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MULTIPLE NONSEMITRIVIAL SOLUTIONS
FOR A CLASS OF DEGENERATE QUASILINEAR
ELLIPTIC SYSTEMS

GHASEM A. AFROUZI — ARMIN HADJIAN
NicoLAOs B. ZOGRAPHOPOULOS

ABSTRACT. We prove the existence of multiple nonnegative nonsemitriv-
ial solutions for a degenerate quasilinear elliptic system. Our technical
approach is based on variational methods.

1. Introduction

In this paper, we prove the multiplicity of solutions for the following degen-
erate quasilinear elliptic system, defined on 2,

—V (1 (2)|VulP~2Vu) = Aa(z)|uP~2u 4+ Ab(z) [u]*|v]Pv

() —1,,16+1
+ — e |u[" ],
(113) (a+1)(5+1)| "l
—V(va(2)|Vo|972Vv) = Ad(z)|v]|? 20 + \b(z)|u|* v u
() +11,,16—1
+———Ju[ " ° e,
CESVCE I
(1.2)) ulan = vlaa =0,
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where  is a bounded and connected subset of RN, N > 2. The degeneracy of
this system is considered in the sense that the measurable, nonnegative diffusion
coefficients vy, vo are allowed to vanish in €2, (as well as at the boundary 9Q)
and/or to blow up in Q.
Throughout this paper, we assume the following hypotheses:
(HY N>p>1,N>q>1 a>0and § > 0 satisfying (e« +1)/p +
(B+1)/g=1,v>0,d >0and p < v+ 1 or ¢ < §+ 1 satisfying
Y+ /P + (@ +1)/q" <1,
The quantities p* and ¢* are defined in the next section.

(H1) The exponents «, 3, v and ¢ satisfy also the general condition
1 n 1
(a+1)(0+1)  B+D(H+1

We introduce the function space

)<1.

(N), which consists of nonnegative weighted functions v: Q@ C RY — R such
that v vanishes and/or tends to infinity at finite points at most, v €
L (Q), v~ V/@=D ¢ Ll (Q) and v~ € LY(Q), for some p > 1, s >
max {N/p,1/(p — 1)} satisfying ps < N(s + 1).
Then for the weight functions v, vo we assume the following hypothesis:

(N) There exist functions p; satisfying condition (N),, for some s,, and po
satisfying condition (\)g, for some s,4, such that

(1.3) mw) <wv(z) <cppi(x) and H2(w) < wva(x) < o po(x),
Cc1 C2
almost everywhere in 2, for some constants ¢; > 1 and ¢ > 1.
Furthermore, we suppose that the coefficient functions a(z), d(x), b(z) and

u(x) satisfy the following conditions:

(T1) a is a smooth function, at least C&E(Q), for some ¢ € (0,1), such that
a € LP"/P"=P)(Q) and either there exists Q} C Q of positive Lebesgue
measure, i.e. |QF| > 0 such that a(x) > 0, for all x € QF, neither
a(xz) =0, in .

(T3) d is a smooth function, at least Cloo’g (Q), for some ¢ € (0,1), such that
d € LT/(@ =9 (Q) and either there exists Q) C Q of positive Lebesgue
measure, i.e. |[QF| > 0 such that d(z) > 0, for all z € Q, neither
d(xz) =0 in .

(Y3) b(z) > 0 almost everywhere in 2, b # 0 and b € L¥*(Q) N L>°(Q), where
w1 = (1= (a+ 1)/ — (B+1)/q"]

(T4) pis sign changing (i.e. p* % 0, p= # 0) and p € L¥2(Q)NL>(Q), where
wy=[1—(y+1)/p* = (6 +1)/g"] "

In addition the function u(x) satisfies the following key condition:
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(Ts) /u(ﬂﬂ)lml”“\vll‘S+1 dx <0,

Q
where (up,v1) is the positive normalized eigenfunction of the unper-

turbed system:
way V@I < el M bl e
14
* —V(va(2)|Vo|972Vv) = Ad(2)[v]? 20 4+ Ab(2)|u|*|v|’u, 2 €Q,

(1.5)) ulaa = vlsa =0,

corresponding to the positive principal eigenvalue Ap.

