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EXISTENCE OF PERIODIC TRAVELING-WAVE SOLUTIONS
FOR A NONLINEAR SCHRODINGER SYSTEM:
A TOPOLOGICAL APPROACH

NGHIEM V. NGUYEN

ABSTRACT. In this paper, the existence of periodic traveling-wave solutions
for a nonlinear Schrodinger system is established using the topological de-
gree theory for positive operators. The method guarantees existence of
periodic solutions in a parameter region in the period and phase speed
plane.

1. Introduction
The nonlinear Schrédinger (NLS) equation
(1.1) iug + Au+ |uPu =0,

where u is a function of (z,t) € RV x R, arises in many situations. The equation
describes evolution of small amplitude, slowly varying wave packets in a nonlinear
medum [2]. Indeed, it has been derived in such diverse fields as waves in deep
water [13], plasma physics [14], nonlinear fiber optics [7], [8], magneto-static spin
waves [15], and many others. Similarly, the m—coupled nonlinear Schrédinger
(CNLS) system

8 m
(1.2) iauj—FAuj—l—ZajHukFuj =0, zeRY, j=1,...,m,
k=1
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130 N.V. NGUYEN

where u; are complex-valued functions of (z,t) € RY x R and a;; = ay; are real
numbers, arises physically under conditions similar to those described by (1.1).
CNLS models physical systems in which the field has more than one component.
For example, in optical fibers and waveguides, the propagating electric field has
two components that are transverse to the direction of propagation. The CNLS
system also arises in the Hartree—Fock theory for a two-component Bose—FEinstein
condensate, i.e. a binary mixture of Bose-Einstein condensates in two distinct
hyperfine states. Readers are referred to [2], [7], [8], [13], [14] for the derivation
and applications of this system.

In this paper, consideration is given to the system (1.2) where x € R, a;i
are certain positive numbers such that the matrix A = (a;)) is non-singular.
A novel approach is employed to establish the existence of periodic traveling-wave
solutions for the system (1.2), namely the topological degree theory for positive
operators. The theory was introduced in a series of works by Krasnosel’skif in [9],
[10] and has been used successfully to establish existence of solutions for certain
models, see for example, [1], [3], [4]. In this manuscript, this approach is applied
to show the existence of solutions (uj(x,t),... ,um(z,t)) of (1.2) of the form

uj(z,t) = ¢j(x — e)t)ei(wjﬂ92/4)t+iegc/27

with

(1.3) Gi(@—0t) = Y e’ /D00,
j=1,... ,mwherel, w; and § connote the half-period, phase speed and physical
speed, respectively. It is proved that

(i) when m = 2, for any wq,ws > 0;

(ii) when m > 3, for any w; = w > 0;
and for any [ large enough, there exist infinitely smooth non-trivial solutions
of the system (1.2) in the form of (1.3). Notice that even though we refer to
the above as periodic solutions, u(x,t) = (ui(z,t),... ,um(x,t)) are in general
quasi-periodic functions of x and t.

It should be pointed out that exact periodic stationary solutions of non-
trivial phase to the system (1.2) have been computed explicitly in [5]. In fact, it
was shown that there are two distinct types of solutions of the form u;(z,t) =
ri(z)el=witH0i(®) to the system

0 1 92

m
. 2 .
zaujJrﬂj@uquVj(x)ujJrg ajpluglu; =0, z€R, j=1,...,m,

k=1

where V;(z) is the external potential taking the form of the square of the Jacobi
elliptic sine function and p; are positive parameters.
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2. Preliminaries and statement of results

In this section, we recall definitions that will be used and give a brief review
of the topological degree theory for positive operators.

For 1 < ¢ < 0o and 2 an open set in R, let LI(€2) be the usual Banach space
of real or complex-valued, Lebesgue measurable functions defined on 2 with the

norm
11wy = [ 1% de,
Q

and L () be the space of measurable, essentially bounded functions with the
norm

[fll Lo () = ess sup [f(z)].
zeQ

When it introduces no confusion, L?(2) is simply written as L?. Let C denote
the complex field and I, be the Banach space

ly = {u ={un}o2 o un €C, Z lun|? < oo}

n=—oo

o)
with the norm [[u|l§ = > |u,|9, whereas [ is defined as

n=—oo

zwz{u={un}z°__oo:unec, sup |“n"’<°°}

—oo<n<oo

with its usual norm ||ulloc = sup  |uy|. For 1 < ¢ < oo, the Banach space of
—oo<n<oo

k-times product Iy X ... x l4 is denoted by L, 1 and is equipped with the norm
—_——

k

oo

ar ), = Y uial® 4o Jural D) = a4 4 el

n—=—oo

The following elementary facts from analysis are recalled. Any f = {f,,}52 €

— 0o

l5 defines a periodic function f of period 2I, where

(2.1) fl@)y= Y faem/l.

n—=—oo

Vice versa, if f € L?(—1,1), then f can be expanded almost everywhere as a series
in the form (2.1), with f,, = (1/2l) fil f(z)e~ 7=/ gz, In this sense, one can
identify f € L%(—1,1) with the sequence of its Fourier coefficients f = {f,,}2° _ .
Moreover, ||f|lz2 = v2I||f||z. In general, let 1 < ¢ < 2 and ¢ be the real
number such that 1/¢+1/¢' =1, then I, C Lq/(fl, 1) in the sense that for any
a={an} €l f(2) = X ane ™0 € L (=1 1) and || £ < (2017 |all,.

n=—oo
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For any ¢,q" > 1 satisfying 1/¢ + 1/¢’ = 1, the convolution of u € l; and
v € ly is defined as

o0
uxv={(uxv),}r>_ . where (uxv),= Z Upy— |V
k=—oc0
Notice that u x v = v x u € Iy and |Ju X V| < |lull4]|v]lq- In general, for
1<q,...,qv < oo satisfying 1/¢1 + ...+ 1/gv = N — 1 and u; = {u1,} €
lgy, - yuny = {unn} € lgy, then

w={w,} =u; X...Xxuy € l,
where

Wa = Y Uk Unky and Wl < J[urflg, - [unlgy-
ki+..+kn=n

For the convenience of readers, a brief review of the topological degree theory
for positive operators on Banach spaces is given here and we refer the readers to
the works of Krasnosel’skif [9], [10], Granas [6] and Benjamin et al [1] for details.

