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ABSTRACT. The notion of regular cell complexes plays a central role
in topological combinatorics because of its close relationship with posets.
A generalization, called totally normal cellular stratified spaces, was intro-
duced in [3], [19] by relaxing two conditions; face posets are replaced by
acyclic categories and cells with incomplete boundaries are allowed. The
aim of this article is to demonstrate the usefulness of totally normal cel-
lular stratified spaces by constructing a combinatorial model for the con-
figuration space of graphs. As an application, we obtain a simpler proof
of Ghrist’s theorem on the homotopy dimension of the configuration space
of graphs. We also make sample calculations of the fundamental group of
ordered and unordered configuration spaces of two points for small graphs.

1. Introduction

Given a topological space X, the configuration space Confy(X) of k distinct
ordered points in X is defined by

Confy(X) = X%\ Ap(X),
where the discriminant set Ay (X) is given by

Ap(X) = {(21,...,2) € X¥ | 2; = x; for some i # j}.
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Configuration spaces have been studied by topologists when X is a manifold
because of their appearance in geometry and homotopy theory. See [8], [9], [2],
[17], [6], for example. When X is a manifold, we have a nice fibration of the
following form

Pk,1

Confr_1 (X \ {zo}) — Confr(X) — X,

which has been an indispensable tool for studying the homotopy type of config-
uration spaces of manifolds.

When X is not a manifold, however, we cannot expect the map pi; to
be a fibration and it is much harder to study its configuration spaces. It was
Ghrist [12] who found an interpretation of Confy(X) in terms of the problem
of controlling automated guided vehicles (AGVs) in a factory and initiated the
study of Confy (X) when X is a 1-dimensional cell complex, i.e. a graph. It turns
out that configuration spaces of graphs have many interesting properties and at-
tracted much attention. For example, Ghrist proved that they are K (, 1) spaces.
The fundamental group of the unordered configuration space Confy(X)/X) of
a graph X is called the graph braid group of X and its relation to right-angled
Artin groups has been studied by several people [18], [14], [11].

Because of the failure of the projection py 1 in (1) to be a fibration, we need to
find a completely different method when X is not a manifold. One of successful
and popular approach is to use Abrams’ cellular model.

DEFINITION 1.1 (Abrams model). For a space X equipped with a cell de-
composition 7: X = |J ey, define a subcomplex CAPrams(X ) of X* by

AEA
Abrams

Ck (X,?T) U €x, X ..o X €ex,

KQW:@

(i735)

= U Ex; X oo X €)y-
e)\lx.A.XE)\kﬁAk(X):(D

Obviously CAPrams(X ) is included in Confy(X). Abrams proved that his
model C£P™#m5( X)) is a deformation retract of Confy (X ) under certain conditions.

THEOREM 1.2 ([1]). For a 1-dimensional finite cell complex X, the inclusion
Cpbrams (X 1) < Confy(X)
is a homotopy equivalence as long as the cell decomposition on X satisfies the

following two conditions:

(a) each path connecting vertices X of valency more than 2 has length at
least k + 1, and

(b) each homotopically essential path connecting a vertex to itself has length
at least k + 1.
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For precise definitions of terminologies used in the above theorem, see Ab-
rams’ thesis. Although Abrams’ model has been used by several authors to
study configuration spaces of graphs [12], [10], [18], [14], [11], [16] and higher
dimensional cell complexes [5] successfully, there are some difficulties in using
this model because of the following facts:

e Deformation retractions are not constructed explicitly.

e The action of the symmetric group X is not taken into account, either.

e The two conditions in Abrams’ theorem require us to subdivide X finely.
And taking subdivisions of X makes the model larger.

Let us take a look at a couple of examples to see the effect of subdivisions
on Abrams model.

EXAMPLE 1.3. Consider the case when X = S' and k = 2. It is well known
that we have a Yo-equivariant homotopy equivalence Confy(S?) ~5, S*t.
Regard S' as a graph under the minimal cell decomposition m;: S = e®Ue!

Abrams model C5P*2ms(S1 1) for this graph is the empty set and is not homo-
topy equivalent to Confy(S1).

By taking a subdivision once, we obtain a cell decomposition 5 of S' con-
sisting of two 1-cells: ST = e Ue Uel Ued.

€3

The model C4Pams(St 75) is still too small. It is merely a set of two points
{e9 x €9,e x e}.

In general, let 7, be the cell decomposition of S! as a cyclic graph with n
edges.
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When n > 3, the assumptions in Abrams’ Theorem are satisfied and we have
a homotopy equivalence C2Prams(S1 7 ) ~ Confy(S'). When n = 3, it is easy
to see that C2P*ms(S1 73) is the boundary of a hexagon and is homeomorphic
to S'. When n > 3, however, C4P**ms(S' 1, is a cell complex of dimension 2.

The following is our wish list for a combinatorial model Cy(I") for the con-
figuration space Confy(T") of k points of a graph T:

(1) We would like our model to be as small as possible. It is desirable that
its dimension coincides with the homotopy dimension of Confy(T").

(2) The model C(I") should be a deformation retract of Confy(I") under
a reasonable condition. Furthermore we would like the deformation re-
traction to be equivariant with respect to the action of the symmetric
group X.

(3) Abrams’ proof relies on Ghrist’s K(m,1) theorem and the Whitehead
theorem. A more direct proof is desirable.

In this paper, we propose a new model for configuration spaces of graphs
based on the notion of totally normal cellular stratified spaces introduced in [3]
and developed in [19], [20]. In general, given a 1-dimensional cellular stratified
space X, we define an appropriate cellular subdivision on X* which contains

Confy,(X) as a stratified subspace. And we obtain an acyclic category C(m; y")

THEOREM 1.4 (Corollary 3.9). For any 1-dimensional finite cellular stratified

space X and a positive integer k, there exists a finite acyclic category C(m %)

whose classifying space BC(m’x") can be embedded in Confy(X) as a strong

Y -equivariant deformation retract.

The space O} (X) = BC(m;’x") is one of our models for Confy(X). The
Y p-equivariance of the deformation retraction in the above theorem follows from
the naturality of the construction. Our deformation retraction is also explicitly
constructed. Thus the last two requirements in our wish list are satisfied.

The next question is how small our model is. It is easy to show that the
number of vertices controls the dimension of our model.

THEOREM 1.5 (Theorem 4.2). Let X be a connected finite 1-dimensional
cellular stratified space. Then
dim BC(m’x") < v(X),
where v(X) is the number of 0-cells in X.

Thus we obtain a smaller model if we could reduce the number of vertices. In
other words, we obtain a small model by using the minimal cellular stratification
of a given 1-dimensional cellular stratified space. We can reduce the dimen-
sion further by removing vertices of valency 1, as we will see in Section 4.1.
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As a consequence, we obtain an alternative proof of Ghrist’s theorem [12] on
the homotopy dimension of the configuration space of graphs. Recall that the
homotopy dimension hodim X of a space X is defined by

hodim X = min dimY
Y~X
where Y runs over all finite cell complexes that are homotopy equivalent to X.

COROLLARY 1.6. Let X be a 1-dimensional connected finite cellular stratified
space. Then we have

hodim Confy,(X) < min{k, v**(X)},

where v°(X) is the number of essential vertices, i.e. 0-cells that are neither of

valency 1 nor incident to exactly two reqular 1-cells.

Here the valency of a 0O-cell €° in a 1-dimensional cellular stratified space I'
is defined to be the cardinality of the set

U {b:D° = D|gob=py},
elCe
where p: D — € is the characteristic map for a cell e, pg: D° — €° is the
characteristic map for the O-cell €°, and e runs over all 1-cells containing € in
its closure.
For example, the numbers in the following figure indicates the valencies of
vertices in this 1-dimensional cell complex.

Thus the number of essential vertices in this cell complex is 1.
As amore concrete application, we compute the braid group 71 (Confa(T") /32)
of two strands of graphs with vertices < 2.

THEOREM 1.7. Let Wy 4 be a finite 1-dimensional cell complex of the follow-
ing form.

Then the fundamental groups of ordered and unordered configuration spaces of
two points in Wy, ¢ are given by

w1 (Confy (Wi o)) = Fony p41s
Wl(COHfQ(Wk7g)/22 = Fnk,l"l‘l?
where ng e = (k4 €)(k + 30— 3)/2 and F,, denotes the free group of rank n.
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THEOREM 1.8 (Theorem 4.8). Let ZB}’,f”f be the finite 1-dimensional cell com-
plex obtained by gluing the essential vertices of Wi o and W, 4 by x parallel edges.

k- P

Then the fundamental groups of ordered and unordered configuration spaces of

two points in $Bp7q are given by

m1(Confy (o Byy)) = Apg s Agx Fy | ne

pa— 1’
Wl(COIlfz(xB;;,’g)/EQ) & Apg meg;fg’

where Ap g ={a1,...,a0,b1,...,0q | [a;,b] (1 <j<¥l 1<t<gq))and
z(x —1)
—

k¢

zMMp g

=nge+npg+ak+Ll+p+q)+

Organization. Here is an outline of this paper.

Section 2 is preliminary. We recall definitions and basic properties of our
main tools, i.e. acyclic categories in Section 2.1 and cellular stratified spaces in
Section 2.2.

Although a more general class of cellular stratified spaces, i.e. cylindrically
normal cellular stratified spaces, is studied in [19], [20], we prove basic properties
of totally normal cellular stratified spaces from scratch in Section 2.3 in order
to be self-contained. Homotopy-theoretic properties of totally normal cellular
stratified spaces used in this paper are stated and proved in Section 2.4 by
appealing to homotopy theory of acyclic categories.

A new combinatorial model for configuration spaces of graphs is constructed
in Section 3 in two steps. After introducing a stratification on the configuration
spaces of graphs in Section 3.1, we define an acyclic category model in Section 3.2,
which is the first step.

In many cases, our acyclic category model can be collapsed further. This is
done for the case of configuration spaces of two points in Section 3.4.

We discuss two applications of our model in Section 4. Theorem 1.5 is proved
in Section 4.1 and Theorems 1.7 and 1.8 are proved in Section 4.2.

We include a proof of elementary fact on cellular stratified subspaces of
spheres in an Appendix A, which plays an essential role in our proof of The-
orem 2.50.
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2. Cellular stratified spaces

Homotopy theory of acyclic categories plays the fundamental role in this pa-
per. The notion of cellular stratified spaces makes the connection between config-
uration spaces and acyclic categories. In this section, we first review homotopy-
theoretic properties of acyclic categories in Section 2.1. And then the definition
of cellular stratified spaces is recalled from [19]. Homotopy-theoretic properties
of totally normal cellular stratified spaces are stated and proved based on the
discussion in Section 2.1.

