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EXISTENCE OF ANOSOV DIFFEOMORPHISMS
ON INFRA-NILMANIFOLDS
MODELED ON FREE NILPOTENT LIE GROUPS

KAREL DEKIMPE — JONAS DERE

ABSTRACT. An infra-nilmanifold is a manifold which is constructed as
a quotient space I'\ G of a simply connected nilpotent Lie group G, where I'
is a discrete group acting properly discontinuously and cocompactly on G
via so called affine maps. The manifold I" \ G is said to be modeled on
the Lie group G. This class of manifolds is conjectured to be the only
class of closed manifolds allowing an Anosov diffecomorphism. However, it
is far from obvious which of these infra-nilmanifolds actually do admit an
Anosov diffeomorphism. In this paper we completely solve this question
for infra-nilmanifolds modeled on a free c-step nilpotent Lie group.

1. Anosov diffeomorphisms on infra—nilmanifolds

There has been quite some activity in the study of Anosov diffeomorphisms
on closed manifolds in the last ten to fifteen years ([3]-[10], [15]-[23]). Vaguely
said, an Anosov diffeomorphism of a manifold M is a diffeomorphism f: M — M
such that the tangent bundle of M allows a df-invariant continuous splitting
TM = FE° @& E" with df contracting on E° and expanding on E*. Up till
now, the only examples of closed manifolds admitting an Anosov diffeomorphism
are manifolds which are homeomorphic to an infra-nilmanifold. In fact, it has
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been conjectured that this is the only class of closed manifolds admitting such
diffeomorphisms. We refer to the papers cited above for more information.

Let us briefly recall what an infra-nilmanifold is and how an Anosov diffeo-
morphism can be constructed on such a manifold. Let G be a connected and
simply connected nilpotent Lie group and Aut(G) the group of continuous auto-
morphisms of G. The affine group Aff(G) is defined as the semi-direct product
G »x Aut(G) and acts on G in the following way:

Va=(g,0) € Aff(G), Vhe G: “h=gd(h).

Let C C Aut(G) be a compact subgroup of automorphisms. A subgroup I' C G x
C is called an almost—Bieberbach group if I is a discrete, torsion-free subgroup
such that the quotient I" \ G is compact. The quotient space I' \ G is a closed
manifold and is called an infra-nilmanifold modeled on the Lie group G. Let
p: I' — Aut(G) denote the natural projection on the second component, then
it is well known that H = p(T') is a finite group, which is called the holonomy
group of I'. The subgroup N =I'N G is a uniform lattice in G and T fits in the
following exact sequence:

(1.1) 1> N—->T—-H—1

In the case where G is abelian, i.e. G = R"™ for some n, the manifolds constructed
in this way are exactly the compact flat Riemannian manifolds.

Let o € Aff(G) be an affine transformation such that al'a=! = I'. Then «
induces a diffeomorphism @ on the infra-nilmanifold I" \ G, which is defined by

a:T\G—->T\G:Tg—T(Yg).

A diffeomorphism like this is called an affine infra-nilmanifold automorphism.
The map @ is an Anosov diffeomorphism if and only if the linear part of « is
hyperbolic, i.e. it only has eigenvalues of absolute value different from 1. It is
conjectured that every Anosov diffeomorphism is topologically conjugate to an
affine infra-nilmanifold automorphism (see also [5]).

In [24], H.L. Porteous gives an easy criterion to decide whether or not a flat
manifold allows an Anosov diffeomorphism. To formulate this criterion, we have
to introduce the holonomy representation. For a flat manifold, the short exact
sequence (1.1) is of the form 1 — Z" — I' — H — 1 and hence conjugation
in ' induces a representation ¢: H — Aut(Z™) = GL,(Z). This representation
is called the holonomy representation. The criterion of Porteous states that
a flat manifold M supports an Anosov diffeomorphisms if and only if every
Q@-irreducible component of ¢ which occurs with multiplicity 1, splits over R.
(We can also view ¢ as a rational representation ¢: H — GL,(Q) and a real
representation ¢: H — GL,(R).) As it was already pointed out in [7], a natural
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class to consider for possibly generalizing this statement is the class of infra-
nilmanifolds modeled on a free c-step nilpotent Lie group, i.e. Lie groups where
the corresponding Lie algebra is free c-step nilpotent. The flat case is then the
case where ¢ = 1.

For infra-nilmanifolds which are not flat (so which are not modeled on an
abelian Lie group), the short exact sequence (1.1) does not give rise to a natu-
ral holonomy representation ¢: H — Aut(N). Therefore, a rational holonomy
representation was introduced in [7]. To obtain this rational holonomy repre-
sentation, one embeds the group N into its rational Mal’cev completion Ng (or
radicable hull). This leads to the following commutative diagram:

1 T T H 1
1 Ng o H 1

where the bottom exact sequence splits. By fixing a splitting morphism s: H —
I'g, we define the rational holonomy representation ¢: H — Aut(Ng) by

p(f)(n) = s(f)ns(f)~".

The rational holonomy representation does depend on the choice of s, but this
dependence is not relevant in the study of Anosov diffeomorphisms. In fact,
it turns out that the rational holonomy representation contains all information
about the existence of Anosov diffeomorphisms, see e.g. [7, Theorem A]. The
representation ¢ also induces a representation

©: H — Aut(Ng/[Ng, Ng|) =2 GL,(Q) (for some n),

which will be refered to as the abelianized rational holonomy representation.
Our main theorem, which generalizes the criterion of Porteous and completely
finishes the work started in [7], states that we can decide whether or not an
infra-nilmanifold modeled on a free c—step nilpotent Lie group has an Anosov
diffeomorphism by only looking at the abelianized rational holonomy represen-
tation

THEOREM 1.1. Let M be an infra-nilmanifold modeled on a free c-step nilpo-
tent Lie group, with holonomy group H and associated abelianized rational holo-
nomy representation ¢: H — Aut(Ng/[Ng, Ng|). Then the following are equi-
valent:

(a) M admits an Anosov diffeomorphism.
(b) Every Q-irreducible component of @ that occurs with multiplicity m,
splits in more than c/m components when seen as a representation over R.
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For abelian holonomy groups H, this was already shown in [9, Theorem 2.3].
From [9], we know that the existence of an Anosov diffeomorphisms is equiv-
alent with the existence of a c-hyperbolic, integer-like matrix which commutes
with every element in the image of . Recall that a matrix C € GL,(Q) is
called integer-like if its characteristic polynomial has coefficients in Z and its
determinant is 1. A matrix is called c-hyperbolic if there does not exists a nat-
ural number k < ¢ such that the product of any k (not necessarily different)
eigenvalues of the matrix has absolute value equal to 1. By decomposing the
representation @ into its Q-irreducible components, it was shown in [9] that the

following theorem implies our main theorem:

THEOREM 1.2. Let H be a finite group and p: H — GL,(Q) a Q-irreducible
representation. Then there exists a c-hyperbolic, integer-like matriz C € GLyy,, (Q)
which commutes with mp = p@ ... D p if and only if p splits in strictly more

—_——

m times
than c¢/m components when seen as a representation over R.

