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ON THE SOLVABILITY OF NONLINEAR
IMPULSIVE BOUNDARY VALUE PROBLEMS

DANIEL MARONCELLI — JESUS RODRIGUEZ

ABSTRACT. In this paper we provide sufficient conditions for the existence
of solutions to two-point boundary value problems for nonlinear ordinary
differential equations subject to impulses. Our results depend on proper-
ties of the nonlinearities as well as on the solution space of the associated
linear problem. Our approach is based on topological degree arguments in
conjunction with the Lyapunov—Schmidt procedure.

1. Introduction

In this paper we provide criteria for the solvability of nonlinear, impulsive,
two-point boundary value problems. We consider problems of the form

(1.1) 2 (t) = A(t)z(t) + f(t,z(t), te[0,1]\ {t1,... . tx},
(1.2) o) —a(t;y) = Ji(z(t])), i=1,...,k,

subject to boundary conditions

(1.3) Bz(0) + Dx(1) = 0,

where the points t;, i = 1,...,k, are fixed with 0 <1 < ... <t < 1.
Throughout the discussion we will assume that f, each J;, and A are con-

tinuous. z(t) is an element of R", f: R"*1 — R" J;: R™ — R", and for each

t €10,1], A(t) is an n x n matrix. The matrices B and D are n x n and, in order
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to avoid redundancies, we will assume that the augmented matrix [B|D] has full
row rank.

The main objective of this paper is the study of nonlinear impulsive bound-
ary value problems at resonance; that is, systems where the associated linear
homogeneous problem has nontrivial solutions. Our approach is based on the
use of topological degree theory in conjunction with the Lyapunov—Schmidt pro-
cedure. The results we obtain depend on both properties of the nonlinearities
and the solution space of the associated linear homogeneous problem.

There is an extensive literature regarding degree theory, the Lyapunov—
Schmidt procedure, and projection schemes in nonlinear analysis. General theo-
retical results and applications to boundary value problems in differential equa-
tions can be found in [1], [3], [5], [10]-[12], [14]-[16], [18]. The solvability of
discrete systems is considered in [2], [8], [13]. Those interested in the theory and
application of impulsive systems may consult [4], [6], [7], [9], [17].

2. Preliminaries

We will formulate the nonlinear boundary value problem (1.1)—(1.3) as an
operator equation. In order to do so, we introduce appropriate spaces and oper-
ators.

PCy;,110,1] will represent the set of R"-valued continuous functions on [0, 1]\
{t1,...,tx} which have right and left-hand limits at each ¢;, ¢ = 1,...,k. On
PCy,310,1] we will use the supremum norm; that is,

1ol = sup [6(4)],

te[0,1\{t1,--,tr}

where | - | denotes the euclidean norm on R™. It is well known that when en-
dowed with this norm, PCy; [0, 1] is a Banach space. The subset of PCy,,3[0, 1]
consisting of continuously differentiable functions ¢: [0,1] \ {t1,...,tx} — R
such that ¢’ has finite right and left-hand limits at each t;, i = 1,...,k, will be
denoted by PC; [0, 1]. Finally, we define

X ={¢ € PCy3[0,1] [ BH(0) + Do(1) = 0}.

The norms on PC}ti}[O, 1] and X will be the same as on PCy;1[0,1]. We would
like to remark that with this norm PChi}[O, 1] is not a Banach space.

We now introduce mappings £ and F. The domain of £, written dom (L), is
given by

dom(L) = PC, 410,11 N X.
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The mapping £: dom(L) C X — PCy,1[0,1] x R"™ is defined by
a'(-) = A()z(-)

z(t) — (ty)

The nonlinear operator F: PCy;,3[0,1] — PCyy,3[0,1] x R™ is given by
fCo(4)

Ji(z(ty))
Fxr=
T (2(t)
We make PCyy,;[0,1] x R"™ a Banach space by introducing the following
norm:
h
— max{ 1], [oi],.. ., [on]}.
Uk

REMARK 2.1. With the definitions as above, it is clear that solving the
nonlinear boundary value problem (1.1)—(1.3) is equivalent to solving Lz = Fz.