2.1. Acyclic categories. Acyclic categories are generalizations of posets,
having possibly multiple “orders” (morphisms) between two objects. There is
a popular way to define a quiver from a poset, i.e. the Hasse diagram. Any
small category has an underlying quiver and can be regarded as a “quiver with
relations”.

In this section, we review relations among these concepts. A good reference
is Kozlov’s book [15]. See also Appendix B of [19].

DEFINITION 2.1. A quiver is a diagram of sets of the form
S
o) o Qo-

Elements of QQy and @)1 are called vertices and arrows, respectively. For an arrow
u € Q1, s(u) and t(u) are called the source and the target of u, respectively. For
a pair of vertices x and y, we denote

Qz,y) ={u € Q1| s(u) ==, t(u) =y}
For n > 1, define
No(Q) = {(ur, .- un) | s(ur) =t(uz), ..., s(un—1) = t(un)}.
We also use the notation No(Q) = Qo. Elements of N, (Q) are called n-chains.
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DEFINITION 2.2. A small category is a quiver C' equipped with maps
O:NQ(C)%Nl(C), ZNo(C)%Nl(C)
satisfying the following conditions:
(a) (uowv)ow =wuo (vow) for (u,v,w) € N3(C), and
(b) woi(s(u)) =u=1i(t(u))owu for u € Cy.
Elements of Cy and C; are called objects and morphisms, respectively. For
objects x,y € Cy, the set of morphisms with source x and target y is denoted by

C(z,y). For an object x € Cy, i(z) is called the identity morphism on x and is
denoted by 1,.

Sometimes it is convenient to remove identity morphisms.

DEFINITION 2.3. For a small category C, define
N, (C) = {(un,...,u1) € N(C) | none of u;’s is identity}.
Elements of N,,(C) are called nondegenerate n-chains.

DEFINITION 2.4. For a small category C, define Q(C)o = Cp and Q(C); =
N1(C) = C;1 \i(Cp). And define maps s,t: Q(C); — Q(C)o by the restrictions
of s and t of C. This quiver is called the underlying quiver of C.

Conversely, any quiver generates a small category.

DEFINITION 2.5. Let @ be a quiver. Define a small category Path(Q) as
follows. Objects and morphisms are given by

Path(Q)o = Qo.  Path(Q) = [ Nu(@Q).

n>0
The source and the target maps s,,t,: N,(Q) = Qo on N, (Q) are given by
Sn(Un, - ur) = s(ug), to(Uny ooy ur) = t(uy).

The composition and the identity
o: Ny(Path(Q)) = ] {(#,v) € Niu(Q) x Nu(Q) | s(u) = t(v)} — Path(Q),

m,n>0
i: Path(Q)o = Qo — Path(Q)

are given by the concatenation and the inclusion. The resulting category Path(Q)
is called the path category of Q.

We are mainly interested in acyclic categories.

DEFINITION 2.6. A quiver @ is said to be acyclic if either Q(z,y) or Q(y, x)
is empty. A small category C is called acyclic if its underlying quiver Q(C) is
acyclic.
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REMARK 2.7. A small category C is acyclic if and only if
(a) C(z,x) ={1,}, and
(b) either C(z,y) or C(y,x) is empty for x # y.

Any poset P can be regarded as an acyclic category by P(x,y) = {*} ifz <y
and P(z,y) = 0 otherwise. Conversely any acyclic category has an associated
poset.

DEFINITION 2.8. For an acyclic category C, define a poset P(C) as follows.
As sets, P(C) = Cy. For z,y € P(C), z < y if and only if C(z,y) # 0. The
canonical projection functor is denoted by p: C — P(C).

We use the classifying space functor to translate combinatorial (category-
theoretic) structures into the subject of homotopy theory.

DEFINITION 2.9. Given a small category C, the collection of chains N(C) =
{Nn(C)}n>0 forms a simplicial set, called the nerve of C. The geometric real-
ization of this simplicial set is called the classifying space of C' and is denoted
by BC = |N(C)|.

Recall that the face operators d;: N,(C) — N,_1(C) are defined by

(Upy -y U2) ifi =0,
di(Uny .o u1) = S (Upy ooy Uip1 OUsy .o yug)  if1<i<n—1,
(Up—1,...,u1) if i =n,

forte=0,...,n.
When C is acyclic, we only need these face operators to describe BC.

LEMMA 2.10. For an acyclic category C, face operators can be restricted to
di: No(C) = N,_1(C), and, when C is finite, we have a homeomorphism

BC = (HNn(C) xA")/ :

~

where ~ is the equivalence relation generated by
(2.1)  (di(tny ... u1), (to, ... tn—1))
~ ((Un, N ,ul), (to, N ,ti_l,(),tl-, N ,tn_l)).
Here our n-simplex A™ is given by
A" ={(to,....tn) ER" | to+... +t, =1, t; > 0}.

PROOF. It is immediate to verify that d; can be restricted to N(C). The
inclusions N, (C) < N,,(C) induce a continuous bijective map

(HNH(C) X A")/N — BC.
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By the finiteness assumption and acyclicity of C, N,,(C) = () for sufficiently large
n and each N, (C) is a finite set. Thus the above map is a continuous bijection
from a compact space to a Hausdorff space, hence is a homeomorphism. O

REMARK 2.11. It is well-known that when P is a poset, the collection of
nondegenerate chains N (P) has a structure of ordered simplicial complex and is
often called the order complex of P.

The following definition is slightly different from but equivalent to the defi-
nition of graded posets in combinatorics.

DEFINITION 2.12. A poset P is called graded, if for any element z € P,
dim BP<, is finite, where P<, = {y € P | y < z}. For a graded poset P, define
the rank function r: P — Z>o by r(z) = dim BP<,.

When a poset P is regarded as a small category, the rank function r: P —
Z>g is a functor. We would like to define an analogous notion for small categories.
Bessis [4] considered functions on the set of morphisms.

DEFINITION 2.13. A length function on a small category C is a map ¢: C; —
Z>o with the properties that

(a) fuow) = E(u) + €(v);

(b) £(u) =0 if and only if u = 1, for some x € Cy.

A small category equipped with a length function is called homogeneous by
Bessis. We use the following terminology.

DEFINITION 2.14. A triple (C, /¢, B) of a small category C, a length function
£ on C, and a set B of objects in C| is called a category with length function if
the following conditions are satisfied:

(a) For any object = € Cp, there exists an object b € B with C(b,z) # 0.

(b) For any morphisms w: b — z and «': b/ — 2 with b,0' € B, we have

(u) = L(u).

DEFINITION 2.15. For a category with length function (C, ¢, B), define a func-
tion r: Cy — Z>o by r(x) = ¢(u), where z € Cy and u: b — z is a morphism
in C' with b € B. This is called a rank functor on C because of the following

reason.
LEMMA 2.16. The above function r can be extended to a functorr: C — Z>g.

PROOF. We need to show that if there exists a morphism uw: x — y in C,
then r(z) < r(y). Choose a morphism v: b — x with b € B. Then

r(y) = luowv) =L(u) + L(v) =L(u) + r(x) > r(x). O
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REMARK 2.17. For a category with length function (C, ¢, B), we can recover
£ and B from the rank functor r by

Lu) = r(t(uw)) —r(s(u)), B={xeCy|r(z)=0}

In the rest of this article, we denote a category with length function by the pair

(C,r).
LEMMA 2.18. Any category with length function is acyclic.

PROOF. For u € C(z,x), (u) = r(t(u)) — r(s(u)) = 0. By the definition of
length function w = 1,. Suppose C(z,y) # 0 and C(y,z) # 0. By Lemma 2.16,
r(z) <r(y) and r(y) < r(z), which imply that © = y and that C' is acyclic. O

DEFINITION 2.19. A category with length function (C, ¢, B) with rank functor
r is called a ranked category if, for any morphism u: x — y with £(u) = k, there

exists a factorization of v into a composition
Ul T =29 —>T1 - > Tp=1Y
with 7(z;41) =r(x;) +1for 0 <i <k —1.
We mainly use functors of the following form.

DEFINITION 2.20. A functor f: C' — Top from a small category C to the
category Top of topological spaces is said to be continuous if for each morphism
u: x — y in C, the induced map f(u): f(x) — f(y) is continuous.

REMARK 2.21. This condition is equivalent to the continuity of the adjoint

C(z,y) x f(z) — f(y) of the map f(x,y): C(z,y) — Map(f(x), f(y)) when
C(z,y) is equipped with the discrete topology.

The following construction will be used later when we study boundaries of
cells.

DEFINITION 2.22. For an object x € Cj in a small category C, define a small
category C | x by

(Clz)={ueC|tu) =z}, (Clz)(u,v)={weCy |u=vow}.

The composition of morphisms is given by that of C. This is called the comma
category of C' over x.

When C' is acyclic, we denote C' | x by C<, for simplicity. The subcategory
of C<, consisting of (C | z)o \ {1} is denoted by Cy.
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2.2. Cellular stratified spaces. Cellular stratified spaces are generaliza-
tions of cell complexes, having possibly non-closed cells. Let us begin with the
definition of stratifications.

DEFINITION 2.23. A stratification on a topological space X indexed by
a poset A is a map 7: X — A satisfying the following two conditions:

(a) A < pin A if and only if 7= 1(\) C 7= 1(p).

(b) Each 7=1()) is connected and locally closed.
The image of 7 as a full subposet is denoted by P(X,7), P(X), or P(r), and is

called the face poset of X. The space ey = 7~ 1(\) is called the stratum indexed
by A € A.

DEFINITION 2.24. Let m: X — A be a stratification on a Hausdorff space X.

e For a stratum ey, an n-cell structure on ey is a pair (Dj, ») of a sub-
space Dy of the unit n-disk D™ with Int(D™) C D), and a quotient map
px: Dy — X satisfying the following conditions:

(a) ©(Dx) =ex.

(b) The restriction @y |my(pn): Int(D™) — ey is a homeomorphism.
For simplicity, we refer to an n-cell structure (Dy, @) on ey by ¢ when
there is no risk of confusion.

e A stratum equipped with an n-cell structure is called an n-cell.

e The map ¢, is called the characteristic map of ey and D, is called the
domain of ey. The dimension n of the disk D™ containing the domain
D), is called the dimension of ey.

e A cellular stratification on X consists of

— a stratification 7: X — A, and

— a collection ® = {px: Dy — ex}rep(x) of cell structures on strata
satisfying the condition that, for each n-cell ey, ey =€y \ ey is covered
by a finite number of cells of dimension less than or equal to n — 1.

The triple (X, 7, @) is called a cellular stratified space.

REMARK 2.25. Note that we require that a cell structure map to be a quotient
map. This condition is automatic in the classical definition of cell complex, since
a cell complex is always assumed to be Hausdorff and D" is compact.