As it was proved in [13] (see also Section 2, Theorem 2.4), system (1.4)) is
in fact an eigenvalue problem which admits a positive principal eigenvalue \q
and the corresponding normalized eigenfunctions (uq,v1) are positive, up to
singular and/or degenerate points, componentwise. Moreover, up to the sin-
gular/degenerate points of vy and vs, they are also bounded and sufficiently

smooth.

REMARK 1.1. An example of the weighted function p(z) which satisfies both
conditions (T4) and (T5) may be the following; Let p(z) be a smooth function
in Q, which is zero at a neighbourhood of the singular/degenerate points and

w(x) satisfies
(1.6) /U7($)|U1\7“\U1|5+1 dz > / pt (@) un [P orH d
Q Q

for p(z) = p(z) — p~(x), i.e. p™ and p~ are the positive and the negative
part of u, respectively. More precisely, let z;, i = 1,...,n, be the finite singular
and/or degenerate points. Assume for some small enough e, the spheres B.(z;)
centered at z;. Since z; are finite we can find Qc Q, such that

ﬁ N UBE(ZZ) = 0.

Note that € may be chosen such that, both u; and v; are uniformly bounded
from above and uniformly bounded away from zero.

We define now 1 to be continuous in 2, such that p(z) = 0, for z € |J B.(z),
p s positive in Q\ QU B.(z), with u(z) < 6, in Q\ QU B.(z), 6 small
enough and p is negative in ﬁ, with sufficiently large L°° norm, such that

/ @) a4 o | e > / ot (@) fua [ o | d,
Q O\Q

i.e. (1.6) holds.
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An example of the physical motivation of the assumptions (N), (N), may be
found in [4, p. 79]. These assumptions are related to the modelling of reaction
diffusion processes in composite materials occupying a bounded domain €2, which
at some points they behave as perfect insulators. When at some points the
medium is perfectly insulating, it is natural to assume that v (x) and/or ve(x)
vanish in Q. For more information we refer to [13] and the references therein.

Multiplicity results for semilinear and quasilinear elliptic systems have re-
ceived a great deal of interest in recent years; see, for instance, the papers [1]-[3],
[5], [6], [8]-[10], [12] and the references therein.

We note that the procedure here is based on the arguments developed in [6]
and [8]. Following along the same lines as in [8], we will prove multiplicity of
nonsemitrivial solutions for the system (1.1y)—(1.2y).

2. The eigenvalue problem (1.4,)—(1.5))

Let v(x) be a nonnegative weight function in  which satisfies condition
(N)p. We consider the weighted Sobolev space Dé’p(Q, V) to be defined as the
closure of C§°(£2) with respect to the norm

1/p
Hu”Dé,p(Q’y) = (/Qy(x)VuV’) .

The space Dé’p (Q,v) is a reflexive Banach space. For a discussion about the
space setting we refer to [7] and the references therein. Let

Nps
N(s+1)—ps

*

pS::

LEMMA 2.1. Assume that Q is a bounded domain in RN and the weight v
satisfies (N')p. Then the following embeddings hold:

(a) Dy”

(b) D3

,v) = LP:(Q) continuously for 1 < pt < N,

(Q
(Q,v) = L"(Q) compactly for any r € [1,p%).

The space setting for our problem is the product space
Z :=DyP(Q,v1) x Dyl (Q, 1)
equipped with the norm

211z = Tl g + Wlppa@uny, 2= (o) € Z.

Observe that inequalities (1.3) in condition (N') implies that the functional spaces
DyP (2, v1) x Dy ?(Q, 1) and Dy (2, p1) x Dy 9(9Q, pg) are equivalent.