Before focusing on the nonlinear boundary problem (1.1)—(1.3), we analyze
the linear homogeneous problem

(2.1) Z'(t) = A(t)z(t), t€[0,1]\ {t1,... . tx}

subject to boundary conditions (1.3), as well as the linear nonhomogeneous prob-
lem

() = A@t)x(t) + h(t), te€[0,1]\ {t1, .. tx},

2.2
(22) z(th) — z(t;) = v, i=1,...,k,

subject to the same boundary conditions. Here we assume i € PCy;1[0,1] and
each v;, t =1,...,k, is an element of R".

It is clear that a function x is a solution to the linear nonhomogeneous prob-

h

], where

lem (2.2) subject to boundary conditions (1.3) if and only if Lz = |

vy

v = [ : |- Taking ["] = 0, we see that the solution space of the linear homo-
VE

geneous problem (2.1) subject to the boundary conditions (1.3) is given by the

Ker(£). We now characterize Ker(£) and Im(L).
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PROPOSITION 2.2. A function x is a solution to the linear homogeneous
problem (2.1) subject to the boundary conditions (1.3) if and only if x(t) = ®(t)c
for some ¢ € Ker(B + D®(1)). Here ®(-) is the principal fundamental matriz
solution to ' = A(-)x.

PROOF.
Lx=0% 12" = A(-)z and Bz(0) + Dz(1) =0
<z =®(-)z(0) and Bx(0) + Dz(1) =0
< there exists ¢ € R", such that © = ®(-)c and Bc+ D®(1)c=0. O
COROLLARY 2.3. The solution space of the linear homogeneous problem (2.1)

subject to the boundary conditions (1.3) has the same dimension as the Ker(B +
D®(1)).

We now choose vectors by, ...,b,, where p < n, from R™ which form a basis
for Ker(B + D®(1)) and make the following definition:

DEFINITION 2.4. We define S(t) to be the n x p matrix whose ith column is
Si(t) := ®(t)b;.

COROLLARY 2.5. A function x is a solution to the linear homogeneous prob-
lem (2.1) with boundary conditions (1.3) if and only if x(-) = S(-)a for some
a € RP.

PROPOSITION 2.6. Let {c1,...,c,} be a basis for Ker((B + D®(1))T). Then
the linear nonhomogeneous problem (2.2) subject to the boundary conditions (1.3)

has a solution if and only if for eachi=1,...,p, we have

<ci, Da(1) ( /01 &1 (s)h(s) ds + é@l(ti)vi>> ~0.

Here (-, -) denotes the standard inner product on R™.

PROOF. It is well documented, see [4], [17], that Lz = ["] if and only if = is
given by the variation of parameters formula

(2.3) x(t) = ®(t) (w(O) —l—/o O (s)h(s)ds + Z <I>_1(ti)vi>

and x satisfies the boundary conditions (1.3).
Imposing the boundary conditions, we have ["] € Im(L) if and only if there
exists w € R™ such that

Bu+ D((I)(l) (w + /01 & (s)h(s) ds + é@l(tl)w»
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1 k
& [B+Do(1)|w = —ch(l)(/o O~ (s)h(s) ds + Zcb—l(tl)vl>
=1

1 k
(2.4) & DO(1) (/0 o' (s)h(s)ds + > <1>—1(tl)vl) € Im(B + D®(1)).
=1

Using the fact that Im(B+D®(1)) is the orthogonal complement of Ker((B+
D®(1))T), we have that

l ﬁ ] € Im(L) & <c, D<1>(1)(/01 O 1(s)h(s)ds + gfb‘l(tz)vz» _0

for all ¢ € Ker((B + D®(1))7).