DEFINITION 2.26. Let (X,7x,®x) and (Y, 7y, ®y) be cellular stratified
spaces.

o A morphism of cellular stratified spaces f from (X, mx, Px) to (Y, 7y, Py)
consists of
— a continuous map f: X =Y,
— a map of posets f: P(X) — P(Y), and
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— a family of maps fx: Dy — Dy(y) indexed by cells py: Dy — ex
in X
making the following diagrams commutative

X%Y X #)Y
WXJ lﬂy S%\T Tlﬁfu)
P(X) T>P(Y) D, T)Dfo\)

where ¥¢xy: Dyx) — €f(x) is the characteristic map for ef(y).

e When X =Y and f is the identity, f is called a subdivision.

e When f(ex) = ef(n) and fx(0) = 0 for each A, f is called a strict mor-
phism. B

e When f is a strict morphism of cellular stratified spaces and f is an
embedding of topological spaces, f is said to be an embedding of cellular
stratified spaces and X is said to be a cellular stratified subspace of Y.

We need to impose certain “niceness” conditions to our cellular stratified
spaces. As is the case of cell complexes, we usually require CW conditions.

DEFINITION 2.27. A cellular stratification on a space X is said to be CW, if
the following two conditions are satisfied:

(a) (Closure finite) For each cell ey, ey is covered by a finite number of
cells.
(b) (Weak topology) X has the weak topology determined by the covering

{&x| A e P(X)}.

The CW condition allow us to express a cellular stratified space as a quotient
space as follows.

LEMMA 2.28. For a CW cellular stratified space X with cell structure ® =

{ox: Dy = &x | A€ P(X)}, define D(X) = ][] Dy and ®: D(X) — X by
AeP(X)

5(96) = oa(z) if © € Dy. Then d is a quotient map. In particular, we have
a homeomorphism X = D(X)/~,, where x ~¢ y if and only if ¢,(x) = pr(y)
forxz € D, and y € D,.

PrROOF. The map ® factors as

&: p(x) 22 [ & x.
AEP(X)

All characteristic maps ¢, are quotient maps. By the CW assumption, p is
a quotient map. Hence ® is a quotient map. O
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In order to study configuration spaces, we need to understand products,
subdivisions, and taking complements of cellular stratified spaces. Let us first
consider products. We need to impose the following condition.

LEMMA 2.29. Let (X,7mx,Px) and (Y,my,®y) be cellular stratified spaces
and consider the product map
mx Xxmy: X XY — P(X) x P(Y).

For a pair of cells ey, e, in X and Y, define a continuous map

OAXPp _ _
Oaxp: Dap =Dy x D, —— & x¢e,=¢€)xe, CX XY,

where D,, \ is the subspace of Ddimextdime. dofined by pulling back Dy x D,
via the standard homeomorphism

DdimeAerime# o~ Ddimek X Ddime“'

If ox, is a quotient map for any pair (A, p), we have a cellular stratification
on X xXY.

PROOF. Obvious from the definition. O

The problem is when ¢y X ¢, is a quotient map. When both X and Y are
cell complexes, the compactness of Dy x D,, implies that ¢y X ¢, is a quotient
map. In general, Dy or D, is neither closed nor open. This problem is discussed
in Section 3.2 of [20] in detail. For configuration spaces of graphs, the following
fact is enough.

LEMMA 2.30. If f1: X1 — Y7 and fo: X9 — Y5 are surjective closed maps
between metrizable spaces, then the product fi X fo: X1 X Xo = Y7 X Y5 is
a quotient map.

PRrROOF. See Corollary right after Theorem 3 in [13]. O
We are interested in 1-dimensional cellular stratified spaces.

COROLLARY 2.31. When T’y and I's are 1-dimensional cellular stratified
spaces, I'1 X 'y is a cellular stratified space.

ProoF. When ¢: D — € is a characteristic map on a 1-cell e, the domain D
is one of (—1,1), (=1,1], [-1,1), or [-1,1]. In any of these cases, ¢ is a closed
map. Furthermore, the closure € of the cell is homeomorphic to one of (—1,1),
(=1,1], [-1,1), [-1,1], or S, and is metrizable. Thus products of characteristic
maps are again quotient maps by Lemma 2.30.

Other requirements hold obviously and I'y x I'5 is a cellular stratified space.l]

Let us consider subdivisions next. We have already defined subdivisions of
stratified spaces in Definition 2.26. Subdivisions of cell structures are defined as
follows.
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DEFINITION 2.32. A cellular subdivision of a cellular stratified space (X, m, ®)
consists of a subdivision s = (1xs): (X,7n') — (X,7) of (X,7) as a stratified
space, and a regular cellular stratification (wx, ®)) on the domain D) for each
cell pr: Dy — €, containing Int(D)) as a strict stratified subspace satisfying
the following conditions:

(a) For each A € P(X,n), the characteristic map @yx: (Dy,m\) — (X, 7)

of ey is a strict morphism of stratified spaces.

(b) The maps P(¢y): P(Int(Dy)) — P(X, ') induced by the characteristic

maps @, give rise to a bijective morphism of posets

II Pee: ] Pnt(Dy),ms) = P(X, 7).
AEP(X,m) AEP(X,m)
(c) For each X € P(X,n") with s(\) = A € P(X,n), let us denote the
corresponding strata in (X, 7") and (Dy, my) by ex and E\, respectively.
If ¢y : Dy — B is the characteristic map for Ey in the regular cellular
stratification (Djy,my, @), then the composition ¢y oy : Dy — €xr is
a quotient map.

REMARK 2.33. The map [] P(¢x) may not be an isomorphism of
AeP(X,m)
posets, although it is assumed to be a bijection.

The composition ¢y o1y is essentially the restriction of ¢y to E\y/, since the
cellular stratification (Dy, ¢y, ®y) is assumed to be regular. In general, however,
a restriction of a quotient map may not be a quotient map. This is the reason
we need to impose the condition 3 in the above definition. In other words, the
definition is designed to make the following proposition hold.

PRrROPOSITION 2.34. A cellular subdivision of a cellular stratified space is
again o cellular stratified space.

2.3. Totally normal cellular stratified spaces. Regularity and norma-
lity conditions are important in our analysis of cellular stratified spaces.

DEFINITION 2.35. A cellular stratification on a space X is said to be

e normal, if e, C e whenever e, Nex # 0, for any cell ey,
e regular, if the characteristic map ¢: D) — €y of each cell ey is a home-
omorphism onto €, and
e totally normal, if, for each n-cell ey,
(a) there exist a structure of regular cell complex on S"~! containing
0D, as a cellular stratified subspace of S"~!, and
(b) for each cell e in the cellular stratification on 9D}, there exists a cell
e, in X and a map b: D, — 0Dy b(Int(D,)) =e and gy 0b = ¢,.
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REMARK 2.36. The regularity of the cellular stratification on 9D, implies
that b is an embedding.

There is a canonical way to associate a small category to any totally normal
cellular stratified space.

DEFINITION 2.37. For a totally normal cellular stratified space X, define
a category C(X) as follows. Objects are cells C(X)g = {e | cells in X}.

A morphism from a cell ¢, : D, — €, to another cell py: Dy — €y is a lift
of the characteristic map ¢, of e,, i.e. a map b: D,, — Dy making the following

diagram commutative

D, Lac—>X

1/

DMTE

The composition is given by the composition of maps. This category C(X) is
called the face category of X.

REMARK 2.38. In [19], the set of morphisms C'(X)(e,, ex) from e, to ey is
topologized by the compact open topology as a subspace of Map(D,, Dy) and
C(X) is defined as a topological category.

In this paper, we only consider face categories of totally normal cellular
stratified spaces, in which case the topology on C(X)(e,e’) is automatically
discrete.

EXAMPLE 2.39. All cellular stratified spaces of dimension 1 are totally nor-
mal, since possible domains of characteristic maps are (—1,1), (-1,1], [-1,1),
or [-1,1].

Note that the existence of a morphism b: e, — e in C(X) implies €, C €.
Thus we obtain a functor px: C(X) — P(X).

LEMMA 2.40. For a totally normal cellular stratified space X, C(X) is a cate-
gory with length function, hence is acyclic. The associated poset P(C(X)) co-
incides with P(X) and the canonical projection p: C(X) — P(C(X)) can be
identified with px.

PROOF. Define ¢: C(X); = Z>( by £(b) = dimey — dime, for a morphism
b € C(X)(eu,ex). This is obviously a length function in the sense of Defini-
tion 2.13.

Define B = {e € C(X)o | dime = 0}. Then the conditions of Definition 2.14
are satisfied and (C(X), ¢, B) is a category with length function. The associated
rank functor is obviously the dimension function dim.
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By definition, there exists a morphism b € C'(X)(e,, ex) ifand only ife,, C €3,
ie. e, <eyx. Thus P(C(X)) = P(X). O

REMARK 2.41. In general C'(X) is not a ranked category if we use the func-
tion £ in () as a length function. For example, define

X =Int D* U {(x,y) € S* |2 >0} U {(~1,0)}.

X has a structure of regular cellular stratified space with cells e® = {(—1,0)},
el = {(z,y) € S* | z > 0}, and e = Int D?.

60. 2 1

C(X)(€° e?) contains a single element which cannot be factored into a compo-
sition of morphisms of codimension 1.

We use the following terminology for 1-dimensional cellular stratified spaces.

DEFINITION 2.42.

e A 1-dimensional cellular stratified space I is called a graph.

e (-cells and 1-cells are called vertices and edges, respectively.

e Let p: D —-€ebeal-cellinT.

— An edge e is called a loop if D =[—1,1] and ¢(—1) = ¢(1).

— An edge e is called a connection if D = [—1,1], ¢ is an embedding,
and both ¢(—1) and (1) are contained in more than one edge.

— An edge e is called a branch if it is not a loop nor a connection.

e For a vertex v, let b, be the number of branches and bridges e with v € €
and ¢, be the number of loops with v € €. Then the number b, + 2¢,, is
called the wvalency at v.

e A vertex v is called a leaf if it has valency 1.

e A graph T is said to be finite if the numbers of vertices and edges are
finite.

For graphs, Corollary 2.31 can be refined as follows.

LEMMA 2.43. For graphs I'y and T's, the product I'y x I's is a totally normal
cellular stratified space.

PROOF. We have verified in Corollary 2.31 that I'y x I'; has a cellular stratifi-
cation under the product stratification. Let us verify that this is totally normal.
For simplicity, we regard domains for characteristic maps of 2-cells in I'y x I'; as
stratified subspaces of [—1,1]? instead of D2.
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There are three types of domains of 1-cells in I'; or 'y up to homeomorphisms,
ie. (—1,1), (=1,1], or [=1,1]. The possible types of domains for 2-cells e,, x ey
in 'y x I's are depicted as follows:

oO—Oo0 | 0—eo | 6—o

(RIS
i
) D

In any of these cases, the boundary is a stratified subspace of the standard cell

decomposition of a square and characteristic maps for 0 and 1 dimensional cells
lifts to maps into those boundaries. O

REMARK 2.44. More generally, a k-fold product I'y x ... x I'y of graphs is
totally normal. For higher dimensional cellular stratified spaces, see §3.2 of [20].