In the sequel we denote by p* and ¢* the quantities s, and p:q, respectively,
where s, and s, are induced by condition (N). Also, we use || - [l1,, and || - ||1,4

for the norms || - ||Dé,p(ml) and || - ||Dé,q(Q Va)? respectively.
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We introduce the functionals J, D, B, M: Z — R as follows:

1 1
J(u,v) := ot / vi(x)|Vul? dz + p+ / va(x)|Vol?de,
p Q Q
1 1
D(u,v) := ot / a(x)|ulP dx + BL/ d(x)|v|? dx,
p Q q Q

B(u,v) ::/b(ac)\u|"""1|v|ﬁ'Irl dx,
Q

M(u,v) = / (@) fu [ da.
Q

It is a standard procedure (see [8], [12]) to prove the following properties of these
functionals.

LEMMA 2.2. The functionals J, D, B, and M are well defined. Moreover, J
is continuous and D, B and M are compact.

Next, we introduce the functionals Ay, Iy: Z — R in the following way:

Ax(u,v) := J(u,v) — AD(u,v) — AB(u,v),
1

v+ 1)(0+1)

The functionals Ay and I, are well defined, and they are weakly lower semicon-

tinuous. Clearly, I, € C1(Z,R).

In(u,v) := Ax(u,v) — M (u,v).

DEFINITION 2.3. We say that (u,v) is a weak solution of the system (1.15)—
(1.2y) if (u,v) is a critical point of the functional Iy, i.e.

/m (@)|VulP 2V - Vo de =\ / a(@)|ulP~2ud dz + A / b(@)|ul* o] g da
Q Q Q

pl@)u "~ o+ ug da,

1
RCESCE) /Q
/yz(a;)ww*?vfu Vi dr = A/ d(2)|o|" 2o da + )\/ b()[u|* o] P Lo dar,
Q Q Q

1
+ GIOEET /Q (@) o

for any (¢, ) € Z.
By a semitrivial solution, we mean any weak solution (u,v) € Z of the form

(u,0) or (0,v). Otherwise, the solution is called nonsemitrivial.

Concerning the eigenvalue problem (1.4)—(1.5,) we have the following result,
which was proved in [13].

THEOREM 2.4 ([13, Theorem 1.1]). The system (1.4x)—(1.5)) admits a posi-
tive principal eigenvalue \1, given by

2.1 A= inf J(u,v).
( ) ! D(u,v)i%(u,v):l (U U)
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The associated normalized eigenfunction (u1,v1) belongs to Z and each compo-
nent is nonnegative. In addition,

(a) the set of all eigenfunctions corresponding to the principal eigenvalue Ay
forms a one-dimensional manifold E1 C Z, which is defined by

By = {(crur, ¢}/ v1) 1 e € R}

(b) A1 is the only eigenvalue of (1.4x)—(1.5)) to which corresponds a com-
ponentwise nonnegative eigenfunction.

(¢) A1 is isolated in the following sense: there exists n > 0, such that the
interval (0, \1 + 1) does not contain any other eigenvalue than ;.

Based on the properties of A1, the authors in [11], proved certain bifurcation
results:

DEFINITION 2.5. Let E =R X Z be equipped with the norm
(2.2) I, 0)lle = (A2 + [ 0)I3)72, (\u,o0) € B.
We say that the set

C={(\u,v) € E:(\u,v)solves (1.1,), (u,v) # (0,0)}

is a continuum of nontrivial solutions of (1.1,), if it is a connected set in F
with respect to the topology induced by the norm (2.2). We say Ao € R is
a bifurcation point of the system (1.15) (in the sense of Rabinowitz), if there is
a continuum of nontrivial solutions C of (1.1,) such that (Ao, 0,0) € C and C' is
either unbounded in E or there is an eigenvalue P\ # Ao, such that (’)\\, 0,0) € C.

More precisely, from [11, Theorem 4.6 and Proposition 4.7] we have that

THEOREM 2.6. The principal eigenvalue A1 > 0 of the unperturbed problem
(1.45)—(1.5) s a bifurcation point (in the sense of Rabinowitz) of the perturbed
system (1.15). Moreover, there exists an n > 0 small enough, such that for each
(A u,v) € CN By(A,0), we have u(z) > 0 and v(z) > 0, almost everywhere
in .

Based now on the properties of the scalar eigenvalue problem, we may prove
the following properties of the solutions of (1.15)—(1.2y).