Let X be a Banach space equipped with the norm || - || x. We define a closed
subset K C X as a cone, if the following conditions are satisfied:

(i) AK={\f:fe K} CK forall A\ >0,
(i) K+ K={f+g:f,ge K} CK,
(iii) KN{-K}=Kn{-f:feK}={0}

For any 0 < r < R < o0, denote
B, ={feX:|fllx<r}t, 0B ={feX:|fllx=r}

K,=KNB,,  0K,=KnNJdB,,
KF={feK:r<|fllx <R}

An operator A defined on K is said to be positive if AK C K. A positive
operator A is compact if A(K,) has a compact closure. Note that the operator
A is not necessarily linear. In fact, for the remaining of our paper, A will be
nonlinear.

A triple (K, A,U) is called admissible if

(i) K is a convex subset of X,
(ii) U C K is open in the relative topology on K,
(iii) A: K — K is continuous and A(U) is a subset of a compact set in K,
and
(iv) A has no fixed point on U, the boundary of open set U in the relative
topology on K.
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Denote the set of all admissible triples by 7. Let (K, A,U) € T and A be
a constant mapping on K, namely, there is a point a € K such that Au = a for
every u € K. The fixed point index of the positive operator A on U is defined as

1 ifaeU,

K AD) = { 0 ifad¢U.

We mention here, among the many properties of i(K, A, U), the three that will
be of use in our current problem.
(a) (Homotopy invariance) If two triples (K,.A,U) and (K,B,U) € T and
A is homotopic to B on U, then i(K, A, U) =i(K,B,U).
(b) (Fixed point property) If (K, A,U) € T and i(K, A, U) # 0, then A has
at least one fixed point in U,
(c) (Additivity) If (K, A,U) € T and Uy, ..., U, is a collection of mutually

n
disjoint open subsets of U such that Au # u for allu € U\ |J Uj, then
j=1

n
(K, A U) =Y i(K, A T).
j=1
The following three lemmas are taken directly from [1] in which K is a cone,
the operator A is positive, continuous and compact on K.

LEMMA 2.1. Suppose that 0 < p < co and that either
(a) Az —x ¢ K for all z € 0K, or
(b) tAx # x for all x € 0K, and all t € [0,1].
Then i(K, A, K,) = 1.

LEMMA 2.2. Suppose that 0 < p < co and that either
(c) © — Az ¢ K for all x € OK,, or
(d) there exists a non-zero € K such that x — Az # \T for all x € 0K,
and all A > 0.
Then i(K, A, K,) = 0.
LEMMA 2.3. Let (K, A,U) be admissible. If there exists a non-zero T € K
such that © — Ax # XT for all x € OU and all X > 0, then i(K, A,U) = 0.

The following theorem is an immediate consequence of the first two lemmas.

THEOREM 2.4. Suppose that either (a) or (b) holds for an r satisfying 0 <
r < oo and that either (c) or (d) holds for an R satisfying r < R < co. Then
A has at least one fized point in KE = {f € K,r < ||fllx < R}. Moreover,
i(K,A KBy =—1.

The theory described above will be utilized to establish the existence of
periodic traveling-wave solutions for (1.2) as follows. By substituting (1.3) into
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system (1.2) and equating the Fourier coefficients, an infinite system is derived
which can be posed as a fixed point problem on a certain cone. Using the
theory above, the index of the operator associated with this fixed point problem
is shown to be non-zero (hence, there must exist at least one solution in the
cone). The analysis is complicated a little bit by the fact that there are several
trivial (constant) solutions lying in the cone. By choosing the half-period [ large
enough, however, one can exclude these trivial solutions. The case m = 2 is
studied in detail first to set foundations for the general case. The statement is
as follows.

THEOREM 2.5. For ay1,a12,a2s > 0 such that a%Q — ajiase > 0 and phase
speeds wy,ws > 0 such that ajows — agowy > 0, ajowi — ajiws > 0, if the half-
period 1 is chosen large enough, there exist infinitely smooth periodic traveling-
wave solutions of the form (1.3) for the system (1.2). The more detailed proper-
ties of such solutions will be discussed in Theorem 3.8.

It will be made clear then how the theory can be extended to include the
general case (1.2) as well. The problem one has at hand is the exclusion of the
trivial fixed points. This could be a daunting task as one must consider all the
sub-cases when the system (1.2) collapses to lower-order ones. (For a related
discussion on this issue, see for example [11], [12].) Because of this, the special
case of wj =w forall j =1,... ,m, a;; = ax; = b when j # k, and a;; = a is
considered since the problem of collapsing to lower-order systems of (1.2) can be
handled in a straightforward manner and the trivial fixed points can be written
down explicitly. The statement for this part is as follows.

THEOREM 2.6. Letb > a > 0 and w > 0. If the half-period 1 is chosen large
enough, there exist infinitely smooth periodic traveling-wave solutions of the form
(1.3) for the system (1.2). The more detailed properties of such solutions will be
discussed in Theorem 4.8.

3. The case m = 2

In this section, we study first the case when m = 2, that is, the 2—coupled
system
iU + Uge + (a11]u)® + ar2|v]?)u = 0,
{ iV + Vo + (a21|ul? + agz|v|?)v = 0.
For reason of clarity of notation, let a;o = as; = b, a11 = a and ags = c¢. Hence,
the system becomes

g + Uge + (alul® + blv]?)u = 0,
(3.1)

v + Vg + (blul® + cfv]?)v = 0.
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Let u(x,t) = ¢(x — 0t)ei<w1*92/4)t+i0w/2 and v(z,t) = Y(z — 9t)ei<w2’92/4)t“91/2
where ¢,19 € R be the traveling-wave solution. Substituting these expressions
into (3.1) yields

(52) { —w1¢+ ¢" + (ad* + byp?)¢ = 0,

—wath + 9" + (bg + cp?)p = 0,
where the primes denote the derivatives with respect to the moving frame & =

x — 6t. Substituting (1.3) into (3.2) and equating the Fourier coefficients yield
the following system

23 —w1 ¢y — (nT/1)2p + a(® x & x D), +b(® x ¥ x ¥),, =0,
3.3) —wathy — (N /1) +b(® x & x V), 4+ (U x ¥ x ¥),, = 0.