In the second section we show the first direction of our main theorem by just
looking at the dimension of the real components of a Q-irreducible representation.
The other direction is harder and we will need some preliminary results about
number theory and splitting fields of representations. The work for this direction
is done in the third section. In the last section we shortly explain how the
results of this paper can be generalized to some more classes of infra-nilmanifolds.
Throughout this paper, we will use results from representation theory of finite
groups. We will give explicit references at several places. When needed, the
reader can consult [13] (mainly chapters 9 and 10) and [25] for more information.

2. A condition on the number of components

All fields we will consider in this paper are assumed to be subfields of the
field C of complex numbers. Let G be a finite group and Irr(G) the set of C-
irreducible characters of G. Let F be a field and x a character (not necessarily
irreducible), then we say that x is afforded by a F-representation if there exists
a representation p: G — GL,, (F') such that the character of p equals x. For each
X € Irr(G), we can define the complex number

1
va(x) = €] ;x(gz)-

It is well known (see e.g. [13, p. 58] or [25, Proposition 39, p. 109]) that v5(x)
can only have values 1,0 and —1 with the following possibilities:

e 15(x) = 0 if and only if x is not real (i.e. there exists g € G such that

x(9) ¢ R).

e 15(x) = 1if and only if x is afforded by a real representation.
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e 15(x) = —1if and only if y is real but not afforded by a real representa-
tion.

If x is an irreducible character, we write Q(x) for the smallest subfield of C
that contains x(g) for all g € G. The field K = Q(x) is Galois over Q and for
every o € Gal(K,Q), we can define the map

X7: G — K: g a(x(g)),

which we call a Galois conjugate of x. Every Galois conjugate of x is also an
irreducible character of G (see [13, Lemma 9.16]). It is easy to show that the
invariant v5 is the same for all of these Galois conjugates:

LEMMA 2.1. Let x € Irr(G) and o € Gal(Q(x), Q), then we have that
va(x) = r2(x7).

PROOF. By using the formula for vo, we have

1 2 1 2
»(X) = 5 D X% = @l > olx(g?)

g€eG geG
- a<cl;| > x(92)> = o(2(x)) = r2(x)
geG
since v3(x) € Z. -

This easy lemma has the following important corollary about the dimension
of irreducible components:

COROLLARY 2.2. All R-irreducible components of a Q-irreducible represen-
tation have the same dimension.

PRrROOF. Let x be the character of a C-irreducible component of the Q-
irreducible representation p.

If vo(x) = 1, then all irreducible components of p are afforded by a real
representation, since they are all of the form x“ for some o € Gal(Q(x),Q)
([13, Lemma 9.21(c)]). Thus the R-irreducible components of p are equal to the
C-irreducible components and they all have the same dimension x(eq).

If vo(x) # 1, then none of the irreducible components is afforded by a real
representation and thus every R-irreducible component has the same dimension

x(ec) +X(ec) = 2x(ec). .
The next proposition follows naturally from the corollary:

PROPOSITION 2.3. Let p: G — GLy,-(Q) be a Q-irreducible representation
with r the dimension of every R-irreducible component of p. If C € GLgpm (Q)
commutes with mp = p @ ... ® p and |det(C)| = 1, then C cannot be km-
hyperbolic.
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PROOF. By using the real Jordan canonical form of C (see e.g. [12, Theo-
rem 3.4.5.]), we find an invertible matrix A € GLj, (R) such that

Ci 0 ... 0
ot |9 G o 0
0 0 ... C

where C; and C; have distinct eigenvalues for 7 # j and such that C; either has
one real eigenvalue or two complex conjugate eigenvalues. Let A; be one (of the
at most two) eigenvalue(s) of C;. So all \; are distinct by construction. By con-
jugating with the same matrix A, the representation mp also splits over R, since
the generalized eigenspaces of C' are obviously invariant under the representation
mp. This implies that each C; has dimension k;r for some k; € Ny, because all
real components of mp have the same dimension . So for the determinant of C,
we have

1 l l r
1 = [ des(©)] = [ det(C)| = [ IMl<" = (H w)
=1 =1 =1

!
and therefore [ |\;|¥* = 1. This means that C is not km hyperbolic, since
i=1

1
k; = km by looking at the size of C. O
i=1
Proposition 2.3 already implies one direction of Theorem 1.2. Indeed, if there
exists a c-hyperbolic, integer-like matrix that commutes with mp, then the k of
Proposition 2.3 must be strictly larger than ¢/m. Note that this & is the number
of R-irreducible components of p and thus gives us one direction of Theorem 1.2.

3. Construction of an Anosov diffeomorphism

The proof of the other direction needs some more work and uses different
results of number theory and representation theory for finite groups. The first
step is investigating how a Q-irreducible representation splits over certain fields,
especially over minimal splitting fields. Next, we consider the existence of c-
hyperbolic units in number fields, which correspond to c-hyperbolic matrices.
By combining these results, we can construct a c-hyperbolic, integer-like matrix
C which commutes with the given representation. In this section, we assume
that all groups G are finite.

3.1. Decomposition over a minimal splitting field. If p: A — GL,(Q)
is a Q-irreducible representation of a finite abelian group A, then its image is
always cyclic. Indeed, Schur’s lemma states that the set of A—endomorphisms of
the rational vectorspace Q" is a skew field. Note that p(A) is an abelian subgroup
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of the multiplicative group of this skew field, hence p(A) is cyclic (see e.g. [11]).
It follows also that a generator p(a) of p(A) has a cyclotomic polynomial as its
characteristic polynomial (see [7, pp. 570-571] for more details).

