —A¢+q(x)p > 0.

Consider the following single equation:

(2.1) —Au=uf(z,u), x€Q, u=0, x€df,

where f: Q x [0,00) — R satisfies:

(1)
()
®3)
THEOREM 2.5 (see [2], [15]). Under assumptions (1)—(3). The following
conclusions hold:
(a) The nonnegative solution u of (2.1) satisfies u(z) < C for all x € Q.
(b) If A (—f(x,0)) > 0, then (2.1) has no positive solutions. Moreover, the
trivial solution u = 0 is globally asymptotically stable.
(¢) If M(—f(x,0)) < 0, then (2.1) has a unique positive solution which is
globally asymptotically stable. In this case, the trivial solution v = 0 is

f(z,u) is a C*-function in z, where 0 < a < 1;
f(x,u) is a Cl-function in u with f,(x,u) < 0 for all (x,u) € Q x [0, 00);
f(z,u) <0in Q x [C, 00) for some positive constant C.

unstable.
Due to the above theorem, we denote by 6, the unique positive solution of
the following problem:
—Au=ula—u), x€q, u=0, xe€df,
under the assumption a > A;. It is well known that the mapping a — 6, is

strictly increasing, continuously differentiable on (A1, o), and 6, — 0 uniformly
on Q as a — A;. Moreover, 0 < 6, < a in .
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Now, let us recall a result of the fixed point index theory, which is a funda-
mental tool in our proofs.

Let FE be a Banach space and WW C E be a closed convex set. The set W is
called a total wedge if YW C W for all ¥y > 0 and W —-W = E. For y € W,
define Wy = {z € E : y + vz € W for some v > 0} and S, = {z € W, :
- € Wy} Then Wy is a wedge containing W, y, —y, while S, is a closed subset
of E containing y. Let T be a compact linear operator on F which satisfies
T(W,) C W,. We say that T has property a on W, if there are ¢t € (0,1) and
w € W, \ S, such that (I —tT)w € S,. Let A: W — W be a compact operator
with a fixed point y € W and A be Fréchet differentiable at y. Let B = A'(y)
be the Fréchet derivative of A at y. Then B maps W, into itself. We denote by
degyy (I — A, D) the degree of I — A in D relative to W, by indexyy(A,y) the
fixed point index of A at y relative to W.

THEOREM 2.6 (see [8], [14], [18]). Assume that I—B has no non-trivial kernel
in W,,. Then:

(a) If B has property a on W, then indexw(4,y) = 0.

(b) If B does not have property a on W,, then indexy(A,y) = (—1)7, where
o is the sum of multiplicities of all eigenvalues of B which is greater
than 1.

Finally, we recall a result of Dancer and Du in [10]. Suppose E; and FEs
are ordered Banach spaces with positive cones W; and W, respectively. Let
E =F & FEy, and W = W; & W,. Then E is an ordered Banach space with
positive cone W. Let D be an open set in W containing 0 and A;: D — W), be
completely continuous operators, ¢ = 1,2. Denote by (u,v) a general element
in W with u € Wy and v € Wy. Let A: D — W be defined by A(u,v) =
(A1 (u,v), Az(u,v)). Also we define Wa(e) = {v € Wa : ||v||g, < €}.

THEOREM 2.7. Suppose UcwnD is relatively open and bounded, and
A1 (u,0) # u for u € v, As(u,0) = 0 for u € U. Suppose As: D — W,
extends to a continuously differentiable mapping of a neighbourhood of D into
Eo, Wo—Ws is dense in By and ® = {u € U : uw = A1(u,0)}. Then the following
conclusions are true:

(a) degyy(I — A, U x Wy(e),0) = 0 for € > 0 small, if for any u € ®,
the spectral radius r(AL(w,0)|lw,) > 1 and 1 is not an eigenvalue of
AL (u,0)|yw, corresponding to a positive eigenvector,

(b) degyy (I — A, U x Wh(e),0) = degyy, (I — Ailw,,U,0) fore >0 small, if
for any u € ®, the spectral radius r(A4(u,0)|w,) < 1.
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3. Existence of positive solutions

In this section, we will derive some sufficient conditions for the existence of
positive solutions to (1.4). For (1.4), only nonnegative solutions are of practical
interest. Obviously, (1.4) has a trivial nonnegative solution (0,0,0). As in [10],
[11], the other nonnegative solutions of (1.4) can be classified by three types:

(1) nonnegative solutions with exactly two components identically zero;
(2) nonnegative solutions with exactly one component identically zero;
(3) nonnegative solutions with no component identically zero.