The system (3.3) can be put into a more convenient matrix form

bn a(® X P X D), +b(®x¥xT),
(3.4) Tn[%}:{b(q>x¢x\1;)n+c(\1/x\11><\lf)n}’
where
_ [wi + (nm/1)? 0

Notice that for any phase speeds wy,ws > 0, the matrix T,, is invertible for all n
with

(36) T,;'=

1 {wg + (nm/l)? 0 }
(w1 + (n7/1)?) (w2 + (nm/1)?) 0 wy + (nm/1)? ]

The lo-norm of T), ! is defined as

(3.7) 1T Hloo = max {wl + (nm/1)? wo + (nm /1) }

To set up the problem as a fixed point problem, a set K C L3/2 o is defined by

K = {(ll,V) € '53/2,2 : (unvvn) = (u,n,v,n),
uOZulz...EO, 1}021}12...20}.

One can easily verify that K is indeed a cone in L35 5 equipped with the norm
oo

3/2 3/2 3/2
I I, = 30 (unl®? + [oal2) = a3 + V133

n—=—oo

An operator A on K is now defined as follows: for any I' = (®, V) = {(¢n, ¥n)} €

K, Al' = {(AI'),,}, where
PxPxP),+b(PxTxVU),

(3.8) (AF)nTnl[a( X @ x )y + (B x L W)

b(PxPxU), +c(¥xUxD), |’

Thus (3.4) can be written in the form I' = AT" and the fixed points of operator
A in the cone K are solutions of (3.4).
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LEMMA 3.1. The operator A is continuous, positive and compact on the
cone K.

PROOF. (a) A is a positive operator on K; i.e. A maps K into itself.
For any I' = (®,¥) € K, let

Tni=a(® X P X P), +b(P x ¥ x V),

=a Y kb kbnjt+b Y Ukt kbn_j

jk=—00 jk=—o0

M :=b(P X & X V), +¢c(¥ x ¥ x V),

=b Z OkPj—kUn—j +c Z Ve Vj—kUn—j-

Jik=—00 Jik=—00

Using the facts that ¢_,, = ¢, and ¥_,, = ,, it is easy to verify that for all
n>0,7_, =7, and n_,, = n,. Notice next that

a Z ¢k¢j—k¢7L—j_a Z ¢k¢j—k¢n+l—j

J,k=—o0 j,k=—o0
=a Y (Srbjr(Dnej — Snr1-j) + Okdjs1—k(Dnt14s — Gnrasy)
7,k=0

+ Orr10j 414k (Pn—j — Ont1—j) + Grs1Pj424+k(Prnt14j — Pnt2+j)) = 0.

Likewise, one can see that

b oY Ukt kbag—b D Urtkbnii; 0.

jk=—00 jik=—o0

Therefore, 7, is a decreasing function of |n| and
(3.9) 0 < 7 < 1o < max{a, b}(| @[3 + 152/ l3/2)-

Similar arguments show that 7, is also a decreasing function of |n| and

(3.10) 0 < o < o < max{d, (1235 + 1913211 ¥l3/2)-
Since each entry T, %(i,7) of T,; ! is positive, even in n, decreasing with respect
to |n| and
oo
3/2 _
JATE2, < 3 T 2P + al/?) < oo,

it follows immediately that AK C K.

(b) A is continuous.
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Let I' = (®,¥) and T = (®, V) be two arbitrary elements in K. For all n,
the difference (ATI'),, — (AT),, can be bounded component-wise, namely,

i) (X P x D)y — (2 x P xD)n| < C1f|® = D325
(i) (2 x®x W), — (P U)n| < Co(® = @ls/2 + | — Plls/2);
(i) (U x U x @)y — (XWX )| < Ca(|¥ = Tl32 + (|0 — @ls/2);
(iv) (X T x W)y — (U x WX V)| < Cy| ¥ = Wl32

where C; = Ci(||®||3/2, [|¥3/2, | ®[|3/2, [[¥]|3/2). Hence, it follows that

o0

IAT — AT < ST T IRCs (10 = Bllajz + (|9 = Tllaj2)*2

n=—oo
3/2

S CGHF - f||,C,3/2Y2'

The operator A is now readily seen to be continuous from K into itself.

(c) A is compact.

Consider a bounded set M in Lgz/55, say M C {I' = (®,¥) € Ly :
T 25, < B}. For each N, a cut-off operator Ay is defined as follows:

(AT),, for —-N <n <N,
(-ANF)n =

0, otherwise.

Then Ay is a compact operator having a rank of (2N + 1) as A is continuous.
ForTI' e M,

||‘I>||3/2 + H\I/||§/2H<I>||3/2

(B11)  [(AD)a] < T oo max{a,b,c} [ .
102 a2 + 1212
3/ /

Thus, one can conclude that

AL — AD[[Y2 <o STt

L3722 —
[n|>N

Consequently, sup [[AnT — ALz, ,,, — 0 as N — oo. Thus, A is compact as
reM '

it is the uniform limit of compact operators on bounded sets. O

We now turn our attention to the fixed points of A. It is clear that (3.4)
possesses some constant solutions which are not of interest to us. A fixed point
(P,4) = {(Pn,qn)} of (3.4) is said to be trivial if p, = ¢, = 0 for all n # 0.
Notice that a trivial solution with pg = go = 0 corresponds to the origin while
po # 0 (or go # 0, or both py # 0 and go # 0) corresponds to a non-zero constant
solution. The next proposition is straightforward to verify.
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PROPOSITION 3.2. The operator A has nine trivial fized points. However,
only the following four fized points are inside K: the origin and (p},q}) where

p::("'707pi0507"') and qr:(""o’in’O"")

(P10, q10) = <0, \/7;) (P20, q20) = (\/f 0);

( ) = \/bwg — cwi \/bw1 — aws
P30, 930 b2 —ac b2 —_ac )
Let

wn o), 5

with

b

L3/,
bwo — cwq bwi — aws
= =
o mmm{] (o) (S0,
L322 a L322
bwy — cwy bwi — aws
H(\/ b2 —ac ’ \/ b2 — ac ) 53/272};

and set
0 1/3
(3.14) 7=(ma><{a7b70})1/2< > ||T51||§é2> :
n=-—oo

PROPOSITION 3.3. For all r satisfying 0 < r < rog = min{1/(2v), 51}, one
must have T' # t AT for all T € 0K, and all t € [0,1].

