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ATTRACTORS FOR SECOND ORDER NONAUTONOMOUS

LATTICE SYSTEM WITH DISPERSIVE TERM

Xiaolin Xiang — Shengfan Zhou

Abstract. In this paper, we prove the existence of pullback attractor,

pullback exponential attractor and uniform attractor for second order non-
autonomous lattice system with dispersive term and time-dependent forces.

Then we prove the existence of uniform exponential attractor for the system

driven by quasi-periodic external forces.

1. Introduction

It is known that there are two important tools to study the asymptotic

behavior of non-autonomous evolution equations (see [10], [6], [15]). The first

one is the uniform attractor by introducing a so-called skew-product semiflows

on a larger phase space, which allows one to embed a given non-autonomous

system into an autonomous semiflow, and then to appeal to the general theory

of autonomous semiflows. The second one is the pullback attractor (or kernel

sections) directly for non-autonomous equations. The uniform attractor and

pullback attractor are natural generalizations of the notion of global attractor

for a non-autonomous dynamical system. However, these two attractors are

usually infinite dimensional and sometimes attract orbits at a relatively slow
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speed leading to take an unexpected long time to be reached, thus the uniform

exponential attractor and the pullback exponential attractor having finite fractal

dimension and attracting all bounded sets exponentially were introduced, and

they have become appropriate alternatives to study the asymptotic behavior of

non-autonomous dynamical systems.

Recently, there are several works about the existence of uniform attractor,

pullback attractor, kernel sections, pullback and uniform exponential attractor

for non-autonomous lattice dynamical systems (LDSs), which arise in many ap-

plied areas, see [1]–[4], [9], [17], [21], [22], [24], and the references therein. Of

those works, Zhou and Han in [21] and [22] presented some sufficient conditions

for the existence of pullback and uniform exponential attractor for the continu-

ous process on Banach space and space of infinite sequences, and applied them

to prove the existence of pullback exponential attractors for the first order and

partly dissipative non-autonomous LDSs and uniform exponential attractors for

the non-autonomous Klein–Gordon–Schrödinger and Zakharov LDSs. Motivated

by [21], [22], in this article, we consider the pullback attractor, pullback exponen-

tial attractor, uniform attractor for the following second order non-autonomous

lattice dynamical system with dispersive term and time-dependent forces

(1.1) üi + β(Aü)i + αu̇i + γ(Au̇)i + λui + (Au)i + fi(ui) = gi(t),

and the uniform exponential attractor for second order non-autonomous lattice

system driven by quasi-periodic external forces:

(1.2) üi + β(Aü)i + αu̇i + γ(Au̇)i + λui + (Au)i + fi(ui) = aihi(σ̃(t)),

where i ∈ Z, t ≥ τ, τ ∈ R, u = (ui)i∈Z, ui ∈ R, β ≥ 0, γ > 0, α > 0, λ > 0,

ai ∈ R, gi ∈ C(R,R), hi, fi ∈ C1(R,R), σ̃(t) ∈ Tn (n-dimensional torus), A

is a non-negative and self-adjoint linear operator with the decomposition A =

DD = DD, and D is defined by

(1.3) (Du)i =

l=m0∑
l=−m0

dlui+l, |dl| ≤ c0, for all u = (ui)i∈Z, −m0 ≤ l ≤ m0,

and D is the adjoint of D. If A is defined by (Au)i = 2ui − ui−1 − ui+1, then

(1.1) can be regarded as a discrete analogue of the following continuous fourth

order partial differential equation in R:

(1.4) utt − βuxxtt + αut − γuxxt + λu− uxx + f(u, x) = g(x, t),

which is a mathematical model for describing the spread of longitudinal strain

waves in nonlinear elastic rods and weakly nonlinear ion-acoustic waves; see, e.g.

[5], [11] and the references therein. The terms −βuxxtt and −γuxxt are called the

dispersive and the viscosity dissipative terms, respectively. In the autonomous

case (i.e. g is independent of t) defined in a bounded domain and the stochastic
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equation driven by additive noise defined on the unbounded domain, the well-

posedness and the existence of attractors of (1.4) have been studied by [7], [8], [13]

and the references therein.

For the second order autonomous and non-autonomous lattice systems (1.1)

without dispersive term (i.e. β = 0), Abdallah, Fan, Zhao and Zhou et al. have

investigated the existence and finite-dimensionality of their global attractor and

kernel sections, see [2], [3], [12], [14], [16]–[20], [23]. Here, by following the

ideas of [21], [22], we consider the existence of pullback exponential attractor for

system (1.1) and the existence of uniform exponential attractor for system (1.2)

with β ≥ 0.

The paper is organized as follows. In Section 2, we prove the existence

of pullback attractor of system (1.1). In Section 3, we prove the existence of

pullback exponential attractor for the system (1.1). In Section 4, we present the

existence of uniform attractor for the system (1.1). In Section 5, we prove the

existence of uniform exponential attractor for the system (1.2).

2. Pullback attractor

In this section, we consider the existence of pullback attractor of system (1.1)

with β > 0. Note that system (1.1) with initial data can be written as a vector

form

(2.1)

ü+ βAü+ αu̇+ γAu̇+ λu+Au+ f(u) = g(t), t > τ,

u(τ) = (ui,τ )i∈Z = uτ , u̇(τ) = (u1i,τ )i∈Z = u1τ ,
τ ∈ R,

where u = (ui)i∈Z, Aü = ((Aü)i)i∈Z, Au̇ = ((Au̇)i)i∈Z, Au = (Aui)i∈Z, f(u) =

(fi(ui))i∈Z, g(t) = (gi(t))i∈Z. Let

l2 =

{
u = (ui)i∈Z :

∑
i∈Z

ui
2 <∞, ui ∈ R

}
be a Hilbert space with inner product (u, v) =

∑
i∈Z

uivi and norm

||u||2 = (u, u) =
∑
i∈Z

u2i for u = (ui)i∈Z, v = (vi)i∈Z ∈ l2.

Let

(2.2) v = u̇+ εu,

where ε is a small positive constant such that

min{α− 2ε, γ − βε, λ− αε+ ε2, 1− γε+ βε2} > 0,

then

(2.3) (I + βA)v̇ + (α− ε)v + (λ− αε+ ε2)u

+ (1− γε+ βε2)Au+ (γ − βε)Av + f(u) = g(t).



896 X. Xiang — S. Zhou

By the semi-positivity of operator A on l2, we know that the operator (I +

βA)−1 exists, and (I + βA)−1 is linear and bounded: ||(I + βA)−1|| ≤ 1. Let

E = l2 × l2, a Hilbert space with usual inner product and norm. The system

(2.1) is equivalent to the following first order evolution equation in E:

(2.4) ϕ̇+ C(ϕ) = F (ϕ, t), ϕ(τ) =

(
uτ
vτ

)
=

(
cuτ

u1τ + εuτ

)
, t > τ, τ ∈ R,

where

ϕ =

(
u

v

)
, F (ϕ, t) =

(
0

(I + βA)−1[−f(u) + g(t)]

)
,

C(ϕ)

=

(
εu− v

(I+βA)−1[(α−ε)v+(λ−αε+ε2)u+(1−γε+βε2)Au+(γ−βε)Av]

)
.