We call solutions of types 1-3 weakly semi-trivial solutions, strongly semi-trivial
solutions and positive solutions, respectively. It is obvious that (1.4) has weakly
semi-trivial solutions (6, 0,0) if and only if a > A1, (0, 0y, 0) if and only if b > Aq,
(0,0,6,.) if and only if ¢ > A;.

Next, we analyze the strong semi-trivial solutions of (1.4). When u = 0,
(1.4) has a strongly semi-trivial solution (0, 0y, 6.) if and only if b, ¢ > A;.

When v = 0, by virtue of Theorem 2.5, (1.4) has a strong semi-trivial solution
(04,0,0(4,c)) if and only if a,c > A1, where 6, ) is the unique positive solution
of the problem

w
1+nb,

(3.1) —szw(c— >7 x €9, w=0, xz€d.

If w=0, (1.4) degenerates to

— Au=ula —u—rv), x € Q,
(3.2) — A[(1 + ku)v] = v(b — v+ du), z€Q,
u=uv=0, x € 0N.

Then it follows from [23, Theorem 3.1] that (3.2) admits one positive solution if
one of the following conditions holds true:

b+ db, A(r0y), iEb> A
Ci) M| — 0 and
(C1) 1( 1+m9a>< an a>{)\1’ Fb< Ay

b+ db,
1+ kb,

(C2) )\1<—

So, (1.4) has a strongly semi-trivial solution (@, 7, 0) if (Cy) or (Cz) holds, where

) >0,b> A1, and A < a < A\ (r6).

(@, v) is a positive solution of (3.2).
By using the transformation z = (1 + ku)wv, i.e.

(3.3) v=2z/(1+ Kku),
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(1.4) can be rewritten as follows:

Tz
—Au=F = —u— Q
u (u, z,w) u(a U (1+mu)(1+mw)>’ x € Q,
- Az =G(u,z,w) := c b+ du— : , x € Q,
(3.4) 1+ ku 1+ ku
—szH(u,z,w):zw(c— v ), x € Q,
1+ nu
w=z=w=0, x € 0N

It is obvious that (1.4) has a positive solution if and only if (3.4) has a positive
solution. So, we will study the existence of positive solutions of (1.4) through
(3.4). Let (u,z,w) be a positive solution of (3.4), then v < a and

— Au < au, x € Q,

b+ du b+ad27 d > kb;
- Az < z < 1+ak x € Q,

(3.5) 1+ ku bz, d < kb,
— Aw < cw, r €,
u=z=w=0, x € 09,

and it follows from the Krein—-Rutman theorem that

A(l1+4ak) —ad, d> kb;

H ,c> A, b>0b,:=
(H) “ezA {)\1, d < kb.

Since we are interested in positive solutions, we assume that (H) holds through-
out this section.

By the maximum principle, one can get that any nonnegative solution (u, z, w)
of (3.4) satisfies

(3.6) u(z) < a, 2(z) < My := (b+ad)(1+ka), w(x) < My :=c(1+na), z € Q.

In order to use the functional analytic framework of the degree theory, we

introduce

o E:=Cy(Q)xCo(2)xCy(Q), where Co(Q) := {p € C(Q) : ¢ = 0 on IN};

e W:=Kx K x K, where K := {¢ € Cy(2) : p > 0 on Q};

o D:={(u,z,w) EW:u<a, z< M, w< My on Q}, where M; and

My are defined in (3.6).

Then W is a cone of E and D is a bounded open set in W. For any 7 € [0, 1],
we define A,: D — W by

TF + Mu
Ar(u,z,w) = (=A+ M) | 7G+Mz |,
TH + Mw

where M is a sufficiently large constant with M > max{rMy, My, M>}.
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It follows from the standard elliptic regularity theory that A, is a completely
continuous operator. Moreover, A, has no fixed point on 0D. Let A = A;. Then
(u, z,w) is a solution of (3.4) in W if and only if it is a fixed point of A in D.

Now we start to calculate the indices of the trivial and semi-trivial fixed
points of A. It follows from the relationship between v and z that

(1) A has a trivial fixed point (0, 0,0);

(2) A has a weak semi-trivial fixed point (6,,0,0) if and only if @ > Aq;

(3) A has a weak semi-trivial fixed point (0, 0y, 0) if and only if b > Aq;

(4) A has a weak semi-trivial fixed point (0,0, 8.) if and only if ¢ > Ay;

(5) A has a strong semi-trivial fixed point (0, 8y, 6..) if and only if b, ¢ > Ay;

(6) A has a strong semi-trivial fixed point (64,0, 0(,,)) if and only if a,c >

A1, where 0 ) is defined in (3.1);

(7) A has a strong semi-trivial fixed point (@, (1 4+ xu)7,0) if (Cy) or (Cz)

holds, where (@, v) is a positive solution of (3.2).