PROOF. Suppose there exists a I' € 0K, and a t € [0, 1] such that T' = ¢t AT.
Then, using (3.11) on all (AT"),, yields

3/2
T2, =2 =2 3 |(AD), 2
n=—oo
<292902 ST max{a, b}/
which implies that » > 1/(2v), a contradiction. O

ProrosiTIiON 3.4. For any

- 1 3/2\ 2/3
R>Roz4ﬂ2< > max{wlnT;loo,wzlle”ww} ) ’

n=-—oo
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there exists a nonzero I' € K such that T — AT #* )\f, for all T € OKpg and all
A>0.

PROOF. Let I' = {(®, ¥),,} be given by

o] 1 1
)=l

It is clear that T’ # 0 and rek. Now, suppose to the contrary that there exist
al' = (?,¥) € 0K and a A > 0 such that for all n,

1
¢n] _|wr (17177/1)2

[a(® X D X D), +b(P x ¥ x U),] N
+ AL

(3.15) [wn

m[b@ X®XU), +c(¥xTxT),

In particular,

(3.16) =4
— (B XD xU)g+c(¥ x ¥ x T)y)
wo

One can verify easily that

[ZZ] ) wil(a(¢x¢x¢>)o+b(q>xxpxxp)o) Hm

(@ x ® x ®)y > ¢3; (U x U x ®)y > Y2¢o;
(@ x & x W)y > $atho; (U x U x W)y >3

Consequently, it is drawn from (3.16) the following bounds: 0 < ¢y < /w1 /a,

0 <t < yJwa/e, 0 < X< min{y/wi/a, /wa/c}, and

To=a(® x ®x D)o+ b(® x U x V)g < widg < wiy/ 2
a

770b(@XCI)X\I/)0+C(\I/X\I/X\I/)OSWQQ/}0§WQ\/E.
C

Notice that while it is true that one also has the bounds 0 < ¢¢ < /wa/b,
0 <1y < \/cr/b, those bounds are less helpful in this case. It is also worth
noting that ¢y and 1o cannot be zero simultaneously as I' = (®, V) € 0K g, even
though each can vanish individually. One can see now from (3.15) and the fact
that 7,, and 7, are decreasing in |n| that

w1 1 1 w2 1 1
<. ]2 e <. ] —— .
R O e BT (e ™

Therefore,

, > 1 \*? Ly
w3 (et ) (Rl et )
B 1 132

<225 N maX{wlTilllooM”TJ 1||°°’1+n?} |

n=—oo
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Thus, it is deduced that

0o 1 3/2\ 2/3
R<4 Ty Hloos w2l Ty Hloos = :
<am( Y max{alf el T e 2} )

n=-—oo
a contradiction to the assumption on R. O
REMARK 3.5. Notice that R > (35 since

()

THEOREM 3.6. Let r and R be defined as above. Then the fized point index
of Aon KE={TeK:r< TN s < R} 15 (K, A, KPF)=-1.

ProoFr. This follows immediately from Theorem 2.4 and Propositions 3.3
and 3.4. ]

An immediate consequence of Theorem 3.6 is that there must be at least one
fixed point of A in K[*. The analysis is not yet complete, however, since the
three constant solutions (p},q}) where

w w
(P10, q10) = (07 2); (P20, q20) = ( 1,());
V ¢ V a
( )= \/bwg — cwi \/bwl — awo
D30, 430 D —ac o

could be the only fixed points in K® (the origin does not belong to K[*.) This

case is excluded through the following lemma.

LEMMA 3.7. If fori=1,2,3, (p;,q}) are the only fized points of A in KX,
then when the half-period I > 0 is chosen large enough,

i(K, A K.(p;,q;)) = 0.
i=1
PrOOF. For i = 1,2,3, let &; = g;(I) > 0 be arbitrarily fixed, sufficiently
small numbers whose values will be determined later. Let

Ke,(pir i) = {I'=(®,9) € K : [[(2,9) = (P7, i )l 2ayoo <Eibs

K, (pirq;) ={' = (2, ¥) € K : [|(®,¥) — (i, Al 235 = &}
The ¢; will be chosen small enough so that K., is in K and {K.,} forms
a collection of mutually disjoint open subsets of K%. Notice then that if ¢ =
min{ey, €9,€3}, then K.(p},qf) C KF and {K.(p},q})} forms a collection of
mutually disjoint open subsets of KZ. Therefore, the lemma is proved, owing
to Lemma 2.4 and the additivity of the fixed point index, if one can show that
(I — A)OK.(p?,q’) omits the ray {A\L' : A > 0}, where I' € K is defined as in
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Proposition 3.4. So suppose that for each ¢ = 1,2, 3, there are a I' = (&, V) €
0K, (p},q}) and a A > 0 such that I' — AT’ = AI". Then for all n € Z,

1

——————[a(® x & x D), + bW x ¥ x D),,] R

(3.17) [d’”] _ | wiF (1mr/z) i
Un m[b(@ X P X W), + (U XU x V),

In particular, for n = 1 and let A = 1/(wy + (7/1)?) and B = 1/(wa + (7/1)?),
one has

¢r=A(® x (a® x ©+ bV x ¥)), +

)

(3.18)

M| > N >

Y1 = B(W x (b® x &+ ¥ x V), +

)

from which one can conclude

)

b1 > A(3adids + 2bpotbothr + bpiedr) +
(3.19)

Y1 > B(3cpgr + 2bgothodr + bogihr) +

N> N >

It is claimed next that when the half-period [ is large enough, the ¢;(I) can be
chosen sufficiently small so that ¢,, = 1,, = 0 for all n # 0. One needs to consider
the following three cases separately.

Case 1. The fixed point (p}, q}) where (p10, q10) = (0, Jw2/c).
Since I' € K., (p},q}), it can be written as ' = (@, ¥) = (p?,q*{)—ksl(&), \I')
where |[(D,U)]|z, , = 1. Notice that €1(®, V) = (P,7) — (p7,q7), therefore for
55
n>1

{ 5n:¢n/€1 207 { 5n2$n+17
and

1;71 = ¢n/51 >0, Jn > Jn+1~
In terms of the new variables (@, ¥), (3.19) yields
~ _ Abws ~ w ~ ~ o~
(3.20) €191 > . 2e1¢n + 2Ab<~ / ?2 + €1¢0> €1¢00€1Y1
wo ~ ~ )\
+2Aby [ 190101 + =
c 2
(321) 61{/;1 Z 3BWQ€1’(Z1 + 6361 / %61&0611’/;1

[w ~\ ~ o~ A
+2Bb< c2+€11/10)61¢0€1¢1+2.