We make the following assumptions on gi, fi:

(H1) g(t) = (gi(t))i∈Z ∈ G, where

G =

{
g ∈ Cb(R, l2) : for every η > 0, there exists I(η) ∈ N such that

sup
t∈R

∑
|i|>I(η)

g2i (t) < η

}
,

and Cb(R, l2) denotes the space of all continuous bounded functions from

R into l2, |||g||| .= sup
t∈R
||g(t)||;

(H2) For any i ∈ Z, fi satisfies:

(H21) fi ∈ C1(R;R);

(H22) let Gi(s) =
∫ s
0
fi(r) dr, fi(s)s ≥ νGi(s) ≥ 0, for all s ∈ R and for

some small positive constant ν > 0;

(H23) there exist a function K ∈ C(R+;R+) and a I0 ∈ N such that

sup
|i|>I0

max
s∈[−r,r]

|f ′i(s)| ≤ K(r), for all r ∈ R+.

Under assumptions (H1)–(H2), we see that for any (ϕ, t) ∈ E ×R, F (ϕ, t)−
C(ϕ) ∈ E and F (ϕ, t) − C(ϕ) is locally Lipschitz from E × R into E with

respect to ϕ for t in compact sets of R. Thus, for any ϕ(τ) = (uτ , vτ )T ∈ E,

there exists a unique local solution ϕ(t, τ) = (u(t, τ), v(t, τ))T of (2.4) such that

ϕ( · , τ) ∈ C([τ, τ + T0), E) ∩ C1((τ, τ + Tmax), E) for some Tmax > 0. Moreover,

if Tmax < +∞, then lim
t→Tmax

||ϕ(t, τ)||E = +∞. It follows from Lemma 2.1 below

that the solution ϕ(t, τ) of (2.4) is bounded for all t ≥ τ if ϕ(τ) belongs to

a bounded set, thus the local solution ϕ(t, τ) of (2.4) exists globally in [τ,+∞),
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that is, ϕ( · , τ) ∈ C([τ,+∞), E) ∩ C1((τ,+∞), E), implying that the solution

maps

W (t, τ) : ϕ(τ) = (uτ , vτ )→ ϕ(t, τ) = (u(t, τ), v(t, τ)), t ≥ τ, τ ∈ R,

generate a continuous process {W (t, τ)}t≥τ on E.

First, we prove the existence of a uniform absorbing set of {W (t, τ)}t≥τ .

Lemma 2.1. The process {W (t, τ)}t≥τ has a uniform absorbing set B0 =

B0(0, r0) = {ϕ ∈ E : ||ϕ||E ≤ r0} ⊂ E such that for any bounded subset B ⊂ E,

there exists TB ≥ 0 yielding W (t+ τ, τ)B ⊆ B0 for all t ≥ TB, where

r0 =

√
2

µσ0α
|||g|||, µ = min{1, λ− αε+ ε2, β, 1− γε+ βε2},

σ0 = min

{
α− 2ε,

2(γ − βε)
β

, 2ε, εν

}
.

Particularly,
⋃
t∈R

W (t, t− τ)B0 ⊆ B0 for any t ∈ R and τ ≥ TB0 .

Proof. Let ϕ(t, τ) = (u(t, τ), v(t, τ))T ∈ E be a solution of (2.4). By

computation, we have

(u, v) =
1

2

d

dt
||u||2 + ε||u||2, (Au, v) =

1

2

d

dt
||Du||2 + ε||Du||2,

(f(u), v) ≥ d

dt

∑
i∈Z

Gi(ui) + εν
∑
i∈Z

Gi(ui),

(g(t), v) ≤ 1

2α
|||g|||2 +

α

2
||v||2.

Taking the inner product ( · , · ) of (2.3) with v(t, τ), we have

(2.5)
d

dt
y + σ0y ≤

1

α
|||g|||2, for all t ≥ τ,

where

y = ||v||2 + β||Dv||2 + (λ− αε+ ε2)||u||2

+ (1− γε+ βε2)||Du||2 + 2
∑
i∈Z

Gi(ui).

Then applying Gronwall inequality to (2.5), we have

y(t) ≤ y(τ)e−σ0(t−τ) +
1

σ0α
|||g|||2, for all t ≥ τ.

By (1.3) and (H22)–(H23),

||Du(τ)||2 =
∑
i∈Z

(Du)2i (τ) ≤ (2m0 + 1)2c20||uτ ||2,
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i∈Z

Gi(ui(τ)) ≤ 1

ν

∑
i∈Z

max
s∈[−||uτ ||,||uτ ||]

|f ′i(s)| · uiτ 2

≤ 1

ν
K̃(||uτ ||) · ||uτ ||2,

where

K̃(||uτ ||) = max

{
max

|i|≤I0,s∈[−||uτ ||,||uτ ||]
|f ′i(s)|,K(||uτ ||)

}
.

Thus,

y(t) ≤ (1 + βC̃0 + λ− αε+ ε2)||vτ ||2e−σ0(t−τ)(2.6)

+

(
(1− γε+ βε2)C̃0 +

2

ν
K̃(||uτ ||)

)
||uτ ||2e−σ0(t−τ) +

1

σ0α
|||g|||2,

for all t ≥ τ , where C̃0 = (2m0 + 1)2c20. It follows that the ball B0 = {ϕ ∈ E :

||ϕ||E ≤ r0} is a uniform absorbing set for the process {W (t, τ)}t≥τ on E. �

Next we consider the “end” estimate of solutions of (2.4).

Lemma 2.2. For any η > 0, there exist T0(η,B0) > 0 and N0(η,B0) such

that the solution ϕ(t+ τ, τ) = (ϕi(t+ τ, τ))i∈Z = (ui(t+ τ, τ), vi(t+ τ, τ))i∈Z ∈ E
of system (2.4) with ϕ(τ) ∈ B0 satisfies∑

|i|>N0(η,B0)

||ϕi(t+ τ, τ)||2E =
∑

|i|>N0(η,B0)

(u2i (t+ τ, τ) + v2i (t+ τ, τ)) ≤ η,

for t ≥ T0(η,B0).

