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APPLICATIONS OF WEIGHTED MAPS
TO PERIODIC PROBLEMS
OF AUTONOMOUS DIFFERENTIAL EQUATIONS

ROBERT SKIBA

ABSTRACT. In this paper we present a new approach for solving the prob-
lem of the existence of closed trajectories for autonomous differential equa-
tions without the uniqueness property. To this aim, we are using a special
class of set-valued maps, called weighted carriers or weighted maps.

Introduction

In this paper we are interested in the existence of solutions of the following
problem
u(s) = f(u(s)) for almost all s € [0,T],
(P) u(s) € M x St for all s € [0, 7],
u(0) = u(to) for some 0 < to < T,
where M C R™ is closed and contractible, f: M x S! — R"*2 is continuous
and 7' > 0 (additional assumptions on M C R™ and f will be specified later).
A solution u of the problem (P) will be called a closed trajectory or a periodic
solution ().
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(1) Throughout this paper by a solution to a differential equation @ = f(u) we mean an
absolutely continuous function u that satisfies the equation u(s) = f(u(s)) almost everywhere.
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The above problem for smooth maps f and smooth manifolds M has been
treated in the following papers [9], [11]. It should be noted that this prob-
lem requires extreme caution because the counterexample has been provided by
F.B. Fuller in [17] (see also Figure 8 in this paper). Namely, he constructed a
nonvanishing vector field in a solid 4-dimensional torus D3(0,1) x S with no
closed trajectories (2).

Recall that the above problem in the case when M x S! is replaced by
any compact set K with x(K) # 0 has been studied by many authors (see for
example [5], [31]), where x(K) is the Euler characteristic defined by the formula
X(K) := Y (—1)'dim H;(K; Q) (where H,(-;Q) denotes the singular homology

i>0
functor with rational coefficients). Notice that the methods discussed in the
mentioned papers cannot be applied in our case since x(M x S') = 0.

The main aim of this paper is to give sufficient conditions under which
the problem (P) admits a solution. It turned out that there was a need to
apply set-valued weighted carriers introduced by G. Darbo and further devel-
oped by several authors as G. Conti, J. Pejsachowicz and R. Skiba ([11], [26],
[29], [35], [36]). We should say a few words why set-valued weighted maps
play an important role in our considerations. Let X be a metric space and
let I: X x R — X be a flow (3). Consider Y C X. Let Yy := {y € YV |
there exists ¢t > 0 such that II(y,t) € Y}. Let 7:Yy — [0,00) be defined by
T(y) = sup{t > 0 | II({y} x [0,¢]) C Y}. Recall that the above map, for
example, is used to prove the Wazewski principle. In general, the above func-
tion is not continuous. Therefore, to solve the problem (P) we replaced the
function 7 by the following set-valued map ¢: Yy —o [0,00) defined as follows
o(y) == {t > 0| II(y,t) € bdY}. It turns out that under our assumptions the
latter map is well-defined and belongs to the class of set-valued weighted carriers.
That is why we use weighted maps in our considerations.

It should be noted that this article is strongly motivated by the papers [9],
[11] in which the problem (P) is also considered. But in [9], [11] the authors
assumed that the right-hand side of (P) is at least of class C!. In this article we
reject this assumption which in turn implies that this problem is more involved.

This article is organized as follows. After this Introduction it consists of
seven sections. The first section is devoted to some preliminaries. Whereas
the second section contains a slightly modified construction of the intersection
index (comp. [16] and [11]) which is much more useful and convenient in our

(2) Tt should be noted that in the paper [17] the solutions of differential equations are of
class C! but it is not hard to see that all results obtained in [17] are also true in the case of
abolutely continuous solutions.

(®) By a flow we mean a continuous function II: X x R — X satisfying the following
conditions: (a) II(x,0) = x for all z € X, and (b) II(z,t+s) = II(TI(s, z),t) for all t, s € R and
z e X.
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studies. In the third section we recall some basic definitions and facts concerning
weighted carriers. Furthermore, we prove that set-valued maps which appear in
the study of the problem (P) belong to the class of weighed maps. For more
information about weighted carriers we refer the reader to [29] and [35]. In the
next section we will present the main results of this paper. Namely, we prove
that under some assumptions on M and f the problem (P) admits a solution.
The fifth section concerns also the problem (P) but on manifolds. We show
that this assumption allows us to formulate easily verifiable conditions ensuring
the existence of closed trajectories. In the short sixth section we provide some
comments about possible extensions and applications of the results obtained in
this article. Section 7 contains for the reader’s convenience some technical proofs
of results from Section 3.

Summing up this Introduction, the main results of this paper are contained
in Theorems 4.13, 4.17 and 5.11. As far as the author knows, this is the first
time that periodic results for differential equations without uniqueness property
have been obtained by means of a set-valued weighted analysis.

1. Preliminaries

We start with some notations which will be used in this article. Throughout
the paper by a space we mean a metric space, by a pair of spaces — a pair (X, A),
where X is a space and A C X; any space X is identified with the pair (X, (}); all
single-valued maps between spaces are considered to be continuous. Let (X, d)
be a metric space. Given Y C X and A C Y, by inty A, cly A and bdy A we
denote the interior, the closure and the boundary of A in Y, respectively, while
intA, clA and bd A denote the interior, the closure and the boundary of A in X.
For any € > 0,

B(A,e) :=={zx € X | dist(z,A) <e}, D(Ae):={xe X |dist(z,A) <e},

where dist(z, A) := inf{d(z,a) | a € A} is the distance of z € X from A. In
particular, by D, (x,r) (resp. By(z,r)) we will denote the closed (resp. open)
ball around = € R™ of radius » > 0, n > 1. The Euclidean norm and the scalar
product in R™ are denoted by |- | and (-, - ), respectively.

By dp (A1, A2) we shall denote the Hausdorff separation between two non-

empty compact subsets A; and Ay of X defined by di (A1, A2):= sup dist(a, As).
a€A;
It is well-known that dy (A1, A2) < € if and only if A; C B(Asg,¢).

Now we recall some notions of nonsmooth analysis (see [10]). Let M C R"
be a nonempty closed set. A function dp: R™ — [0,00) defined by dp(z) :=
inf {|z —y| | y € M} is called the distance function to M. For any x € M we
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put

(1.1) Ty (x) := {v eR"

lim inf —dM(z ) - 0}7
h—0t h

where T (z) is called the Bouligand contingent cone to M at x.
We will say that f: M — R"™ is tangent if f(x) € Tps(x) for all z € M and in
this case we will write f € Vect(M). Given a closed subset M C R™, the subset

TM = {(z,v) e M xR" | v € Ty(x)}

of R™ x R™ is called the tangent bundle of M. Observe that f € Vect(M) induces
the following continuous map T'f: M — TM given by (T f)(x) := (z, f(z)).
Recall two properties of the Bouligand cone which will be used in this paper
(see [4)):
o If M = M; x M, then T xas,(1,22) = Thary (x1) X Thr,(22) and
T(M,; x M) = TM; x T M.
e If M is a smooth manifold without boundary, then Ty (z) = T, M,
where T, M stands for the tangent space of M at x.

Let f:R™ — R be a locally Lipschitz function. The generalized directional
derivative of f at z in the direction v € R™ in the sense of Clarke is defined as

follows
f°(z;v) = limsup fly +hv) = f(y)

h—0t

The generalized gradient of f at x is defined by

Of (x) :={p e R" | (p,u) < f°(x;u) for all uw € R"}.

Recall that if f is Ct, then df(x) = {Vf(z)}. Following [5], [12] we recall the
notion of a strictly reqular set. Assume that f: Dom(f) — R is a locally Lipschitz
function, where the domain Dom(f) is open in R™. We put

(1.2) M = {x € Dom(f) | f(z) <O0}.
Notice that M need not be closed in R™. We will say that M is represented by f.

DEFINITION 1.1 ([5], [12]). We say that the set M given by (1.2) (represented
by a locally Lipschitz function f:Dom(f) — R) is said to be strictly reqular if

(a) M is closed,
(b) there is a neighbourhood U of M such that i[IJl{JV[ [I10f()||| > 0, where
ye

0 = inf .
@Il = it 1o
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In what follows, we will need the following property of strictly regular sets.

REMARK 1.2. It is easily seen that if M C R is strictly regular, then so
is M x R. Indeed, let f:Dom(f) — R be a locally Lipschitz function and let
M :={xz € Dom(f) | f(z) <0}. Observe that

M xR = {(z,2) € Dom(f) x R| f(z,2) <0},

where f:Dom(f) — R is defined by f(z,2) := f(z) for all (z,z) € Dom(f) :=
;

Dom(f) x R. Moreover, f°((z,z); (u,w)) = f°(z;u) for all (z,z) € Dom(f) and
(u,w) € R™ x R and hence

0f(w,2) = 0f () x {0}.
From this it follows that

ot o5l >0e it 110, 2l >0,

which implies that M x R is strictly regular.

Notice that the class of strictly regular sets is quite large. Below we shall
provide a few examples of strictly regular sets (see [5] or [12]):

Any closed convex subset K of R™, represented by d, is strictly regular.
e A proximate retract K C R™ is strictly regular (%).
Any closed manifold K C R" of class C? is strictly regular.