LEMMA 3.1. Assume a,c > Ay and b## \1. Then:
(a) degy(I —A,D) =1,
(b) indexyy (A, (0,0,0)) = 0.
PROOF. By homotopic invariance of the degree and as (0,0,0) is the only
fixed point of Ag in D, we obtain
degyy (I — A, D) = degy, (I — Ap, D) = indexyy (Ao, (0,0,0)).

It is obvious that indexyy (Ao, (0,0,0)) = 1 and the first conclusion holds.
For the second result. We let y = (0,0,0) and B = .A’(0,0,0), then W, = W,
S, ={(0,0,0)}, and

M+a 0 0
B=(-A+M)! 0 M+b 0
0 0 M+c

Since a,c > A1 and b # Aq, it is easy to see that I — B has no non-trivial
kernel in W,,, and 1o := r((—=A+ M)~}(M +a)) > 1, by Theorems 2.3 and 2.4.
Furthermore, 7, is the principal eigenvalue of the operator (—A + M)~ (M + a)
with a corresponding eigenfunction ¢, > 0 and ¢4|oq = 0. Set t, = 1/r, € (0,1),
then (¢q,0,0) € W, \ Sy, but (I — t.B)(¢4,0,0) = (0,0,0) € S,. This shows
that B has property a, and the second conclusion follows from Theorem 2.6. O

LEMMA 3.2. Assume a,c > Ai. Then we have indexyy (A, (64,0,0)) = 0

if M(— F8e) # 0; indexw (A, (0,05,0)) = 0 if b > Xy and a # Ai(rfy);

indexyy (A, (0,0,0,) = 0 if b # .

ProOOF. We only prove that indexyy (A, (64,0,0)) = 0 since the proofs of the
other two are similar. Let y = (6,,0,0). Then we have W, = Cy(Q) x K x K,
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S, = Co(Q2) x {0} x {0}. Let B = A'(6,,0,0), then

rl,
M — 20, —
+a 1+ b, 0
B=(-A+M)™! 0 M+b+d9“ 0
1+ kb,
0 0 M+c

Let B(&,n,¢) = (&1n,¢) for some (£,1,¢) € W,. Since b # g(a) and ¢ > Ay,
n=C(=0,then £ =0as \ (20, —a) > A\ (0, —a) = 0. It follows from Theorems
2.3 and 2.4 that r. = (—A + M)"Y(M + ¢) > 1. Then we can show that B
has property a by a similar argument as in the proof of Lemma 3.1, and the
conclusion follows. O

LEMMA 3.3. The following conclusions hold true:

(a) Assume b,c > A1, then
(i) indexyy (A, (0,0p,0.)) =1 if a < A1 (r6s/(1 + mb..));
(ii) indexw (A, (0,0p,0:)) =0 if a > A (r8p/(1 +mb.)).
(b) Assume a,c > A1, then
(i) indexyy (A, (0a,0,0(q,))) = 1 if Ai(=(b+ dba) /(14 kb,)) > 0;
(ii) indexyy (A, (0a,0,0(4,c))) = 0 if A (—=(b+dba)/(1 + Kb,)) < 0.
(c) Assume ¢ > A1, then indexyy(A,S) =0, where S =0 or S = {(u, (1 +
k1)U, 0)} with (6,T) a positive solution of (3.2).

PROOF. (a) Let y = (0,6,,0.). Then we have W, = K x Cy(Q) x Co(Q),
S, = {0} x Co(Q) x Co(Q). Let B=A'(0,6y,0.), then

7"01,
M _
+a gy 0 0
— —1
B=(-A+M) (d— Kb)8y2k0> M +b— 26, 0
nf? 0 M +c— 20,

Let B(&,1,¢) = (&,1,¢) for some (&,1,¢) € W,,. Since a # A1 (rf,/(1 +mb,))
and £ € K, £ =0. Thenn = ¢ =0 as A\(20, —b) > M\ (0, — b) = 0 and
A1(20. —¢) > A (0. —c)=0.