Proof. Let τ ∈ R,

ϕ(t) =ϕ(t+ τ, τ) = W (t+ τ, τ)ϕ(τ)

= (u(t+ τ, τ), v(t+ τ, τ)) = (u(t), v(t)) ∈ E,

for t ≥ 0, be a solution of (2.4) with ϕ(τ) ∈ B0. By (2.6),

(2.7) ||v(t)||2 + β||Dv(t)||2 + (λ− αε+ ε2)||u(t)||2

+ (1− γε+ βε2)||Du(t)||2 ≤ µr20 ≤ r20,

for all t ≥ TB0
. Taking the inner product ( · , · ) of (2.2) and (2.3) with u̇(t, τ),

v̇(t, τ), respectively, we have

(2.8) ||u̇||2 ≤ 2||v||2 + 2ε2||u||2 ≤ 2(1 + ε2)r20
.
= 2r21, for all t ≥ τ + TB0

.

and, for all t ≥ TB0
,

(2.9)
1

2
||v̇||2 +

1

2
β||Dv̇||2 ≤

(
2(α− ε+ λ− αε+ ε2)

+
(1− γε+ βε2) + (γ − βε)

β
+ 2K̃2(r0)

)
r20 + 2|||g|||2 .

= r22.
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Choosing a smooth increasing function θ ∈ C1(R+,R) satisfies:

(2.10)


θ(s) = 0 for 0 ≤ s ≤ 1,

0 ≤ θ(s) ≤ 1 for 1 ≤ s ≤ 2,

θ(s) = 1 for s ≥ 2,

|θ′(s)| ≤M0 for s ≥ 0,

where M0 > 0 is a constant. Let M be a fixed integer. Set wi = θ(|i|/M)ui,

zi = θ(|i|/M)vi, for all i ∈ Z, y = (w, z) = ((wi), (zi))i∈Z. Here we have

(2.11)

∣∣∣∣(Dz)i − θ( |i|M
)

(Dv)i

∣∣∣∣ =

∣∣∣∣ l=m0∑
l=−m0

dlzi+l − θ
(
|i|
M

) l=m0∑
l=−m0

dlvi+l

∣∣∣∣
=

l=m0∑
l=−m0

∣∣∣∣(θ( |i+ l|
M

)
− θ
(
|i|
M

))
dlvi+l

∣∣∣∣ ≤ M0m0c0
M

l=m0∑
l=−m0

|vi+l|.

Thus, by (2.7)–(2.9) and (2.11), for t ≥ TB0
,∣∣∣∣∑

i∈Z
(Dv̇)i

(
(Dz)i − θ

(
|i|
M

)
(Dv)i

)∣∣∣∣
≤M0m0c0

M

∑
i∈Z

( l=m0∑
l=−m0

|dlv̇i+l|
l=m0∑
l=−m0

|vi+l|
)

≤M0m0(2m0 + 1)2c20
2M

∑
i∈Z

(v̇2i + v2i ) ≤ M0m0C̃0

2M
(2r22 + r20).

Similarly,∑
i∈Z

(Du)i

[
(Dẇ)i − θ

(
|i|
M

)
(Du̇)i

]
≤ M0m0(2m0 + 1)2c20

2M

∑
i∈Z

(u2i + u̇2i )

≤ M0m0C̃0

2M
(2r21 + r20),

for t ≥ TB0
. Thus,

(Av̇, z) =
∑
i∈Z

(Dv̇)i

[
θ

(
|i|
M

)
(Dv)i + (Dz)i − θ

(
|i|
M

)
(Dv)i

]

≥ 1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
(Dv)2i −

M0m0C̃0

2M
(2r22 + r20),

(Av, z) ≥
∑
i∈Z

θ

(
|i|
M

)
(Dv)2i −

M0m0C̃0

M
r20,

(Au, ẇ) ≥ 1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
(Du)2i −

M0m0C̃0

2M
(2r21 + r20),
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(Au,w) ≥
∑
i∈Z

θ

(
|i|
M

)
(Du)2i −

M0m0C̃0

M
r20,

(Au, z) = (Au, ẇ + εw)

≥ 1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
(Du)2i +

∑
i∈Z

θ

(
|i|
M

)
(Du)2i −

M0m0C̃0

2M
(2r21 + 3r20),

(u, z) =
∑
i∈Z

uiθ

(
|i|
M

)
(u̇i + εui) =

1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
u2i + ε

∑
i∈Z

θ

(
|i|
M

)
u2i ,

(f(u), z) ≥ d

dt

∑
i∈Z

θ

(
|i|
M

)
Gi(ui) + εν

∑
i∈Z

θ

(
|i|
M

)
Gi(ui),

(g(t), z) ≤ α

2

∑
i∈Z

θ

(
|i|
M

)
v2i +

1

2α

∑
i∈Z

θ

(
|i|
M

)
g2i (t).

Taking the inner product ( · , · ) of (2.3) with z(t, τ), we have that, for t ≥ TB0 ,

d

dt

∑
i∈Z

θ

(
|i|
M

)
(v2i + β(Dv)2i + (λ− αε+ ε2)u2i )(2.12)

+
d

dt

∑
i∈Z

θ

(
|i|
M

)
((1− γε+ βε2)(Du)2i + 2Gi(ui))

+
∑
i∈Z

θ

(
|i|
M

)
((α− 2ε)v2i + 2(γ − βε)(Dv)2i + 2ε(λ− αε+ ε2)u2i )

+
∑
i∈Z

θ

(
|i|
M

)
(2ε(1− γε+ βε2)(Du)2i + 2ενGi(ui))

≤ 1

α

∑
|i|≥M

g2i (t) +
J0
M
,

where

J0 = (β(2r22 + r20) + 4(γ − βε)r20)M0m0C̃0

+ (1− γε+ βε2)(2r21 + r20 + 2εr20)M0m0C̃.

Since g(t) = (gi(t))i∈Z ∈ G, by the definition of G, we have that for all η > 0,

there exists N00(η,B0) such that

1

α
sup
t∈R

∑
|i|≥M

g2i (t) +
J0
M
≤ µσ0

2
η, for all M ≥ N00(η,B0).

Write

yM (t) =
∑
i∈Z

θ

(
|i|
M

)
(v2i + β(Dv)2i + (λ− αε+ ε2)u2i )

+
∑
i∈Z

θ

(
|i|
M

)
((1− γε+ βε2)(Du)2i + 2Gi(ui)).
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Then by (2.12),

(2.13)
d

dt
yM (t) + σ0yM (t) ≤ σ0µη

2
, for all M ≥ N00(η,B0), t ≥ TB0

.

By the Gronwall inequality to (2.13) on [τ + TB0
, τ + t] (t ≥ TB0

), we have that

for M ≥ max{I0, N00(η,B0)}, t ≥ TB0
,

yM (t) =
∑
i∈Z

θ

(
|i|
M

)
(v2i + β(Dv)2i + (λ− αε+ ε2)u2i )

+ (1− γε+ βε2)
∑
i∈Z

θ

(
|i|
M

)
(Du)2i + 2Gi(ui)

≤ y(TB0
)e−σ0(t−TB0

) +
µη

2
≤ K1(r0)r20e

−σ(t−TB0
) +

µη

2
,

where

K1(r0) = 1 + β(2m0 + 1)2c20 + (λ− αε+ ε2) + (1− γε+ βε2)C̃0 +
2

ν
K(||r0||).