LEMMA 2.7. Let A be close enough to A;. Every nontrivial solution (u,v) of
(1.1))—(1.2)) is nonsemitrivial.

PROOF. First consider the following eigenvalue problems:
(2.3x) ~V(v1(2)|VulP~2Vu) = da(z)ulP?u, z€Q,
(2.4)\) u|aQ = 0,
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and
(2.5)) —V (v ()| V|972Vv) = Md(z)|v|?T %0, x€Q,
(26)\) ’U|aQ =0.

It is known (see [7]) that the problem (2.3))—(2.4)) ((2.5x)—(2.6)), resp.) has
a positive principal eigenvalue N ()\N7 resp.), which is characterized variationally
by

’

/Vl(z)|Vu|pdz
A= inf &

uEDé*p(Q,yl)\{O} / a(x)|u|p dx
Q

/Vg(ac)|Vv|qdac
A= inf $ , Tesp.
’L)E'D(l)’q(Q7D2)\{O} /d(x)|v|q dz

Q

This eigenvalues is simple and isolated and it is the only one having a positive
eigenfunction qS/(qﬁ”, resp.). Now, observe that the nonzero component of any
semitrivial solution of the system (1.1))—(1.2)) corresponds to an eigenfunction
of (2.35)(2.4)) or (2.5))(2.65). So it suffices to prove that A; < min{\", \"}.
Suppose not. Then the system (2.4,/)—(2.5,/) ((2.4,7)—(2.5,~), resp.) would
have a solution (¢,0) ((0,¢"), resp.). From the variational characterization
(2.1) of the eigenvalue A; this is a contradiction, and so the proof is complete.l]

3. Main results

First, we introduce some notations. Let A be the Nehari manifold associated
with (1.15)—(1.2y); i.e.

Ay = {(u,v) € Z : (I\(u,v), (u,v)) = 0}.

It is clear that A is closed in Z and all critical points of I must lie on Ay. So,
(u,v) € Ay if and only if

/ v1(z)|Vul?P dz — )\/ a(x)|ul? dz — )\/ b(x)|u|*F P+ da
Q ) )

1
N (a+1)(5+1)/Q
/ng(x)|Vv|qu—)\/Qd(x)\ﬂqu—A/Qb(:c)|u\a+1|v|6+1d:c

) ul ol da,

pl@)|ul ol * d.

1
B+ +1) /Q
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Now, we define the following disjoint subsets of A y:

AT = {(u, v) € Ay / p(@)|u Mot de < O},
Q

A = {(u,v) €Ay / (@) |u M o T de = 0},
Q

AT = {(u, v) € Ay / () Ju) Mo de > 0}.
Q

Note that the condition (Y'5) implies that (u1,v1) & A}.

>

LEMMA 3.1. The solution branch C bends to the right of A1 at (A1,0,0);
i.e. there exists p > 0, such that (\,u,v) € C and |[ull1,p + ||v]1,4 < p, implies
A > A

PROOF. Suppose not. Then, there exists a sequence (A, u,,v,) € C, such
that (un,v,) = 0in Z, A, < A1, A, = A1 and

(3.1) / vi(x)|Vup|P de — )\n/ a(x)|un|? doe — )\n/ b(x) |t |2 o, [P da
Q Q Q

1
B (a+1)(6+1)/Q

N(x)|un|7+1|vn|é+1 dz,
(3.2) /Vg(:zc)|an|qu —)\n/ d(a?)|vn|qdﬂc—)\n/ b(az)|un|o‘+1\vn|6+1 dx
Q Q Q
1

- FTeTT / () i+ [ H i

We introduce the sequences wu,, and v,, in the following way:
Up

(lunllf , + llvall{ )77

Un

(lunllf p + llonllf o)/

and v, =

which are bounded sequences. Indeed, we have
[@nll} , + 0nllf, =1 for every n € N.