First, choose [ large enough so that both the following hold
Abwg

>1 and 3Bws > 1.
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The explicit condition for [ is

e 2
3.22 2> — — > =14.
( ) ax { bwy — cwy’ 2wsy } !

The number £, = £1(l) can now be chosen small enough so that

Abws  ~ w ~ ~ o~ wy ~ o~ ~
p 2e11 + 2Ab<\/ 72 + 511/10> e1¢0e1Y1 + 2Ab, ?2611/)051% > £101;
3Bwae1t1 + 6Bcy ?611110611/)1 + 235(\/ - + 611/10> E1¢oe1P1 > e1¥1.

It follows immediately from (3.20), (3.21) and (3.23) that A = 0 and ¢y = ¢, = 0,
hence ¢,, = ¥, = 0 for all n # 0.

Case 2. The fixed point (p3,q5) where (p20, g20) = (v/w1/a,0).
Suppose that there are a I' = (@, V) € IK,, (pg,qQ) and a A > 0 such that

[ — AT = AI. Since I' € 6K82(p2,q2) it can be written as I' = (®,¥) =
P5.q}) + £2(®, ¥) where ||(®,T)

(3.23)

= 1. In terms of the new variables

(~ ”53/2 2
(®,¥), one has
~ o~ w o~ ~
(3.24) €201 > 3Awie201 + 6Aa\/j52q5052¢1
w1 ~ ~ o~ A
+2Ab —+ €a¢ |€2v0E2t + 5
Bbw; fw ~ ~  ~
(3.25) €2¢1 ngl + QBb( ;1 + Sg(bo) €90EaP1

/ ~ o~ A
+ 2Bb %€2¢052’¢1 + 3

Now, choose [ large enough so that both the following hold 34Aw; > 1 and
Bbwi/a > 1. The explicit condition for [ is

m2a w2
3.26 2 —, — ¢ = Lo.
(3.26) >max{bw1—aw2’2w1} 2

The number €2 = €2(l) can now be chosen small enough so that

3Awiga¢p + 6Aay | ?1 €a¢ocad1 + 21419(1/ ;1 + €2¢0)€2¢052¢1 > 9013
Bbwl ~
oty + 2Bb( /== + €2 |eathocady + 2Bb *52%52% > e

It follows from (3.24), (3.25) and (3.27) that A = 0 and ¢ = b, = 0, hence
¢n = 1, = 0 for all n #£ 0.

Case 3. The fixed point (p%, q3) where

( )= \/bwg — cwi \/bwl — aws
P30,430) = 2 —ac 2 _ac )

(3.27)
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Again, suppose that there are a I' = (&, V) € K., (p%,q3) and a A > 0 such
that I — AT = AT Since I' € 0K, (p%,q%), it can be written as I' = (@, V) =
(p%,q%) + 5(®, ) where ||(<f>,\ff)||£3/2,2 = 1. In terms of the new variables
(®,¥), one has

2 _

(3.28) A(2abwy ;; ilc(f; 3ac)) £sd

+ (GAa %% +24b bb;;:# &0) 27,

+ 2Ab<m " 63$0> (m + 53&0) e3th < €301
and

B(2b PN
gy DOl 3a)

+ (GBC %Ja +2Bb H%) 27,

b — N N - -
+ 23b<\/W+ €3¢50> ( M + 537/)0)83¢>1 < esz1.
—ac b% —ac

First, choose [ large enough so that both the following hold

A(2abwy + b2wi — 3acw) B(2bcw; + b*ws — 3acws)

1 d 1.
(0?2 — ac) Zoan (0?2 — ac) ~
The explicit condition for [ is
202 —ac)  m2(b% —ac)
3.30 2 m = L.
(3:30) - max { 2a(bwy — cwy)’ 2¢c(bwy — aws) s

The number €5 = £3(I) can now be chosen small enough so that

A(2abw2 +wy (b? — 3ac)) ~
b2 €391

—ac
N B(2bcw; + w2 (b? — 3ac))

b2 — ac
(0225, o [P ),
n (6BC b“;;:#{/;o + 2Bb bz;:fgl%) el
+ 2b<\/bwb§Tu11 + Es%o)

— ac
' (\/W + 53J0> (Beagr + Aesihn).

(3.31) e3(dy + 1) <

€311
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It follows from (3.28), (3.29) and (3.31) that A = 0 and ¢, = ¢, = 0 for all
n # 0. Thus, the claim is proved. Next, let

(3.32) 1> > max{Ly, Lo, L3},
and redefines (1), 2(1),€3(1) if necessary so that for
(333) E(l) = min{gl,gg,ggg},

the expressions (3.23), (3.27) and (3.31) hold. Under these conditions, A = 0
and for all n # 0, ¢, = ¥, = 0.
Using (3.17) for n = 0, one sees that

{ wi¢o = ady + bootfg,

3.34
(3.54) wathy = bpfebo + cipp.

The only solutions for (3.34) are

0 w2 ﬂO \/bwg—cwl \/bwl—awg
Ve )’ a’ )’ b2 —ac ’ b2 —ac )’

But then this contradicts with the facts that {K.(p},q})} forms a collection of
mutually disjoint open subsets of K* and I' = (®,¥) € 0K.(p},q}), i = 1,2,3
for small € when the half-period [ is chosen large enough as in (3.32). The proof

of Lemma 3.7 is hence concluded. O

THEOREM 3.8. Fora,b,c > 0 such that b>—ac > 0 and phase speeds w1, wo >
0 such that bwy — cwy > 0, bwy — awy > 0, if the half-period | is chosen large
enough as in (3.32), then the operator A must have at least one non-trivial fized
point T = (®, V) in the cone segment K5,. Moreover,

(a) either both sequences of components ¢,,,v, > 0 for every n € Z and one
obtains a vector solution (®,¥), or one of the sequences ¢,,,,, vanishes
for every n € Z while the other remains strictly positive for everyn € Z,
in which case one obtains semi-trivial solutions (®,0) or (0, ¥);

(b) for any o > 0, the sequences {|n|”®,,} and {|n|"v,} are in l;. There-
fore, the non-trivial fized point solutions are infinitely smooth.