If a compact subset M C R" is strictly regular, then M is a neighbour-
hood retract in R™ ([5]).

The terminology and results from the algebraic topology which are used here
are quoted from the books [16] and [22], [39]. In particular, H.(X,Y; G) (resp.
H.(X,Y;@)) denotes the singular homology group (resp. the Cech homology
group) of a pair (X,Y) with coefficients in a group G. A compact space X
will be called acyclic (resp. positively acyclic) if H,(X;Q) = H,(pt;Q) (resp.
H;(X;Q) = Hi(pt;Q)) for all i > 1), where pt is a one-point space and Q
denotes the set of rational numbers.

Given a metric space (X, d), by C'(X,R"™) we denote the space of all bounded

and continuous functions f: X — R” from X to R" equipped with the norm
Iflle = Slelglf(x)l'

Recall that a space X is an absolute neighbourhood retract (or ANR) if for
every space Y and a homeomorphic embedding i: X — Y of X onto a closed
subset i(X) C Y there is an open neighbourhood U of i(X) in Y and a function
r:U — i(X) such that r(y) = y for all y € i(X). In particular, any compact
convex set is an ANR (see [7]).

(*) Following [30] we say that a closed subset K C R™ is a proximate retract if there exists
a neighbourhood U of K and a retraction r:U — K such that |r(z) — z| = dg ().
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We finish this section by recalling some definitions and facts from the theory
of set-valued maps. Given two spaces X and Y, by a set-valued map (denoted
by the symbol —o) ¢: X — Y we mean a transformation which assigns to any
z € X a nonempty compact set p(z) C Y. A set-valued map p: X — Y is
upper semicontinuous (written usc) if, given an open subset V' C Y, the set
{r € X | p(x) C V} is open. A map ¢ is compact if o(X) = |J ¢(z) is

reX

relatively compact. If ¢: X — Y is usc and K C X is compact, then p(K) is
compact. If f: X — Y (resp. ¢: X — Y) is a map (resp. set-valued map), then
Gr(f) (resp. Gr(y)) stands for the graph of f (resp. of ¢), i.e.

Gr(f) :={(z, f(z)) |v € X}, Gr(p):={(z,y) € X xV |y € p(x)}.

We refer the reader to the book [21] which is a comprehensive source of set-valued
maps.

2. Intersection index

In this section we are going to give a construction of an intersection index.
But in our approach we also use some ideas from the construction of the fixed
point index for single-valued maps due to Dold and Granas (see [16] and [22]).
To be brief, we shall present a slightly modified version of the intersection index
given in [11], which will turn out to be very useful in our considerations. In
this section we will use the singular homology functor with integer coefficients
Z, which will be omitted from the notation.

Now we are going to define a fundamental class Ok of H;(R,R — K). Let
K C R be compact. Since Hi(R,R — 0) = Z, we can choose one of the two
possible generators once and for all and call it by O. Since K is compact, there
exists r > 0 such that K C B1(0,7).

Consider the following diagram
Hi(R,R - K) < H(R,R — By(0,7)) 2 Hy(R,R — 0)

in which 4, j are the respective inclusions. Since j. is an isomorphism (see [2,
Lemma 10.2.12]), we can define Ok as follows

(2.1) Ok = (ix © (:)71)(0).

It should be noted that the above definition does not depend on the choice of
r > 0. Indeed, this follows from the fact that the following diagram

Hi(R,R - K)+— H(R,R— B;(0,r)) — H;(R,R — 0)

| J :

Hi(R,R - K)+— H(R,R — B;(0,7)) — H;(R,R — 0)



APPLICATIONS OF WEIGHTED MAPS TO PERIODIC PROBLEMS 15

is commutative, where the unlabelled arrows are induced by the inclusions and
>

Observe that if U is an open set with K C U C R, then the excision property
of the singular homology implies that the induced homomorphism i.: Hy (U, U —
K)— Hi(R,R — K) is an isomorphism. Thus one can put

(2.2) oY =i (Ok).
The following lemma is easy to prove.

LEMMA 2.1 (see [11] or [21, Chapter 1]). Let K C K1 CV C U, where K, Kq
are compact and U, V are open subsets of R. Let k: (V,V — K;) — (U,U — K)
be the inclusion. Then k.(Oy, ) = O%.

Let E be a subspace of R™, let L be a closed subset of F such that Hy(E, E —
L) # 0 and let U be an open subset of R. We put

(2.3) CU,E;L):={f:U — E | f'(L) is compact}.
Now we are ready to define the following concept:

DEFINITION 2.2. Under the above assumptions, we define the intersection
index i(f,U) of f € C(U, E; L) by

i(f,U) = f.(Ok),

where f.: H1(U,U — K) — Hy(E,E — L) is the homomorphism induced by f
and K := f~1(L).

Now we shall present two lemmas which will be needed in the proof of the
main properties of the intersection index.

LEMMA 2.3. Given f € C(U,E; L), assume that F is a compact set such
that K :== f~Y(L) C F and F C U. Then

f.(0%) = 1.(0%),
where f:(U,U — F) — (E,E — L) is induced by f.

PRrROOF. It follows easily from Lemma 2.1 and the fact that the following
diagram

H\(U,U - K) Y 0(B,E- L)

H,(U,U - F) T>H1(E,E—L)

is commutative, where i: (U, U — F) — (U,U — K) is the inclusion. O
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LEMMA 2.4 (see [8, Appendix B]). Let Uy and Uy be two disjoint open subsets
of R and let FF C R be closed such that FF C Uy UUs. Then the following diagram
18 commutative:

H\(R,R — F) M>Hl(R,R— F) & H (R,R — F)

j*T le*eﬂm

H,(U,U - F)m*H1(U1,U1 — ) @ Hi(Up, Uy — F)

where all the homomorphisms in the above diagram are induced by the inclusions
and F; :=FNU;, fori=1,2, and U :=U; UUs,.

The intersection index satisfies the following properties:

PROPOSITION 2.5. Let f € C(U,E; L) and let K := f~(L).

(a) (Existence) Ifi(f,U) # 0, then K # ().
k

(b) (Excision and Additivity) If K C | U;, where U;, 1 < i < k, are
i=1

1=

disjoint open subsets of U, then
k

i(f,U) =Y i(f|Ui, Uy).

i=1
(c¢) (Homotopy invariance) Let h:U x [0,1] — E be a continuous function.
If
Kp:={z € U|h(x,t) € L for some t € [0,1]}
is compact, then i(ho,U) = i(hy,U).

PROOF. (a) Existence. Suppose on the contrary that K = (). Then we have
H1(U,U — K) = H;(U,U) =0 and, in view of (2.2), O% = 0. Thus, taking into
account Definition 2.2, we deduce that i(f,U) = 0, a contradiction.

(b) Excision and Additivity. The proof will be divided into two steps.

Step 1 (Excision). We assume that K C Uy, where Uy C U. Consider the
following commutative diagram:

H(R,R-K)« > H,(UU-K)—" s H(EE-L)

o [
Hi(R,R — K) «—— Hy(Up, Up — K)

where the unlabelled arrows are induced by the inclusions. Now from the above
diagram it follows immediately that i(f,U) = i(f, Up), as required.

k
Step 2 (Additivity). We assume that K C |J U;, where U;, 1 <4 < k, are

=1
disjoint open subsets of U. In addition, without loss of generality we can assume
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that £k = 2. Let K; == KNU;, 1 <1¢ < 2. By Step 1, we may replace U by
Uy UUs. Now, it suffices to prove that the following diagram is commutative:

id.,idx
(R, R — 0) (id- id-) Hi(R,R — 0) @ Hy(R,R — 0)
(idy,id.)
Hl(R,R—Bl(O,T)) Hl(R,R—Bl(O,T)) EB Hl(R,R—Bl(O,T))
H\(R,R — K) (et Hi(RR - K1) & Hi (R, R — Ko)
hi.+ha,
H,(U,U—-K)+ Hy(U1,Uy — K1) @ Hy(Ua, Uz — K3)
H\(E,E - L)

in which, except for f and its restrictions, all the homomorphisms are induced by
the inclusions. Indeed, let us observe that the lower square of the above diagram
commutes by Lemma 2.4, while the commutativity of the remaining squares
and the lower triangle is obvious, which completes the proof of the additivity
property.

(c) Homotopy invariance. First, let us observe that (h;)™1(L) C K}, for every
t € [0,1]. Consider now the following diagram:

Hi(R,R — K) <= H(U,U - K) "5 H(B,E - L),

for any ¢ € [0, 1]. Then, by Definition 2.2 and Lemma 2.3, we obtain
(24) i(ha,U) = (he)+ (OF,) = (h)(OF,)
for all t € [0, 1], where

(hy)s: Hy(U,U — K;) — H\(E,E — L)

is induced by h; and K; := h; 1(L). From the homotopy invariance of the
singular homology functor it follows that

(2.5) (ho)« = (h1)s

Consequently, taking into account (2.4) and (2.5), we get i(ho,U) = i(h1,U),
which completes the proof. O
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g

g(0) 1 (0)
g
L
L L

Ficure 1. i(f, (0,1)) = 1, i(g, (0,1)) = 0, i(h, (0,1)) = —1

We finish this section by illustrating Definition 2.2 by putting F = D»(0, 1) x
R and L = D5(0,1) x {c} (see Figure 1).