Thus there exist T0(η,B0) > TB0
> 0 and N0(η,B0) = 2 max{I0, N00(η,B0)} ∈

N such that for t ≥ T0(η,B0) and M ≥ N0(η,B0), we have∑
|i|>N0(η,B0)

(u2i (t) + v2i (t)) ≤
∑
i∈Z

θ

(
|i|
M

)
(u2i (t) + v2i (t)) ≤ η

for all t ≥ T0(η,B0). �

As a direct consequence of Lemmas 2.1, 2.2 and Theorem 4.2 of [16], we

obtain the existence of a pullback attractor for the process {W (t, τ)}t≥τ .

Theorem 2.3. {W (t, τ)}t≥τ possesses a pullback attractor {K(t)}t∈R with

properties:

(a) for t ∈ R, K(t) =
⋂
s≥0

⋃
τ≥s

W (t, t− τ)B0 (⊆ B0) is compact;

(b) (invariance) W (t, τ)K(τ) = K(t) for all −∞ < τ ≤ t <∞;

(c) (pullback attraction) for any bounded set B ⊂ E and t ∈ R,

lim
τ→+∞

dE(U(t, t− τ)B,K(t)) = 0,

where dE denotes the Hausdorff semi-distance between two sets of E.

3. Pullback exponential attractor

It is known from Theorem 2.3 that the process {W (t, τ)}t≥τ possesses a pull-

back attractor {K(t)}t∈R. Here a natural question is that whether these sets

K(t), t ∈ R are finite dimensional or not? How are the speed of their attract-

ing orbits? The infinite dimensionality and relatively slow attracting speed of

them will make us difficult in practical applications and numerical simulations.

For this reason, we consider the existence of a pullback exponential attractor
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for system (2.4) which has finite fractal dimension and attracts all bounded sets

exponentially, moreover, includes the pullback attractor.

In this section, we assume that (H1)–(H2) hold and make a further assump-

tion on the function K:

(H3) K(0) = 0, where K is defined in (H23) of Section 2.

For any t ∈ R, set

Y (t) =
⋃

τ≥TB0

W (t, t− τ)B0 ⊆ B0,

where B0 is the uniform absorbing set in Lemma 2.1, then

W (t, τ)Y (τ) ⊆ Y (t) ⊆ B0, for all t ≥ τ.

Given any τ ∈ R and any initial data ϕτ = (uτ , vτ ), ψτ = (xτ , yτ ) ∈ Y (τ), let

ϕ(t) =W (t, τ)ϕτ , ψ(t) = W (t, τ)ψτ ,

φ(t) =ϕ(t)− ψ(t) = (φi(t))i∈Z = (ξi(t), ζi(t))i∈Z,

then ϕ(t), ψ(t), φ(t) ∈ C([τ,+∞), E) satisfy:

(3.1) ||ϕ(t)|| ≤ r0, ||ψ(t)|| ≤ r0, ||φ(t)|| ≤ 2r0, for all t ≥ τ,

and

(3.2)


ξ̇ = ζ − εξ,
(1 + βA)ζ̇ + (α− ε)ζ + (λ− αε+ ε2)ξ

+(1− γε+ βε2)Aξ + (γ − βε)Aξ + f(u)− f(x) = 0, t ≥ τ.

First we consider the Lipschitz property of {W (t, τ)}t≥τ on Y (τ), for all

τ ∈ R.

Lemma 3.1. There exists a continuous positive value function L : [0,+∞)→
[0,+∞) such that, for every τ ∈ R,

‖W (t+ τ, τ)ϕτ −W (t+ τ, τ)ψτ‖E ≤ L(t) · ‖ϕτ − ψτ‖E ,

for all ϕτ , ψτ ∈ Y (τ), and

(3.3) lim
t→τ+0

sup
ϕτ∈Y (τ)

||W (t, τ)ϕτ − ϕτ ||E = 0.

Proof. It is easy to see that, for t ≥ τ ,

(f(u)− f(x), ζ) =
∑
i∈Z

f ′i(xi + ϑi(ui − xi))ξiζi ≤
K̃2(r0)

2α
||ξ||2 +

α

2
||ζ||2.
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Taking the inner product ( · , · ) of the second equation of (3.2) with ζ(t, τ), we

have

d

dt
(||ζ||2 + β||Dζ||2 + (λ− αε+ ε2)||ξ||2 + (1− γε+ βε2)||Dξ||2)

≤ (2ε− α)||ζ||2 + 2(βε− γ)||Dζ||2 +

(
K2(r0)

α
− 2ε(λ− αε+ ε2)

)
||ξ||2

+ 2ε(γε− 1− βε2)||Dξ||2,

for all t ≥ τ . Thus

(3.4)
d

dt
Y ≤ σ1Y, for all t ≥ τ,

where

Y = ||ζ||2 + β||Dζ||2 + (λ− αε+ ε2)||ξ||2 + (1− γε+ βε2)||Dξ||2,

σ1 = max

{
2ε− α, 2(βε− γ)

β
,
K2(r0)/α− 2ε(λ− αε+ ε2)

λ− αε+ ε2
, 2ε(γε− 1− βε2)

}
.

Applying Gronwall’s inequality to (3.4) on [τ, τ + t], (t ≥ 0), we have

‖Y (t+ τ)‖2E ≤ eσ1tY (τ), t ≥ 0,

thus,

‖W (t+ τ, τ)ϕτ −W (t+ τ, τ)ψτ‖2E

≤ 1

µ
C1e

σ1t · ‖ϕτ − ψτ‖2E
.
= L(t) · ‖ϕτ − ψτ‖2E ,

for all t ≥ 0, where

C1 = max{1 + βC̃0, (λ− αε+ ε2) + (1− γε+ βε2)C̃0},

L(t) =
1

µ
C1e

σ1t, for all t ≥ 0.

It is easy to prove (3.3). �

Then we consider the decomposition of solutions.

Lemma 3.2. There exist positive constants τ1 > 0, γ1 ∈ [0, 1/2) and (for

N1 ∈ Z) 2(2N1 + 1)-dimensional orthogonal projection PN1
: E → EN1

, such

that for every τ ∈ R and ϕτ , ψτ ∈ Y (τ),

‖(I − PN1)(W (τ + τ1, τ)ϕτ −W (τ + τ1, τ)ψτ )‖E ≤ γ1‖ϕτ − ψτ‖E .