For totally normal cellular stratified spaces, Proposition 2.34 can be refined
as follows.

PROPOSITION 2.45. Let (X, m, ®) be a totally normal cellular stratified space
and (X, 7', ®") a cellular subdivision. Let each morphism b € C(X)(e,,ex) in the
face category of (X, m, ®) is a strict morphism b: (D, m,, ®,) — (Dx, 7, ®x)
of stratified spaces. Then (X, 7', ®') has a structure of totally normal cellular
stratified space.

PROOF. By the very definition of cellular subdivision, the boundary 0Dy
of the domain of each cell ey in (X, 7', ®') is equipped with a regular cellular
stratification. It remains to show that, for each N € P(X,n’) and a cell €’ in
0Dy, there exist a cell e, in (X,7’,®") and a map b': D,, — Dy making the
diagram

P
Dy —— ey = X

b /

D/L/ 4/) €’
Pu

commutative and satisfying ¢/ (Int(D,/)) = €.

Suppose s(A) = A under the subdivision s: P(X,n’) — P(X,n). Let e be
a cell in Dy containing e’. By the total normality of (X, m, @), there exists a cell
ey in (X, 7, ®) and a map b: D, — Dy with b(Int(D,)) = e and ¢y 0b = ¢,,.
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Define e,, = (¢ 0 b)(e’). Since both b and ¢, are strict morphisms of stratified
spaces, e,/ is a cell in (X, 7, ®"). By the definition of cellular subdivision, there
exist cells ¢, : D,y = E, and ¢x:: Dy — Ey in (D, 7, ®,,) and (Dy, 7y, @),
respectively, such that ¢, = ¢, 01, and gy = @y 0 Py.

When p = A, both E,; and E) are cells in the regular cellular stratification
of Dy and b is the identity map. Hence there exists a unique map b': D,, — D/
satisfying the required conditions, since 1, and 1/ are embeddings. When
1 < A, we have the following diagram

D)\—>e>\

A/
DA/ 6)\/

7LW

/—)eﬂ

The regularity of cellular stratifications on D, and D, and the fact that b is
an embedding implies that there exists a map 0': D, — Dy making the above
diagram commutative. And thus (X, 7', ®’) is totally normal. O

2.4. Face categories of totally normal cellular stratified spaces. In
this section, we show that the homotopy-theoretic informations of a totally nor-
mal cellular stratified spaces X are encoded in its face category C(X). A main
tool is the classifying space functor B: Cats — Top from the category of small
categories to the category of topological spaces defined in Definition 2.9.

Let us begin with the following description.

DEFINITION 2.46. For a totally normal cellular stratified space X, define
a functor DX : C(X) — Top by assigning Dy to each cell ¢y: Dy — €. For
a morphism b € C(X)(e,,ey), define DX (b) = b.

PROPOSITION 2.47. When X is a CW totally normal cellular stratified space,
we have a natural homeomorphism

colim DX i X.
C(X)

PROOF. Let ~. be the defining relation of the colimit Cé)(hH)l DX ie
X

=1, )/ -0

AeP(X) c
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On the other hand, we have X = D(X)/., by Lemma 2.28. Let us verify that
these two equivalence relations coincide.

Suppose © ~. y for x € D, and y € Dy. Without loss of generality, we
may assume b(x) = y for some b € C(X)(ey,ex). We have ¢, (z) = px(y) since
Pp =0 b.

Suppose ¢, () = @r(y). There are three cases:

(1) z€Int D, and y € Int D.

(2) z €IntD, and y € 0D, (or x € 0D, and y € Int D).

(3) x € 0D, and y € 0D,

In the first case, x = y and thus = ~. y.

In the second case, ¢, () € e, pa(y) € dex, and ¢, (z) = a(y). Thus we
have e, C dey and ¢ (y) € e,,. Choose a cell e in 9D, with y € e. By the total
normality, there exists a cell e, in X and a map b: D, — € with ¢, = @) ob.
Since b is a characteristic map, there exists a unique z € Int(D,) such that
b(z) = y. Then p,(z) = ¢A(y) = ¢u(2). Since both x and z lie in the interiors
of domains of characteristic maps, x = z. We have z ~. y by b(z) = y. Thus
T ~e Y.

In the third case, the normality of the stratification of X implies that there
exists a cell e, such that ¢,(z) = @A(y) € e,. By the second case, we obtain
T~y O

One of the most important features of totally normal cellular stratified spaces
is that the cellular stratification of each domain D) can be described by using
the comma category (Definition 2.22) C(X)<., = C(X) | ex. For simplicity,
let us denote C(X)<x = C(X)<e, and C(X)cn = C(X)<e,. We obtain the
following description of Dy and D) as a corollary to Proposition 2.47.

COROLLARY 2.48. Let X be a totally normal cellular stratified space. For
a cell py: Dy — ey in X, define a functor

D)S(A: C(X)<x — Top
by D%()\(u) = D,, for an object u: D,, — Dy in C(X)<x. Then we have a natural

homeomorphism

colim DX i) D,.
C(X)<a A A

Define Df/\ = D§A|C(X)<A. Then the above homeomorphism induces a homeo-
morphism

colim D2, =, 0D,.
C(X)<x

PROOF. By the definition of totally normal cellular stratified spaces, there
is a one to one correspondence between cells in Dy and morphisms e, — ey
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in C(X). Thus the comma category C(X)<x is isomorphic to the face cate-
gory C(D,) and the functor Dé\ can be identified with DP>. And the result
follows from Proposition 2.47. By removing 1p,, we obtain a homeomorphism
colim DZ, = 9D,. O
C(X)er T A

We use the following notation and terminology for the classifying space of
the face category of a cellular stratified space.

DEFINITION 2.49. For a cellular stratified space X, the classifying space
BC(X) of the face category C(X) is called the barycentric subdivision of X and
is denoted by Sd(X).

When X is a regular cell complex, Sd(X) coincides with the usual barycentric
subdivision of X, hence is homeomorphic to X. In general, however, Sd(X) is
smaller than X. A precise relation between X and Sd(X) is given by the following
theorem, which is the main tool in this paper.

THEOREM 2.50. For a CW totally normal cellular stratified space X, the
barycentric subdivision SA(X) of X can be embedded into X as a strong defor-
mation retract. When X is a CW complex, the embedding is a homeomorphism.
Furthermore, the embeddings and homotopies can be chosen to be natural with
respect to morphisms of cellular stratified spaces.

The rest of this section is devoted to a proof of this theorem. We first need
to construct an embedding ix: Sd(X) — X.

PRrROPOSITION 2.51. For a CW totally normal cellular stratified space X,
there exists an embedding ix: Sd(X) — X which is natural with respect to
strict morphisms of cellular stratified spaces.

PrOOF. By Lemma 2.10, Sd(X) = BC(X) is the quotient of

[T Na(Cx)) x A7
n>0
under the equivalence relation generated by (2.1). Thus it suffices to construct

maps i,: Np(C(X)) x A" — X making the following diagram commutative

Mo (C(X) x A1 2K (X)) x A"

(2.2) dix{ l

N 1 (C(X)) x A1 — 4 X

in—1

where d*(tg, ..., tn_1) = (to,- -+ ti—1,0,tis - tn_1).
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Consider the space D(X) = [[{ex} x Dx and a map ®: D(X) — X in
)
Proposition 2.28. We construct an embedding z,: N,(C(X)) x A" — D(X)

and define i,, = do zn. Note that we have a decomposition
Nacxny= I AexN@). (),
e€EN, (P(X))
where N(m),: N,(C(X)) — N,(P(X)) is the map induced by the canonical
projection 7: C'(X) — P(X). Thus it suffices to construct an embedding
2e: N(m);*(e) = Dy,
for each e = (A, > A1 > ... > A\g) € N, (P(X)).
The embedding z. is constructed by induction on n.
When n = 0, No(C(X)) = C(X)o = P(X). For each A € P(X), define
Ze, (ex, *) = ¢ (0), where A® = {x} and 0 € D, is the origin.
Suppose we have constructed z. for e € N, (P(X)) with n < k — 1. For
e= (M >...>\) € Np(P(X)), we have
Zan(e)t N(m)ili(di(e)) x AFH = Dy,
by the inductive assumption. Note that we have a decomposition
(2.3) N(m);H(e) = C(X)(enr_yr ) X N ()2, (di(e))-
We have a map z.: N;l(e) x A*=1 — 9D,, defined by the composition
N(mpte)x At = C(X)(enysen) X N(m)il (di(e)) x A

1><de(e)
-t

C(X)(e)\k—17e)\k) X D)\k—l

bap_1.2p
e

0Dy,

where by, ;.. C(X)(ex,_1,€x,) X Dy, = 0D,, C D,, is the adjoint of the
inclusion C(X)(ex,_,,ex,) C Map(Dy,_,, D, ). Since AF is the join of AF~1
and the k-th vertex vi = (0,...,0,1), the above map extends to

2ot N(m) He) x AF = N(m); H(e) x AF L svy, =% 9D, % {0} C Dy,

This completes the induction and we obtain maps zj for all k.
Let us verify that these maps make the diagram (2.2) commutative. Under
the decomposition (2.3), it suffices to show the commutativity of the diagram

()i (e) x AF1 Y F()- 1 () x AF 4 D(X)

N(W);L(di(e)) T) D(X) Zf>—> X

for each e = (A, > ... > \g) € Ni(P(X)).
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When 0 < i < k, the last element in d;(e) is also A; and the diagram

reduces to

() (e) x AT XY R ()1 (o) x A

dixll lze

N(m);1i(di(e)) x D! Dy,

Zd;(e)
The commutativity of this diagram follows from an easy diagram chasing based
on the inductive definition of z.. The case i = k follows from the commutativity
of the diagram

1xdP

N(m)p'(e) x AP ———— 5 N(7); ' (e) x AFz,

C(X)(ex,_,rex.) X Np_1(di(e)) x AF—1 o
lxzdm)l
CX)(exn-rsene) X Doy b Dy,
Ap—1 2k

Now we have constructed a sequence of maps i,: N,(C(X)) x A" — X
compatible with the face relation. Let us denote the resulting continuous map by

ix: BC(X) = X.

We only used structure maps of cellular stratified spaces and the origin in each
D), in the construction of ix. Hence it is natural with respect to strict morphisms
of cellular stratified spaces.