3. Weighted carriers

In this section, we shall survey the most important properties of set-valued
weighted carriers which will be used in the sequel. For a complete description of
the theory of set-valued weighted carriers we refer the reader to the monograph
[35] (see also: [11], [26]-[29], [32], [24], [25]).

In what follows, we shall use the following notation. Given any set-valued
map ¢: X — Y, we put

D(®) = {(V,z) | V is an open subset of Y and ®(z) N bdV = 0}.
We begin with the following two definitions.

DEFINITION 3.1. An usc set-valued map ®: X — Y with compact values is
said to be a weighted carrier if there exists a function Iyjoc: D(®) — Q satisfying
the following three conditions:

(a) (Existence) If Iyioc(®, V,x) # 0, then ®(z) NV # 0.
(b) (Local invariance) For every (V,z) € D(®) there exists an open neigh-
bourhood U,, of x such that, for all = € U,,

leoc((I)a V7 l') = wloc((I)y V7 5)

k
(c) (Additivity) If ®(z)NV C |J Vi, where V;, 1 < i < k, are open disjoint
i=1

subsets of V', then

k
IW]OC((bv ‘/7 $) = Z leoc((I)a ‘/iv $)

i=1
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REMARK 3.2. (a) The additivity property in the case of k = 1 will be called
the excision property.

(b) Tt is easy to see that a function Iyioe: D(®) — Q defined by Iyioc (P, V, z)
= 0 for all (V,z) € D(®) satisfies all the conditions of Definition 3.1. But this
example is trivial and it will not be interesting for us and we will always try to
look for a nontrivial function Iy for ®.

DEFINITION 3.3. Let ®: X — Y be a weighted carrier and let X be a con-
nected space. Then the number

Iw ((I)) = wloc(q)a K xO)
is said to be the weighted index of ®, where g € X is a fixed point.

PROPOSITION 3.4 (see [35, Proposition 3.2.4]). Let ®3:Y —o Z and ®1: X —o
Y be two weighted carriers. If ®1 is a set-valued map with connected values, then
Dy 0P1: X —o Z is a weighted carrier, where Iyioc: D(P2 0 &1) — Q is given by

leoc(q)2 o q)la U7 x) = wloc((I)Qa Ua 9)7

where (U,x) € D(P2 0 ®1) and y € ®1(z) is any fized point. In particular, if X
and Y are connected, then I,(®3 0 ®1) = I,,(P2).

Below we shall present a number of examples of weighted carriers.

EXAMPLE 3.5. It is easy to see that if a set-valued map ®: X — Y is usc
with compact and connected values, then ® is a weighted carrier. Indeed, it
suffices to define a function Ii.: D(®) — Q as follows

1 i ®(z) NV £0,

Iyioc (@, V, ) =
o ) {o it ®(x) NV =0,

for any (V,z) € D(®). In particular, if ®:R — R is defined by ®(x) = [—=z, z],

Ay

FIGURE 2. A graph of a set-valued map ®: R — R
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then D(®) = {(V,z) | V C R is open and [—z,z] C R —bd V} and
1 ifzeV,

leoc(q)aval') =
0 ifxgV.

ExaMPLE 3.6. Let X be a compact ANR and let f: X x [0,1] — X be
a continuous function with the Lefschetz number A(fy) # 0 of fo, where fo(-) =
f(+,0). Then an usc set-valued map ®:[0,1] — X defined by ®(¢) = {z € X |
fi(x) == f(x,t) =z}, for all t € [0, 1], is a weighted carrier. Indeed, it suffices to
define a nontrivial function Iyioc: D(®) — Q by

leoc((I)7 U7 t) = ind(ft7 U7 X)a

where ind(f;, U, X) denotes the fixed point index for single-valued maps (for
more information on the fixed point index for single-valued maps see [22]).

In what follows, we shall make use of the following space:
(3.1) Cv([a,b],R™) :={f € C([a,b],R™) | f(a) €V, f(b) € R™ —clV},

where [a,b] C R and V is an open subset of R™. The space Cy ([a,b],R™) is

equipped with the following metric d(f, g) := tm[eugl |f(t) — g(t)|]. Furthermore,
€la,

one can prove that Cy ([a,b],R™) is an ANR.
LEMMA 3.7. Under the above assumptions, Cy ([a,b],R™) is an ANR.

PRroOF. Since C([a,b],R™) is a linear space, and hence an ANR, it suffices
to show that Cy ([a,b],R™) is an open subset of C([a,b],R™). To this end,
fix f € Cv([a,b],R™). Then f(a) € V and f(b) € R™ — clV. Since V and
R™ — clV are open, it follows that there exists & > 0 such that B(f(a),e) C V
and B(f(b),e) C R™ — clV. Thus

B(f?‘S) = {g € C([a7b]7Rm) | ”f - g”C < 5} C CV([aab]va>7
which completes the proof. O

The following two results will be of crucial importance for our further con-
siderations.

LEMMA 3.8. Under the above assumptions, a set-valued map P: Cy ([a, ], R™)
—o (a,b) defined by

(3.2) P(f) == {t € [a,b] | f(t) €bdV}
s usc with compact values.

PROOF. First, define a set-valued map Py: Cy ([a, b], R™) —o[a, b] by Po(f) :=
P(f) for all f € Cy([a,b],R™). Tt is clear that the upper semicontinuity of P
implies that P is usc. Therefore it is enough to prove that Py is usc. Since
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Po(Cv ([a,b],R™)) C [a,b], it suffices to show that the graph Gr(Pg) of Py is
closed (see [21, Proposition 14.5]). For this purpose, take a sequence (fy,tn) €
Gr(Pp) such that

(fﬂvtﬂ) = (.fO;tO) € CV([a7b]7Rm) X [avb]'

We have to prove that fo(to) € bd V. Let € > 0. Then there exists ng > 0 such
that for any n > ng one has

(3.3) [fo(to) = fo(tn,)| < /2 and [fo(s) — fu(s)| <&/2

for all s € [a,b]. Consequently, in view of (3.3), we get

[fo(to) = fro(tno)] < €.

Thus fo(to) € B(bdV,e). Since € was arbitrary, this shows (recall that bd V is
closed) that fo(to) € bd V. This completes the proof. O

PROPOSITION 3.9. A set-valued map P: Cy ([a, b],R™) —o (a, ) defined in (3.2)
is a weighted carrier.

ProOF. We have proved in Lemma 3.8 that P is usc. Now, let Iyioc: D(P) —
Z be defined by the formula:

(3.4) leoc(Pa U, f) = Z'(f|U7 U)?

for any (U, f) € D(P) :={(U, f) | f € Cv([a,b],R™), U C (a,b), P(f)NbdU =
0} (°). First, observe that if (U, f) € D(P), then f|JU € C(U,R™;bd V) (see
(2.3)). Now, we shall prove that such a function Iyioc: D(P) — Z satisfies all the
conditions of Definition 3.1.

Ezistence. If Iyoc(P,U, f) # 0, then i(f|U,U) # 0. Consequently, Proposi-
tion 2.5 implies that f~1(bd V)N U # (), which proves that P(f) N U # 0.

Local invariance. Let (U, f) € D(P). We are to prove that there exists r > 0
such that

(35) leoc(]P)a U, f) — WlOC(IP7 Uvg)
for all g € B(f,7) = {g € Cv([a,b],R™) | d(f,g) <r}. Let

(3.6) €0:= min dist(f(z),bd V) > 0.

Before proceeding further, we need to state the following lemma.

(°) Just in case, we recall that the boundary of U is taken with respect to R.
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LEMMA 3.10 ([22, Chapter 11]). Let X be a compact ANR and let Y be
an ANR. In addition, let f: X — Y be a continuous function and let € > 0.
Then there exists 6f > 0 such that for any continuous map g: X — Y with
d(f(z),g(x)) < dy, for allz € X, there exists a continuous map h: X x[0,1] =Y
such that

(a) h(z,0) = f(z), h(z,1) = g(x), for all z € X,
(b) diam(h({z} x [0,1])) < e, for allz € X,
where diam(h({z} x [0,1])) := sup{d(h(z,t1), h(z,t2)) | t1,t2 € [0,1]}.

Let ¢ be as in Lemma 3.10 for €9/2 and f (where X = [a,b] and Y = R™).
We claim that it is enough to put r := §;. To see this, choose any function
g € B(f,r). Then, by Lemma 3.10, there exists a homotopy h: [a, b] X [0, 1] — R™
such that h(z,0) = f(z), h(x,1) = g(x) and h(-,t) € B(f,e0/2), for all t € [0, 1].
Let us observe that

{z € clU | h(x,t) € bdV for some t € [0,1]} NbdU = 0.