A consequence is that in this case every Q-irreducible representation has
a basis of eigenvectors which are Galois conjugates. In this section we answer
the question how a general representation splits over a minimal splitting field.
For the formulation of this result we will make use of permutation matrices.

Let K = Q(f) 2 Q be an extension of degree n and {o1,...,0,} the set of
monomorphisms K — C. We say that o; is real if 0;(K) C R, otherwise we call
o; complex. If g; is complex then &; is a different monomorphism K — C, so the
complex monomorphisms come in pairs. We conclude that n = s+ 2t with s the
number of real monomorphisms and 2¢ the number of complex monomorphisms.
Let us remark that every monomorphism o; is completely determined by the
image of 6, namely 6; = 0;(0). If t = 0, so if every o; has a real image, then
we call the field K totally real. When s = 0 we will say that the field is totally
imaginary.

Let p be a Q-irreducible representation of a finite group G. From [13, Theo-
rem 9.21] we know that each C-irreducible component of p occurs with the same
multiplicity m. If x € Irr(G) is the character of one of those components, then
the set of characters of all C-irreducible components of p is given by the Galois
conjugates of x. So if we have {o1,...,0,} = Gal(Q(x),Q), we can write the
character x, of p as

Xp =mx7' + ... +mx".

The fixed multiplicity m is called the Schur Index of x over Q and is written as
mqg(x) (see [13, pp. 160-161]). The number mg(x) is also the smallest integer m
such that my is afforded by a Q(x)-representation. Moreover, it is also given by
the minimal degree of a field extension Q(x) C F such that y is afforded by an F-
representation ([13, Theorem 10.17]). Such a field F' is called a minimal splitting
field for the character x. Note that the number of C-irreducible components of
p is equal to

m-n=[F:Q(][Q(): Q] = [F:Q].

Let # € S,, be a permutation, then there exists a permutation matrix K, €
GL,,(Z), which is defined by

1 j=m(i),

Kﬂ' ij =
( )j 0 otherwise.

Note that the relation K, K, = K ,r, holds for all 7, 72 € S,,, so in particular
we have that K1 = K. 1. Let M be a matrix in GL,(C), then KM is the
matrix M where the rows are permuted according to m, so the i-th row of K, M
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is the 7(i)-th row of M. If we write
mi
M =
m,

as a column of row vectors, then another way of saying this is that

Mz (1)
K.M=

M (n)
In the same way, M K, is the matrix M where the columns are permuted ac-
cording to 7~ !. This last property can easily be checked by observing that
the transpose (K,)T = K,-1 and then writing MK, = (K,-1+ M7T)T. The Kro-
necker product K, @1}, € GL,(Z) will be denoted as KZ¥. If we write a matrix
M € GLj,(C) as a column of k x kn matrices

mi
M =
My,

then similarly as above KM is the matrix M with the block matrices m; per-
muted according to the permutation 7.

Let E be a finite Galois extension over Q. Take a subfield F' = Q(0) C E,
which is not necessarily Galois over Q, and denote by o1, ...,0, the n distinct
monomorphisms F' — C. Because 0; = 0;(0) € E, we have that o;(F) C E
for all 4. Tt follows that for any o € Gal(E,Q) and any ¢ € {1,...,n}, we have
that 0 o 0;: F — E C C is again a monomorphism of F' in C. Hence ¢ induces
a permutation on {oy,...,0,}. Associated to this is a permutation 7, € S,
which is determined by

000 = Or,(3)-
We let K, € GL,,(Z) denote the corresponding permutation matrix.

We already mentioned above that for every Q-irreducible representation p
of a finite abelian group, one can always find a basis of eigenvectors which are
Galois-conjugates, see [9]. This means that if E is a minimal splitting field
of p with Gal(E,Q) = {o1,...,0,}, there exists a vector vy € E™ such that
with respect to the basis {v1 = o1(vg),...,v, = on(vo)}, the representation is
diagonal.

The main part of this subsection is to generalize this statement to arbitrary
groups:

THEOREM 3.1. Let x € Irr(G) be the character of an irreducible component
of a Q-irreducible representation p. Let Q C F be a field extension of minimal
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degree such that x is afforded by a F-representation, say py and assume that k
is the dimension of this representation. If [F : Q] =n and o4,...,0, are the n
distinct monomorphisms F' — C and if E is any field extension Q C F C E such
that E is Galois over Q, then there exist a P € GLgn(E) such that the following
conditions hold:

a1(po) 0 0
@ pip=| o " ;

(b) For all 0 € Gal(E,Q) : o(P) = PK%%,.

PRrROOF. Let po: G — GLi(F) be an irreducible representation with chrac-
ter x. Take the representations p' = 0;(pg): G — GLy(0;(F)) with charac-
ter x7*. We construct a new representation

,0; 0 0

0 p2 ... 0
ﬁ: G — GLkn(E) g — . . . . )

0 0 ... pp

which was already used in the formulation of the theorem.
Since F is a finite field extension of Q, we know that F' = Q(#) for some
algebraic number 6. Look at the matrix

0'1(1) 0'1(9) 01(0n71>
o9 oa(0 ... 09 g1

o | e
on(1) o,(0) ... o (")

then it follows by construction that ¢(Q) = KZ*Q for every o € Gal(E, Q). Note
that @ is the Kronecker product of a Vandermonde matrix with the identity and
thus its determinant can easily be computed and is different from 0. So @ is
invertible and denote the inverse of @ by P. By applying o € Gal(E, Q) to the
relation QP = 1, we find that

o(P)=0(Q) ' =Q N(KJ*) ™t = PEZN

and thus the matrix P satisfies condition (b) of the theorem.
First we show that Pp,Q € GL,;(Q) for all g € G. Equivalently, we have to
show that o(Pp,Q) = Pp,Q for all 0 € Gal(E, Q). We compute that

0(PpyQ) = 0(P)a(py)o(Q) = PKZ%,0(pg) KZ*Q.