Firstly, we prove conclusion (i). We claim that B does not have property a.
On the contrary, suppose that B has property a. Then there exist ¢t € (0,1
and (¢1, a2, ¢3) € Wy \ S, such that (I — tB)(¢1,¢2,¢3)T € S,. Since S, =
{0} x Co(2) x Co(Q), ¢1 # 0 must hold. Then

r((—A+M)1<M+a— ry )) >1oq

1+ ml. —t
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Then it follows from Theorem 2.3 that A1(7a+ 1_:259 ) <0,ie. a>X\ (1_:%),

which is a contradiction. So the claim is correct. By Theorem 2.6, we have
indexyy (A, (04,0,0)) = (=1)7,

where o is the sum of multiplicities of all eigenvalues of B that are greater than
1. Next, we will show o = 0. To this end, suppose that 1/p > 1 is an eigenvalue
of B with the corresponding eigenfunction (£,7,¢) € Wy, ie.,

A§+(MQ<M+a1J:i"wC)>g_o, zeQ,
(3.7) —An+ (M — o(M +b—260,))n = o(d — kb)02k07¢, € Q,
— A+ (M — o(M + ¢ — 26,))¢ = nb2¢, x €,
§=n=(=0, x € 0N.

Since 0 < ¢ < 1,

T@b ’I’ob
M— o M — — A ——— .
>\1( Q< +a 1+m96>)> a+ 1<1+m90>>0

We have £ = 0, and then n = ¢ = 0, what contradicts the fact that (£,7,¢) is an
eigenvalue. Consequently, o = 0 and conclusion (i) holds.

Secondly, we prove conclusion (ii). It follows from Theorems 2.3 and 2.4 that

ra:r<(A+M)_l<M+a— 1_:6;;9 )) > 1.

Then we can show that B has property a by a similar argument as in the proof

of Lemma 3.1, and the conclusion follows.
The proof of (b) is similar to the proof of (a), and we omit it. Now we give
the proof of (c). It is obvious that indexyy(A,S) = 0 if S = (. So we assume

that S 75 (Z) Let E1 = Co(Q) X C()(Q), E2 = Co(Q), W1 = K x K, W2 = K.
Define

Ay (u, 2, w) = (A+M)1< F Mu >

G+ Mz
Ao (u, z,w) = (A + M)*l(HJr Mz),

then A = (Ay, Az). A direct calculation shows that AL (w, (1 + xu)w,0)|w, =
(=A + M)~Y(M + ¢). Since ¢ > Ay, it follows from Theorems 2.3 and 2.4 that
r(A,(a, (14 £u)7,0)|w,) > 1, and the conclusion follows from Theorem 2.7. [

Now we establish the existence of positive solution to (1.4).

THEOREM 3.4. Assume ¢ > A1. Then (1.4) (or equivalently (3.4)) admits at
least one positive solution if:

7”91, .
b+ db, Ml —— |, b> Ai;
(a) )\1<1+ 9><Oanda> 1<1+m90> o>M
+ Kba AL ifb< A\,
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b+ db, r0
b) A — —/22) >0, \ A —2 db> ).
(b) 1( 1+nea>> A <a< 1(1+m96)76m > A\

PROOF. First we consider the case A ( — i’iiga) <0, a> /\1(13;;’9 ) and

b > A1. Assume, on the contrary, that (3.4) has no positive solution. Then it

follows from the properties of degree that

(3.8) degyy, (I — A, D) =indexw (4, (0,0,0))
+ indexyy (4, (0,4, 0,0)) + indexyy (A4, (0, 65,0))
+ indexyy (4, (0,0, 6.)) + indexw (A4, (0,05, 6.))
+ indexyy (4, (04,0, 0(q,c))) + indexyy (4, S).
By Lemmas 3.1-3.3, the left hand side of (3.8) is equal to one, while the right

hand side of (3.8) is equal to zero. This is a contradiction, and thus (3.4) has
a positive solution.

Similarly, we can prove that (3.4) has a positive solution if Ay ( btdby ) <0,

T 1+k0,
a>Arand b < Ay or A (—£E%) >0, Ay < a < Ay (525-), and b > Ay
Now we prove that (3.4) has a positive solution if )\1( - i’iiga ) <0,a>)\

and b = \y. For fixed a > Aq, there exists a sequence {(by,, un, zn, wy)} such that

by, + db, :
w(-3a) <0 < Bmb=

and (up, zn, wy) is a positive solution of (1.4) with b = b,. By the maximum
principle, there exists a constant C' independent of n such that |[u,||ze ) +
| 2nll oo () + lwn | Lo (@) < co. It follows from the regularity of elliptic equations
that (un, zn,w,) converges to (uo, 20, wo) in C2(), and obviously (ug, 2o, wo) is
a nonnegative solution of (3.4) with b = A;. Assume, on the contrary, that (3.4)
has no positive solution when b = A;. Then ug = 0 or 29 = 0 or wg = 0. First
we assume that ug = 0. Let ¢y, := 2, /(|20 L (), then (¢n, un, 2,) satisfies

Agbn%(anrdunl n ), x €,

1+ ku, + Kuy,
on =0, x € 09.