Indeed, otherwise, there exists g € bd U such that h(xg,tp) € bdV for some
to € [0,1]. Moreover, one has

(3.7) |dist(f(z),bd V) — dist(h(z, tp), bd V)| < |f(z) — h(z,t0)],
for all z € [a,b]. Consequently, taking into account (3.6)—(3.7), one obtains
eo < dist(f(x0),bd V) < g¢/2,

a contradiction. Therefore, by the homotopy invariance of the intersection index,
one obtains

IWIOC(IP7U7 f) = Z(f|U7 U) = Z(g|U7 U) = WlOC(]P)a U7 g>7

which proves (3.5) as required.
Additivity. This condition follows immediately from the additivity property
of the intersection index. |
REMARK 3.11. Let Uy and U; be two disjoint nonempty connected subsets
of R™. Then from the long exact sequence of the pair (R™,Uy U Uy) for the
singular homology functor it follows that

Hl(Rm, U() U Ul) = 7.

Furthermore, any continuous function o: [0, 1] — R™ with ¢(0) € Uy and o(1) €
U; belongs to the group of relative 1-cycles Zq (R™, Uy U Uy) and the homology
class [o] of o generates Hy (R™, UpUU;). What is more, if 7 is another continuous
function with 7(0) € Uy and 7(1) € Uy, then [o] = [7]. Therefore we will identify
this homology class [o] with the generator 1 € Z.

Now we are able to prove the following important lemma.
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LEMMA 3.12. Let P: Cy([a,b],R™) —o (a,b) and Lyee: D(P) — Q be given
by (3.2) and (3.4), respectively. Let V. C R™ be open and connected such that
R™ —clV is connected. Then

(a) Lwioc(P, (a,b), f) is the generator of Hi(R™ ,R™ —bd V), for any f €
Cv ([a, 0], R™);

(b) Iwioc(P, (a,b), f) = Luioc(P, (a,b),g), for all f,g € Cy([a,b],R™), and
hence I,,(P) = 1.

PrOOF. Fix f € Cy([a,b],R™). Let K := f~}(bd V) C (a,b) and let m: R —
[a, b] be a retraction such that r(z) = a for © < a and r(z) = b for > b. Let
R™—bdV = UyUUy, where Uy := V and Uy := R™ —clV Consider the following
commutative diagram:

Hy(R,R — K) —=— Hy([a,b], [a,b] — K) —"— H; (R™, R™ —bd V)

(3.8) idT :T
(f1(a;b))«
HI(R7R_ K) <T Hl((a’ab)7 (aab) - K)
Let ¢ := 2max{]al,|b|}. Let 0:[0,1] — R be any continuous function such that
0(0) = —c and o(1) = ¢. Then Ok = [0] € H1(R,R — K) and
Luto (B (a,b). f) = i(f. f1(@.5)) = (](a.)).(O%").
In addition, one has
(3.9) (f 01.)(Ox) = [f o7 0 0].

By Remark 3.11, H;(R™,R™ — bd V) = Z and [f o r o o] is the generator of

Hi(R™ R™—bd V) since (foroo)(0) = f(r(—c)) = f(a) € Up and (foroo)(l) =

f(r(c)) = f(b) € Ui. Hence, taking into account (3.8)—(3.9), we get that
leoc(]P)a (a7 b)a f) = [f oro U]

is the generator of Hi(R™,R™ — bd V') = Z, which completes the proof of (a).

As concerns (b), if f,g € Cv([a,b],R™), then

Lytoc(P, (a,), f) = [f o r o o] 222EELL (461 0 0] = Iyioe(P, (a,b), g).

Now we shall present some very important fact which may not be true in R™
for n > 1.

LeEMMA 3.13. If A C R is compact, then Hy(A;Q) =0 for k > 1.

PRrROOF. Let B(A,¢) := {x € R | dist(z,A) < €}. Since B(A,e) C R, we
infer that it can be represented as a finite (disjoint) sum of convex sets. Hence we
deduce that D(A,¢) is also a finite (disjoint) sum of convex sets. Consequently,
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it follows that Hy(D(A,e);Q) = 0, for k > 1. Now from this we arrive at the
conclusion of lemma, since

H.(A; Q) = lim . (D(4, 1/n); Q)
(see [22, Chapter 20]). O

4. Main results

In this section we will prove the existence of solutions for the problem (P).
To this aim we need some preliminary results. We start with some remarks and
lemmas. Before we do it, we will introduce some notations. Let p: R — S! be a
covering map defined by p(t) = (cos(t),sin(t)), for t € R. Let id x p: M x R —
M x S' and Tp: Rt x R — R"*2 be given by

(id x p)(z,y) := (z,p(y)) and  To((x,u),y) := (z,u(=sin(y),cos(y))).

In what follows, we shall make use of the following two projections: pri: X7 X
X2 e Xl and pI‘g:Xl X X2 e XQ.

REMARK 4.1. From now on we will assume that M C R" (represented by
a locally Lipschitz function f:Dom(f) — R) is a contractible and strictly regu-
lar ANR.

Now we shall prove a lifting lemma which will be used in our further consi-
derations.

LEMMA 4.2 (Lifting lemma). Let f: M x S' — R"*2 be continuous and
tangent. Then there exists a continuous and tangent map f: M x R — R**!
such that the following diagram:

(4.1) idx;{ JTD

commutes.

PRrROOF. Let f(xay) = (f1($,y),f2($,y)), “Lhere fl(x7y> € Rn? f2(x7y) € RQa
x € R” and y € S'. Then it suffices to define f as follows

fi=(fro(id x p), f2o (id x p)),
where fo(z,y) == (f2(z,y),y") and y- = (y1,y2)* = (~y2,11). O

REMARK 4.3. A function fvsatisfying (4.1) will be called a lift of f. Fur-
thermore, it is easily seen that if f is bounded, then f is also a bounded map.
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Let N C R* be a strictly regular set and let g € Vect(N) be bounded.
Consider the Cauchy problem:

a(t) = g(u(t)),
=2y €

o € N.

In what follows by
Sg(z) :=={u| w(t) = g(u(t)) a.e. on [0,00), u(0) =z, u([0,00)) C N}

we will denote the set of all solutions to the Cauchy problem, for all z € N. The
following lemma will be useful in the sequel.

LEMMA 4.4 ([5]). If g € Vect(N) is bounded, then Sy(z) is a compact Rs-set
in Cy ([0, 00), R¥) ().

REMARK 4.5. (a) It is well-known that the map Sy: N —o C, ([0, 00), R¥) is
usc (see [4], [15], [18]).

(b) It should be noted that in the paper [5] it was only proved that the set of
all solutions restricted to [0,T] (denoted by SgT(z), for any z € N) is a compact
Rs-set. However, by using the technique of inverse systems, one can extend this
result to the case where all solutions are defined on [0, 00) (see [1], [20]). What is
more, Lemma 4.4 is also true for maps g: N — R* having a sublinear growth, i.e.
such that there is ¢ > 0 with |g(z)| < ¢(1 + |#]) for all z € N. This follows from
the fact that, for any 7' > 0, by using the Gronwall inequality ([15, p. 52]) one
can prove that g can be replaced by a bounded map g such that S;:F(z) = S;F(z),
for any z € N.

(c) Consider a map II;: N x [0,00) — N given by the formula

(2, 1) := {u(t) [u(-) € Sy(x)}-

Then I, is an usc set-valued map with compact values satisfying the following
conditions:

o Iy(z,0) = {z};

o II (I, (z,s),t) = (z, s+ 1), for s,t € [0, 00).

In what folows, we will call 11, a set-valued semiflow.

DEFINITION 4.6. A compact subset K C N is called an attractor for a vector
field g € Vect(N) if dg(Ily(z,t), K) — 0 as t — oo, for every € N. A vector
field g € Vect(NV) is said to be of compact attraction (written g € Vect.(N)) if
g has a compact attractor.

(®) Recall here that a nonempty compact subset C' of a metric space X is called an Rs-set
if it is the intersection of a decreasing family of compact contractible sets Cp, C X (see [23]). In
particular, an Rg-set is connected. Cy ([0, 00), RF) stands for the Fréchet space of all continuous
maps [0, 00) — R with the topology of almost uniform convergence.
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REMARK 4.7. Notice that if K is a compact attractor for g € Vect(NV), then
any compact set K’ containing K is also a compact attractor.

Let f € Vect(M x S1) and let f € Vect(M x R) be a lift of f. Fix zo € M,
yo € ST and o € p~1(yo). Then one can consider two Cauchy problems:

(CPo) { a(t) = f(u(t)),
u(0) = (%0, 0),
(CP1) { u(t) = f(U(li)),
u(0) = (20, Yo)-

We shall prove that there exists a connection between problem (CP0) and (CP1)
which will be used in order to solve problem (P). To be precise, we will prove that
S7(20,50) C Cu([0, 00), R"*) is homeomorphic to Sy (o, yo) C Cy ([0, 00), R"*2).

Since p: R — S is a covering map, it follows in view of the lifting theorem
that for any map u: [0, 00) — M xSt there exists a unique map : [0, 00) — M xR
such that the following diagram commutes (see [Span66)):

M xR
(4.2) / lmp
[07 OO) T> M x Sl

and u(0) = (xo,¥0), w(0) = (x0,o)- It is clear that the above diagram induces
the following:

T(M x R)

(4.3) y lT

[0,00) W T(M X Sl)

where T, T[u] and T'[u] (7) are given by
T((z,y), (u,v)) = ((z, (cos(y),sin(y))), (u, v(-sin(y), cos(y)))),
T[E)(t) = (@), u(t),  Tlul(t) = (u(t), a(t)).
Now we are ready to prove the following proposition.