It is easy to see that o(p,) = KZ*p, K ?,kl and thus the conclusion follows. So it
suffices to show that the representations PpQ and p are equivalent over Q.
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Note that p and thus also Pp@ has character x?* + ...+ x°". So the rep-
resentations Pp(@ and p have a common C-irreducible factor, namely pg, corre-
sponding to the character y. Also, it follows from the discussion above about
the characters of Q-irreducible representations that both have the same dimen-
sion, namely kn. As a consequence of [13, Corollary 9.7], we have that Pp@ has
a Q-irreducible component which is equivalent with p over Q. Because they have
the same dimension, this ends the proof of the theorem. O

It’s easy to see that this theorem is in fact a generalization of the statement
for abelian groups. The advantage of working with a matrix P that satisfies
the conditions of the theorem is that we can easily construct matrices that have
coefficients in Q:

PROPOSITION 3.2. Let F' O Q be a field extension of degree n and o4, ...,0p
the distinct monomorphisms from F to C. Let Cy be any matriz with coefficients
in F' and look at the matriz

0'1(00) 0 0

0 02(Co) - 0

c=| . .
0 0 - ou(Co)

Let E be any field extension of F' which is Galois over Q and P an invertible

matriz with entries in E which satisfies
o(P) = PK%%,

for all o € Gal(E,Q), where we use notations as above. Then PCP~" is a matriz
with coefficients in Q.

The proof of this proposition is immediate. Note that the matrix C' of the
previous proposition doesn’t depend on the choice of Galois extension E. Also
the construction of the matrix P in the proof of Theorem 3.1 didn’t depend
on the field E. It was only used to embed the monomorphisms o; in a nice
group structure. In the rest of this article we will ignore the use of the Galois
extension F.

3.2. Existence of real minimal splitting fields. For a Q-irreducible rep-
resentation p of a finite cyclic group, there is always a canonical choice of a min-
imal field extension F' O Q such that the representation is completely reducible
over F i.e. is diagonalizable over F. If f € Q[X] is the characteristic polynomial
of a generator of the image of p, then the field F' is equal to the splitting field
of f over Q. For non-abelian groups, we explained above that such a minimal
splitting field F' also exists, but it is far from unique in general. In this subsec-
tion we show how to construct a real minimal splitting field in the case where p
is completely reducible over R.
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An example of the non-uniqueness of the minimal splitting field can be given
by the unique two-dimensional irreducible representation of the quaternion group
Qs. Take complex numbers o, 3 € C with a® + 2 = —1 and look at the
representation p given by

S G R (e N ()

It’s an easy exercise to check that this indeed defines a representation of Q)g.
This shows that every field of the form Q(v/—1 — a?) with a € Q is a minimal
splitting field for this representation. These fields do have in common that they
are not real. In fact it’s an exercise to show that every minimal splitting field
for this character is totally imaginary.

In general it’s not true that if a character y is afforded by an E-representation
for a field F D Q, that there is also a subfield F' C E such that F' has minimal
degree and x is afforded by a F-representation. Therefore we cannot directly
conclude that every real representation has a real minimal splitting field. If
mg(x) = 1, or said differently, if Q(x) is a splitting field for p, then this must of
course be true. By the Brauer—Speiser Theorem, see for example [13, p. 171], we
know that mg(x) < 2 and thus the only situation left to check is the one with
mg(x) = 2.

The following lemma characterizes the existence of a real minimal splitting
field:

LEMMA 3.3. Let x be an irreducible real valued character of G with mg(x)=2.
Let K = Q(x) C R and p: G — GL2,(K) a representation with character 2x.
Then the following statements are equivalent:

(a) There exists a minimal splitting field FF C R.
(b) There exists a G-isomorphism f: K** — K?" with f? = klgan, k > 0
and \/k ¢ K.
PRrROOF. First we show that (a) implies (b). Let F' be such a minimal splitting
field, so F' = K(v/d) with d ¢ K2, d > 0 and there exists an F-representation pg
which affords the character x. Denote by o the nontrivial element of Gal(F, K).

By using the same techniques as in the proof of Theorem 3.1, we can show that
there exists a matrix P such that

P—lpP: (po 0 )
0 a(po)/)’

with o(P) = PK®". Now consider the matrix

€= («2{1)11 aw%)ﬂn)’
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then it follows, just like in Proposition 3.2, that PCP~! has coefficients in K
and commutes with the representation p. It’s easy to check that the linear map
f induced by this matrix satisfies all the wanted properties.

Next we prove that the existence of f gives us a minimal splitting field.
Take FF = K(y/k) and o as before. Consider the representation p as an F-
representation by extending the scalars, in the same way the map f is also an
G-isomorphism over F. Since f2 = k1 p2n, we know that f can only have two
different eigenvalues, namely /k and —y/k. Each of those eigenvalues occurs,
since if v is an eigenvector for y/k, then o(v) is an eigenvector for o(\/k) = —\/k
and vice versa. Now the splitting of F?" into the eigenspaces of f gives us
a decomposition of F2" into two G-invariant subspaces and thus F is a splitting
field. Because F' C R, this ends our proof. O

We use this lemma to prove the existence of a real minimal splitting field:

THEOREM 3.4. Let x € Irt(G) be an irreducible character which is afforded
by a real representation. Then there exists a real minimal splitting field for x.

PROOF. We use some ideas of the proof of [25, Theorem 31], but in our case,
we work over a finite field extension of Q instead of over C. Let K = Q(x), then
we know that K is a real field extension of Q. As mentioned above, we only have
to check the case where mg(x) = 2 because of the Brauer—Speiser Theorem.
So there exists a field F' O K such that yx is afforded by a F-representation p
and [F': K] = 2. If F C R, there is nothing to prove, so we can assume that
F = K(0) with § =Vd, d € K and d < 0.

Recall that p also induces a representation on the dual vector space V*,
namely p*: G — GL(V*) with

pi(p) =@o(py) ' =pops forallpeV*
Since the values of x lie in R, the character of p* is equal to x. So the represen-

tations p and p* are equivalent and there exists a G-isomorphism f: V — V*.
Now look at the map

B:VxV = F: (v,w)— f(v)(w).

It is easy to see that B is a nondegenerate bilinear form on V. Since f is
a G-isomorphism, B is clearly G-invariant, i.e. B(p4(v), pg(w)) = B(v, w) for all
g € G, v,w € V. This construction gives us an isomorphism between the space
of G-morphisms from V to V* and the space of G-invariant bilinear forms on
V. Since V and V* are irreducible, the space of G-morphisms between them
has dimension 1. Hence, this G-invariant isomorphism f is unique up to scalar
multiplication.