If we now define W := [c1, ..., ¢,] and U(t)T := WTD®(1)® (), we get the
following corollary:

COROLLARY 2.7. The linear nonhomogeneous problem (2.2) with boundary
conditions (1.3) has a solution if and only if

1 k
/ W7 (s)h(s)ds + 3 0T (t)v; = 0.
0 i=1

REMARK 2.8. It is now clear that the linear nonhomogeneous boundary value
problem (2.2) subject to the boundary conditions (1.3) has a unique solution if
and only if B+ D®(1) is invertible. If this is the case, L is a bijection. We then
have, for each element ["] € PCy;,[0,1], that the unique solution to Lz = [%]
is given by

x(t) =L£71 l

— (1) ( ~ B+ D<I>(1)}1D‘1>(1)</01 27 (s)h(s) ds + zk: él(mv’))

+ (1) ( /Ot O (s)h(s)ds + <I>1(ti)v¢). _

t; <t
3. Main Results

In this section we focus on the nonlinear boundary value problem

z'(t) = A()z(t) + f(t,z(t), te€[0,1]\{tr,...,t},
o(tf) —a(ty) = Jie(t;), =1k
with boundary conditions

Bx(0) + Da(1) = 0.
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We are mainly interested in systems at resonance and our principle result
in this regard is Theorem 3.7. In this theorem we establish conditions for the
existence of solutions which are based on the interplay between the nonlinearities
fiJ1,...,Ji and the solution space of the linear homogeneous problem (2.1)
subject to the boundary conditions (1.3).

In Theorem 3.1 we present criteria for the solvability of (1.1)—(1.3) in the
nonresonant case. The analysis in this case is simpler and the results obtained
here are based on the growth rate of the nonlinearities.

THEOREM 3.1. Suppose that the only solution to the linear homogeneous
problem (2.1) subject to the boundary conditions (1.3) is the trivial solution. If
there exist real numbers My, My and o, with 0 < « < 1, such that for all
t€0,1] and y € R™, [f(t.y)| < Maly|* + Mz and |J;(y)| < Mily|® + Ma, then
the nonlinear boundary value problem (1.1)—(1.3) has a solution.

PRrOOF. Define H: PCy;1[0,1] — PCyy4[0,1] by

[H (2)](t) = (1) ( — [B+ D®(1)] "' D2(1)

([ o f<s7m<s>>ds+é«rl(tiwx(ti>>))

t
o) [ o e ao) s+ Y@ )Gl ),
0 ti<t
From Remark 2.8, it is clear that the solutions of (1.1)—(1.3) are precisely the
fixed points of H.
Using the fact that for all ¢ € [0,1] and y € R™

lf(ty)l < Mily|* + Mz and  [J;(y)| < Maly|* + Mo,
it follows that there exist By, By such that
I1H (2)|| < Bi|=]|* + Bo.

Since a < 1, we may choose r sufficiently large such that Byr® + By < r. With
this in mind, we define B = {z € PC;4[0,1] : [[z[| < r}.

It is clear that H(B) C B. From basic properties of integral operators, it
is evident that H is compact. The existence of a fixed point for H is now
a consequence of Schauder’s theorem. O

We now turn our attention to the case in which the linear homogeneous
problem (2.1) subject to the boundary conditions (1.3) has a nontrivial solution
space. In this case we analyze (1.1)—(1.3) using a projection scheme known as

the Lyapunov—Schmidt procedure. To do so we construct projections onto the
Ker(£) and Im(L).
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DEFINITION 3.2. Let V': R® — R™ be the orthogonal projection onto Ker(B+
D®(1)). Define P: X — X by

[Pz](t) = @(¢t)Vz(0).
PROPOSITION 3.3. P is a projection onto Ker(L).

PROOF. [P%x](t) = ®(t)V22(0) = ®(t)Vx(0) = [Px](t), thus P is a projec-
tion. From the characterization of Ker(L£), it follows that Im(P) = Ker(£). O

Let T: R® — R" be the orthogonal projection onto Ker(WTD®(1)). It
follows from Corollary 2.7 that

K

DEFINITION 3.4. Define E: PCy,3[0,1] x R™ — PCy,,3[0,1] x R"* by

1 k
€Im(L) < [I —T] (/O O~ (s)h(s)ds + Y é—l(ti)vi> =0.
i=1

W1 | e e -1 ( / "o (s)h(s) ds + icb-l(ti)vi)

v

E

v
PROPOSITION 3.5. E is a projection onto Im(L).