PRrROOF. The existence of a non-trivial fixed point follows immediately from
Theorem 3.6 and Lemma 3.7. It is left to establish (a) and (b). Recall that the
solution T' = (®, ¥) must satisfy for all n € Z,

1
——————[a(® x & x D), + b(¥ x ¥ x D),,]

(3.35) [¢”] S R
n [B(® x @ x W), +c(¥ x ¥ x T),]

wa + (nm/l)?
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In order to establish (a), we will show that there are only three possibilities:

either

(i) ¢y =0, in which case 1,, > 0 for all n € Z; or
(ii) ¥y = 0, in which case ¢,, > 0 for all n € Z; or
(iii) ¢y > 0 and ¥, > 0, in which case both ¢,,,1,, > 0 for all n € Z.

Case 1. Suppose ¢, = 0. Let N be the smallest non-negative integer such
that ¢,y = 0. Notice that N > 1 because if 1); = 0 then this will lead to the
trivial solution (0, \/wz/c). It follows from (3.35) that

C J—

c > -
O TR 2 Wk 2 g Vo >0

which is a contradiction. Thus, it must be the case that v, > 0 for all n € Z
and the non-trivial fixed point is (0, ¥).

Case 2. Suppose 1, = 0. Using exact same argument, one concludes that
@,, > 0 for all n € Z in which case the non-trivial fixed point is (®,0).

Case 3. Suppose 50 > 0 and @0 > 0. Let N be the smallest non-negative
integer such that either ¢,, or 1,, is zero. Notice that if ¢; = 0 then since

_ Wity
~ wy + (m/1)?
this implies that ¢; = 0 which leads to the trivial solution
\/bwg — cwq \/bwl — awsg
b>—ac 'V b —ac )

Similar situation occurs if ¢); = 0. Hence N > 1. Without loss of generality,

assume that ¢, = 0 (exact argument holds when v, = 0). It follows from (3.35)
that

1 < o
36@351
or + (Najz 0

which is a contradiction. Thus, it must be the case that ¢,,,,, > 0 for all n € Z
and the non-trivial fixed point is (®, ¥). Thus (a) is proved.

Since

N, o
(@ x B xB), <[B]35 <00, (FxTxB)y <[T[3,] @52 < o0;

e T
(TxTx W), < [ T35 <00, (@xTx D) < @3] Tlls/2 < oc;
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it follows that for |n| > 1, there exists a constant Cy > 0 independent of n
satisfying

Co
2

Co

(336) By <CIT oo <=2 and P, < COIT oo < 2.
n

Therefore, {¢,,} and {1, } are in I;.
One deduces from (3.36) that |n|¢, < Co/|n|, |n|¥, < Co/|n| and conse-
quently,

oo o0

Z (1 + |n\)3/2$i/2 <C, Z (1 i |n|)3/2ai/2 <c

n=—oo n—=—oo

Notice next that for any j,k,n € Z,
T+l <@+ [n—j—k)A+[i)A+ [E]).

Thus, for any u,v,w € 3/, one has

S (D + 15— K)o+ = jwn
(wxvxwh= 3 AT G-+ =)
1 = , _ C
< mm;oo(l + |kDur(1 + 17 = k[)vj—k (1 +[n = jwp—; < axm

It then follows that for |n| > 1,

5 S||Tn1|oo(a(<1>><<1>><cb)n+b(q,x\1,xq))n)S|an’

_ I - !

D ST oo @ X B x T e(F x T x T)e) < o
n

Thus, the sequences {|n|@,, } and {|n|t, } arein I;. It is readily seen by continuing
this bootstrapping argument that Vo > 0, the sequences {|n|?¢, } and {|n|"%,,}
are in ;. 0O

4. The general case

It is clear that the above theory can be extended to include the general
case (1.2) as well. The issue one has at hand is how to exclude the trivial fixed
points of the operator A. This could be a daunting task as one must consider all
the sub-cases when the system (1.2) collapses to a lower-order ones. (Readers
are referred to [11], [12] for a related discussion on this issue.) In this section,
the special case of w; = w for all j = 1,2,... ,m, ajx = ag; = b when j # k,
and a;; = a is considered since the problem of collapsing to lower-order systems
of (1.2) can be handled in a straightforward manner and the trivial fixed points
can be written down explicitly.
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The system now takes the form
m
(4.1) Z"Lth + Ujze + a|uj|2uj + Z b|uk|2uj =0.
k=1, k#j

Substituting (1.3) into (4.1) and equating the Fourier coefficients yield the fol-
lowing system

2 m
(4.2) —wjn— (”l”) bin+a(®;xD; ><<1>j)n+b<<1>j < 3 (@ x@k)) —0.
k=1, k#j n
The system (4.2) can be put into a more convenient matrix form
(4.3) Toldjn] = [a@j X ®; x ), + b(cbj XY (D x @k)> ]
k=1, k#j n

where the m X m matrix T,, is given by

(4.4) T, = (w + (";T)2>1

with I being the m x m identity matrix. Notice that

1
4.5 T oo = ——-
(45) 1T e = S um e
For j =1,... ,m, define a set K C L3/, as follows
K = {(ulv"' 7um) € £3/2,m :
(u1n7~ .. 7umn) = (uflna s 7ufmn)7 Ujo > Uj1 =2 0}

One can easily verify that K is indeed a cone in L3/ ,,, equipped with the norm

e}
3/2 3/2 3/2
M2, = 3 (w4 il 2) = [ |55 + - + [ 157
An operator B on K is now defined as follows: for any I' = (®4,...,P,,) =

{(d1n,- - dmn)} € K, BT = {(BT),,}, where

(4.6)  (BD),=T;! [a(éj X ®; X ;) + b(cbj XY (P x @k)) }

k=1, k#j n
Thus (4.3) can be written in the form I' = BI" and the fixed points of operator B
in the cone K are solutions of (4.3). The proof of the next Lemma follows from
the same argument used in Lemma 3.1 hence is omitted.
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LEMMA 4.1. The operator B is continuous, positive and compact on the
cone K.

It is now important to make clear of what it means for a solution to be
called a trivial fixed point. A fixed point (p1,...,Pm) = {(P1n,--- »Pmn)}
of (4.3) is said to be trivial if p1, = ... = ppun = 0 for all n # 0. We
will make no distinction between the permutations of the k-nonvanishing triv-

ial solutions; for example, all the 1-nonvanishing trivial solutions (4,0,...,0),
(0,A4,0,...,0),...,(0,...,0,A) belong to the same class. Again, a trivial solu-
tion with p1g = ... = pmo = 0 corresponds to the origin. The next Proposition

is straight forward to verify.