PROPOSITION 4.8. Under the above assumptions, a function S: S¢(xo,y0) —
S7(wo, o) defined by S(u) :=u is a bijection.

PRrROOF. First we will prove that

(4.4) u € S¢(xo,y0) < u € S7(xo, o),

(7) For simplicity, later in this paper, we will denote T[] and T'[u] by % and 1, respectively.
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where u and @ satisfy (4.2). To this aim, it suffices to observe that (4.4) follows
directly from the following commutative diagram:

T(M x 1)+ a1 x S

AT

u T u

and the fact that for any point (z,y) € M xR a function T(, ,): R" xR — R™ x R?
induced by T, i.e.

Tz, (u,v) == (u,v(—sin(y), cos(y)),

is an isomorphism. Notice that the commutativity of the left and right triangle
in the above diagram follows from (4.2) and (4.3), respectively. Recall that the
left triangle is well-defined for almost all ¢ € [0,00). Thus (4.4) implies that
8:5¢(wo,y0) — S7(wo, o) is well-defined. Finally, the surjectivity of S follows
from (4.4), but the injectivity of S follows easily from (4.2). This completes the
proof. O

REMARK 4.9. It is easy to see that S™':Sx(wo,%0) — Sr(zo,y0) is given
by S7(u) := (id x p) o u for all u € S#(@o,Yo0). Since Cy([0,00), R™), for any
m € N, is endowed with the topology of almost uniform convergence, it follows

that S~! is continuous, and hence & is continuous because S f(xo, Jo) is compact
in C,([0,00), R**+1).

From the above considerations it follows that the following diagram is com-
mutative:

7

M xR x [0,00) M xR

(4.5) iprxidJ Jipr

1 .
M x S* x [0,00) 0 M x St

The next lemma explains what properties of f are inherited by a lift fof f-

LEMMA 4.10. Let f € Vect(M x S1). Then:

(a) if f has a sublinear growth (resp. f is bounded), then f has also a sub-
linear growth (resp. f is also bounded);
(b) if f € Vect.(M x S1), then there exists a compact set K C M such that

dH(prl(Hf((xv 0)7 t))v I?) 1o, 0,

for every x € M.
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PROOF. The assertion (a) follows from the following calculations:

[f(@,y)? = i@, p), F2(2.p@)* = |f1(z.pW)* + | f2(2, p(y)?
)12+ (fo(z, p(¥)), p(y)*)?

)I2+|f2( o)) Ip( )I2 Ifl(w pW)I? + | fo(z,p(y))?

where (z,y) € M x S'. Since |f(z,y)|? < |f(z,p(y))?, it follows that the
boundedness of f implies the boundedness of ]7 As for (b), let K be a compact
attractor for f € Vect(M x S'). Without loss of generality we can assume that
K = K' x S, where K' is a compact subset of M. Let K := pry(K) = K'.
Then, taking into account the diagram (4.5), one obtains

s ((z,(1,0)),t) € B(K,¢) = pri(Il;((x, (1,0)),t)) € B(pri(K),e),
pri(Is((z, (1,0)),2)) = pri(I3((x,0),)), B(pr1(K),e) = B(K,e),
which implies that

i (T (2, (1,0)),6), K) == 0 = dig (pra (TF{(,0), 1)), K) == 0. O

REMARK 4.11. A set of vector fields fe Vect(M x R) satisfying condition
(b) from Lemma 4.10 will be denoted by the symbol Vectwc(M x R), while a set
K from the above lemma will be called a weak attractor for f

It should be noted that without additional assumptions on M nothing can
be said about the structure of solutions to (P).

EXAMPLE 4.12 (see [5]). Let M = M_; U M; C R? where
M; = {(z,y) e R? | (x —i)? +y* =1}.
Let f: M x St — R* be defined by

((y71_$)70) if ($7y)6M17

““”””:{<e%1+@n>iuwweﬂﬂr

It is easy to see that for all ((x,y),2) € M x S*, f((z,y),2) € Tyxs ((z,y), 2)
and that the set S;:-F((O7 0),0) (for any T > 0) is disconnected, and hence it is not
an Rgs-set.

Now we are going to prove the result which is closely related (by Proposi-
tion 4.8) to problem (P) — see also Theorem 4.17.
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THEOREM 4.13. Assume that M C R"™ is a contractible and strictly regu-
lar ANR. Let f € Vecty(M x R) be a lift of a bounded and continuous (or
a continuous map with a sublinear growth) vector field f € Vect.(M x S'). If

(4.6) there exists T > 0 such that v(T') € M x (2w, 00)
for all v € SH(M x {0}) ®),

then there exists xo € M and v € S5(x0,0) such that y(to) = (20, 2), for some

to € (0,T) (see Figure 3).
(x,,27) (y',2m) M x{2n}
| \

M x{0}

FIGURE 3. A trajectory 71 satisfies the assertion of Theorem 4.13

PRrOOF. Consider the following diagram:

]\J—S€>C’0i>c1()><C'()M€>(07T)><C'0A—)]\4><RL>]\47

where P is given by (3.2), Co := Cy([0,T],R*""1) (see (3.1) for V := R" x
(—00,27m)) and S, A, P x id and A are defined as follows
S(z) :=957x,0), Az) = (z,),
(P xid)(z,y) = (P(z),y), Alt,h) = h(?).
Let us define ®: M — M by

(4.7)

(4.8) D :=(prioN)o((Pxid)o(AcS)).

Now, let us observe that if Fix(®) # @, then there exist zp € M and a trajectory
~ € S(xo) such that

~(to) = (wo,27), for some ty € (0,T).

Consequently, it suffices to show that Fix(®) # (. For this purpose, we shall
make use of Theorem 7.8 from Appendix. First observe that Lemma 4.4, Re-
mark 4.5 and Example 3.5 imply that S is a weighted carrier with acyclic values

(®)If Z C M x S* (resp. Z C M x R), then we put Sf(Z) := UZSf(z) (resp. SJ;(Z) =
zE€

U Sf~(z)).

z€Z
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and I,,(S) = 1. Of course, A, pr; and A are weighted carriers with I,,(A) = 1,
I,(pr1) = 1 and I,,(\) = 1, respectively. Furthermore, Propositions 3.9 and 7.3
and Lemmas 3.12 and 3.13 imply that P x id is a weighted carrier with positively
acyclic values (recall from algebraic topology that the Cartesian product of two
positively acyclic sets is also positively acyclic) and I,,(P x id) = 1. Conse-
quently, we deduce from Proposition 3.4 and Lemma 3.13 that (P xid) o (AoS)
is a weighted carrier with positively acyclic values and I,,((P x id) o (AoS)) = 1.
Thus we have proved that ® has the following decomposition:

D =fol e CAw(M)

(see Appendix), where f :=pr; o A and ¥ := (P x id) o (A o S). What is more,
taking into account Lemma 3.7, and since the Cartesian product of ANRs is an
ANR, we infer that Cy x Cy, (0,T) x Cp and M x R are ANRs.

Now we have to prove that the set-valued map ®: M — M defined as in (4.8)
has a compact attractor. To this aim, we are going to prove it in a few steps.

Cramm 1. If C C M is a compact subset of M, then there exists 0 < e < T
such that P(S(C)) C [, T).

Indeed, assume on the contrary that P(S(C)) N [0,¢] # 0, for any 0 < e < T.
Then there exists a sequence &, — 0 and a sequence 7y, € S(C) such that
P(vm) N [0,em] # 0. Since S(C) is compact, we can assume without loss of
generality that a sequence 7, converges to some point v € S(C). In particular,
~Ym converges uniformly to v on [0,7]. Furthermore, for any ~,, there exists
0 <ty < & such that vy, (t,) € bd V. Tt is easily seen that vy, (¢,,) — ~v(0) as
m — 00, which implies that v(0) € bd V' = R"™ x {27}. This contradicts the fact
that v(0) € R™ x {0}.

CLAIM 2. For any « € M there exists £ > 0 such that for all v € S(x) and
for all m € N:

tm () :=inf{t € [0,00) | ¥(t) € bd V},,} > me,

where V;,, := R" x (—o0, 2mm).
Indeed, fix x € M. Let us put

C = cl(pri (T5({(,0)} x [0,00)))) € M.

We will show that C' is compact. To this aim, let K C M be a weak global
attractor for f and take D(IN{7 0) C M, where § > 0. Then Lemma 4.10 implies
that there exists to > 0 such that pri(II7({(z,0)} x [to, 00))) C B(K,6). Hence,
one has

C ¢ pry(MA({(2,0)} x [0, t0])) U D(K, 8) = Ko.
Since C' is closed and K is compact, we infer that C' is compact. Now observe
that, in view of Claim 1, there exists € > 0 such that ¢1(y) > ¢ for any v € S(C).
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Fix v € S(C) and assume by the induction hypothesis that t,,(y) > me. We are
to prove that

tmt1(7) = (m + 1)e.
For this purpose, define 7:[0,00) — M X R by

A(t) := (pri(y(t +tm(7))), pra(y(t + tm(v))) — 2mm).