PRrROOF.

r-m( [ o) (s) ~ 251 - )

TP ( /01 &~ (w)h(u) du + i@l(ti)vi) ~0.

It follows that E? = F and that Im(E) C Im(L).
To see that Im(£) C Im(E) note that if [?] € Im(£), then

1y ( /01 & (s)h(s) ds + Xk: Ql(ti)vi) ~0.
We then have -
o= | Lo (5)h(s) ds +§@1<tim) o,

from which it follows that E [?] =["]. O

v
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For the sake of completeness, we now give a self-contained description of the
Lyapunov—-Schmidt projection procedure.

PROPOSITION 3.6. Solving Lx = Fx is equivalent to solving the system

xr =Pz + MyEFz

and
(I-E)Fx=0
where M), is Eﬁ(ler(P)ﬁdom(ﬁ)'
PrOOF. We have
ElLx — Fz]=0 Lzr—EFz=0
Lz =Fzr & { and < 4 and
(I -E)[Lx—Fx]=0 (I-E)Fz=0
MyLx — M,EFx =0 (I—-P)x—M,EFz=0
< 4 and < 4 and
(I—-E)Fz=0 (I -E)Fz=0. O

We now come to our main result concerning the nonlinear boundary value
problem (1.1)-(1.3). Before stating the result, we make some introductory as-
sumptions and definitions.

In the following it will be assumed that for sufficiently large r, the map

f(t,x)

J1 (.CE)
(t,z) —

Jr(z)
is Lipschitz, in z, on the complement of B(0,r). Here we use the standard
convention of denoting, for any normed space Y, {y € Y : |ly|| < r} by B(0,r).
More specifically, we assume there exist real numbers Ry and L, such that for
all t € [0,1] and any x and y € R™ with |z| > Ry and |y| > Ry, we have

ft2) = f(t,y)

Ji(x) = Ji(y)
< Llx —y|.

Ji(x) — Ji(y)
We let, for » > Ry, L(r) denote the smallest Lipschitz constant on the comple-
ment of B(0,r).
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The following observation will be used in what follows. Let M,,«, denote the
space of real-valued n x p matrices. The map (C,y) = Cy from My, x RP is
obviously a continuous bilinear map. Combining this with the fact that ¢ — S()
is continuous, we see that (¢,a) — S(¢t)a is the composition of continuous maps
and therefore continuous. It follows that (¢,a) — |S(t)a| attains its minimum

on the compact set
O0:=100,1] x {a €R?: |a| =1}.

For each a#0, S( - )a is a nonzero solution to (2.1) and so n: = 1r§f |S(t)al > 0.
t,a

THEOREM 3.7. Suppose the following conditions hold:

(C1) The functions f,J1,...,Jx, are bounded, say by b.
(C2) There exist real numbers R, d > 0, and (3 such that for all o« € RP with
la| > R,

‘/ O () f(t, St dt+Z\IJT (t)a

\/

and

<a,/0 oT(t)f(t, dt+Z\I/T (t:)ox )>>5> —d>.
(C3) lim L(r)(k +1)[|M,E]| [T (-)|| b < min{\/d2 + B/v2,d},

where 97| = sup H\I/T )||, |MpE| denotes the operator norm of
telo,

MyE, and b is as in (Cl)

Then there exists a solution to the nonlinear boundary value problem (1.1)—(1.3).

PROOF. Since the functions f, J1, ..., Ji are bounded by b, we have ||Fz| < b
for each x in PCy,1[0,1]. For convenience, we assume {bi,...,b,} (Defini-
tion 2.4) and {c1,...,¢,} (Proposition 2.6) have been chosen such that

ISCHI <1 and ([T < 1.

From (C1)—(C3), there exists a positive real number, which we also denote
by R, such that for all & € RP with |a] > R and each real number r > R, we
have the following:

‘/\pT Vf(t, S(t) dt+Z\I/T (ti)e)
(b) <a/0 vT(t)f(t, dt+Z\I}T (ti)a )>>ﬁ>—d2.

(¢) L(r)(k + 1) [M,E|| [ ¥7(-)|| b < min {Cp\/;ﬂ, d}.