We can also consider the spaces Ve=C®p V, (Vo)*=(V*)c=C®p V* and
the induced representations pc: G — GL(V¢) and pg: G — GL(V). Then f
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extends to a G-isomorphism fc: Vo — V¥ and the bilinear form B extends to
Be: Vex Ve — C: (v,w) — fe(v)(w). Since x is afforded by a R-representation,
there exists also a nondegenerate symmetric bilinear form over C which is invari-
ant under G by [25, Theorem 31]. Because of the uniqueness of nondegenerate
G-invariant bilinear forms up to scalar multiplication, it now follows that Bc,
and hence also B, must be symmetric.

Now choose a G-invariant, positive definite, hermitian scalar product

(-, ): VXV F

For every v € V, there exists a unique ¢ (v) € V such that B(w,v) = (w, ¢ (v))
for all w € V. An easy computation then shows that 1) is bijective and antilinear,
i.e. (M) = Mp(v) for all X € F. Also, v is G-invariant because both B and
(-, ) are G-invariant. So 1?2 is a G-automorphism of V' and thus ¥? = uly for
some pu € F. By looking at V' as a vector space over K, the map @ becomes
linear (since K C R). Therefore, it is sufficient to show that u € K, > 0 and
VIt ¢ K because of Lemma 3.3.
For any v,w € V we have that

(v, 9(w)) = B(v,w) = B(w,v) = (w,9(v)) = (¢(v),w).

Using this identity, we find for all v,w € V that

Ai{v, w) = (v, pw) = (v,9*(w)) = Y(v), Y(w)) = ($*(v), w) = p(v, w)

and thus p € RN F = K. From the same computation with v = w, we also
have that p(v,v) = (¥ (v),¥(v)) and p > 0 because ( , ) is positive definite. It’s
easy to check that /i1 ¢ K because x cannot be afforded by a K-representation.
This ends the proof. O

3.3. Existence of c-hyperbolic units in number fields. In the previ-
ous parts we discussed the minimal splitting field for a representation. It is
now important to know if we can find units in these field which are sufficiently
hyperbolic.

Let K =Q(#) be any number field of degree n with monomorphisms o;: K —C
for i € {1,...,n}. Then we denote by Ox C K the subring of algebraic integers
and Uy the group of units in Og. Note that the elements of Uk are exactly
those p € K which have a minimal polynomial over Q with integer coefficients
and unit constant term. We are interested in so-called c-hyperbolic elements
of UK:

DEFINITION 3.5. An algebraic unit pu € Uk is called c-hyperbolic if

Vke{l,...,c} Vir,...,ir€{1,...,n}: o (p)...o0 ()] # 1.
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The notion of a c-hyperbolic unit is the translation of c-hyperbolic integer-like
matrices to number fields. By definition an element of K is c-hyperbolic if and
only if the companion matrix of its minimal polynomial over Q is c-hyperbolic
and integer-like. For any x € Uk, we have that the product of all o;(x) is up
to sign equal to the constant term of the minimal polynomial of x over Q and
therefore Uk cannot have n-hyperbolic elements. In the case where K is totally
imaginary one can conclude in the same way that there are no units which are
n/2-hyperbolic.

The structure of the group Uy is well known because of Dirichlet’s Units
Theorem. We will use the techniques of this theorem to investigate the existence
of c-hyperbolic units in different number fields. Just as before, we distinguish
between two possible cases, depending on wether or not our number field is
totally imaginary.

PROPOSITION 3.6. Let K be a number field of degree n which is not totally
imaginary. Then there exists a c-hyperbolic p € Uk for all ¢ < n — 1.

The proof is analogous to that in [8] in the case of a totally real Galois
extensions over Q.

PROOF. It is of course sufficient to prove this for c = n—1. Write n = s+ 2t
as before with s # 0 by the conditions of the theorem. Assume that the first s
monomorphisms o1, ...,0, are the real ones. Look at the map

I: Ux — R
p = (loglay(p)], ... loglos(u)],loglosyi ()], - loglosye(p)]),

which is also used in the proof of Dirichlet’s Units Theorem (see [26]). Now
[(Uk) is a lattice of dimension s + ¢ — 1 in R**?| which spans the vector space

s t
V:{(Jch...,th)ERSH in—i— Z 2:cj=0}.

i=1 Jj=s+1

We claim that there exists an element z € [(Uk) for which
k
Vke{l,...,c} Viy,...,ix € {1,...,s+t}: inj #0.
j=1

Any element p € Uk with {(u) = x is then obviously a c-hyperbolic element.
It’s easy to see that each of the equations Zk: x;; = 0 is linearly independent
of the equation determining V. For this to be tJrTlle, we indeed use the assumption
that c<n—1=s+2t—1 and s > 0. So the set of solutions of i i, =0inV
determines a subspace of V' of dimension s+t —2. It is not so diﬂ%:tlﬂt to see that

a cocompact lattice of a vector space can never be contained in a finite union
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of proper subspaces. So this means that we can always find an x as described
above. (]

PROPOSITION 3.7. Let K be a number field of degree n which is totally imag-
inary. Then there exists a c-hyperbolic p € Uk for all ¢ <n/2 — 1.

The proof is completely the same as in the previous case and thus is left for
the reader. As stated above, the bounds given in the propositions are optimal.

REMARK 3.8. From the proof of Proposition 3.6 it follows that if K is a num-
ber field of degree n which is not totally imaginary, then we can always find
a c-hyperbolic algebraic unit p (for any ¢ < n) such that |u| > 1, but all other
conjugates have absolute value strictly smaller than 1. So we can assume that p
is a so called Pisot number.

3.4. Existence of Galois extensions. In the previous part we investi-
gated the existence of c-hyperbolic units in number fields. In the proof of the
main theorem, it will be necessary to take fields extensions to ensure the exis-
tence of such units for the given c¢. The following theorem shows us that we can
always find a Galois extension for any given degree:

THEOREM 3.9. Let Q C F be a finite degree field extension and m € Ny a na-
tural number. Then there exists a Galois extension F C E such that [E : F| = m.
If F is real, then we can find such an E which is not totally imaginary.

PRrROOF. Let n be the degree of the field extension Q C F. From [8, Theo-
rem 2.3] we know that there exists a totally real field extension Q C K for every
given degree such that K is Galois over Q and Gal(K, Q) is abelian. In fact, the
theorem doesn’t say anything about the Galois group, but it follows from the
proof that we can always assume this.