Then 7(0) € C x {0}. Consequently, since

flxy) = f(z,y + 2kT)
for all k € Z and (z,y) € M x R, we deduce that ¥ € S(C). Furthermore,
(4.9) F(t) € bd Vi & v(t + tm(y)) € bd Vipia.
Hence,
tmt+1(7) = tm(y) +t1(y) = me +e = (m + 1),
which completes the proof of Claim 2.
CrAaM 3. For all x € M there exists € > 0 such that

(4.10) ™ (z) C pri(Mz({(2,0)} x [me, 00))),

for all m € N, where ® denotes the m-th iterate of ®. Indeed, this assertion
follows from the fact that for any x € M there exists € > 0 such that

" (x) = (P" ()
Sy € M | Iy € Sx(e™ L (x) x {0})
such that v(t) = (y, 27) for some t € [e,00)}
Claim 2

——{y € M |3y € S5(,0)

such that v(t) = (y, 2mmn) for some t € [me, 00)},

for all m € N.

CrLAamM 4. &: M — M has a compact attractor. Indeed, let K C M be
a weak attractor for f. Fix x € M and § > 0. Then

dy (pri(I7((2,0), 1)), K) — 0 ast — oo,
Thus there exists ¢ > 0 such that

dy (pri(Tz((2,0), 1), K) < 6,
for all t > ¢, which implies that

(4.11) pr1 (IH({(w, 0)} x [f,00))) € B(K, ).
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Now, taking into account (4.10) and (4.11), we deduce that there exists mg such
that
™ (z) C B(K,J)

for all m > myg, which proves that K is an attractor for ®.

Finally, Theorem 7.8 implies the assertion of Theorem 4.13. |
% M x{c} Mx {c}
o
M x {0} M x {0}
v

FIGURE 4. A trajectory ( is transversal to M x {c} but « is not transversal
to M x {c}

REMARK 4.14. The main difficulty in the proof of Theorem 4.13 is that
a given trajectory starting from M x {0} and passing through M x {c} need
not be transversal to M x {c} (see Figures 4 and 5), which implies that the
so-called exit function 7:SF(M x {0}) — [0,00) given by 7(v) = sup{t = 0 |
~v(t) € M x (—o0,c|} is only upper semicontinuous, i.e. for any r € R, the set
{v € Sz(M x {0}) | 7(v) < r} is open in SH(M x {0}) (see [3]). Therefore we
had to modify the definition of the exit function in order to prove Theorem 4.13.

Moreover, in our situation it may happen that a given trajectory can stay in
the section M x {c} for some time.

//:j\ Mx{c}
Y

Mx{0}

FIGURE 5. The trajectory 7 is not transversal to M x {c}

From the proof of Theorem 4.13 we obtain the following corollary.

COROLLARY 4.15. Let M C R™ be a contractible compact and strictly reqular
set and let g € Vect(M x R) be a bounded continuous map (or a continuous map
with a sublinear growth), ¢ > 0. If

there exists T > 0 such that v(T') € M x (c,00) for all v € Sy(M x {0}),
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then there exists xg € M and v € Sq¢(x0,0) such that y(to) = (xo,c) for some
to € (O,T)

REMARK 4.16. It should be noted that if in Theorem 4.13 we replace 27 by
—2m, then one can prove the following assertion: if there exists 7" > 0 such that
Y(T') € M x (=00, =2m) for all v € S7(M x {0}), then there exists zo € M and
7 € S§(wo,0) such that y(to) = (w0, —2m) for some to € (0, 7). The proof of this
fact goes without any essential changes.

Now we prove the next of the main results of the paper.

THEOREM 4.17. Let M C R™ be a contractible strictly reqular ANR, and let
f € Vect (M x S*) be a continuous and bounded map. If a lift f of [ satisfies
(4.6) in Theorem 4.13, then Problem (P) admits a solution w € Sy(M x {(1,0)})
which generates (M x S1).

PROOF. From Theorem 4.13 it follows that there exist z9 € M, to € (0,T)
and u € Sy(wo,0) such that

(4.12) u(0) = (20,0) and u(ty) = (zo, 27).

Then, by Proposition 4.8, u := S~1(u) € S¢(zo,(1,0)) and u(0) = u(ty). Let
t = inf{t > 0 | @(t) = (20,2m)} > 0. For simplicity one can assume that
t = 1. We will show that the homotopy class [u] of u:[0,1] — M x S! generates
(M x S1). Since m (M x S') = (M) x m1(S?) ~ m1(S?), we infer that it
suffices to prove that [up := pra o u] is a generator of 71 (St). To this end, recall
that a homomorphism h: 7 (S!) — Z given by h([w]) = w(1) is an isomorphism
(see [39]), where w is a lift of w, i.e. the following diagram

2|
[0,1] —— 51

is commutative with w(0) = (1,0) and w(0) = 0. Since h is an isomorphism, it
follows that a loop [w] € 7 (S?) is a generator of 71(S!) if and only if w(1) = 2.
Thus in view of (4.12) one gets that h([uz]) = 27. This completes the proof. [

5. Differential equations on manifolds

Now we are going to show that in the case when N is a manifold, we are
able to express the assumptions of Theorem 4.16 in the language of differential
forms. For this purpose, we need to introduce the following concepts.

Recall that if N is an m-dimensional manifold of class C2, then a one-form
w: N — T'N* has the following form w(z) = >°1" | a;(z)dz?, where a;: N — R are
functions of class C2. Furthermore, in this paper we will assume that a one-form
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w is at least closed, i.e. dw = 0. Moreover, recall that if a path v:[a,b] — N is
of class C', then

fo [tensera [ (Smerono)

where the ; are the coordinates of v in N. Let notice that the right-hand side
of the above formula makes sense even if v is absolute continuous. Therefore in
our paper we will integrate one-forms w on absolute continuous paths ~.

In this section by M C R™ we shall denote a k-dimensional closed and con-
tractible manifold of class C2. By wgi: M xSt — T'(M x S')* we shall understand
a one-form defined by

(5.1) wgr = da*

REMARK 5.1. Notice that wg: is a generator of H}(M x S';R) ~ R, where
H} denotes de Rham cohomology group with coefficients in R. Moreover, if
h: N — M x S is a diffeomorphism, then the pullback h*wg: of wg: is a generator
of H}(N;R) (see also Remark 5.14).

REMARK 5.2. Let 7:[0,t] — M x S! be a path with ~(0) = (0, (1,0)) and
let 4:[0,t] — M x R be a path such that v = (id x p) o5 and 5(0) = (x0,0).
Let v = (1, -+ ks Vk+1). Then 541 = poJg41. Since the derivative p: TsR —
Ty(5)S* of p at s € R is the identity map, we infer that 4441(s) = ﬁk_ﬂ (s) for all
s € R. Now we are ready to make the following calculations:

(5.2) 74 et = / s (1(5)). () ds = / sa(s) ds

- / S (5)ds = Tea1 () — o1 (0) = T (1)

REMARK 5.3. In what follows by w;: M x St — T(M x S1)* we will denote
a one-form which has the following decomposition:

(53) w; = we +1-wgr,

where we: M x ST — T(M x S')* is an exact one-form and wg: is as in (5.1),
[ € R. Since w, is exact, it follows that there exists a differentiable function
g: M x ST — R"*2 such that w. = dg. We will say that w, is a bounded one-form
provided g is bounded, i.e. there exists a constant M, such that |g(z)] < M,
for all z € M x S'. It is clear that if M is compact, then w. is bounded.
Furthermore, we will say that w; is bounded provided w, is bounded.

DEFINITION 5.4 (see also [9]). Let f € Vect(N). A one-form w: N — TN*
is said to be a Lyapunov form with respect to f if there exists ¢ > 0 such that

(5.4) (w(z), f(z)) >¢c, forallze N.
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REMARK 5.5. Observe that if N is compact, then (5.4) one can replace by
(w(z), f(z)) >0 for all z € N.

Let us observe that Condition (5.4) can be checked pointwise without know-
ing the trajectories of f just like in the Lyapunov theory. The following example
illustrates the concept of a Lyapunov form.

EXAMPLE 5.6 (see [9]). Let 0 < 8 <1 < aand e > 0. Consider the following
system on NV:

z(l—z—ay—Bz)+e¢,
y(1 = fr—y—az) +e,
z(1 —ax — Py —2) + €.

s

y

FIGURE 6. N := {(z,y,2) €ER3 |0 < z,y,2 < 1} — {(z,y,2) € R? | z =
y=2z>0}

It is not hard to see that N is diffeomorphic to R? x S'. Then the following
closed one-form
(z —y)de + (x — 2)dy + (y — x)dz

(=P +@—2)2+{y—=2)?

w(T,y,z) =
satisfies the condition: (w(z,y, 2), f(z,y,2)) > 0, for all (z,y,z) € N, where
flz,y,2) = (z(l—xz—ay—02)+e,y(1—Pr—y—az)+e,2(1—ax— Py —2)+¢).
Indeed, it follows from the following calculations:
(=9 + (@ =2+ (y - 2))w(z,y,2), f(2,,2))

=az(y(1—pPr—y—az)+e) —yla(l -z —ay - Bz) +e)

y(z(1—ax — By —2)+¢) = 2(y(1 — fr —y — az) +¢)
ze(l—z—ay—0z)+e)—2z(z1l—ax— By —2)+¢)
B) 2%y + %z + 22x) 4 (a — 1)(2%2 + yz + 2%y) + 3zy2(6 — )
B)(x?y + v’z + 2% — 3xyz) + (o — 1) (2?2 + y2x + 2%y — 3ayz2).