Let us show that ix: BC(X) — Im(ix) is a bijective closed map, hence is
a homeomorphism. The surjectivity is obvious. The injectivity of ix can be
proved inductively by using the definition of z.. It remains to show that iy is
a closed map. By definition, we have the following commutative diagram

[T fe < Nmit(e) x an 22 pex)
n,e€N, (P(X)) l
Sd(X) A X

X

(i3]

where p is the canonical projection. For each closed set A C Sd(X), it suf-
fices to show that ®~1(ix(A)) is closed in D(X), since ® is a quotient map by
Lemma 2.28. Note that ] z. is a closed map, since it is a disjoint union of

(2.4) [T {e} x N, '(e) x A™ = {ex} x D
t(e)=X
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that are continuous maps from compact sets to Hausdorff spaces. The compact-
ness of the domain of the above map comes from the finiteness of the number of
cells in 0D.

We claim that

(2.5) 51 (ix (4)) = (Hze)ul(A)).

Once this is shown, the proof is complete. The commutativity of the above
diagram implies that ®1(ix(A)) C (I]z) (f~*(A)). On the other hand, for
z € ®1(ix(A)), there exists a € A such that ®(z) = ix(a).

If 2 € Int(D,) and a = [p, t],

pa(z) =ix(a) = ix(p(p,t)) = P(zx(p) (P, 1))
Since x € Int(Dy), ¢ is of the form ¢ = (1 — t)s + tvy for some 0 < ¢t < 1 and
s € AP=1. This implies that z.(,) (p,t) € Int(Dy) and & = z.(,)(p,t). And we
have = € &~ 1(ix (A)).
When z € 0Dy, let e be a cell in 9D, with = € e. By the total normality,
there exists a cell e, in X and a map b making the following diagram commutative

e oD\ Dy -2 X

bT
Pu

D——D,

Let y € Int(D) be the unique element with b(y) = z. By the commutativity of
the above diagram, ¢, (y) = ¢a(z) € ix(A). Since y € Int(D,), the previous
argument implies that there exists (p/,t') € p~'(A) with y = 2., (p',t'). Thus
we have z = b(2,(,)) (P, ). Now define p to be the element of N(C(X)) obtained
by adjoining b to p’ as follows

p: D)\U—>'~'—>D>\ki>D>\

p/

and define t = d*(¢'). Then

p(p,t) = [p,d"(t")] = [di(p),t'] = [p',t'] = p(p', ') € A.
Thus (p,t) € p~!(A). This completes the proof.

In the above proof, the image of [] {e} x W;l(e) x A™ in Sd(X) via p can
t(e)=X\
be identified with Sd(D)) and the map (2.4) induces an embedding

i) : Sd(D,\) — Dj.

Thus the embedding ix can be constructed by gluing embeddings i) together.
When X is a cell complex, all Dy are regular cell complexes and the the embed-
ding ¢ is a homeomorphism. Thus ¢x is a homeomorphism. O
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REMARK 2.52. The above observation that ¢x is obtained by gluing i) can
be verified by using Proposition 2.47. In particular, define a functor

Sd(D¥): C(X) — Top
by Sd(D¥)(ex) = Sd(D,) on objects. Then, the embeddings i, give rise to
a natural transformation ix: Sd(DX) = DX which induces an embedding

ix: SA(X) = colim SA(D¥) = colim DX = X
C(X) c(X)

Now we are ready to prove Theorem 2.50.

PrROOF OF THEOREM 2.50. Let us show that the image of the embedding
constructed in Proposition 2.51 is a strong deformation retract of X. The idea is
essentially the same as the proof of Proposition 2.51. Following Remark 2.52; we
construct a homotopy Hy: Dy x [0,1] — Dy by gluing deformation retractions
on the domain of each cell. This can be done by appealing to Proposition 2.47.
More precisely, define a functor

DX*01. ¢(X) — Top

by DX*[01(ey) = Dy x [0,1]. By applying Proposition 2.47 to X x [0, 1], we also

have X x [0,1] = Cco&ngl DX*[01] Tf we have constructed a natural transformation

H: DX*[01] o pX
we would have a homotopy

X % [0,1] 2 colim DX *0:1] ol Hy oolim DX = X,
C(X) C(X)
Thus all we have to do is to construct Hy for each A € P(X) satisfying the
following conditions:
(1) Hj is a strong deformation retraction of Dy onto ip, (Sd(D))).
(2) For each A € P(X) and a cell e in 0Dy, let e, be the cell in X corre-
sponding to e and b: D, — Dy be the left of ¢,. Then the following

diagram is commutative

H
D, x [0, ].} — Dy

bT Tb
D, x[0,1] IT D,
This is done by induction on the dimension of cells. When ey is a bottom
cell, 9D, = 0 and Sd(D,) is a single point and can be identified with the origin
of Dy. Define

Hy(z,t) = (1 —t)z.
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Suppose that we have defined H,, for all cells e, of dimension less than k. Let
ey be a k-dimensional cell. Define

= gl s 002 X [0.11% golim DTEY > i D%, 0D
Then this is a strong deformation retraction of 9Dy onto igp, (SA(0Dy)). This
strong deformation retraction can be extended to Hy: Dy x [0,1] — Dy by using
Theorem 2.53 below. The construction by colimit implies that the following
diagram is commutative

H,
D, x [O7 1} — D,

le[O’l]J/ Jb

aDy % [0,1] 2 9D,

D, x [0, 1] — D) O
Hy

THEOREM 2.53. Let 7 be a regular cell decomposition of S"~% and L C S™~!
be a stratified subspace. Let w be the cellular stratification on K = Int D™ U L
obtained by adding Int D™ as an n-cell. Then there exits a deformation retraction
H of K to ix(SA(K,T)). Furthermore if a deformation retraction h of L onto
i1, (SA(L)) is given, H can be taken to be an extension of h.

A proof of this fact is given in Appendix A.

3. Acyclic category models for configuration spaces of graphs

In this section, we construct a combinatorial model C},°™"(X) of the config-
uration space Confy(X) of a graph X, by using the braid arrangements. Our
model has the following advantages compared to Abrams’ model:

e C,°"P(X) is always homotopy equivalent to the configuration space
Confy(X). And the homotopy is explicitly given.

e The construction of C;”"*(X), the embedding i: C}.°™" (X )< Confy(X),
and the deformation retraction, are functorial with respect to strict mor-
phisms of cellular stratified spaces. Hence C;°™"(X) inherits the action
of Ek

e C°"P(X) is often much smaller than Abrams’ model.

A couple of sample applications will be given in Section 4.

3.1. The braid stratification. Given a graph X, our strategy to construct
a combinatorial model for Confy, (X) is to define a suitable X;-equivariant cellular
stratification on the k-fold product X* including the discriminant Ay (X) as
a stratified subspace. Then Theorem 2.50 gives us a model when applied to the
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induced stratification on Confy(X). In order to obtain a model with the lowest
possible dimension, we would like the subdivision to be as coarse as possible,
which suggests us to use the braid arrangements.

Let us first recall the stratification on R™ induced by a hyperplane arrange-
ment.

DEFINITION 3.1. Let A = {Hy,..., Hx} be a hyperplane arrangement in R"
defined by a collection of affine 1-forms L = {¢;: R™ — R},=1,._ . The evalua-
tion on points in R™ defines map

ev: R" — Map(L, R) = R”,
Composed with the sign function sign: R — {—1,0,4+1} = S;, we obtain a map

SA: R" LRk ink)Sf,
where S is regarded as a poset with ordering 0 < 1. This is called the strati-
fication on R™ determined by A.

LEMMA 3.2. The stratification s4 is a reqular totally normal cellular strati-
fication on R™ for any hyperplane arrangement A in R™.

In this paper, we only make use of the braid arrangements.
DEeFINITION 3.3. For 1 <i < j < n, define a hyperplane in R™ by
Hi,j = {(1‘1, Ce ,J?n) e R"” | x; = .Tj}.

The hyperplane arrangement {H; ; | 1 <i < j <n} is called the braid arrange-
ment of rank n — 1 and is denoted by A, _1.

The structure of cellular stratification s4, , on R" defined by the braid

arrangement is well-known.

LEMMA 3.4. Cells in the cellular stratification s, _, are in one-to-one cor-
respondence with ordered partitions IL,, of {1,...,n}.

PROOF. An n-cell in the stratification s 4, _, is given by a system of inequal-

1
ities Ty(1) < ... < Tg(n) for a permutation o € ¥,. Lower dimensional cells
are given by replacing < by =, hence they corresponds to partitions of the set

{1,...,n}. O

Now we are ready to introduce our stratification on X*. The starting point is
the following observation, which is an immediate generalization of Lemma 2.43.

LEMMA 3.5. For any 1-dimensional finite cellular stratified space X, the
product X* is totally normal.
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DEFINITION 3.6. Let X be a 1-dimensional finite cellular stratified space.
Define a subdivision W,E’S}id of the product stratification on X* as follows: Let
{e%}ren, and {e} }rea, be 0-cells and 1-cells of X, respectively. We choose linear
orders of Ag and Ay. For a cell ef\ll XX ei’; in X*, choose a permutation o € 3,

with
(3.1) (el x ... x €5 )o = (a product of 0-cells) x (e, )™ X ... x (e}, )™

and p1 < ... < .

By using the characteristic map R = Int(D?') ﬁ ey;, we obtain a canonical
homeomorphism (ell”)mf > R™d,

Subdivide each (e;j )™ by the braid arrangement A,,, 1 under this identifi-
cation. The resulting stratification on X¥ is denoted by ﬂ,?f?éd and is called the
braid stratification on X*.

Proposition 2.45 gives us the following important fact.

PropPOSITION 3.7. The braid stratification Trsz(id on X* for a graph X is

totally normal and contains the discriminant Ap(X) as a stratified subspace.
Hence the configuration space Confy(X) is also a totally normal cellular stratified
subspace of X*.

PROOF. In the product stratification on X*, we use (stratified subspaces of)
cubes as domains of characteristic maps. The braid stratification on each domain
cube induces a stratification on each face of codimension 1. The restriction of the
braid arrangement A,,_1 to the hyperplane x,, = 1 or z,, = —1 is the arrangement
Ap_s in R* 1. The same is true for other codimension 1 faces x; = +1.

Since any morphism in the face category of the product stratification is a com-
position of inclusions of codimension 1 faces, the condition of Proposition 2.45
is satisfied. O

3.2. A combinatorial model for configuration spaces of graphs. By
Proposition 3.7, the restriction of the braid stratification Tl'brald to the configu-
ration space Confy(X) gives rise to an acyclic category C(ﬂ'k raid |Confy (x))- Its
classifying space BC(wk "94] ont (x)) is our first model for Confy,(X).

DEFINITION 3.8. For a 1-dimensional finite cellular stratified space X, let
us abbreviate the induced stratification "%/ con, (x) on Confy,(X) by m %"
Define a cell complex C},°™"(X) by

C’(;omp( ) BC( Comp).

By Theorem 2.50, Cy°™P(X) is a cell complex model and C(m,°%") is an

acyclic category model of the homotopy type of Confy(X).