Proof. For i ∈ Z, let

ωi = θ

(
|i|
M

)
φi =

(
θ

(
|i|
M

)
ξi, θ

(
|i|
M

)
ζi

)
= (ϑi, ςi), ω = (ωi)i∈Z,
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where θ is as in (2.10) and M > I0. We have

(Aζ̇, ς) ≥ 1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
(Dζ)2i −

M0m0C̃0

2M
(||ζ̇||2 + ||ζ||2),

(Aζ, ς) ≥
∑
i∈Z

θ

(
|i|
M

)
(Dζ)2i −

M0m0C̃0

M
||ζ||2,

(Aξ, ς) ≥ 1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i + ε

∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i

− M0m0C̃0

2M
(||ξ̇||2 + ||ξ||2 + 2ε||ξ||2),

(ζ̇, ς) =
1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
ζ2i , (ζ, ς) =

∑
i∈Z

θ

(
|i|
M

)
ζ2i ,

(ξ, ς) =
∑
i∈Z

ξiθ

(
|i|
M

)
(ξ̇i + εξi)

=
1

2

d

dt

∑
i∈Z

θ

(
|i|
M

)
ξ2i + ε

∑
i∈Z

θ

(
|i|
M

)
ξ2i ,

2((f(u)− f(x), ς) ≤
∑
i∈Z

ξ

(
|i|
M

)(
1

α
|f ′(xi + νi(ui − xi))|2ξ2i + αζ2i

)
.

By (3.2), we have

||ξ̇(t)||2 ≤ 2||ζ(t)||2 + 2ε2||ξ(t)||2 ≤ C2(||ζ(t)||2 + ||ξ(t)||2), for all t ≥ τ,

||ζ̇(t)||2 + β||Dζ̇(t)||2 ≤ C3(||ζ(t)||2 + ||ξ(t)||2), for all t ≥ τ.

where C2 = max{1, 2ε2}, C ′3 = C̃0/(2β) and

C3 = max{α− ε, λ− αε+ ε2, (1− γε+ βε2)C ′3, (γ − βε)C ′3,K2(r0)}.

Thus, taking the inner product ( · , · ) of the second equation of (3.2) with ς(t, τ),

we have that, for all t ≥ τ ,

d

dt

∑
i∈Z

θ

(
|i|
M

)
(ζ2i + β(Dζ)2i + (λ− αε+ ε2)ξ2i + (1− γε+ βε2)(Dξ)2i )(3.5)

+
∑
i∈Z

θ

(
|i|
M

)
((α− 2ε)ζ2i + 2(γ − βε)(Dζ)2i + 2ε(λ− αε+ ε2)ξ2i )

+ 2ε(1− γε+ βε2)
∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i

≤
∑
i∈Z

ξ

(
|i|
M

)
1

α
|f ′(xi + ϑi(ui − xi))|2ξ2i +

C4

M
(||ξ||2 + ||ζ||2),
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where ϑi ∈ (0, 1), C4 is a positive constant independent of M . By the continuity

of K(s) and K(0) = 0 (see (H23)), there exists δ0 such that

Γ2(δ0) ≤ αε(λ− αε+ ε2).

By Lemma 2.2, for this δ0 > 0, there exist N2(δ0, B0) ∈ N, T1(δ0, B0) > 0 such

that, for t ≥ T1(δ0, B0) + τ ,

sup
i>N2(δ0,B0)

{|ui(t, τ ;ϕτ )|, |xi(t, τ ;ψτ )|} ≤ δ0,

implying that, for |i| > N2(δ0, B0), t ≥ T1(δ0, B0) + τ ,

|xi(t) + ϑi(ui(t)− xi(t))| ≤ (1− ϑi)|xi(t)|+ |ui(t)| ≤ δ0, ϑi ∈ (0, 1).

Thus, for t ≥ T1(δ0, B0) + τ ,

sup
|i|>N2(δ0,B0)

|f ′i(xi(t) + νi(ui(t)− xi(t)))|2 ≤ Γ2(δ0) ≤ αε(λ− αε+ ε2).

Therefore, we obtain that for allM ≥ max{N2(δ0, B0), I0} and t ≥ T1(δ0, B0)+τ ,

(3.6)
d

dt
YM (t) + σ2YM (t) ≤ C4

M
(||ξ(t)||2 + ||ζ(t)||2),

where

YM =
∑
i∈Z

θ

(
|i|
M

)
(ζ2i + β(Dζ)2i + (λ− αε+ ε2)ξ2i )

+ (1− γε+ βε2)
∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i ,

σ2 = min

{
α− 2ε,

2(γ − βε)
β

, ε

}
> 0,

Applying Gronwall’s inequality to (3.6) from τ + T1 (T1 = T1(δ0, B0)) to τ + t

(t ≥ T1), we have that, for M ≥ max{N2(δ0, B0), I0},∑
|i|≥2M

(ξ2i (τ + t) + ζ2i (τ + t)) ≤ 1

µ
YM (τ + t)(3.7)

≤ 1

µ
e−σ2(t−T1)YM (τ + T1, τ ;φτ )

+
C4

Mµ

∫ τ+t

τ+T1

e−σ2(τ+t−r)(||ξ(r, τ)||2 + ||ζ(r, τ)||2) dr

≤ 1

µ2

(
C1e

(σ1+σ2)T1e−σ2t +
1

M

C1C4

σ1 + σ2
eσ1t

)
· ‖ϕτ − ψτ‖2E ,

for all t ≥ T1. Setting

τ1 = max

{
T1(δ0, B0),

ln(8C1e
(σ1+σ2)T1/µ2)

σ2

}
,

N1 =

{
2N2(δ0, B0) + 1, 2I0 + 1,

8C1C4

µ2(σ1 + σ2)
eσ1τ1

}
,
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we have

γ1 =
1

µ

√
C1e(σ1+σ2)T2e−σ2τ1 +

1

N1

C2C4

σ1 + σ2
eσ1τ1 <

1

2
.

Thus, by (3.7), we have

‖(I − PN1
)(W (τ + τ1, τ)ϕτ −W (τ + τ1, τ)ψτ )‖E ≤ γ1‖ϕτ − ψτ‖E . �

From Lemmas 3.1, 3.2 and Theorem 2 of [21], we obtain the following result

of existence of a pullback exponential attractor.

Theorem 3.3. Let (H1)–(H3) hold. Then the process {W (t, τ)}t≥τ asso-

ciated with (2.4) possesses a pullback exponential attractor {A(t)}t∈R with the

following properties:

(a) for any t ∈ R, K(t) ⊆ A(t) ⊆ Y (t) ⊆ B0;

(b) the fractal dimension of A(t), dimf A(t) ≤ lnNε/− ln aε;

(c) for any bounded set B ⊂ E,

dE(W (t, τ)B,A(t)) ≤ L(τ1)r0e
ω1TB

(aε)2
e−ω1(t−τ),

for −∞ < τ + TB < t ≤ +∞;

(d) lim
t→s

dE(A(t),A(s)) = 0, −∞ < s <∞, where

aε = 2(γ1 + εL(τ1)), ε =
1− 2γ1
4L(τ1)

, ω1 =
− ln aε
τ1

and Nε is the minimal number of closed balls of E with radius θ covering

the closed unit ball BN1
(0, 1) of EN1

= l2N1
× l2N1

centered at 0, here

l2N1
= {u = (ui)i∈Z ∈ l2 : ui = 0 for |i| > N1}.