Since

<C

Pn b, + du,, — _An
1+ kuy, 1+ kuy

for some constant C' independent of n, then the regularity results of elliptic

L=>=(Q)

equations imply that there exists a nonnegative function ¢y € C?(Q) with
[¢ol Lo (0) = 1 such that lim ¢, = ¢ in C*(£2), and it satisfies
n—oo

- A(b() = (ZSO()\I - 20)7 T e Qu
¢o =0, x € 0.
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Since ¢g is nonnegative and nontrivial, then ¢y > 0 in 2 by the strong maximum
principle, and so A\; = A1(20), which means zp = 0. Let ¢, = wn/||tn||po(q). It
follows from the first equation of (1.4) that

rz
— A, = — Uy — ° Q
Y = Y (a Un, (1+nun)(1+mwn)>’ T € iy,

Then by a similar argument, one can show that there exists a positive function
o € C%(Q) such that

—A'LZJO = a’l/J(), x e Q7 ¢0 =0, x¢€ 897

which means a = A1, a contradiction. If zy = 0, one can also show that a = \;
by a similar argument as above. Finally, if wg = 0, then we can obtain ¢ = \;
by the last equation of (1.4) which contradicts ¢ > A;. O

Next, we make some comments on Theorem 3.4. For fixed ¢ > A1, we denote

b+ db,
1+ k0,

5’1:{(a,b)€RxR:)\1(— :O,GZ)\l}

and

76
Sz{(a,b)eRxR:a)q(H_;wc), bZ/\1}.

Then it follows from [23, Lemma 1.6] that S can be expressed as

S1={(a,b) : b=w(a) for a > A1 },
where w(-) is a C'-function with respect to a € [A1,00) with the following
properties:

(1) w is strictly monotone decreasing if kA1 < d, while w is strictly mono-
tone increasing if kKA1 > d.

(2) w(A1) = A, alirglo w(a) = —o0 if KA1 < d and ahﬁr{)lo w(a) = o0 if kAL > d.

(3) @w'(\) = kA —d.

Similarly, So can be expressed as
So ={(a,b) : a =7(b) for b > A1},
where 7(-) is a C'-function with respect to b € [\;,00) with the following
properties:

(1) 7 is strictly monotone increasing.
(2) 7(A\1) = Ay, blim 7(b) = 0.
—00

3
(3) 7'(\) = /Ql_:%dx//ggb? dx, where ¢;(x) is the positive eigen-

function corresponding to A; such that |[¢1[/z2(q) = 1.
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We denote
S:={(a,b) eERxR:77Ya) <b< w(a), a>X\}
U{(a,b): 77 (a) < b < w(a), a>\}

Then it follows from the properties of ©o and 7 that
(1) if K\ < d, then w(a) < 771(a) for all a > Ay;
3
"1 iz, then S # 0.
mb,

(2) if kKA1 > d and KA\ —d # / P3dx /
Q ol+
b A b A
b A p
‘b=w(a) la=1(b)
a=x(b) ' i
l’ ,”
oy e f a=x(b) { bmol@
b i
0 Af-m--- s A -
/8 . a ! '
“b=u(a) !
R | >
0 " > 0 )‘1 g
FIGURE 1. Possible coexistence regions. Left: kA1 < d, middle: kKA1 > d

and kX1 —d > [, ¢3 dx/ [o(r¢3 /(1 + mb.)) dw, right: kKA1 > d and kKA1 —d

< fQ ¢? dm/fg(”d’?/(l +mb.)) dx
Using the notations introduced above, we get the following results from The-

orem 3.4.
COROLLARY 3.5. Assume ¢ > A\1. Then (1.4) (or equivalently (3.4)) admits

at least one positive solution if
(a) kA1 <d and {(a,b) ER xR :w(a) <b< 71 (a), a> N} (see the first

graph of Figure 1); or
(b) KA1 > d and (a,b) € S (see the second and third graphs of Figure 1).

4. Global bifurcation and multiplicity of positive solutions

In this section we continue to study positive solutions of (1.4) (or equivalently
(3.4)) by means of the bifurcation theory. Assume b,c > Aq, then (3.4) has a
strongly semi-trivial solution (0,6p,0.). By linearizing (3.4) at (0,6,6.), we
obtain the following eigenvalue problem:

7’91,
A _ = e,
ot (0= g Jo =, z
A+ ((d — kb)Oy + 2607)0 + (b — 20)p = Np,  x €,
T €,
x € 0N.