COROLLARY 3.9. For a finite graph X, C;°"?(X) is embedded in Confy(X)
as a Yy -equivariant strong deformation retract.
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There is an alternative description. We may define C;,°""(X) as a “cellular
complement” of the discriminant set in the barycentric subdivision Sd(X*, 7). x)
of the braid stratification on X*. More generally, we use the following notation.

DEFINITION 3.10. Let X be a cellular stratified space and A C X be a subset.
Define a cellular stratified subspace M (A4; X) by

MAX)= | e

e€P(X)
enA=0

This is called the cellular complement of A in X.
In the case of totally normal cell complexes, we have the following description.

LEMMA 3.11. Let X be a totally normal cell complex and A C X be a cellular

stratified subspace. Then we have
ix(Sd(A)) = M(X \ 4;ix(Sd(X)))
under the inclusion SA(A) < Sd(X) induced by A — X.

PROOF. Since X is a cell complex, ix (Sd(X)) = X and X\ A can be regarded
as a subset of ix (Sd(X)). By the definition of classifying space, cells in Sd(A) are
in one-to-one correspondence with elements in N, (C(A)). For e € N,(C(A)), let
us denote the corresponding cell by o(e). By the construction of iy, the image
ix(o(e)) is given by choosing interior points in each cell in e: eg — -+ - — €, and
then by “connecting” them. Thus

ix(o(e)) CegU...Ue, CA or ix(o(e)N(X\A) =0.

Conversely, if ix(co(e)) is a cell in ix(Sd(X)) with ix(a(e)) N (X \ A) = 0 and
e: ey — -+ — ey, all vertices of ix(o(e)) should belong to A. Since vertices of
ix(o(e)) are in the interiors of cells ey, ..., e,. Thus these cells must be cells in
A and we have ix(o(e)) C i(Sd(A)). O

Thus the image of the embedding of C;,°"P(X) can be described as a cellular

complement.

COROLLARY 3.12. Let X be a finite graph. Under the braid stratification
ng}a(id of X*, we have

ixr(CR™P(X)) = M(AR(X); SA(r %)),

In other words, ix»(C,"™" (X)) consists of those cells in SA(mp"34) whose clo-

sures do not touch the discriminant Ap(X).

Let us take a look at a couple of examples.
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EXAMPLE 3.13. Let us consider the minimal cell decomposition S* = e® Ue!
of the circle, regarded as a graph. The product stratification on (S*)? is given by

(82 =e"xePue® xetUe! xePue! x el

The 2-cell e! x e' is divided into a 1-cell elA and two 2-cells €2 and ef_. The
braid stratification and its barycentric subdivision can be depicted as follows:

The discriminant Ay(S?) is colored by blue.

By Corollary 3.12, we see that our model C5°"P(S?) consists of those cells
whose closures do not touch the blue part, namely the four red segments. It
follows that C5°™P(S?) is isomorphic to the boundary of a square.

It is left to the reader to verify that our model C5°™P(Sd(S!)) for the sub-
division Sd(S?) is a 2-dimensional cell complex, which is homotopy equivalent
to S1.

As we have seen in the above example, our model (as well as Abrams’ model)
gets fat as the cell decomposition becomes finer. In order to obtain a good model,
therefore, we need to reduce the number of cells.

DEFINITION 3.14. We say a graph is reduced if the only vertices with va-
lency 2 are those contained in loops.

By replacing a pair of 1-cells e and e’ sharing a vertex v by a 1-cell eUvU¢’,
we can always make a graph into reduced without changing the homeomorphism
type. For example, Sd(S!) is not reduced but S? is.

The following example shows, however, the reducedness is not enough to
obtain the lowest possible dimension.

ExaMPLE 3.15. Consider a graph Y of the following shape.

By cutting out an edge, the product Y x Y can be developed into the following
diagram:
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The discriminant Ay(Y') is drawn by blue. The barycentric subdivision of the
braid stratification is obtained by taking the barycentric subdivisions of squares
and triangles in the above figure. It is easy to see, by Corollary 3.12, that our
model C57"P(Y)) is a 2-dimensional cell complex which is homotopy equivalent
to S'. The model C5°™P(Y) is not optimal from the viewpoint of homotopy
dimension.

It is possible, however, to construct a 1-dimensional subcomplex in C5*"*(Y")
which is a strong deformation retraction. This is the subject of the next section.

3.3. Removing leaves. The first step to simplify the acyclic category mo-
del C°™P(X) is to remove leaves.

DEFINITION 3.16. For a graph X, the strict cellular stratified subspace ob-
tained by removing all leaves from X is denoted by X°.

LEmMMA 3.17. The inclusion X° — X induces a Xg-equivariant homotopy
equivalence Confy(X°) ~ Confy(X).

PRrROOF. Choose an embedding X < X° by squeezing the lengths of edges
having leaves to the halves. Then the composition X — X° < X is isotopic to
the identity. The same is true for the composition X° < X < X°. Since Confy,
is functorial with respect to embeddings, both compositions

Confy(X) < Confy(X°) — Confy(X),
Confy(X°) — Confy(X) < Confy(X°)

are isotopic to identities. In particular, we have a homotopy equivalence
Confy (X°) ~ Confy(X). O

COROLLARY 3.18. For a finite graph X, C;°"P(X°) can be embedded in
Confy(X) as a Xg-equivariant strong deformation retraction.

Thus the complex C;.°"P(X°) is a smaller model for Confy(X). This model
will be used in Section 4.1.
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ExAMPLE 3.19. Consider the graph Y in Example 3.15. It has three leaves.
Then Y° is a strict stratified subspace of Y having only one vertex.

Then C5°™P(Y°) is a 1-dimensional complex given by the green lines in the
following figure:

C

By gluing these green parts, C5°""(Y°) is a 1-dimensional simplicial complex

depicted below.

Thus C5°"P(Y°) is a model which realizes the homotopy dimension of Confy(Y).
As we have seen from this example, complex C;*"* (X °) is much smaller than
C.™P(X) in general. It often realizes the homotopy dimension of Confy (X).
The above example also says that C;°™P(X°) still has some room to be
simplified. By removing six spines from C5°""(Y°), it can be collapsed to a do-
decagon.

3.4. A simplified model for graphs. Although our model C;°""(X°)
often realizes the homotopy dimension of Confy(X), it still contains collapsible
parts, as we have seen in Example 3.19. In this section, we concentrate on the
case k = 2 and construct a minimal model by collapsing inessential parts in
C57™P(X°). Recall from Proposition 2.47 and the proof of Theorem 2.50 that
both Confy(X°) and C;*"*(X°) have colimit decompositions

Confy,(X°) = colim DCos(X?) " gromp(xe) —  colim Sd(Dnk(X")),

olxonD) o(xomD)
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under which the embedding of C;°™"(X°) into Confy(X°) decomposes into a col-
imit

iConfy, (X©)

C°MP(X°) Confy(X°)

colim Sd Dconfk (x° ))C—> colim DConfr(X°)

comp comp
C(my xe) C(C%%g}p)w C(m°%e

In other words, C;”™"(X°) is obtained by gluing Sd(Dy)’s for all cells ey in the
braid stratification of Conf(X°). By simplifying each Sd(D,), we may collapse
C;°™P(X°) further.

When k = 2, we use the following notation for Dy and Sd(Dy).

DEFINITION 3.20. Let X be a connected finite graph. The sets of vertices and
edges are denoted by V(X) = {e{ | A € Ao}, E(X) = {e} | A € A1}, respectively.

The sets of loops, branches, and connections (Definition 2.42) are denoted
by L(X) = {e} | A€ AL}, B(X) = {e} | A€ Ap}, C(X) = {e} | A€ Ac},
respectively.

For 1-cells py: Dy — g and ¢,: D, — % in X, we use

. — 1 1
(p)\XgD‘u.D)\”u—D)\XD‘u—)e)\Xe‘u

as the characteristic map for e}\ X ellL.

Up to an action of Yo, we classify 2-cells in X x X into the following nine
types:

(1) ixe/\ for X € Ap,

(2) el xel for A, N € Ap (A #N),
(3) ey xe) for e Ap, p € Ap,

(4) e} xel for e Ap, v eAc,

(5) e, x e, for pc Ap,

(6) ey x ey for p,p' € Ap (1 # 1),
(7) e, x e, for pe Ap, v e Ag,

(8) el x el for v e Ag,

(9) el x el for v,/ € Ac (v #1V').

Domains for 2-cells of type 1, 2, 4, 8, and 9 are [—~1,1]%. In (X°)2, domains
for 2-cells of type 3, 5, 6, and 7 are [—1,1] x [-1,1), [-1,1)?, [-1,1)2, and
[—1,1) x [—1,1], respectively.

Under the subdivision via the braid arrangement A, 2-cells of type 1, 5,
and 8 are subdivided and so are their domains. For a 2-cell e}\ X e%\ of type 1, 5,
or 8, we denote the subdivision by

1 1_ 2 1 2
eyXey=ey\ UeaUey _.
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Then we have the following stratification of Confy(X):

Confy(X) = U el x ey U U ed xelU U ey x e

a,BENg (OL,)\)EA()XAl ()\,OL)EAl X Ao
azp
U U e%\,JrUeiﬁU U eixe}\,
A€AL AN EAL
PYON
1 1 1 1
UUeAxeMUUe/\XeV
A€EAL AEAL
HEAB vEAC
2 2 1 1 1 1
u U €t € U U € X e U U €u X €y
HEAB ' EAB HEAEB
e v€lc
U U 637+Ue§,_u U e,ljxe,l/.
veEAe v, €A

For A € A, p € Ap, and v € A¢, domains Dy +, D, +, and D, 1 of the
characteristic map of the cells e?\) 4, €54, and e2 | are defined as follows:

Let us consider Sd of these domains.

PROPOSITION 3.21. The barycentric subdivisions of domains of 2-cells in the
braid stratification on Confy(X) are given by the red regions in the following
figures:

(a) For A€ A, p € Ap, and v € Ac, SA(D +), SA(Dy +), and SA(D, +)

are given by

(b) For A€ A, p € Ap, and v € Ac, ifexNe, = {v}, exne, = {v}, and
e,Ne, = {v} for a vertex v, then SA(Ds ), SA(Dx,.), and SA(D,, ) are
given by
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5 A(By)

For A € Ap, n € Ap, and v € A¢, if the pairs (ey, e (ex,ey), and
1% p u

(eu,ey) do not share common vertices, then Sd(Dy ), Sd(DA,l,), and
Sd(D,..) are given by

. I:iDMV

(d) For \ N e A, A£N), i/ € A (n# '), and v,V € Ae (v # V'),
ifexNex = {v}, e, Ney = {v}, and e, Ne, = {v} for a vertex v, then
Sd(Dx,x), SA(Dy,), and SA(D,,,) are given by

Sd(Dp,x)

(e) Forv,v' € Ac (v# V'), ife, Ney = {v,w} for vertices v and w, then
Sd(D,,.) is given by

(f) For A N e Ap, ZW#XN), i € Ap (n# 1), andv,v' € Ae (v# V'), if
the pairs (e>\, e,\/) (em eu 1), and (ey, e,) do not share common vertices,
then SA(Dx a) ), and Sd(D,, . ) are given by

Obviously Sd(D,, +) and Sd(D,, _) for u € Ap can be collapsed to (—1, 0) and
(0,-1), respectlvely. There are two dimensional cells whose Sd can be collapsed

to boundaries. They are indicated by black arrows in the above figure. This is
because the boundaries of these 2-dimensional parts are glued to each other and
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we can define deformation retractions which moves the boundaries at the same
speed.