390 D. MARONCELLI — J. RODRIGUEZ

We will establish the existence of a solution to (1.1)—(1.3) by showing the
existence of a fixed point for an operator H.
We define the operator H: RP x Im(I — P) — R? x Im(I — P) by

a —/1\IIT(t)f(t, S(t)a + z(t)) dt —zk: T () Ji(S(t) e+ x(t)))
H(a,z)= 0 i=1
M,EF(5(- )+ z)
We use the max norm on the space R? x Im(I — P); that is,
[[(ev, z)[| = max{|al, ||| }.

For h € PCy;,3[0,1] and v € R™ define
1 k
Nipo(t) = ®(t) ( — MppD®(1) (/ 7' (s)h(s)ds + ) <I>_1(ti)vi)>
0 i=1

+ @(t)(/t o (s)h(s)ds + 3 <I>_1(t¢)vi>7

0 ti<t

where Mpp denotes the right inverse of B+ D®(1) when restricted to orthogonal
complement of Ker(B + B®(1)). Since

1 k
Npo(0) = —MppDP(1) </0 O~ (s)h(s)ds + Z <I>_1(ti)vi>,

we have VN, ,(0) = 0 and thus P(Ny,,) = 0. Further, from the characterization
of the Im(£), (2.3)—(2.4), it follows that L(N,) = [*]. Since M, ([*]) is the

unique element satisfying P (M, ([*])) = 0 and £ (M, ([*])) = [*], it follows
that

" ([ ' D ® :q)(t)(_ MBDD¢(1)</01¢>—1(S)h(s) ds+§;¢_1(ti)vi>>

+ ®(t) < /Ot O (s)h(s)ds + <I>1(ti)v,»>.

ti<t
h
We now establish the compactness of M,,. Recall that for U:I in PCy;,1[0, 1]
vk
xR™ we use the norm

h
U1
: = max{||All, [vi],. .., |vkl}-
Uk
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et
h h
V1 V1
C = . S C

Vk Vi

h

v1

Writing [?] for an element | . | in C, we have
ﬂ’k

([0 ])e
= "b“)(— MBDD<1><1>( /0 Lo (9)h(s) ds +§;¢>—1(ti>w))
+o(t) ( /Ot O~ (s)h(s)ds + ) <I>_1(ti)vi) ‘

t; <t

< @) IMep DR)[H|@7H ()| etk + 1) + 1) [@7H ()| ek + 1)

Thus, M,(C) is a uniformily bounded family of functions in PCyy,;[0, 1]. Further,
ift; <u<w<tj forsome j =0,...,k where 0 =t < t1 < ... <t <
tk+1 =1 then

[ w2 ]

— ‘(é(w) — ®(u)) ( — MppD®(1) ( /01 DT h(s) s+ zk: (I)_l(ti)vi))

i=1

+ (2(w) — (u)) ( /Ou O~ (s)h(s) ds + Zj: @1(ti)vi>

+ B(w) /w d=L(s)h(s) ds
< [ @(w) — @)l |27 ()]| c(IMppDR(1)|| k+ j + 1)
+ ()@ ()] e(w —u),

so that it is clear that M,(C) is an equicontinuous family on any subinterval of
[0,1]\ {t1,...,tx}. From the Arzeld-Ascoli Theorem applied to each subinterval
between jumps, we see that M,(C) is a relatively compact subset of PCy,3[0,1].
The compactness of M, now follows.

Since the composition of a compact map with a bounded map is compact,
the compactness of M, and the boundedness of EF imply that H is a com-
pact operator. Further, from Proposition 3.6, having a solution to (1.1)—(1.3) is
equivalent to H having a fixed point.
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We choose R* > max{(k + 1)b, (R + || M, E| b)/n} and define
Q:= B(0,R") x B(0, ||M,E| b).
We will show that deg(l — H,2,0) # 0. To this end, define
Q:[0,1] x @ — R? x Im(I — P)
by

Q()" (Oé, .’IJ)) =

(1—)\)a+)\</01\IJT(t)f(t7S( a+x(t dt—&-ZWT ti)o+ x(t; ))
x — AM,EF(S(- )oz—|—x)

Using the fact that deg(Q(0, -, -),Q,0) = deg(1,,0) = 1, and that Q is clearly
a homotopy between I and I — H, the result will follow once we show 0 ¢
Q(M, 9(2)) for each X € (0,1).