PROPOSITION 4.2. Up to permutations, the operator B has (m + 1) trivial
fized points that lie inside K : the origin and (p},... ,p),) where (pig,--- Do)
takes on the following form:

(a) 1-nonvanishing: <\/U 0,. )
w
(b) k-nonvanishing: <1/ Y ,/m,o,... ,O),

(¢) m-nonvanishing (or vector solutzon)

Let

(4.7) &:mm{

£3/2 m

)
}

£3/2 m

J
R )

(4.8) @:mw{
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and set

12 0o 1/3
5 — (max{a,b}) (Z ||T,:1|3;42) .

n=—oo

PROPOSITION 4.3. For all v satisfying 0 < r < rg = min{l/(m'y),ﬁl}, one
must have T' # tBL for allT' € 0K, and all t € [0,1].

PROOF. Suppose there exists a I' € 9K, and a t € [0, 1] such that I" = tBT".
Then, using (3.11) on all (BT),, yields

3/2
” Hll/s/2m_ /2 _ 43/2 Z BI‘ ‘3/2 <m5/2 9/2 Z ||T |3/2max{a b}3/2
n=-—oo n=-—oo
which implies that » > 1/(m~), a contradiction. O

PROPOSITION 4.4. For any

o0

B 1 3/2\ 2/3
R>R0—2[32(m Z max{w||Tnl||omH_nz} ) ’

there exists a nonzero I € K such that T — BT # )\f, for allT' € OKpr and all
A>0.

PROOF. Let I' = {(®4,... ,®m)n} be given by
5171 1
; 1 .
S 1+ n2
Pmn
It is clear that T # 0 and Frek. Now, suppose to the contrary that there exist
al' = (Pq,...,P,) € 0Kg and a A > 0 such that for all n,

1

(4.9) [¢p15] = T

[a(@jx@jqu)ﬁb(@jx > (d)kx@k)) }Hf.
k=1, k#j n
In particular,

m

(4.10)  [dy0] = 1{(@ X B, x , )0+b<q>jx 3 (q>,€><¢>,€)>

k=1, k#j

[+,

0

One can verify easily that (®; x ®; x ®;)o > ¢3;. Consequently, it is drawn from
(4.10) the following bounds: 0 < ¢;o < /w/a, 0 <A < /w/a, and

m
W
Tj0 = a((I’j X q)j X (I)j)O —|—b<‘1)_] X Z (@k X (I)k)> < wquo <w E
i 0
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It is worth noting that all the terms ¢;o cannot be zero simultaneously as I' =
(®4,...,P,,) € OKpg, even though each can vanish individually. One can see
now from (4.9) and the fact that 7, is decreasing in |n| that

w 1
in < — T-1 5o — .
6, _\/a(wn ol +1+n2)

_ ) 1 3/2
B2 < 5l 3 (w|Tn1||oo+ )

Therefore,

1+n2

n=—oo

oo

3/2

~. 1

§23/25§/2m E maux{wHTn—l|oo,1jL 2} )
n

n=—oo

Thus, it is deduced that

o0

N 1 3/2\ 2/3
R§252<m Z maX{WHTnloovl_,_nz} ) ’

n=—o00
a contradiction to the assumption on R. (]
REMARK 4.5. Notice that R > (5 since

(el

n=—oo

The next theorem follows from Theorem 2.4 and Propositions 4.3 and 4.4.

THEOREM 4.6. Let r and R be defined as above. Then the fized point index
of Bon KF={T'e K :r <|l|c,,, <R} is i(K,B,KF)=-1.

Thus, there must be at least one fixed point of B in KZ. The analysis is not
yet complete, however, since the above m constant periodic solutions could be
the only fixed points in K (the origin does not belong to KZ.)

LEMMA 4.7. If forj=1,... ,m, (p},...,p),) are the only fized points of B
in K, then for the half-period | > 0 chosen large enough,

PrROOF. For j=1,... ,m, let ¢; = ¢;(I) > 0 be arbitrarily fixed, sufficiently
small numbers whose values will be determined later. Let

Kej(py{w-- Pr) ={'=(P1,... , &) EK:
||((I)1a 7(1)711) - (pL ’p:n)”LS/Z,m < gj}’

0K, (p},--.,py) ={L' =(P1,... ,®p) €K :
||((I)1a 7(I)m) - (pL vp;kn)”[rs/z,m = ej}'
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The €; will be chosen small enough so that Ki€J is in KF and {K.,} forms
a collection of mutually disjoint open subsets of KF,.

Notice then that if ¢ = min{ey,... ,&,,}, then K (p},...,p}) C KEF and
{K.(p%,...,p:)} forms a collection of mutually disjoint open subsets of KZ.
Therefore, the lemma is proved, owing to Lemma 2.4 and the additivity of the
fixed point index, if one can show that (I — B)OK.(pj},...,p),) omits the ray
{)\f : A > 0}, where [ € K is defined as in Proposition 4.4. So suppose that
for each j = 1,...,m, there are a I' = (®4,...,®,,) € dK.,(p],...,P;,) and
a A > 0 such that T — BT = AL. Then, for all n € Z,

(411) (g = — Q[a@jx@jx@j)n

w + (nm/l)?
+b<<1>j x zm: (®), x qm)ﬂ] + AL

k=1, k#£j
In particular, for n = 1, one has
- A
(4.12) b1 = A {3@)?0@‘1 +b Z (2¢j0Pk0dk1 + ¢j1¢%0):| D)
k=1, k#j

where A = 1/(w + (7/1)?). Tt is claimed next that when the half-period [ is large
enough, the ¢;(1) can be chosen sufficiently small so that ¢;, = 0 for all n # 0
and all j =1,... ,m. One needs to consider the following cases separately.