COROLLARY 3.22. Define a functor Sd"4(DC2(X")) s Top by modifying
the Sd(DCO“fQ(XO)) by the following replacement of its values:

o for pn € A, replace SA(D, +) by {(—1,0)}, and Sd(D,,—) by {(0,—1)},

o for v e Ac, replace SA(D,, 1) by {(—1,1)}, and Sd(D, ) by {(1,-1)},

o for A € A, and v € Ac with g5 Ne, = {v} for a vertex v, replace
SA(Dyx,) by Ly, = {0} x D, U Dy x {~1} and SA(Dy.) by Ly =
D, x {0} U{—1} x Dy,

o for p € Ap and v € Ac with e, Ne, = {v} for a vertex v, replace
Sd(Dyv) by Ly, = {(s,—s) | -1 <s<0}U{(0,t) | -1 <t <0} and
Sd(Dy,.) by Ly, ={(s,—s) |0 <s <1} U{(¢,0) | =1 <t <0},

o for A€ Ar and p € Ap withexne, =0, replace SA(Dy ;) by Dy x {—1}
and Sd(Dy,\) by {—1} x Dy,

o forp e Ap andv € Ac withe,Ne, =0, replace SA(D,, ) by {—-1} x D,,
and Sd(D,,,,) by D, x {—1},

o for v,V € Ag with v # V' and &, Ne, = {v} for a vertex v, replace
SA(Dyr) by Dy x {1} U {1} x Dy,

o forv, v € Ac withv # V' and €, Ne,r = {v,w} for vertices v and w,
replace SA(D,, /) by Ly, = {(s,—s) | =1 < s <1}, and

o for p,p’ € Ap with p # p' and €, Ney = 0, replace SA(D,, ) by
{(=1,-1)}.

And define
C5P™PT(X°) = colim Sd™ed(DCon2(X7))

comp
C(?TQ)Xo

Then C57™P"(X°) is a strong deformation retract of C5°"P(X°).

The space C5”""(X°) is our combinatorial (cell-complex) model for space

Confy(X).

4. Sample applications

In this final section, we present a couple of applications of our acyclic category
model for the configuration space of 1-dimensional cellular stratified spaces.

4.1. The homotopy dimension. Given a finite graph X, we have a -
equivariant homotopy equivalence Confy (X) ~5, C;°™P(X°) by Corollary 3.18,
and hence a homotopy equivalence Confy(X)/E, ~ Ci°"P(X°)/3;. Let us
consider the dimension of C;”"?(X°), which is the classifying space of the finite

comp

acyclic category C'(m, ys ). In general, it is easy to count the dimension of the
classifying space of a finite acyclic category.
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LEMMA 4.1. Let C be a finite acyclic category. Then
dim BC = max{k | Nx(C) # (0} = dim BP(C).

PROOF. Let d = max{k | N(C) # 0}. Then the cell decomposition of BC
is given by

BC = (k]z[ONk(C) X A’f)/~ = kIZ[ONk(C> x Int(AF).

Interior points in cells of dimension d can not be equivalent to points in lower
dimensional cells. Thus dim BC' = d. By the definition of the associated poset
P(C), d is also the rank of this poset. O

Lemma 4.1 says that, for a finite totally normal cellular stratified space X,
dim BC(X) is the length of maximal chains in the face poset P(X).

THEOREM 4.2. For a finite connected graph X, we have
dim C;°™P(X) < min{k,v(X)},
where v(X) is the number of 0-cells in X.
PROOF. Since Confy(X°) is a k-dimensional cellular stratified space,
dim C™P (X)) < k.

It remains to prove that the length of maximal chains is at most v(X). By the
symmetry under the action of ¥, it suffices to consider subdivisions of cells
in X* of the form (3.1).

First of all, by the definition of the subdivision, any cell of dimension less

p

than & in the stratification 71'20;? is a face of a k-dimensional face. Thus it is

enough to count how many times we can take a boundary face of a k-dimensional

face in Confy(X) under the stratification ) 3.

Any k-dimensional cell in the stratification 7y, " is of the form

(4.1) (e}\lx...xe}\sxeml X...xem o

H1,T1 Ht,Tt
with s+my+---+my = k for some o € ¥, where eii is a 1-cell in X and eZLj{Tj
is an m;-dimensional cell in the braid stratification of (elij)m-i corresponding to

a permutation 7; € IL,,, under the correspondence in Lemma 3.4.

An (m;—1)-dimensional face of e]"", is of the form (e x eT;,l)o' for a vertex
isTi Ty

1
it
Thus we increase the number of 0-cells by one if we take a boundary face of

eg in e By taking the boundary of e%\i, it is replaced by one of its vertices.
codimension 1.

Iterate the process of taking codimension 1 faces starting from one of the
highest dimensional cells (4.1) in Confy(X). When the same vertices appear
twice as product factors, the boundary face cannot belong to Confy(X) and the

game is over. Thus the inequality is proved. O
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COROLLARY 4.3. Let X be a finite connected graph and n be the number of
essential vertices. Then we have hodim Confy(X)/X) < min{n, k}.

REMARK 4.4. The above Corollary is not new. It has been already proved
by Ghrist in [12]. We included a proof of this fact in order to show an optimality
of our model.

4.2. Graph braid groups. Farley and Sabalka [10], [11] used Abrams’
model and discrete Morse theory to find presentations of graph braid groups.

DEFINITION 4.5. For a topological space X, the fundamental groupoids
71(Conf, (X)/%,,) and 71 (Conf, (X)) are called the braid groupoid and the pure
braid groupoid of n strands in X.

Fix a base point « € Conf,(X). Then the fundamental groups based on z
are denoted by

Br,,(X) = (Conf,(X)/2,)([z], [x]) = m1(Cont,(X) /Xy, [])
PBr,(X) =1 (Conf, (X))(z, z) = m1 (Conf,(X), x),

and called the braid group and the pure braid group of n strands in X, respec-
tively. When X is a 1-dimensional CW complex, they are called the n-th graph
braid group and the pure graph braid group of X, respectively.

As a sample application of our model introduced in Section 3, we give pre-
sentations of these groups for graphs with at most two essential vertices in this
section.

Let us begin with the case of a graph with a single vertex.

THEOREM 4.6 (Theorem 1.7). Let Wy, ¢ be the finite graph with a single vertex
v, k branches, and ¢ loops with leaves removed. (See Definition 2.42 for our
terminology and Theorem 1.7 for a figure of this graph.) Then the fundamental
groups of ordered and unordered configuration spaces of two points in Wy ¢ are
given by

71 (Confy (Wi 0)) = Fop,, p41, 71 (Confy (Wi 0)/E2) = F, 41,
where ng o = (k4 €)(k + 30— 3)/2 and F,, denotes the free group of rank n.
PROOF. Since there is only one 0-cell in X, both
Cs""P(Wye) and  C5"P (Wi 0)/2o

are 1-dimensional cell complexes by Theorem 4.2. Thus the fundamental groups
PBry(Wy ¢) and Bra(Wy ) are free groups. Their ranks as free groups coincide
with the ranks of H;(C5""P(Wi)) and H;(C5°™P (Wi ¢)/22) as free Abelian
groups.
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Let us consider Hy(C5”"P(Wy ). Since Wy, is connected, it suffices to
compute the Euler characteristic rank Hy (C5"P(Wy ) = 1 — x(C57"™ (Wi 0)).
Let v be the vertex of W}, , and write

Wk,z—{v}u( U )u( U ek).

HEAB AEAL

By Theorem 3.22, C5”""" (W}, ¢) is obtained as a quotient space of

ryr ) = (1 saoso) (][ saoso)

AEAL AEAL
u( 1T Sd(D#VA)> u( 1T Sd(DML)>
HEARB HEAB
AEAL AEAL
H( 11 Sd(Dmul))H( 11 Sd(DW))
' €EAR AN EAL
pF#u AAEN

The numbers of subcomplexes of type SA(Dy ), SA(Dx, —), SA(Dy x), SA(D ),
Sd(D,,, ), and SA(Dy n) are £, £, kl, k¢, k(k — 1), and £(¢ — 1), respectively.

These subcomplexes are glued together along their boundary vertices. Thus
the number of edges in C°°™P" (W), ,) is the same as that of T°°™P" (W}, ,), which
is given by 20 + 20 + 3kl + 3kl + 2k(k — 1) + 40(¢ — 1) = 6kl + 2k? — 2k + 442,
The vertices in C°™P" (W}, ;) are in one-to-one correspondence with cells in the
braid stratification on Confy(Wj ¢) with cells of the form e, ; and e, — removed.
Besides the 2-cells described above, 1-cells are {v} x e, {v} x ey, e, x {v}, and
ex x {v} for 4 € Ap and A € Ar. Thus the number of vertices in C°™P" (W}, ;)
is given by 2k + 20+ 20 + 2kl + k(k — 1) + (¢ — 1) = 2kl + k* + k + %> + 3(. Thus
the Euler characteristic is

X(CST™PT (Wh0)) =2kl + k? + k + 02 + 30 — (6k€ + 2k — 2k + 40%)
= — 4kl — k> = 30° + 3k + 30 = —(k + £)(k + 3¢ — 3).
And the rank of PBr(Wy, ) is given by 1 — x(C5™™" (Wy)) = 1+ (k+ 0)(k +

3¢ — 3). By identifying cells under the action of X5, we see that the rank of
Br(Wi.e) is given by 1+ (k + £)(k + 3¢ — 3)/2. O

We need to deal with 2-cells to determine the graph braid groups of graphs
with two vertices. We use the following elementary fact.