(4.1)

p=9=1=0,
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A necessary condition for bifurcation is that the principal eigenvalue of (4.1)

is zero, which occurs if a = Al(llﬁfe ) Let ® be the positive eigenfunction

corresponding to a = )\1(1 oy ) We assume that & is normalized so that
|@|lL2() = 1. Since A1(20, —b) > 0, —A + 260, — b is invertible. Define

U= (—A+20, — b) " '[((d — kb)by + 207 P].
Similarly, define
T =(-A+20.—c) ' [no29].
With the functions defined above, we have the following result regarding the

bifurcation solutions of (3.4) from (0, 0y,0.) at a = )\1(1+m9 ).

LEMMA 4.1. Let b,c > A1 be fixed. Then a = /\1(1+m0
of (3.4) where positive solutions bifurcate from the line of semi-trivial solutions
{(a,0,0y,60.) : a > 0}; near ()\1(1+m9 ) 0,0y,0 ) there exists 0 > 0 such that all
positive solutions of (3.4) lie on a smooth curve I'y = {(a(s),u(s), z(s), w(s)) :
0<s<6} and

) 1s a bifurcation value

6
a(s) =\ <1 _:7;96> + saq + saz(s),

u(s) = s® + suy (s, x),
z(s) = O0p + sV + s21(s, x),
w(s) = 0. + sT + swi (s, x).

Here s — (az2(s),ui(s,x), z1(s,x),w1(s,z)) is a smooth function from (0,9) to
Rx X x X xX for X =C(Q)NCy(Q) with o € (0,1) such that az(0) = 0,
u1(0,2) = 21(0,2) = w1(0,2) = 0 and

Ty 3 / r mb, )
4.2 = 1-— o U — TP .
42 @ /sz ( 1+m9c> de + Q 1+m90< 1+ mb, dz

PrROOF. Denote @ := )\1(1+ 7 ). Let X = CM(Q) N Cy(Q) and ¥V =
C% ()N C(Q). Define a nonlinear §F: R x X x X x X — Y xY x Y by

Au+ F(a,u, z,w)
Sla,u, z,w) = Az + G(u, z,w) ,
Aw + H(u, z,w)

where F, G, H are defined in (1.4). By a straightforward calculation, we obtain
A+ F &+ Fon+ Fu(

g(u,z,w) (aa u, 2, w)[gv , C] = A77 + Gug + Ga?n + GwC ’
AC+HE+H.n+ Hy(C
u 3
Sa(a,u,z,w) = 0 s Sa(u,z,w) [577774.] = 0 y
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‘S(u,z,w)(u,z,w) (CL, u, z, w)[fa , <]2

Fuul? + Foon® + FupwC? + 2(Fuzén + FuwéC + Fownl)
= Guu§2 + Gzzn2 + wa<2 + Q(Guzgn + Guwgc + sznC)
Hyw&% + Hoon? + HypC? + 2(Hyz€n + HywéC + HoynC)

At (a,u, z,w) = (,0,0;,6.), it is easy to see that the kernel
N(S(mz,w) (av 07 01)7 0(,)) = Span{(q)a \117 T)}

and the range

R(3 (wm (@ 0, 69, 6,)) = {(a,ﬁ,fy) CY XY XY - /Qoz(x)@(x) _ o}.
Then,

Sa(u,z,w) (65 07 €b7 90)[q)7 \117 T] = ((I)a 0; O) g 7z(l'?f’(u,z,u)) (Ada 07 eby 00))

by the fact that fQ &2 dx =1 # 0. Thus we can apply Theorem 2.1 to conclude
that the set of positive solutions to (3.4) near (a, 0,0, 6.) is a smooth curve

Iy = {a(s),u(s), z(s),w(s) : s € (0,8)},

where ¢ is a small positive constant, such that a(0) = @, u(s) = s® + o(s),
2(8) = 0y + s¥ + o(s) and w(s) = 0. + sT + o(s). Moreover, by Theorem 2.1,

<£a g(u,z,,w)(u,z,w) (Ad, 07 0177 00)[(ba lI/v T]2>
2<£a%’a(u,z,w)(avovgb,gc)[(ba@7T]> 7

a; =ad'(0)=—
where ¢ is a liner functional on Y x Y x Y defined as

(€, (0, B )) = / o(2)®(z) dz.

Q
Thus,

rKOp 3 / r mb 2
= 1- o°d — ¥ - T)0%de. O
“ /Q< 1—|—mt9c> v Ql+m90( 1+mb. .

By Theorem 2.1, the curve I'y of bifurcating positive solutions is contained

in a connected component ¥ of the set of positive solutions of (3.4). Our next
result is about . To this end, denote

Pi={¢eX:¢(x)>0, z€Q, 0¢/0v <0, z € I},
P :={(a,u,z,w) e Ry x X x X x X},

where X is defined in Lemma 4.1.