Thus, we may assume (uy, ) — (U, V) in Z. Using (a«+1)/p+ (8+1)/q=1
in the condition (#), we have

/ () [ty |2 0, [P da
Q

lunll¥  + llonlli 4

/b(ﬂf)lﬂnIC““IT)nI’3+1 do =
Q
Moreover, the range of exponents and Lemma 2.1 implies

/M(ﬂﬁ)lunl”“Ivnl‘s“dzz7
Q

[unll?p + llonlliq

7+1 6+1
[[elleos len [l 5= Nlvn - Lo

[unll7p + llonlliq
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as (Un,vn) — 0in Z. Using (3.1) and (3.2), we obtain

/ (1 (2) |V |P — Apa(@) [P — M\pb(2) |t [T, |2 ) d2z — 0,
Q

/ (V2(2) | V| T = And(2) [0 |7 — Npb(2) ]| T, |PH1) dz — 0,
Q

as n — 0o. Moreover, the compactness of the operators D and B implies that

)\n/a(m)|ﬂn|pdx%/\1/a(:r:)|ﬁ0|pdm,
Q Q

)\n/ d(w)ﬁn|qdaz—>)\1/d(:c)\50|qd:v,
Q Q

)\n/ b($)|an|a+l|a’n|5+1 d$_>)\1/ b(x)|ﬂ0|a+l|'ﬁo|ﬂ+1 d£C7
@ Q

as n — oo. Hence, (Un,v,) — (u0,v0) # (0,0), since ||(@n,0,)|lz = 1, for
every n € N. Also, (ug, o) is a solution of (1.4,)-(1.5x,). By Theorem 2.4(a),
A1 is simple. Thus, uyg = kPuy and vy = k%v;, for some positive constant k.
Multiplying equations (3.1) and (3.2) by (a+ 1)/p and (8 + 1)/q, respectively,
adding the resulting equations, and using condition (), we deduce that

(34) A unwn) =1 [ o)l onl* o, for any n € N,
Q

where ¢; = 1/(p(6 +1)) + 1/(g(v+1)). From the variational characterization
(2.1) of the eigenvalue A1, equation (3.4), and condition (T5) we conclude that

0 < lim cl/ 11(2) U |0, 0T dae = 02/ ()| |V oy |0 da < 0,

for some ¢ = co(c1, k) > 0, which is a contradiction, and so the proof is com-
plete. O

COROLLARY 3.2. Suppose that (A u,v) € C, such that (\ u,v) is close
enough to (A\1,0,0); then (u,v) € AY.

PROOF. Let (An, un,vy,) € C, such that (u,,v,) — (0,0) in Z and A, — Aq.
Then, using the same arguments as in Lemma 3.1 we may prove that

/ 1(2)|un | Hun|° T dz < 0, for n large enough;
Q

i.e. (un,v,) € AT, when n is large enough. O

LEMMA 3.3. There exists \° > X1, such that for every X € (A, \°) the set
A} is closed in Z.



394 G.A. AFroUZI — A. HADJIAN — N.B. ZOGRAPHOPOULOS

PrROOF. First note that Ay # 0, since u* # 0. We have to prove that for
any (un,vn) € Ay such that (uy,,v,) = (u,v) in Z, we have (u,v) € A, when
A € (A1, A%). Due to the compactness of the operator M, this will be the case if

[ @ e [t o o> o
Q Q

Assume that such a \° does not exist. Then, there exists a sequence (A, Un, vy, ),
with (un,v,) € Ay, such that

A — A1 and / () | | o [P da — 0.
Q
Since (un, vy,) is a solution for the system (1.1, )—(1.2y, ), we have that

/ (11 (2)|Vun [P — Ana(x)|un|P — )\nb(x)\un|°‘+1|vn|ﬁ+l) dxr — 0,
Q

/ (v2(2) V0| T = And(@) vn] T = Anb(a) un|* T on] 771) da — 0,
Q

as n — 0o. Similar to Lemma 3.1, we may prove that the sequences {u,} and
{v,,} converge strongly to some (ug, ?g), and we have uy = kPu; and vy = k%vy,
for some positive constant k. The compactness of the operator M implies that

0 < lim 03/ 11(2) U |, 0T dae = C4/ ()| [V oy |°F da < 0,
Q Q

n—oo

for some positive constants c3 and c4, which is a contradiction. Thus, A} is
closed in Z. 0

LEMMA 3.4. The functional I satisfies the (PS) condition on A}, whenever
A s close enough to Aq.