Now, it is clear that (a,z) € 9(Q) if and only if

o = R* and o] < [M,E[|b, or |a| < R and [l2]| = [|M, E] b,

With this in mind, let (o, z) be in 9(2) and assume |a| < R* with |z| =
|M,E| b. It follows that

e = AM,EF(S(-)a+ 2)]| = |l = | M, EF(S(-)a + )|
> [|M,E|| b~ A M,E|[b > 0.

Thus, Q(A, (a,z)) # 0.
Now suppose (o, z) is in 9(2) and assume |a| = R* with ||z|| < ||M,E| b.
We then have

‘(1/\)a+)\</1\IIT(t)f(t,S( Yo+ a(t dt+Z\IfT ti)a + x(t; ))>‘

0

2'(1)\)a+>\</0 O () f(t dt+Z\IfT ))’
‘)\</O T () f(t dt+Z\IJT ))

—A(/l\IIT(t)f(t,S( Yo+ a(t dt+Z\I/T t)a+ a(t: )))’.

0

Now

1 k
’(1 —Na+ A (/0 T () f(t,S(t)a) dt + Z \I/T(t,»)J,»(S(ti)a)>
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(/0 w7 (1) f(t dt—i—Z\I}T ))
+2(1—)\)>\<a,/0 w7 (1) f (¢ dt+Z\IIT )>.

=1 =X+

Since

la] = R* > b(k +1) >

/\IJT() dt—i—Z\I}T o,

we have

(1= 2?af* > (1= N)?

T T
/Oqf() dt+Z\If )|

Combinin this with the fact that (C2) holds, we have
(e
+z<1_m<a,/o (1) £ dt+Z\I/T >>
/0 W (1) f (¢ dt+Z\IfT )a)
+2<1A>A<a,/0 () £ dt+ZwT >>

> (1= X2+ 2A)d% 4+ 2(1 — M8

(1= A)a” +A?

>((1=X)2 42

For A € [0, 1], the function A — ((1—X)?+A2)d?+2(1—A)A3 has a minimum
of either (d? + 3)/2 or d?. Thus,

‘(1—)\)a+/\(/0 Ol () f(t dt+Z\I/T ))‘

Using the fact that |a| > (R + | MyE|| b)/n, we get

R
f > — | =
téfélw()“'—”(n) R,
and

M,E| b
inf |S(t)a + (1) > n<R+””|) M E| b= R.
t€[0,1] n
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It follows that

1 k
‘(1 —ANa + A /0 () f(t, S(t)a + (1)) dt + Z L () J;(S(ts)a + m(tz))> ’
i=1

(
S
2

min 7\/d2+ﬁ —wTy.
{ 7 ,d} @7 (|| L(R)(k + 1) | MyE|| b > 0. O

REMARK 3.8. Theorem 3.7 is a considerable extension of the ideas appearing

> min

,d} || LRk + 1) 2]

v

in [8], [15], [12] in many ways. First, it allows for continuous systems with im-
pulses. Most importantly, it places no restriction on the dimension of the solution
space of the linear homogeneous problem (2.1) with boundary conditions (1.3).

4. Examples

The following examples illustrate ways in which the hypothesis of the main
result can be satisfied.
In our first example we analyze the solvability of

subject to
Bx(0) + Dx(1),
where
-1 0 0 100
B=]10 -1 0 and D=0 1 0
1 0 0 0 0 0

Since A = 0, it follows that ®(¢t) = I for all ¢t € [0,1], and therefore

0 0 O

B+D®(1)=B+D=1{0 0 0

1 0 0

We choose
0 0
1

wT = 00 and S(t)= |1 0
01 0 0 1

It follows that
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We now take
(w2 +sin(zg + x3)) /(1 + /2T + 23 + 23)
f(x1, 22, 23) = z3/(1+ /23 + 23 + 23)
f3(z1, 72, 73)
and
—x3/(1+ \/a} + 23 + 23)
J(z1,22,3) = | (cos(z1 + x2) + x2)/(1 + /2? + 23 +23) |,
J3(w1, 22, 23)

where f3 and J3 are bounded continuous functions. We then have

1 k
/ U011 S(Oa)dt + Y U (0)Ii(St)a)