THEOREM 4.2. Assume b,c > Aq and)\l(— i’iigz) # 0, the global bifurcation

curve % tends to oo in P.
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PROOF. Denote a := )‘1(14579596) and ¥ := ¥\ {(@,0,65,0.)}. We need to

prove only ¥ C P. On the contrary, suppose that ¥ is not contained in P, then

there exists a point (a,w,z,w) € 3 N &P, which is the limit of a sequence of
points {(an, tn, 2n, W) }22; C XN P. It is obvious that u € 9Py, or Z € 9Py, or
w € OP;.
Suppose u € 9P, then @ > 0 for z €  and either u(xg) = 0 for some zg € Q
or Ou/v(xg) = 0 for some xy € 9. Since u satisfies
rZ
(1+ ku)(1 +mw

—Aﬂ:ﬂ(ﬁ—ﬂ— )>, x € Q, u=0, z€dQ,

it follows from the maximum principle that @ = 0. Similarly, we can show that
Z=0ifv € 9P, and w =0 if w € P. Since (a,u,z,w) € ¥ and ¢ > Ay, we
have w > 6.. Thus we have the following three cases:

(i) (ﬂv Z, '[5) = (07 O, 0c)5

(ii) (w,z,w) = (0,0,6.);

(iii) (u,z,w) = (04,0, 00,c))-
Next, we will prove that all of the above three cases cannot happen. Suppose (i)
holds. Let Uy, = un/||tnl L~ (q), then U, satisfies

TZn

Q
(1 4 rup) (1 —|—mwn)>7 re

_AUn = Un (CLH — Up —
(4.3)

U,=0, ze€df.
Thanks to the LP-estimate and Sobolev embedding theorem, there exists a con-
vergent subsequence of {U,,}52 ;, which we relabel as the original one, such that
U, — U in C?(Q) asn — oo, and U > 0,% 0 in 2, which satisfies ||U|| () = 1.
Taking limit in (4.3) as n — oo, we obtain
_
1+ mb,
It follows from Theorem 2.4 that @ = a, which contradicts a # a.
Suppose z = 0 holds. Let Z, = z,/|zn||L>~(q), then Z,, satisfies
Zy
1+ ku,

—AU:(a )U7 x € Q, U=0, xe€df.

(4.4) —AZ, = (b+dunzn>, veQ,  Z,=0, xcd.

1+ ku,

Similarly, by the LP-estimate and Sobolev embedding theorem, there exists a con-
vergent subsequence of {Z,,}22 ;, which we relabel as the original one, such that
Zn — Zin C*(Q) asn — oo, and Z > 0, # 0 in ©, which satisfies || Z|| ) = 1.
Suppose (ii) holds. Taking limit in (4.4) as n — oo, we obtain b = \;, which
contradicts b > A;. Suppose (iii) holds. Taking limit in (4.4) as n — oo, we

obtain )\1( — lf]:iga) = 0, a contradiction. O

Next, we discuss the stability of the positive solutions obtained im Lem-

ma 4.1.



142 J. ZHOU

THEOREM 4.3. Assume the assumptions of Lemma 4.1 hold, and let ay be
defined as in (4.2). If a1 # 0, then there exists se (0, 4] such that for s € (O,g),
the positive solution (a(s),u(s),z(s),w(s)) got in Lemma 4.1 is not degenerate,
where § is the constant from Lemma 4.1. Moreover, (u(s), z(s),w(s)) is unstable
if a1 <0, and it is stable if a; > 0.

PRrROOF. We use the notations of the proof of Lemma 4.1. In order to study
the stability, we consider the following eigenvalue problem:

5) £(s)

»
~
I

=
—
»
~
3
—~
»
~
S
m
=

&(
L(s) | n(
¢(
£(s) =n(s) = ¢(s) =0, z € 09,

where

L(s) = =S (uzw)(a(s), uls), 2(s), w(s)) =

rz(s) ru(s) rmu(s)z(s)
—A-a(s)+2u(s)+ (1+mw(s))(1+kru(s))? (14+ru(s))(1+mw(s)) T (1+ku(s))(1+mw(s))?
rbz(s)—dz(s) 2k2(s)? “A_ b+du(s) 2z(s) 0
(14+rku(s))? ~— (1+ku(s))s 14+ku(s) " (1+ru(s))?
nw(s)? 2w(s)
~ (1+nu(s))? 0 —A—ct 1+nu(s)
Furthermore,
~ 0
A -G+ 0 0
i £(s) = 1+mb, —r
M £(s) = (kb — d)h, — 2662 —A — b+ 26, 0 = Lo.
—nb? 0 —A—c+ 20,