4. Uniform attractor

Another important concept describing the asymptotic behavior of non-auto-

nomous dynamical systems is uniform attractor. In this section, we consider the

existence of uniform attractor for the system (2.4).

Given a fixed function g0 ∈ G ⊂ Cb(R; l2), take

H(g0) = {g0( · + h) : h ∈ R} ⊂ Cb(R; l2)

as a symbol space, then T (h)H(g
0
) = H(g

0
), where T (h)g( · ) = g( · + h), for

all g ∈ H(g
0
), for all h ∈ R+. From Section 2, for any g ∈ H(g

0
) in (3.2),

the solution ϕ(t) = (ϕi(t))i∈Z of (2.4) exists globally in [τ,+∞), and maps of

solutions

Wg(t, τ) : ϕτ 7→ ϕ(t) = Wg(t, τ)ϕτ ∈ E, for all t ≥ τ, g ∈ H(g
0
),

generate a family of continuous processes {Wg(t, τ)}t≥τ,g∈H(g
0
) on E which sa-

tisfying

Wg(t+ h, τ + h) = WT (h)g(t, τ), for all g ∈ H(g
0
),
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for all t ≥ τ , τ ∈ R and all h ∈ R+.

We have the following theorem for the existence of a compact uniform (w.r.t.

g ∈ H(g
0
)) attractor of the family of processes {Wg(t, τ)}t≥τ,g∈H(g

0
) in E.

Theorem 4.1. Assume that (H1)–(H2) hold and g0 ∈ G, then

(a) {Wg(t, τ)}g∈H(g
0
),t≥τ possesses a uniform closed bounded absorbing ball

B̃0 = B̃0(0, r0) = {ϕ ∈ E : ||ϕ||E ≤ r0} ⊂ E,

where r̃0 =
√

2/(µσ0α)|||g0|||, such that, for any τ ∈ R and each bounded

set B ⊂ E, there exists TB ≥ 0 such that
⋃

g∈H(g0 )

Wg(t, τ)B ⊆ B̃0 for all

t ≥ TB + τ . In particular, there exists a time TB̃0
> 0 such that⋃

g∈H(g0 )

Wg(t, τ)B̃0 ⊆ B̃0, for all t ≥ TB̃0
+ τ, τ ∈ R;

(b) Set B̃ =
⋃

g∈H(g
0
)

⋃
t≥TB̃0

Wg(t, 0)B̃0 ⊆ B̃0. For any τ ∈ R and any η > 0,

there exist Ñ1(η, B̃0) ∈ N and T̃1(η, B̃0) ≥ 0 such that for any ϕ(τ) ∈ B̃,

the solution ϕ(t) = ((ui(t), vi(t)))i∈Z = Wg(t, τ)ϕ(τ) of (2.4) satisfies

sup
g∈H(g0 )

∑
|i|>Ñ1(η,B̃0)

(u2i (t) + v2i (t)) ≤ η, for all t ≥ T̃1(η, B̃0) + τ.

(c) {Wg(t, τ)}g∈H(g
0
),t≥τ possesses a uniform attractor A ⊂ B̃ ⊂ Ewith

properties:

(c1) A is closed;

(c2) lim
t→+∞

supg∈H(g0 )
dE(Wg(t, τ)B,A) = 0 for any fixed τ ∈ R and any

bounded set B of E;

(c3) A is the minimal set (for inclusion relation) among those satisfy-

ing (c2).

Proof. Noticing that for any g ∈ H(g0), |||g||| ≤ |||g0|||, thus (c1) and (c2)

are similar to the proof of Lemmas 2.1 and 2.2. The proof of (c3) is obtained by

Theorem 3.1 in [24]. �

5. Uniform exponential attractor

It is known from Theorem 3.1 in [24] that the uniform attractor A with

respect to g ∈ H(g
0
) for the family of processes {Wg(t, τ)}g∈H(g

0
),t≥τ on the

state space E is just the projection of the global attractor Θ ⊂ E × H(g
0
)

on E of semigroup {S(t)}t≥0 (skew-product semiflow) on a extended phase space

E ×H(g
0
):

S(t) : E ×H(g
0
)→ E ×H(g

0
), (ϕ, g)→ (Wg(t, 0)ϕ, T (t)g),
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for all t ≥ 0. Thus the dimension of A and Θ depend on the dimension of the

symbol space H(g
0
). In fact, generally, the dimension of A and Θ is infinite

dimensional when H(g
0
) is infinite dimensional. So it is necessary to consider

the existence of a uniform exponential attractor for system (2.4) which includes

the uniform attractor and has finite fractal dimension and attracts all bounded

sets exponentially. However, it is difficult to prove the existence of such uni-

form exponential attractor for system (2.4) with an infinite dimensional symbol

space H(g0). In this section, we consider the existence of a uniform exponential

attractor for system (1.2) with quasi-periodic external force.

Let Tn be the n-dimensional torus:

Tn = {ρ = (ρ1, . . . , ρn) : ρj ∈ [−π, π], for all j = 1, . . . , n}

with the identification

(ρ1, . . . , ρj−1,−π, ρj+1, . . . , ρn) ∼ (ρ1, . . . , ρj−1, π, ρj+1, . . . , ρn),

for all j = 1, . . . , n, and the topology and metric induced from the norm given by

‖ρ‖Tn =

( n∑
j=1

ρ2j

)1/2

, for all ρ = (ρ1, . . . , ρn) ∈ Tn.

Let x = (x1, . . . , xn) ∈ Rn be a fixed vector such that x1, . . . , xn are rationally

independent, i.e. if there exist integers k1, . . . , kn such that
n∑
j=1

kjxj = 0, then

kj = 0 for j = 1, . . . , n. For s ∈ R, define

T̃ (s)ρ = (xs+ ρ) mod(Tn), ρ ∈ Tn,

then {T̃ (s)}s∈R is a translation group on Tn with

T (s)Tn = Tn, for all s ∈ R.

Consider the second order lattice system (1.2) with quasi-periodic external

forces and initial data, which is equivalent to the following vector form:

(5.1)

ü+ β(Aü) + αu̇+ γ(Au̇) + λu+Au+ f(u) = ah(ρ̃(t)), t > τ,

u(τ) = (ui,τ )i∈Z, u̇(τ) = (u̇i,τ )i∈Z, τ ∈ R,

where β, α, γ, λ, A, f are as in (2.1) of Section 2; ah(ρ̃(t)) = (aihi(ρ̃(t)))i∈Z,

ρ̃(t) = T̃ (t)ρ = (xt+ ρ)mod(Tn) ∈ Tn, ρ ∈ Tn.