Case 1. l-nonvanishing fixed point (pj,...,pJ,) where (pig,...,pho) =

(v/w/a,0,...,0).
Since I' € 0K, (p},...,p,), it can be written as I' = (®q,...,P,,) =
(P1s---,Py) He1(Pr, ..., @) where [[(®1,... ,Pp)llz,,,,, = 1. Note that

e1(Br,. .., Bp) = (P1,..., D) — (PF,...,DL,),

therefore, for n > 1, (Ejn = ¢jn/e1 > 0, and ajn > qzj(nﬂ).
In terms of the new variables (®1,...,®,,), (4.12) yields

~ ~ w ~ ~
€1¢11 > 3Awe1d11 + 6Aa\/;€1¢10€1¢11
+Ab§:2 “84_5 10 ) €10k0210, +é'
2 B 1910 |E10k0E10k1 + 5
and for j=2,... ,m
~ Abw  ~ w o~ ~
(4.13) €191 > T€1¢j1 +2Ab, | E5l¢1051¢j1

m
~ ~ ~ A
+ 2Ab Z €100E1PKOE1 PR + 5
k=1 .kj
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First, choose [ large enough such that both following conditions hold: 34w > 1
and Abw/a > 1. The explicit condition for [ is

2 2
414 2 _rae T l_p,.
(4.14) l >maX{(b—a)w’2w 1

The number € = £1() can now be chosen small enough so that there hold both

(4.15) 3Awe ¢y + 6Aa\/;€1¢1061¢11

+Abz (\/>+€1¢10)51¢k051¢k1>51¢117

Abw  ~ o~ - mo .
(4.16) T€1¢j1+2Ab Egl¢1051¢j1+2Ab Z €10j01PK0E1PR1 > E1P41-

k=1, k#j

It follows immediately from (4.13), (4.15) and (4.16) that A = 0 and ¢~5j1 =0,
hence ¢;, =0foralln#0andall j=1,... ,m.

Case 2. k-nonvanishing fixed point (pj,...,p},) where
(PTos- -+ » Prmo) = (,/ = RV s F- 1) >
Since I' € 0K, (p3, ... ,p},), it can be written as

L= (®y,...,00)=(p,....p5) +e2(P1,..., Pm)
where ||(®1, ... va)m)”ﬂg/z,m = 1. Note that
ea(Pr,. .., Bp) = (P1,..., D) — (DT, ... ,D5,),

therefore, for n > 1, (Ejn = ¢jn/e2 > 0 and (Ejn > qgj(nﬂ).
In terms of the new variables (&)1, . ,<T>m), (4.12) yields for j =1,... ,k

~ Aw(3a + bk —b) ~ A
(417) €2¢j1 > ¥ 52¢j1 - Clgg +

a+ (k—1)b 2’
and for j=k+1,...,m
~ Abkw ~ A
4.18 > o) — Cogs + =.

( ) 52¢J1 “ax (k — 1)b 82¢j1 265 + D)

First, choose [ large enough so that both the following conditions hold
Aw(3a + bk —b) Abkw
—_—>1 d ———> 1.

at (k—1)b Y (A 1A

The explicit condition for [ is

72[a+ (k — 1)b] 72[a+ (k —1)b] }
b-a)w 2aw

(4.19) ? > max{ = Lo.
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The number €3 = €2(!) can now be chosen small enough so that there hold both

Aw(3a + bk —b)
a+ (k—1)b

Abkw ~ ~ _
m&%bjl —Cg&‘% > 2051 forj=k+1,...,m

2051 — C1e3 > e201 for j=1,... k;
(4.20)

It follows immediately from (4.17), (4.18) and (4.20) that A = 0 and (;~5j1 =0,
hence ¢j, =0foralln #0and all j =1,...

Case 3. m-nonvanishing (or vector) fixed point (p7,...,ps,) where
(Plos-- - Pmo) = (\/a—F —1)b a+( —1 )
As before, since I' € 0K, (p7, ... ,p},), it can be written as

L= (®y,...,00)=(p,...,p5) +e3(P1,...,Pm)

where [|(®1,..., @)z, = 1. Note that

e3(B1,. ., Bpy) = (P1,..., By) — (], ,PL),
therefore, for n > 1 ajn ¢jn/e3 > 0 and (bjn > ¢](n+1
In terms of the new variables (®1,...,®,,), (4.12) yields for j =1,... ,m
~ Aw(3a +bm —b)
4.21 >
(421) ca0j1 = a+ (m—1)b
Now, one can choose [ large enough so that

Aw(3a + bm — b)
a+ (m—1)b

~ A
53¢j1 — 035525 + 5

> 1.

The explicit condition for [ is

2 _
(4.22) 2> M = Ls.
2aw

The number 5 = £3(I) can now be chosen small enough so that there holds
Aw(3a + bm — b)
a+(m—1)b
It follows immediately from (4.21) and (4.23) that A = 0 and qz~5j1 = 0, hence

¢jn =0for alln #0 and all j =1,... ,m. Thus, the claim is proved.
Next, let

(4.23) e3dj1 — Caed > €301

(4.24) 1> > max{Ly, Lo, L3},
and redefine &1 (1), £2(1),€3(l) if necessary so that for

(4.25) E(Z) = min{gl,gz,gg},
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the expressions (4.15), (4.16), (4.20) and (4.23) hold. Under these conditions,
A=0and foralln # 0 and all j =1,... ,m, one has ¢;, = 0.
Using (4.11) for n = 0, one sees that

(4.26) wojo = adly +bpjo Y bR

k=1,k#j

Up to permutation, the only solutions for (4.26) are the origin and (p7,... ,ps,)
where (pig, ... ,Dk,) takes on the following form:

(a) l-nonvanishing: (1 s ,0,. )
(b) k-nonvanishing: <,/ PP "(1—1—(/?—1)1)707”"0);

(¢) m-nonvanishing (or vector solutlon

(erm=oravm=m)

But then this contradicts with the facts that {K.(p7,... ,p},)} forms a col-
lection of mutually disjoint open subsets of K and

[ = (®y,...,9,) € 0K.(p},.-.,P5)

for small € when the half-period [ is chosen large enough as in (4.24). The proof
of Lemma 4.7 is hence concluded. ]

Straightforward calculations similar to the proof of Theorem 3.8 gives the
following.

THEOREM 4.8. Letb > a >0 and w > 0. If the half-period l is chosen large
enough as in (4.24), then the operator B must have at least one non-trivial fized
point T = (®1,...,®,,) in the cone segment K%. Moreover,

(a) either all the sequences of components ajn > 0 for every n € Z and all
j=1,...,m in which case one obtains a vector solution (®1,...,D,,),
or it must be the case that (m —k) of the sequences ajn vanish for every
n€Z, k=1,...,m — 1, while the others remain strictly positive for
every n € Z in which case one obtains, up to permutation, semi-trivial
solutions (k-nonvanishing) (®1,...,®,0,...,0);

(b) for any o > 0, the sequences {|n|”¢;,} are in ly. Therefore, the non-
trivial fived point solutions are infinitely smooth.
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