Let K be such a field extension with [K : Q] = mn. Look at the field
E = KF, the smallest field that contains both K and F'. Since K is a splitting
field over Q for a polynomial f € Q[X], E is also a splitting field for the same
polynomial f over the field F'. Thus E is a Galois extension of F and m | [E : F.

We now claim that Gal(E, F) is abelian. Look at the homomorphism

m: Gal(E, F) — Gal(K,Q): 0 — 0|k,

then it is easy to see that m is injective. Since Gal(K,Q) is abelian, therefore
also Gal(E, F) must be abelian.

Since Gal(E, F') is a finite abelian group and m | | Gal(E, F')|, we can always
find a (normal) subgroup H < Gal(E,F) of index m. By the fundamental
theorem of Galois theory, there exists a subfield Fy of E, Galois over F', such
that [Eg : F] = m and thus the field F satisfies the conditions of the theorem.
If F is real, then since K is also real, we have that E and so also Ej is realized
as a subfield of R. O
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If F' cannot be embedded in R, then of course any field extension cannot be
imbedded in R. So the condition in this theorem is necessary.

3.5. Proof of the other direction of the main theorem. For construct-
ing matrices that commute with a representation, the following trivial observa-
tion is useful:

LEMMA 3.10. Let M, C4,...,Cy, be k X k matrices over any field F and
assume that C; commutes with M for all i. Then the km X km matrices

o o ... 0 C
! M 0 ... 0
1, 0 ... 0 (s 0 M 0
A= 0 ﬂk 0 03 , B = .
: : .o : 00 M
0 0 ... 1 C,

commute.
We are now ready to prove the main result of this paper.

PROOF OF THEOREM 1.2. At the end of Section 2, we already showed how
to prove the first direction of this theorem.

Now let p be a Q-irreducible representation that splits in more than c¢/m
components over R. We construct a c-hyperbolic, integer-like matrix C' € GL(Q)
which commutes with mp = p+ ...+ p. Let x be the character of an irreducible
component of p. Take a field extension Q C F of minimal degree n such that
x is afforded by a F-representation pp: G — GLg(F'). Note that n is also the
number of components of p over C. We first look for a c-hyperbolic unit p in
some field extension of F. Let E be a field extension like in Theorem 3.9 of
degree m.

First assume that y is not afforded by a real representation, so F', and hence
also FE, is totally imaginary. Since n is also the number of components of p
over C, we find that n > 2¢/m and thus [E: Q] > 2¢ (= [F: Q] > 2¢+2). Tt
follows from Proposition 3.7 that there exits a c-hyperbolic unit p in E.

In the other case, x is afforded by a real representation. Because of The-
orem 3.4, we can assume that F' is real and we can take E to be not totally
imaginary. This time we have that mn > ¢ and thus there exists a c-hyperbolic
unit ¢ in E as well. So in both cases we find a Galois extension F of F' of degree
m and a c-hyperbolic unit in F.

Let 01, ..., 0, be the n distinct monomorphisms of F' — C and take a matrix
P as in Theorem 3.1, with corresponding representation p = P~ !pP just as in
the proof.
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Look at the matrix

P 0 0
0 P 0
0 0 P
then it holds that
Ppp~! 0 0
0 pppP! 0
R(mp)R™" = . . , . = mp.
0 0 ... PpP~!

Let
fo)= I (X -olw)=3_bX e FX].

c€Gal(E,F)

Take the polynomials f; = o;(f) = >_ a;;X’ and form the matrices
§=0

a1y 0 0 Ul(bj) 0 0

0 ag 0 0 UQ(b/) 0
c=|. 7 lewn=]| . T e

0 0 cee Qpj 0 0 Un(bj)

It’s easy to see that every matrix C; commutes with the representation p and
that PC'J»P_1 € GLg(Q) because of Proposition 3.2. Now construct the matrix

0 0 ... 0 —Cy
g 0 ... 0 —Cy
=0 T ... 0 -G |,
0 0 ... Tgn —Cunos

then it is obvious that C' commutes with mp because of Lemma 3.10. A direct

computation shows that

0 0 . 0 —PC()Pil
pp-1 0 . 0 —PC, P!
RCR™! = 0 PP .. 0 —PCyP~ !

0 0 ... PP7Y —pPC,_ P!
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0 0O ... 0 —PCyP!

1o, 0 ... 0 —pC, P!

-1 0 14 ... 0 —PCyP~ !
0 0 ... 14, —PC,_ P!

and thus RCR™! € GLgnm (Q). Note that the characteristic polynomial f (X) of

~ n k

C equals ( IT fi(X )) . It’s easy to check that the polynomial f has coefficients
i=1

in Q and all of its roots are conjugates of p. This means that f is some power
of the minimal polynomial of y. Therefore C is c-hyperbolic and integer-like
because of our choice of u. Since C' satisfies all conditions of the theorem, this
completes the other direction of the main theorem. U

4. Generalization to other classes of infra—nilmanifolds

Up till now, we discussed infra—nilmanifolds modeled on a free c-step nilpo-
tent Lie group, but in fact the results of this paper do generalize quite immedi-
ately to other classes of infra-nilmanifolds.

For example we can consider the Lie algebra g. 4, which is the free c-step
nilpotent and d-step solvable Lie algebra on r generators (over R) and let Ge g, »
be the corresponding simply connected Lie group. Theorem B of [7] (which was
slightly reformulated in [9, Theorem 2.1]) can now also be stated for manifolds
modeled on G q,,:

THEOREM 4.1. Let M be an infra-nilmanifold modeled on G. 4, with ho-
lonomy group H and associated abelianized rational holonomy representation
©: H — GL,(Q). Then the following are equivalent:

(a) M admits an Anosov diffeomorphism.
(b) There exists an integer-like c-hyperbolic matriz C' € GL,(Q) that com-
mutes with every element of B(H).

To prove this theorem one can follow almost word by word the original proof
in [7].

Having obtained this theorem, we now also get the following generalization
of our main result for free:

THEOREM 4.2. Let M be an infra-nilmanifold modeled on G.q,, with ho-
lonomy group H and associated abelianized rational holonomy representation
©: H— GL,(Q). Then the following are equivalent:

(a) M admits an Anosov diffeomorphism.