Since Ay ( — @+ 25-) = 0, A(=b+26,) > 0, and Ay (—c+26.) > 0, 0 is the

first eigenvalue of £y with the corresponding eigenfunction (®, ¥, Y). Moreover,

the real parts of all other eigenvalues of Ly are positive and are apart from O.
By perturbation of linear operator [13], we know that for s > 0 small L(s) has
a unique eigenvalue p(s) such that lims_,o x(s) = 0 and all other eigenvalues of
L(s) have positive real part and apart from 0.

Now we determine the sign of pu(s) for s > 0 small, applying Theorem 2.2.
Consider the following eigenvalue problem:

¢(a) ¢(a)
- S(U,z,w)(aa 07 9b7 9(') @(a) = ’y(a) @(a) ’ T e Q’
¥(a) ¥(a)
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Then ¢(a) satisfies

r6‘b _
(4.5) — Ad(@) + 1 b d(a) — adla) = y(@)d(a), e,

¢(a’) =0, x € 0N.

Since v(a) = 0 and ¢(a) = ®, then differentiating (4.5) with respect to a at
a = a we obtain that

0,
—A +7 - = d, 2eQ,
(46) X o X ax — ' (a)

XZO, xG@Q,

where x = ¢/(a). Multiplying both sides of (4.6) by ® and integrating it over 2,
we obtain

7’(5)/¢2dx:—/(1>2dx+/< AX(P—&-LX(P ax@) dx
Q Q Q mb.

0 _
—/<I>de+/x(—Aq>+”@—aq>>dx=—/q>2dx,
Q Q 1+ mb, Q

that is /(@) = —1. Since a1 # 0, then it follows from Theorem 2.2 that u(s) # 0
for s > 0 small and

(4.7) lim ) _ —v'(@)a’(0) = a.

s—0 8
Since all other eigenvalues of L£(s) have positive real parts, then the conclusion
follows from (4.7). O

Combining the above preparations, we get the following multiplicity result.

THEOREM 4.4. Assume b,c > A1 and Ay ( — Ifidz ) <0. Leta = )\1(1+m0 )

and ay be defined as in (4.2). If a; < 0, then there exists a positive constant

€ < a—Ay such that (1.4) (or equivalently (3.4)) has at least two positive solutions
if \p —e < a <a, and it has at least one positive solution if a > a — .

PRrROOF. From Lemma 4.1, (3.4) has a curve I'y = {(a(s), u(s), z(s), w(s)) :
0 < s < &} of positive solutions near (@, 0, 0y, 6..). Since a; < 0, a(s) < @ for s > 0
small. Assume, on the contrary, that (3.4) has a unique positive solution (u, z, )
when a < @ but near deta. Then it is obvious that (u,Zz,w) is the positive
solution bifurcating from (a, o, 8y, 0..), which was obtained in Lemma 4.1, and it is
not degenerate by Theorem 4.3. Thus I — A, .,w) (U, 2, W) : Wa z,5) = Wea,zo)
is invertible, where A is the operator defined in Section 4. Since (u,z,w) is an
isolated interior point of D, indexy (A, (u,z,w)) = £1. Notice that A\ < a <a

for s > 0 small, b,c > Ay and A\ ( — ?iigz) < 0. It follows from Lemmas 3.1-3.3
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that
1 = degyy (A, D)
=indexyy (A, (0,0,0)) + indexy (A, (04,0,0)) + indexy (A, (0, 65, 0))
+ indexyy (A, (0,0,0.)) + indexyy (A (O 0y,0.)) + indexyy (A, (04, 0,0(q,c)))

+ indexyy (A, S) + indexw (A, (4, Z, W))
=0+0+04+0+1+0+0=%1,

which is a contradiction. Thus if ¢ < @ and near a, then there exist at least
two positive solutions of (3.4). Since u(s)(z) < a for all z € Q and there are
no positive solutions if a < Ay, it follows from Theorem 4.2 that there exists
e € (0,a — A1) such that the projection of the closure of the global bifurcation
curve X is [a — €,00) (see Figure 2), and the conclusion follows. O

u

FIGURE 2. Backward bifurcation of u when a; < 0.

REMARK 4.5. If a,c,d,7,m > 0, b € R and x > 0 are fixed, then ®, ¥ are
fixed and T — oo uniformly on any compact subset of 2 as n — oo. Hence,
there exists a constant n, > 0 large enough such that a; < 0 if n > n,.
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