PROOF. Let the sequence (uy,v,) € A} be such that Iy(un,v,) < ¢ and
I} (un,vy) — 0, as n — oo. We first prove that (uy,v,) is a bounded sequence.
The quantity M (u,,v,) is bounded, for all n € N, since

In(up, vn) — <I§(“"""")’ <LZL an>>

1 1 1
- |:p(6+1) + q(’y+ 1) o ('7"‘1)((5—}— 1) M(u'rL;Un)-

Therefore, Ay (uy,v,) must be bounded, too. Next, we claim that there exists
a positive constant o, such that

A
Q(Una'l}n) - >0 >0, foreveryn €N,
Hun |1,p + ||U7l||17q




SOLUTIONS OF DEGENERATE (QQUASILINEAR ELLIPTIC SYSTEM 395

which would imply the boundedness of (u,,v,) in Z. Suppose not. Then, there
exists a sequence (A, Up, vy ), With (uy,v,) € A}, such that A, — A; and

Ax, (Un,vn)
lunllf , + lloall

= Ay, (tn, ) — 0,

where (@, U,) are the sequences introduced by (3.3). The boundedness of
(Un,vy,) implies that

(tn, 0p) = (to, Vo)
in Z, for some (up,vg) € Z. From the variational characterization (2.1) of A
and By the weak lower semicontinuity of A, we have

(35) 0 S A)\l (a(),%/o) S hHi)lnf A)\n (ﬂn, f}in) = 0.

We claim that (ug,v9) # (0,0). Otherwise, from the compactness of the func-
tionals D and B we have
nh—>Holo D(uy,v,) = nh_}ngC B(ty, vy,) = 0.
Hence, from (3.5) we conclude that (@, v,) — (0,0) in Z, which contradicts the
fact that ||(Un,0n )|z = 1, for every n € N.
Now, from (3.5) we must have that @y = kPu; and vy = k%v;, for some
positive constant k. Then from (Y5) we have

0< / () U | HTL [P da — 05/ ()| |V oy |°H da < 0,
Q Q

which is a contradiction. Thus (u,,v,) is a bounded sequence. Using the com-
pactness of the functionals D, B, and M and following the procedure from [12,
Lemma 2.3] we obtain that (u,,v,) has a convergent subsequence, and so the
proof is complete. U

Our main result is the following theorem.

THEOREM 3.5. There exists \* > A1, such that the system (1.15)—(1.2)) has

two nonnegative nonsemitrivial solutions, for every X € (A1, A*).

PrOOF. By Theorem 2.6 and Corollary 3.2, there exist a nonsemitrivial solu-
tion for the system (1.1))—(1.2,), which belongs in AI. We prove the existence of
a solution, which belongs in A}. Consider the set A equipped with the metric
d(z1,%2) = ||Z1 — 22|z, for every z1 and 2z in A} . It is clear from Lemma 3.3,
that for A* close to A;, the set A} becomes a complete metric space. Using
condition (), we observe that

1
Ax(u,v) = O‘;‘ / (1 (2)|VulP = Aa(@)|ul? — Ab(z)[u|*t o] 1) da
Q

+ w/ (va(z)|Vo|? — Ad(x)|v]|T — )\b(x)|u|a+1\v\5+1) dx.
q Q
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Hence, for every (u,v) € Ay, using (a+1)/p+ (8+1)/q =1, we have

1 1 1

o) = |-+ - | [ w01+

6+1) qvy+1) (v+1(0+1)

Since p < y+1 or ¢ < 0+ 1, we conclude that Iy (u,v) > 0 whenever (u,v) € Ay

and I is bounded below in A}, i.e.

inf  Iy(u,v) > 0.
(u,v)EAY

On the other hand, the functional Iy satisfies the (PS) condition in A (by
Lemma 3.4). Thus, Ekeland’s variational principle implies the existence of

a solution for the system (1.1))—(1.25). This solution is nonnegative, since

Iy(lul, |v]) = In(u,v), and in addition, Lemma 2.7 implies that it is also non-

semitrivial. O
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