(b) Every Q-irreducible component of @ that occurs with multiplicity m,

splits in more than c/m components when seen as a representation over R.
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5. Some applications of Theorem 1.1

In [9] it was already shown how Theorem 1.1 could be used to construct
infra-nilmanifolds with an abelian holonomy group and allowing an Anosov dif-
feomorphism. In this section, we will now show how we can also apply this
theorem in the case of non-abelian holonomy groups. We first recall some of the
facts which were developed in [9].

Let N be a torsion—free, finitely generated nilpotent group IV, then we define
for all positive integers ¢ the subgroup

Ii(N)=+vV7(N)={reN|3IneNy:2" € 3(N)} = NN(Ng),
where the v; (V) indicate the terms of the lower central series of N. These groups
[;(N) are fully characteristic subgroups of N.

The following theorem which was proved in [9, Theorem 4.1] is very useful
to find examples of infra-nilmanifolds with a specific rational holonomy repre-

sentation.

THEOREM 5.1. Let v: H — Aut(N) be a faithful representation of a finite
group H into the group of automorphisms of a torsion-free, finitely generated
nilpotent group N, and denote with

p,: H— Aut (%) >~ Aut(ZM)
the induced morphism. If there exists, for some positive integer i, a torsion-free
extension
1— LiN) T —H—1
Liv1(IV)

inducing ©;, then there exists an almost-Bieberbach group T’ with holonomy
group H, whose translation subgroup is a finite index subgroup of N and such
that the rational holonomy representation ¥: H — Aut(Ng) coincides with
¢: H— Aut(N) C Aut(Ng).

Now, we let N, . be the free c-step nilpotent group on 7 generators and we
use N, g to denote the rational Mal’cev completion of N, .. The corresponding
Lie group (so the real Mal’cev completion) is the free c-step nilpotent Lie group
on r generators. We have the natural homomorphisms

w: Aut(N, o) — Aut(N, o/[Nyc, Ny o]) =2 GL,.(Z),
po: Aut(Npeq) = Aut(Nreo/[Nre, Nreal) = GLA(Q),
which are both onto. For making the identifications with GL,.(Z) and GL,(Q) we
fix a set of generators z1,...,z, of N, . and the images of these these generators
in the respective abelianizations give rise to a basis of the free abelian group

Ny.c/[Nr.e; Ny.c] and the Q-vector space Ny cq/[Nr.c,0, Nreco] w.r.t. which we
represent an automorphism as a matrix.
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We will use the following observation:

LEMMA 5.2. Let F C GL,(Z) be a finite subgroup. Then there exist a finite
subgroup F of Aut(N, . q) and a finitely generated subgroup N C N, .q such
that

(a) po(F)=F,
(

) K

b) N contains N, as a subgroup of finite index,
)
)

(c) Nya( rc(@) Ny ev2(Nreg) and
(d) for alla e F a(N) = N.

PROOF. The existence of a finite subgroup F C Aut(N,.gq) such that
pg(F) = F is a result which is due to Kuz'min (see [14 p. 91]). Now, con-
sider N, .q X F and let N be the subgroup of Nycq X F which is generated
by N, . and F. As both N, and F are finitely generated, we have that N is
finitely generated and hence also N = NN Ny.c,, which is of finite index in N ,
is finitely generated. By this construction N satisfies properties (b)—(d) in the
statement of this lemma. O

We can now prove the following;:

THEOREM 5.3. Let H be any finite group and ¢ be any positive integer. Then
there exists a positive integer K such that for any k > K there is a infra-
nilmanifold which is modeled on the free c-step nilpotent Lie group on k genera-
tors, admits an Anosov diffeomorphism and has H as its holonomy group.

PRrROOF. It is well known that any finite group H can be realized as the
holonomy group of a flat manifold ([1]). Hence, there exists a representation

v: H— GL,(Z)
and a torsion-free extension
(5.1) 072" =T - H—1

inducing ¢. Now, take K = (¢4 1)(n+ 1) and choose any k > K. Let p1: H —
GL(Z) be the representation

M1 =v0Ve - dYUDldle---d1

c+1 times k—(c+1)n times

where 1 denotes the trivial 1-dimensional representation. Note that there are at
least ¢+ 1 of these trivial factors. Let f be a 2-cocycle such that the cohomology
class (f) € H?(H,Z") describes the extension (5.1), where of course Z" is a H-
module via ¢. We can decompose the H-module Z* (via ¢;) as a direct sum
7™ & 7ZF~" where H acts on the Z"-part via 1 and on the Z*~"-part via ¢
times 1 and k — (c + 1)n times the trivial representation. Then H?(H,ZF) =
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H?(H,Z")® H?(H,Z*~™) and the 2-cohomology class corresponding to {f)® (0)
determines an extension

0=7ZF 5T H—=1

which is also torsion-free and which induces ¢1: H — GLy(Z).

Now, let Nj . be the free c-step nilpotent group on k generators. By Lem-
ma 5.2, we can find a group IV containing Ny, . as a subgroup of finite index and
a morphism ¢: H — Aut(N) which induces ¢; on

Fl(N) _ N _ N%(Nk,c,@) _ F1(Nk,c) ~
L2(N) N Nye(Neeo) Y¥2(Ng,e,0) Iy (Ng.e)

By applying Theorem 5.1 we can conclude that there exists an almost-

ZF.

Bieberbach group I' with holonomy group H and whose translation subgroup
is of finite index in N. Hence, I' determines an infra-nilmanifold M which is
modeled on the free c-step nilpotent Lie group on k generators and has H as
its holonomy group. Moreover, the rational holonomy representation of M coin-
cides with ¢: H — Aut(N) C Aut(Ny @) and it is obvious that the abelianized
holonomy representation, then coincides with ¢1: H — GLx(Z) C GL;(Q). By
construction, each Q-irreducible component of ¢, occurs with at least multiplic-
ity ¢+ 1, and hence the conditions of Theorem 1.1 are trivially satisfied, which
allows us to conclude that M admits an Anosov diffeomorphism. O

The previous result shows that any finite group can appear as the holonomy
group of an infra-nilmanifold with an Anosov diffeomorphism and which is mod-
eled on a free c—step nilpotent Lie group, but we have to allow large enough
dimensions. For the next result, we will fix the smallest non-abelian group and
determine such an infra-nilmanifold of minimal dimension.