We make the following assumptions on hi, ai, i ∈ Z in (5.1):

(H4) for all i ∈ Z, hi(0Tn) = 0 and there exists k0 > 0 such that

|hi(ρ̃1)− hi(ρ̃2)| ≤ k0‖ρ1 − ρ2‖Tn , ρ1, ρ2 ∈ Tn.

(H5) a = (ai)i∈Z ∈ l2.
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The problem (5.1) can be written as
u̇ = εu− v,
(1 + βA)v̇ + (α− ε)v + (λ− αε+ ε2)u

+(1− γε+ βε2)Au+ (γ − βε)Av + f(u) = ah(ρ̃(t)),

u(τ) = (ui,τ )i∈Z, u̇(τ) = (u̇i,τ )i∈Z,

that is,

(5.2) ϕ̇+ C(ϕ) = F̃ (ϕ, t), ϕ(τ) =

(
uτ
vτ

)
=

(
uτ

u1τ + εuτ

)
, t > τ, τ ∈ R,

where

F̃ (ϕ, t) =

(
0

(1 + βA)−1[−f(u) + ah(ρ̃(t))]

)
.

In the following, we assume (H2)–(H5) hold. By replacing g(t) in Section 4

by ah(ρ̃(t)), and by

|||ah(ρ̃(t))|||2 =
∑
i∈Z

a2ih
2
i (ρ̃(t)) ≤

∑
i∈Z

a2i k
2
0||ρ||2Tn ≤ nπ2k20‖a‖2,

similar to Theorem 4.1, we have the following theorem.

Theorem 5.1. (a) For any τ ∈ R, any initial data ϕ(τ) = (u(τ), v(τ)) ∈ E
and ρ ∈ Tn, there exists a unique solution of (5.2):

ϕ(t) = (u(t), v(t)) ∈ C([τ,∞), E) ∩ C1((τ,∞), H), t ≥ τ,

which generate a family of continuous processes {Uρ(t, τ)}ρ∈Tn,t≥τ on E :

Uρ(t, τ) : ϕ(τ) 7→ ϕ(t), t > τ, τ ∈ R, ρ ∈ Tn.

(b) The family of processes {Uρ(t, τ)}ρ∈Tn,t≥τ possesses a uniform closed

bounded absorbing ball B0 = B0(0, R0) ⊂ H centered at 0 with radius R0 =√
2n/(µσ0α)πk0‖a‖.

(c) Set B̃0 =
⋃

ρ∈Tn

⋃
t≥TB0

Uρ(t, 0)B0 ⊆ B0. For any τ ∈ R and any η > 0,

there exist N3(η,R0) ∈ N and T3(η,R0) ≥ 0 such that for any ϕ(τ) ∈ B̃0, the

solution ϕ(t) = ((ui(t), vi(t)))i∈Z = Uρ(t, τ)ϕ(τ) of (5.2) satisfies

sup
ρ∈Tn

∑
|i|>N3(η,R0)

(u2i (t) + v2i (t)) ≤ η, for all t ≥ T3(η,R0) + τ.

(d) The family of continuous processes {Uρ(t, τ)}ρ∈Tn,t≥τ possesses a uni-

form attractor Ã ⊂ B̃ ⊂ H.

Now we first verify the Lipschitz continuity of {Uρ(t, τ)}ρ∈Tn,t≥τ and provide

an estimation of the tail of the difference between two solutions of (5.2). Then

we obtain the existence of a uniform exponential attractor of (5.2).
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For j = 1, 2, ϕ(j0) ∈ B̃0, ρj ∈ Tn and t ≥ 0, let ϕ(j)(t) = Uρj (t, 0)ϕ(j0) =

(u(j)(t), v(j)(t))(∈ B̃0) be the solutions of (5.2). Set

Φ(t) = ϕ(1)(t)− ϕ(2)(t) = Uρ1(t, 0)ϕ(10) − Uρ2(t, 0)ϕ(20) = (ξ(t), ζ(t)),

for all t ≥ 0, we have

||ϕ(j)(t)|| ≤ R0, ||Φ(t)|| ≤ 2R0, for all t ≥ 0, j = 1, 2,

and

(5.3)


ξ̇ = ζ − εξ,
(1 + βA)ζ̇ + (α− ε)ζ + (λ− αε+ ε2)ξ + (1− γε+ βε2)Aξ

+(γ − βε)Aξ + f(u)− f(x) = ah(ρ̃1(t))− ah(ρ̃2(t)), t > 0.

Lemma 5.2. There exists a positive valued continuous function L1 : [0,+∞)→
[0,+∞) such that, for t ≥ 0,

(5.4) ‖Uρ1(t, 0)ϕ(10) − Uρ2(t, 0)ϕ(20)‖E
≤ L1(t)(‖ϕ(10) − ϕ(20)‖2H + ‖ρ1 − ρ2‖2Tn)1/2.

Proof. Note that ‖ρ1 − ρ2‖2Tn is independent of t, and for any t ≥ 0,

(f(u)− f(x), ζ) =
∑
i∈Z

f ′i(xi + ϑi(ui − xi))ξiζi

≤ K2(R0)

α
||ξ||2 +

α

4
||ζ||2,

(ah(ρ̃1(t))− ah(ρ̃2(t)), ζ) =
∑
i∈Z

ai(hi(ρ̃1(t))− hi(ρ̃2(t)))ζi

≤ k20||a||2

α
‖ρ1 − ρ2‖2Tn +

α

4
||ζ||2.

Taking the inner product ( · , · ) of the second equation of (5.3) with ζ(t, τ), we

have

(5.5)
d

dt
Z(t) ≤ σ3Z(t), for all t ≥ 0,

where

Z = ||ζ||2 + β||Dζ||2 + (λ− αε+ ε2)||ξ||2

+ (1− γε+ βε2)||Dξ||2 + ‖ρ1 − ρ2‖2Tn ,

σ3 = max

{
2ε− α, 2(βε− γ)

β
,

2K2(r0)/α− 2ε(λ− αε+ ε2)

λ− αε+ ε2
,
k20||a||2

α

}
.