PrOPOSITION 4.7. Let X be a CW complex. Suppose that it contains con-
nected subcomplezes A and B and that there are regular 1-cells p;: [—1,1] — e}

(i=1,...,n) with p;(—=1) € A, v;(1) € B, and X = AUBU | e}. Then we
i=1

1=
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have a homotopy equivalence
n—1
X~AvBv\/ s
i=1
PRrROOF. Since A and B are path-connected, we may move the end points
of el freely in A and B. Move @;(—1) for 1 < i < n —1 to ¢,(—1) and then
move those n — 1 points to ¢, (1) along el. Then we obtain a CW complex

no

n—1 _ J—
consisting of A and BV \/ S! connected by an edge el. By shrinking el, we
i=1

n—1 B
obtain AV BV \/ S O
i=1
THEOREM 4.8 (Theorem 1.8). Let 135’75 be the finite graph obtained by gluing
the essential vertices of Wy ¢ and Wy, 4 by x parallel edges. (See the figure in The-
orem 1.8.) Then the fundamental groups of ordered and unordered configuration

spaces of two points in mBﬁ’f are given by
Wl(CODfQ(mBg:qK)) gAqu * Aq,g * F2mm§j§—

m1(Confy(; BEt) /S2) 2 Agg + F

M

1°

kot

where Agq = (a1, ... a0,bi,....by | laj,be] (1< j <6,1<t<q) and ;mbt =
Nge+npg+ak+L+p+q) +z(x—1)/2.

PROOF. Let vy, vg be vertices of IBS:g and write

IBS”S = {vy,v2} U ( U e>\>

XeAL,

U</\6LAJL2€)\)< U e#>u( U e#>u<ygce,,>7

HEAB, HEAB,

where {ex | A € AL, } is the set of loops adjacent to the vertex v; for i = 1,2 and
{e, | p € Ap,} is the set of branches adjacent to v; for i = 1,2.

There are obvious embeddings Wy, — wB;f;g and W, , — IB;;;(‘;, which
induce embeddings of cell complexes

Ccomp,r(ij) < Ccomp,r(ng:f), Ccomp’T(Wp,q) N C«comp,r(xBIl;:f)'

Define T, , = [0,q] x [0,£]/~,, where the relation ~,, is defined by (s,t) >~
(s',t")ifand only if s,s" € {0,1,...,q} and t =t' or s = s’ and ¢, ¢’ € {0,1,...,¢}.
The T, ¢ and T; 4 can be embedded in Ccomp’r(mB;;;f) as subcomplexes consist-
ing of SA(Dy, »,) for A; € Ap, (i = 1,2). By Corollary 3.22, C;omp,r(ng’,g)
is obtained by sewing Ty 4, Tye, C5 0" (W), and C5"P" (W, ,) by using
Lyxy, Lyux, Lyy, Ly, and L, as strings, where A € Ay, p € A, v,/ €
Ac (v #1'). Note that all these strings are homeomorphic to a closed inter-
val [—1,1]. The following figure shows a rough idea of connections, in which
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C57"P" (Wy,e) is abbreviated by Cj, and indices runs over all Ay € Ap,, Ao €

Ar,, 1 € Ap,, u2 € Ap,, and v,/ € Ac (v # V).

We first apply Proposition 4.7 to the union of Cy ¢, Ty 1, Lz, ’s, and L, ,’s.
z(k+0)—1
There are x¢ Ly, ,’s and 2k L, ,’s. Thus we obtain Tp, k VCreV St
z(k+0)—
Apply Proposition 4.7 to the union of Ty 1, VCj ¢V '\ Sl Cp.q, Lux,’s, and
z(k+l+p+q)—2
L, ,,’s and obtain Ty V Cr ¢V Cpq V \ S1. Edges connecting this

complex to Ty ¢ are L, x,’s, L, u,’S, Lx, 0’8, Ly, ’s, and L, ,.’s. Thus there are
x(k+¢+p+q)+x(x—1) edges. By Proposition 4.7 again, we have a homotopy
equivalence

Ccomp, ( Bﬁ’g) TE y V Tq )V Ccompx (Wk E) Vv CCOmPv (Wpyq)

(k+p+Ll+q)z—2 (k+p+L+q)z+a(z—1)—1
v V)
2np e +1 2np q+1
~TypgV TyeV ( \ Sl> v ( \/ Sl>

2(k+p+l+q)zt+z(x—1)—3

v ( \ Sl>

2nk, e +2np, ¢ +2(k+Hl+p+q)z+z(z—1)—1
=Ty g VTqeV ( \/ Sl).

Since m1(Ty,q) = Ag,q, van Kampen Theorem tells us that

PBr(,B*) =~ A, x A, s % F.
p,q g q,

2, mEt 1
wherexmkz—nkg+npq+x(k+€+p+q)+x( —-1)/2.
The action of the generator of £y on C5™"P" (, BF-f) is given as follows:

o Ty, and T, ¢ are identified,
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o (¢ is mapped to itself,

o (), 4 is mapped to itself,

e L), is identified with L, », for i =1, 2,

o L, is identified with L, ,, for i =1,2, and

e L,, and L,/ , are identified in such a way that the end points of L, ./
are identified.

Thus we obtain

C5omPT (o BRL) /59 2 Ty g V Crg/S2 V Cp g/ 52

(k+£)xz—1 (p+q)z—1 z(zx—1)/2
Vo Vs Ys)
ng,e+1 np,q+1 (k+l+p+q)z—24x(xz—1)/2
’ZT[’q\/( \/ Sl)\/< \/ Sl>v( \/ Sl>
kot
:Tf,q\/< \/ Sl>,
where omFt =g +np g+ (k+0+p+q)z+a(z—1)/2. O

Appendix A. Extending a deformation retraction on the boundary

The aim of this appendix is to prove Theorem 2.53. A statement and a proof
of this fact first appeared in [3], but the paper was split into two parts and now
they are not included in the paper.

Let us begin by recalling the definition of regular neighbourhoods.

DEFINITION A.1. Let K be a cell complex. For x € K, define
St(z; K) = U e.
rEe
This is called the open star around x in K. For a subset A C K, define
St(A; K) = | St(x; K).
z€A

When K is a simplicial complex and A is a subcomplex, St(A; K) is called the
reqular neighbourhood of A in K.

The regular neighbourhood of a subcomplex is often defined in terms of
vertices.

LEMMA A.2. Let A be a subcomplex of a simplicial complex K. Then

St(A;K)= | J St K).

veskg(A)
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DEFINITION A.3. Let K be a simplicial complex. We say a subcomplex L
is a full subcomplex if, for any collection of vertices vy, ...,v; in L which form
a simplex o in K, the simplex o belongs to L.

The following fact is fundamental.

LEMMA A.4. If K is a simplicial complex and A is a full subcomplex, then
A is a strong deformation retract of the regular neighbourhood St(A; K).

PROOF. The retraction r4: St(A; K) — A is given by
1

ra(r) = ——— t(v)v,
alx) 5 t(v)vg;w()

vEANC

if x = > t(v)v belongs to a simplex 0. A homotopy between i o r4 and the
veEo
identity map is given by a “linear homotopy”. See Lemma 9.3 in [7], for more

details.
The following modification of this fact was first proved in [3].

LEMMA A.5. Let K be a finite simplicial complex and K' a subcomplex.
Given a full subcompler A of K, let A’ = ANK'. Suppose we are given a strong
deformation retraction H of St(A’; K') onto A’. Then there exists a deformation
retraction H of St(A; K) onto A extending H.

PrOOF. We regard K as a subcomplex of a large simplex S. Then every
point z € || K| can be expressed as a formal convex combination

Z ayV
veV(K)

with > a, =1and a, > 0, where V(K) is the vertex set of K.
veEV(K)
Let H be a strong deformation retraction of St(A’; K') onto A’. Define

H: St(A; K) x [0,1] — St(A; K)

7 _ a+(1_8)ﬁ / a; / bj /
Hes) = g st & (wazam’s)

1—Sdz
+Z (1—2s) +sa+7 kJrZ (1—5s) —|—sa—|—’y)w’

where s € [0,1], a = Zal, 8= Zb], v = ch, and = € St(4; K) has the form

x—Zalu +ijvJ+chuk+ngw
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with u; € V(A'), v; € V(K')\ V(A"), up € V(A)\ V(4'), and v, € V(K) \
(V(K'YUV(A)). Let us verify that this homotopy H satisfies our requirements.

I:’(.%‘,O)Z(Oz—i-ﬂ)(Z +B +Z +,6 )-i-zckuk-‘erﬂ)g
= Zaiu; + ijvj + chuk + ngvg =z,
i j k ¢

~ , b c

H(z,1) = a r/( Y w4 J 1}'4>—|— by
aty ! zi:oﬁ—ﬁ ! zj:a+ﬁ / Zk:a+7 g
o« a;/(a+ B) Ch
_a+7§i:a/(a+ﬁ)u;+§k:a+7uk
:zi:ac_tvu;—&-zk:Qj’f’yuk:rA(x).

Furthermore, when z € K, we have ¢, =dy =0 and . = > aul+ > ij;. Since
% J

a+ =1, we have

H(x,s) = ‘zf_sﬁ (Zazu+2b3 ],>

1 -sp
C1-s(1—-a)

Finally when € A, we have b; = d; = 0 and = ) a;u; + > cxug. Since
i k

H(z,s)H(z,s).

a+ v =1, we have
ﬁ(m,s)zaH(Zu s)—i—chuk—Zazu —&—chuk—m O
K3

In order to apply Lemma A.5 to prove Theorem 2.53, the following observa-
tion is crucial.

LEMMA A.6. Let K be a reqular cell complex. For any stratified subspace L
of K, the image of the reqular neighbourhood St(Sd(L); SA(L)) of SA(L) in Sd(L)
under the embedding ik : Sd(K) — K contains L.

PRrROOF. For a point « € L, there exists a cell e in L with € e. Under the
barycentric subdivision of L, e is triangulated, namely there exists a sequence
eieg<er <...<e,=ceof cells in L such that x € i.(IntA") and v(e) €
io(IntA™), where v(e) is the vertex in Sd(L) corresponding to e. By definition
of St, we have

io(IntA™) C St(v(e); SA(T)) = St(i(SA(L)) SA(T))

and

L C St(ir,(SA(L)); SA(L)).
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Conversely take an element y € St(ir,(Sd(L)); SA(L)). There exists a simplex
o in Sd(L) and a point a € Sd(L) with a € o and y € Int(c). a can be take
to be a vertex. Thus there is a cell e in L with a = v(e). By the definition of
Sd(L), there exists a chain e : eg < ... < e, in L containing e with o = i,(A").
Since Int(o) C e, C L, we have y € L. Thus we have proved that

L = St(i,(Sd(L)); SA(L)).

It follows from the construction of the barycentric subdivision that iy, (SA(L))
is a full subcomplex of L. O

PrROOF OF THEOREM 2.53. Let L = Int(D") U K. This is a stratified sub-
space of the regular cell decomposition on D™. By Lemma A.6, L is a regular
neighbourhood of i, (Sd(L)) in Sd(L). By Lemma A.4, there is a standard “lin-
ear” homotopy which contracts L on to ir,(Sd(L)).

By the construction of the homotopy, it can be taken to be an extension of
a given homotopy on K, under the identification iy, (Sd(L)) = 0* i1 (Sd(K)). O
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