0
(a1 —az +sin(ar +a2)) /(1 + v/af +a3)
(a1 + as + cos(a1)) /(1 + v/a2 + a3)

Now

2

(a1 — ag +sin(ay + ag)) /(1 + /a2 + a2)

(a1 + ag 4 cos(a1))/(1 + v/ai + a3)

~ 2]af? 4 2(a1 — ag)sin(og + az) + 2(a1 + a) cos(ay)

1+ |al)?
sin?(ay + ag) + cos?(ay)
(1+|af)?
and
< a1 (a1 — ag +sin(ag + a2)) /(1 + Vaf + a3) >
a2 | | (ar+az+cos(an)/(1+ VaT + a3)

_ |04|2 + a1 sin(a; + ag) + a2 cos(aq)
1+ ¢

Thus, we may choose a real number R such that for each o € R? with |a| > R,
(a1 — ag +sin(a; + as))/(1 + /a? + a3)
(a1 + ag + cos(a1)) /(1 + /a2 + a3)

>1
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and

< a (a1 — ag +sin(a; + ag))/(1 + /a? +a3) > .
> 0.
as (a1 + ag + cos(ar)) /(1 + /a2 + a3)

We now assume that, for i = 1, 2, 3, a—iﬁ and g—a‘]j exist and that

d
: dfs3
lim sup
70 g >y 0x;

(r) <oco and lim sup 0Js

x) < 00
T‘)OO‘I|>,,, 8IZ( )

An easy calculation shows

Df(ylay27y3)

. , T
—y1y2—y1 sin(y2 +ys) —Y19Y3 %ﬁj(yl, Y2,Y3)
=c(y) |d(y)(1+cos(y2+ys)) —v3 —vasin(ya+us)  —voys 22 (1,v2.93) | »
Ofs

d(y)(cos(y2 +y3)) —yoys—yasin(ya+ys) d(y)—v3 oo (Y1, Y2, Y3)

Q|

where c(y) = 1/(|y|(1 + |y|)?) and d(y) = |y|(1 + |y|). It is then clear that

Lg(r) := sup [[Df(z)|
|z|>r
satisfies le L§(r) =0. A simialr calculation shows the same is true for
Li(r) := sup [|DJ;(x)]].

|z >r

An application of the integral mean value theorem then shows that (C3) is sat-
isfied. Thus, by Theorem 3.7, the nonlinear boundary value problem has a solu-
tion.

REMARK 4.1. We have chosen the matrix A to be 0 in order to convey the
essential ideas of Theorem 3.7; that is, the relationship between the behavior of
the nonlinearities and the solution space of the associated linear homogeneous
boundary value problem. It should be clear that a similar analysis can be carried
out when the matrix A is nonzero.

For our second example we focus on the solvability of
a'(t) = A()x(t) + f(t,x(t), t€[0,1\{ts, .. tx},
o(tf) —a(ty) = Jiw(t))),  i=1..k
subject to

Bz(0) + Da(1) = 0,

k

when, for large a, > WT(¢;).J;(S(t;)) is bounded away from 0. That is, we
i=1

assume that there exists positive real numbers Ry and d, such that for all « € RP
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with |Ot‘ > Ry,

>d.

k
ZWT(ti)Ji(S(ti)a)

If we assume the following:

(1) There exists a real number Ry such that for all & € RP with |a| > Rs,

k
<a, /1 T () f(t, S(t)a) dt + Z \IIT(ti)Ji(S(ti)a)> > 0.
0 i=1

(2) lim L(r) =0,
700
then Theorem 3.7 guarantees that the nonlinear boundary value problem has
a solution provided, for large «,

‘ /0 () f(t, S(t)e) dt’ <d.

We would like to point out the relative simplicity of computing

k

Z \I/T (tz)Jl(S(tl)Oé) .

i=1
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