Applying Gronwall’s inequality to (5.5) on [0, t] (t ≥ 0), we have

||ζ(t)||2 + ||ξ(t)||2 + ‖ρ1 − ρ2‖2Tn ≤
1

µ
‖Z(t)‖2E

≤ 1

µ
C5e

σ3t · (‖Φ(0)‖2E + ‖ρ1 − ρ2‖2Tn)
.
= L1(t) · ‖ϕτ − ψτ‖2E ,
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for all t ≥ 0, where

C5 = max{1 + βC̃0, (λ− αε+ ε2) + (1− γε+ βε2)C̃0, 1},

L1(t) =
1

µ
C5e

σ3t, for all t ≥ 0. �

Lemma 5.3. There exist T ∗ > 0 and M∗ ∈ N such that∑
|i|>M∗

|(Uρ1(T ∗, 0)ϕ(10) − Uρ2(T ∗, 0)ϕ(20))i|2E =
∑
|i|>M∗

[ξ2i (t) + ζ2i (t))]

≤ 1

128
(‖ϕ(10) − ϕ(20)‖2E + ‖ρ1 − ρ2‖2Tn).

Proof. For i ∈ Z, let

ωi = θ

(
|i|
M

)
φi =

(
θ

(
|i|
M

)
ξi, θ

(
|i|
M

)
ζi

)
= (ϑi, ςi),

ω = (ωi)i∈Z, θ is as in (2.10) and M > I0. Here

(ah(ρ̃1(t))− ah(ρ̃2(t)), ς) ≤
∑
i∈Z

ξ

(
|i|
M

)(
k20a

2
i

α
‖ρ1 − ρ2‖2Tn +

αζ2i
4

)
.

and

||ζ̇(t)||2 + β||Dζ̇(t)||2 ≤ C3(||ζ(t)||2 + ||ξ(t)||2 + ‖ρ1 − ρ2‖2Tn),

for all t ≥ 0. Similar to (3.5), taking the inner product ( · , · ) of the second

equation of (5.3) with ς(t, τ), we have that for all t ≥ 0,

d

dt

∑
i∈Z

θ

(
|i|
M

)
(ζ2i + β(Dζ)2i + (λ− αε+ ε2)ξ2i + (1− γε+ βε2)(Dξ)2i )

+
∑
i∈Z

θ

(
|i|
M

)
((α− 2ε)ζ2i + 2(γ − βε)(Dζ)2i + 2ε(λ− αε+ ε2)ξ2i )

+ 2ε(1− γε+ βε2)
∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i

≤
∑
i∈Z

ξ

(
|i|
M

)
1

α
|f ′(xi + ϑi(ui − xi))|2ξ2i

+
C6

M
(||ξ||2 + ||ζ||2 + ‖ρ1 − ρ2‖2Tn) +

2k20
α
‖ρ1 − ρ2‖2Tn

∑
i∈Z

ξ

(
|i|
M

)
a2i ,

where C6 is a constant independent of M . By the continuity of K(s), K(0) = 0

and Lemma 5.2, there exist δ1 > 0, and N4(δ1, R0) ∈ N, T4(δ1, R0) > 0 such that

sup
|i|>N2(δ1,R0)

|f ′i(xi + ϑi(ui − xi))|2 ≤ Γ2(δ1) ≤ αε(λ− αε+ ε2), t ≥ T4(δ1, R0).
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Therefore, we obtain that for all M ≥ max{N4(δ1, R0), I0} and t ≥ T4(δ1, R0),

d

dt
YM + σ4YM ≤

C6C5

µM
eσ3t · (‖Φ(0)‖2E + ‖ρ1 − ρ2‖2Tn)(5.6)

+
2k20
α
‖ρ1 − ρ2‖2Tn

∑
i∈Z

ξ

(
|i|
M

)
a2i ,

where

YM =
∑
i∈Z

θ

(
|i|
M

)
(ζ2i + β(Dζ)2i + (λ− αε+ ε2)ξ2i )

+ (1− γε+ βε2)
∑
i∈Z

θ

(
|i|
M

)
(Dξ)2i ,

σ4 = min

{
α− 2ε,

2(γ − βε)
β

, ε

}
> 0.

Integrating (5.6) from T4 = T4(δ1, R0) to t (> T4), we have∑
|i|≥2M

(ξ2i (t) + ζ2i (t)) ≤ 1

µ
YM (t)

≤ 1

µ

(
e−σ4(t−T4) · YM (T4)+

1

M

C6C5

µ(σ4 + σ3)
eσ3t · (‖Φ(0)‖2H+‖ρ1−ρ2‖2Tn)

)
+

2k20
µασ4

‖ρ1 − ρ2‖2Tn
∑
|i|≥M

a2i

≤ 1

µ2

(
C5e

(σ3+σ4)T4e−σ4t +
1

M

C6C5

(σ4 + σ3)
eσ3t

)
(‖Φ(0)‖2H + ‖ρ1 − ρ2‖2Tn)

+
2k20
µασ4

∑
|i|≥M

a2i · ‖ρ1 − ρ2‖2Tn .

By the condition (H5), there exists M5 ∈ N such that

2k20
µασ4

∑
|i|≥M

a2i ≤
1

512
, M ≥M5.

Letting

T ∗ = max

{
(σ3 + σ4)T4 + 2 ln(1024C5/µ

2)

σ4
, T4

}
,(5.7)

M∗ = max

{
M4,M5, I0,

1024C6C5

µ2(σ4 + σ3)
eσ3T

∗
}
,(5.8)

we then have

1

µ2

(
C5e

(σ3+σ4)T2e−σ2T
∗

+
1

M∗
C6C5

(σ4 + σ3)
eσ3T

∗
)
≤ 1

512
,∑

|i|>2M∗

(ξ2i (T ∗) + ζ2i (T ∗)) ≤ 1

128
(‖Φ(0)‖2H + ‖ρ1 − ρ2‖2Tn),
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that is,∑
|i|>2M∗

|(Uρ1(T ∗, 0)ϕ(10) − Uρ2(T ∗, 0)ϕ(20))i|2

≤ 1

128
(‖ϕ(10) − ϕ(20)‖2H + ‖ρ1 − ρ2‖2Tn). �

By Lemmas 5.1–5.3 and Theorem 2.2 of [22], our main result of this section

is as follows.

Theorem 5.4. If conditions (H2)–(H5) are satisfied, then the family of pro-

cesses {Uρ(t, τ)}ρ∈Tn,t≥τ , possesses a uniform exponential attractorM⊂ B̃ with

the following properties:

(a) M is compact;

(b) A ⊂M ⊂ B, where A is the uniform attractor;

(c) M has a finite fractal dimension

dimf (M) ≤ K0(n+ 2(4M∗ + 1)) ln
√
L1(T ∗) + 1 + 1,

where K0 is a constant, T ∗ and M∗ are as in (5.7)–(5.8);

(d) there exist two positive constants k1 and k2 such that

sup
ρ∈Tn

dE(Uρ(t, τ)B,M) ≤ k1e−k2(t−τ), for all t ≥ τ, τ ∈ R.

Remark 5.5. Similar results in this article are still valid for non-autonomous

lattice systems (1.1) and (1.2) defined on Zl with l ≥ 2 and β ≥ 0.
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