_|_
+
(

1—
(1-
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But the inequality of arithmetic and geometric means implies that 22y + 3%z +
22r — 3zyz > 0 and 222 + y?x + 2%y — 3wyz > 0 for (z,y,2) € N. Thus we
deduce the desired inequality.

The following result explains the relationship between a periodic orbit and
a Lyapunov form.

PROPOSITION 5.7 ([9]). If~ is an asymptotically stable (°) orbit of a smooth
vector field f:R™ — R™, then there exists a smooth positively invariant n-
dimensional submanifold v C M C R"™, homeomorphic to D, (0,1) x S*, and
a Lyapunov form w (with respect to f).

Now we are going to establish the most important properties of Lyapunov
forms.

LEMMA 5.8. Let f € Vect(M x S1). If w; is a bounded Lyapunov form with
respect to f, then I # 0 and there exists ¢ > 0 such that

% w > te,
Tt

for all v € Sp(M x S') and t > 0 (*°). In particular, there exists T > 0 such
that

j{ wp > 2(wll| + M,,),
YT
for all v € Sp(M x S').

PROOF. Let ¢ > 0 be such that (w;(x), f(x)) > ¢ for all x € M x S. Fix
v € S§(M x S'). Then
t t t
o= [t s = [ ds> [eds=te
Tt
for any ¢ > 0. Now we are going to show that [ # 0. To this aim, assume on the
contrary that [ = 0. Then

k1
wi(z) = we(x) = Z a;(z) dz’,
i=1
where a;: M x ST — R are functions of class C2. Since w; is an exact form, there
exists a differentiable function g: M x S! — R such that

dg(z) _
82171' _al(x>

(?) Recall that a compact set K C R™ is said to be asymptotically stable if K is stable (i.e.
for every neighbourhood V of K, there exists a neighbourhood V' of K such that IT¢ (V' x{t}) C
V for all t > 0, where II; denotes a flow generated by f) and attracts points locally (i.e. there
exists a neighbourhood W of K such that K attracts each point in W).

(19) Given v € Sy (M x S1), by v we will denote the restriction of 7 to [0, ¢].
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for i = 1,... ,k+ 1 and there exists M, > 0 such that |g(z)| < M, for all
x € M x S'. Finally, one has

(5.5) te < jé oy = / n(e(s)), 30 (5)) ds = / e (e()), () ds
-[ (§ai<w<s>wti(s>) ws= [ (kj L () o)) s

— /Ot MdS = g('%&(t)) o g('Yt(O)) < 2Mw

ds

Hence we get that tc < 2M,, for all ¢ > 0, which implies that ¢ < 0. This
contradicts the fact that ¢ > 0. Finally, it is easy to that there exists 7' > 0 such
that T'e > 2(w|l| + M,,). This completes the proof. O

LEMMA 5.9. Ifw: M x St — T(M x SYH)* is a closed one-form, then there
erists | € R such that w = wy. If additionally w; is a bounded Lyapunov form
with respect to f € Vect(M x SY), then | # 0.

PrOOF. This follows from the fact that H}(M x S';R) ~ R, where H}(M x
S1:R) denotes de Rham cohomology group with coefficients in R (11). Finally,
Lemma 5.8 implies that [ # 0, which completes the proof. |

REMARK 5.10. From now on we will say that a closed one-form w: M x S —
T(M x S')* is bounded if the corresponding one-form w; is bounded.

THEOREM 5.11. Assume that f € Vect.(M x St) is bounded. If there exists
a bounded Lyapunov form w: M x St — T(M x S*)* for f, then problem (P)
admits a solution which generates w1 (M x S1).

PROOF. Let f M x R — R be a lift of f. Lemma 5.9 implies that there
exists a closed one-form w; such that w = w; and [ # 0. Without loss of generality
we can assume that [ > 0 (see Remark 4.16). From Lemma 5.8 it follows that
there exists 7" > 0 such that

7{ wp > 2(7Tl + ]\4“,)7
yr

for all v € Sy(M x {(1,0)}), where ¢ denotes the restriction of v to [0,T]. Fix
v € Sp(M x {(1,0)}). Let ¥ € S(M x {0}) be a lift of , i.e. satisfying the
)o7.

condition v = (id x p Now, reasoning as in (5.2) and (5.5), we obtain

2(nl + M,,) <7{ wl:% we—i—l% wgt
YT T T

=g (T)) — g(vr(0)) + Yy 1 (T) < 2Myy + 41 (T).

(1) A different proof can be found in [9)].
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Thus 27 < Ax+1(T) and, consequently, we get that ¥(T) € M x (27, 00). There-
fore f satisfies the condition (4.6). Consequently, our conclusion follows directly
from Theorem 4.16, which completes the proof. O

In particular, we get following corollary which has been proved in [9] and [11].

COROLLARY 5.12. If f € Vect(D,(0,1) x S') and there exists a Lyapunov
form w: D, (0,1) x ST — T(D,(0,1) x SY)* for f, then there exists a nontrivial
and noncontractible periodic orbit in D, (0,1) x S*, where n > 1.

However, if n = 1, then we have the following stronger result:

THEOREM 5.13 (Poincaré-Bendixson). Assume that N C R? is diffeomor-
phic to D1(0,1) x S*. Let f: N — R? be of class C*' pointing inward on bd N.
If f has no equilibria, then f has a periodic orbit which is not contractible in N .

FIGURE 7. An illustration of Poincaré—Bendixson theorem

Unfortunately the above result is not true in higher dimensions without ad-
ditional assumptions. Namely, F.B. Fuller [17] has constructed a nonvanishing
vector field f € Vect(D2(0,1) x S!) which has no periodic and noncontractible
trajectory in the torus D2 (0,1) x S* (see [17]). Briefly speaking, his construction
(see Figure 8) has the property that any trajectory starting from the section S;
is attracting by the section So which in turn implies that such a trajectory does
not reach the area between two sections S; and So, and therefore there exists no
closed trajectory generating 71 (D2(0,1) x S1). It is a main reason why we have
to assume the existence of a Lyapunov form on M x S'. However, it should be
noted that in this case there are closed and contractible trajectories. Namely,
they appear only in Section Ss.

It should be noted that the problem (P) defined on M x S* (where M is
assumed to be a manifold of class C?) can be considered on any manifold N
which is diffeomorphic to M x S'. For example M x S' can be diffeomorphic to
the space drawn on Figures 6, 8 and 9.
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S] Sz

FIGURE 8. Fuller’s construction

REMARK 5.14. Consider f: N — T'N and a closed one-form w: N — T N*.
Assume additionally that h: M x St — N is a diffeomorphism (!?) between two
manifolds N and M x S'. Then the following two diagrams:

ngl—£—>T(M><Sl) M x S =2 5 T(M x SY)*
hl TD(hl) hl T(Dh)*
N————1TN N————TN*

induce f and @, where Dh (resp. D(h™1)) stands for the derivative map of h
(resp. h=1). Another words, @ is the pull-back of a differential form w, i.e.
w = h*w. Moreover, one has

(@(2), f(2)) = {(Dh)* (w(h(2))), D(A~1)(f(h(2))))
(h(x)), D (D(h~")(f(
(h(2)), f(h(2))) =

for x € M x S* and y = h(z) € N. Hence we infer that w is a Lyapunov form

(w

(w

if and only if @ is a Lyapunov form. Furthermore, it is not hard to see that
v € SF(M x S if and only if hoy € S;(N) and f € Vect.(M x ') if and only
if f € Vect (V). Finally, we will say that w: N — TN* is a bounded one-form if
the pull-back h*w is a bounded one-form.

Thus, from Remark 5.14 and Theorem 5.11 we get the following corollary.

COROLLARY 5.15. Let h: M x S' — N be a diffeomorphism and let f €
Vect.(N) be bounded. If there exists a bounded Lyapunov form w:N — TN*
for f, then there exists a nontrivial and noncontractible periodic orbit in N.

Now we would like to provide some examples illustrating our results presented
in this article. In addition, the first example shows how one can follow in other
cases in order to find a closed trajectory.