So let H = D3 = (a,b | a® = b*> = (ab)? = 1) be the dihedral group of order
six (or the symmetric group of degree 3). The conjugacy classes of D3 are {1},
{a,a?} and {b,ab, a®b}. The character table of D3 is given by

‘ 1 a b
vill 1 1
Yo |1 1 -1
X3 |2 -1

These characters correspond to the representations:

p1: D3 — GL1(Q) with pi(a) =1 and py(b) = 1;
p2: D3 — GL1(Q) with p1(a) =1 and p1(b) = —1;

p3: D3 — GL2(Q) with py(a) = (? _1) and p1(b) = (_01 01> .
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It follows that the Q-irreducible representations of H are also C-irreducible. Note
that all representations are already given as integral representations. We remark
that the representation

pé: H — GL2(Q) with p1(a) = <(1) _i) and py (b) = <(1) (1)>

is equivalent to ps when considered as a representation over QQ, but they are
not when considered over Z. Hence, there are 4 non-equivalent irreducible Z-
representations of H, see e.g. [2].

Now assume that M = T'\ G is an infra-nilmanifold which is modeled on
a free c-step nilpotent Lie group, which has H as its holonomy group and such
that M admits an Anosov diffeomorphism. The abelianized rational holonomy
representation ¢: D3 — GL,,(Q) of M must be faithful and hence it must contain
at least one component which is Q-equivalent to p3. As this component is R-
irreducible and M admits an Anosov diffeomorphism, it must in fact appear at
least ¢ + 1 times by Theorem 1.1. We will now show that this lower bound is
sharp.

PROPOSITION 5.4. Let ¢ > 1. Then there exists an infra-nilmanifold M
which is modeled on a free c-step nilpotent Lie group and such that M has holo-
nomy group D3, admits an Anosov diffeomorphism and its abelianized holonomy
representation is equivalent to p3 ® ... P p3.

ct+1 times

Before we can give the proof of this proposition, we need to recall one more
result from [9] on totally reducible integral representations. A representation
p: F'— GL,(Z) is said to be totally reducible if and only if Z™ splits as a direct
sum of Z-irreducible submodules. The following lemma can be found in [9,
Lemma 4.3]:

LEMMA 5.5. Let N be a finitely generated torsion-free nilpotent group and
¢: F — Aut(Ng) a morphism, with F a finite group, such that o(f)(N) = N
for all f € F. Then there exists a finitely generated subgroup N' of Ng such that

(a) o(f)(N') =N forall f € F,

(b) N is a subgroup of N’ of finite index, and

(c) for all positive integers i, the induced representation

0. F— Aut | ————2%-
v (Fz‘+1(N’)

is totally reducible.

PROOF OF PROPOSITION 5.4. Let Ny(.11),. be the free nilpotent group on
2(c + 1) generators and of class ¢. Let us denote the generators of Ny(ci1),c
by z1,...,Z3(c+1)- By Lemma 5.2 there exists a finitely generated subgroup N
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of Na(cy1),c,0 containing Ny(cy1),. as a subgroup of finite index and a morphism
@: D3 — Aut(N) such that the induced morphism ¢q: D3 — Aut(I'1(N)/T2(N))
= GLgy(c41)(Z) is given by

p1r=p3Dp3D---D---Dp3.

c+1 times
Now let y; ; = [z;,7;], (1 <i < j < 2(c+1)). The natural projections g, ; of
these elements in I'y(N)/I's(N) form a basis of a free abelian group which is of
finite index in this quotient. We claim that the subgroup, say L, generated by
Y1,3:Y1,4> Y235 Ya,4 18 @ D3 submodule for the action of D3 given by ¢o: D3 —
Aut(Ty(N)/T3(N)). In fact, we can compute this action explicitly. Note that
by the form of ¢, we have that

ola)(z1) = a9 mod T's(N), o(b)(z1) = 25" mod I'y(N),
pla)(z2) =a'ey! mod T2(N),  @(b)(wz)=2;" mod Iy(N),
ola)(z3) = x4 mod T's(N), o(b)(z3)=2;" mod I'y(N),
pla)(zs) =23 ey’ mod T2(N),  @(b)(xs) =25 mod Iy(N).

From these identities we can compute the action of a and b on each y; ; mod
I'3(N), e.g.

o(a)(y1.4) = [p(a)(z1), o(a)(24)] mod T'3(N) = [x2, 25 ;'] mod '3(N)
= [xo, 23] " [x2, 24] 7! mod I'3(N) = yz_éyz_i mod T's(N).

When doing this for all generators, we find that w.r.t. the basis ¥y 3,71 4, Y23, Y2 4
of L, the action of a and b are represented by matrices

0 0 0 1 0 0 01
e 0 0 -1 1 and B — 01 0
0 -1 0 1 01 0 0
1 -1 -1 1 10 0 0

The character x of this representation satisfies x(1) =4, x(a) =1 and x(b) =0
and so x = x1+ X2+ X3, from which it follows that the representation determined
by the matrices A and B is Q—equivalent to p; @ p2 @ p3. Now, we use Lemma 5.5
to find a subgroup N’ of Ny(c41),.,o Which contains N as a finite index subgroup,
such that ¢ can also be seen as a representation ¢: D3 — Aut(N’) and such that
for each ¢
@i+ D3 — Aut(T;(N")/T;11(N"))

is totally reducible. By the above, we know that ¢s must have a subrepresen-
tation which is Q-equivalent to p; & p2 & p3. Hence as a representation over Z
it must contain a subrepresentation which is Z-equivalent to p = p; @ p2 D p3
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or to p' = p1 ® p2 B p4. Both of these representations occur as the holonomy
representation of a 4-dimensional Bieberbach group ([2]). Hence, by an analo-
gous argument as in the proof of Theorem 5.3, we can conclude that there is

a torsion-free extension

Ty (N)

W—)f—)Dg—)l

1—

inducing the representation .
It follows from Theorem 5.1 that there exists an almost—Bieberbach group
I" with holonomy group D3 and such that the corresponding rational holonomy
representation 1: D3 — Aut(Na(e11),,q) coincides with ¢. This implies that
the abelianized rational holonomy representation is Q-equivalent to (¢ + 1)ps,
hence by our main Theorem 1.1, the infra-nilmanifold determined by I" admits
an Anosov diffeomorphism, which finishes the proof. O
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