(12) By a diffeomorphism between X and Y we will understand a homeomorphism h: X —Y
such that h and h~! are of class C?.
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EXAMPLE 5.16. Consider the following system of differential equations on N
(see Figure 9):

T = _ygl(xvyVZ) "’11792(177%2')7
(56) y = Zg1 (xvya Z) + ng(x7y7 Z),
i =a(z,y,2),

where g1: N — R, go: N — R and a: N — R are continuous and bounded and
satisfy the following conditions:

e there exists ¢; > 0 such that a(z,y,2) < 0 for (z,y,2) € N with 2z > ¢;
and there exists ¢o < 0 such that a(x,y,z) > 0 for (z,y,2) € N with
z < co;

o go(w,y,2) >0 for (z,y,2) € N with 22 + 4% =72 and go(z,y,2) < 0 for
(r,y,2) € N with 22 + y* = R?,

e there exists m > 0 such that ¢1(z,y,2) > m for all (z,y,2) € N.

attractor \—/

FIGURE 9. N := {(z,y,2) € R3 | r2 <22 +y?> < R?, 2 € R}

Let f: N — R3 be given by

f(xv Y, Z) = (_ygl($7 Y, Z) + JZgQ(JZ, Y, Z), 5891(55, Y, Z) + ygz(x, Y, Z)7 a(x, Y, Z));
where N is defined as follows: let w: N — T'N* be a closed one-form defined by

—ydr + xdy
w(z,y,z) = T 222

0dz.
Then

(w(z,y,2), f(z,y,2)) = q1(z,y,2) >m >0, forall (z,y,2) € N.
It is easy to see that if h: M x S' — N is a diffeomorphism given by

h(zx, z,a) = (x cos(a), z sin(w), 2),
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where M = [r, R] x R and S = [0,27]/{0, 27} (we identify 0 with 27), then

—yd d
pe( ZYertdy N L g1
2 4 y?
Thus w is a bounded Lyapunov form. Now we will show that f € Vect(N). For
this purpose it suffices to show that f points inward on the boundary of N. But

this holds if and only if the following two inequalities are satisfied:

<(f1($,y72)7f2($,y,2>>, (x,y)) >0 (resp. < 0)

ifx2—|—y2:r2

(resp. #* + y* = R?).
Since

<(f1($,y72)7f2($,y72))7 ($,y)>
= ((~ygi(2,y,2) + xg2(2, 9y, 2), g1 (7, Y, 2) + yga(z,y, 2)) , (x,9))
= (12 + y2)gg(x,y,z),
it follows that the above inequalities hold true. Now we will show that
No :={(z,y,2) E N|ca<z< 1}

is a compact attractor for f (see Figure 9). First of all, since the vector field
f is tangent on the set Ny, i.e. f(z,y,2) € Tn,(z,y,2), it follows that Ny is
positively invariant with respect to a set-valued semiflow generated by (5.6).
Furthermore, for any trajectory [0,00) > ¢t — (z(t),y(t), 2(t)) starting from
a point (x, Yo, 20) € N — Ny there exists to > 0 such that (x(to),y(to), 2(to)) €
Ny. To this aim, suppose on the contrary, that (z(¢),y(t),z(t)) & No for all
t>0. Let L: N — R be given by L(z,y, z) = z2. Then a function [0, 00) > t ——
L(z(t),y(t), 2(t)) is absolute continuous and hence the derivative of + exists for
almost all ¢ > 0. It is easy to see that if 4(¢) exists, then

(5.7) V() = 2z(t)a(x(t), y(t), 2(t)) < 0.

Consequently, the function L is nonincreasing along the trajectory . Hence if
t > s, then

(5.8) 2(t)* = L(x(t),y(t), 2(t) < L(x(s),y(s), 2(s)) = 2(5)%,

t—o0

which implies that |z(t)] ——— ¢. There are two possibilities:

(i) #(t) > ¢1 forall t > 0, or
(i) z(t) < ¢ for all ¢ > 0.

It suffices to consider the first case (in the second case the reasoning is similar).
In the case (i) we have z(t) ——>% ¢ > ¢;. Then

(@(t),y(t), 2(1)) € Ney :={(z,y,2) € N [ er <[2] < 20},
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for all t > 0. Let M, := ( nglXN ax,y,z) < 0. Hence §(t) < 2z0M,, < 0, for
z,Y,2)ENcy

almost all £ > 0. Now taking into account the Fundamental Theorem of Calculus
for absolute continuous functions we obtain

L(a(0).5(0),2(0) = Liaosso 0) = [ TL((9).0(5), () s

t t
= / J(s)ds < / 220M, ds < 2tzo M, .
0 0

Consequently,
(5.9) L(z(t),y(t), 2(t)) < L(xo, Yo, 20) + 2tzo M.

This follows that there exists ¢o > 0 such that L(xg, yo, 20) + 2toz0 M, < 0 and
hence we deduce that L(x(tg),y(to), 2(to)) < 0, which contradicts the fact that
the function L is nonnegative. Now we are to prove that for every (zo, yo,20) € N
one has

(5.10) dir(TL¢ (20, Yo, 20), t), No) — 0.
First, observe that if (xo,y0,20) € No, then any v € Sy(zo,yo,20) satisfies
the following condition: ~(¢t) € Ny for all ¢ > 0. Consequently, we deduce
that dg (ILf((zo, Yo, 20),t), No) = 0 for all ¢ > 0. On the other hand, since
L is always nonincreasing along each part of the trajectory of (5.6) included
in N — Ny, we infer that if (xo,y0,20) € N — Np, then there exists to > 0
(depending on (o, yo, 20) € N —Np) such that y(t) € Ny for all v € S¢(zo, o, 20)
and t > ¢y (for instance, if zg > ¢1, then, in view of (5.9), it suffices to put
to == (25 — 1) /(220| My,]|), which implies that dg (XL ((z0,v0, 20),t), No) = 0 for
all ¢ > ¢o. This proves (5.10).

Consequently, we have proved that Ny is an attractor for f. Finally, Corol-
lary 5.15 implies that there exists a nontrivial periodic orbit. Since the space Ny
is an attractor for f, it follows that a periodic orbit is contained in Ng.

EXAMPLE 5.17. In particular one can consider the following system of dif-
ferential equations:
i =—y+az(l-2"-2°,
g=z+y(l—a®-2y%),
z = —2sign(2)/|2| + 2% — y4,
where N := {(z,y,2) e R? | 47! <22 +y? <4, 2 € R} and w: N — TN* is
defined by

_ —ydz+ady B

(5.11) w(z,y,z) = PR 0dz.
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Thus, reasoning as in the previous example, we deduce that there exists a non-
trivial periodic orbit in N.

EXAMPLE 5.18. Consider the following system of differential equations on V:

&= —ygi(x,y, 2) + 2g2(x, y, 2),
y = Zg1 (CE, Y, Z) + ng(xv Y, Z),
zZ= (gl(xvywz) - d)(22 + 1)7
where N = {(z,9,2) e R® | 2 <22 + 4> < R*},0<r < R, g1: N — R and
g2: N — R are continuous and bounded and satisfy the following conditions:
o gi1(x,y,2)<dif 2>c; and ¢1(z,y,2)>d if z<—co, where ¢1,c2,d>0;
o go(w,y,2) >0 for (z,y,2) € N with 22 + y? = r%;
e go(z,y,2) <O for (x,y,2) € N with 22 + y* = R%

In this example we define w: N — T'N* as follows:

_ —ydr+axdy 1

b 9 - - d.
w(z,y,2) 2+ 32 1+ 22 i

Then (w(x,y, 2), f(z,y,2)) = d > 0, where

f($7y,2> = (—ygl(x,y7z)+xgg(x,y7z)7xg1(x,y,z)-i-ygg(x,y,z),gl(x,y,z) _d)
Notice that a one-form wg: N — T'N* given by

_ —ydx+axdy B

WO(xvyVZ) - 72 +y2 0dz

does not work in this case because

(wo(x,y, Z), f(x,y7z)) =0 (x,y, Z)

and g;(z,y, z) can take the value zero for some (z,y,2) € N. Let h: M x ST — N
be a diffeomorphism as in Example 5.16. Then

1

h*w:da—H_—ZQ

dz = wgt + we,

where wg1 (7, 2, @) = da and we(z, 2,a) = (=1)/(1 + 22)dz. Since

1 d(arctan(z))

1422 dz

and arctan(z) is bounded, it follows that w is a bounded one-form (see Re-
mark 5.14). Now following Example 5.16 one can prove that f € Vect.(N).
Thus from Corollary 5.15 we deduce that there exists a nontrivial periodic orbit
in N which generates m (V).
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6. Comments

In this section we will make some comments about possible extensions and
applications of the results obtained in this paper.

e The methods presented in Section 2 suggests that one can obtain an
extension of the well-known Wazewski principle to some cases in which
not all egress points are strict egress points (see a survey paper on the
Wazewski retract method [19] and Introduction in this paper).

e By using the standard methods from the theory of set-valued maps one
can extend all results obtained in this paper to the case of differential
inclusions (see [21]).

e Example 5.6 suggests that the technique of Lyapunov forms can be
applied in the mathematical theory of persistence (see [38]).

7. Appendix

In the last section we have collected some definitions and facts from the
theory of weighted maps which are used in this article. For more information
about this class of set-valued maps we refer the reader to the textbook [35] and
the papers [11], [26]-[29], [32], [24], [25].

From now on we will assume the all considered spaces are connected ANRs.
Given a map ®: (X, Xo) — (Y, Y)) we denote by @x: X — Y and ®x,: Xo — Yo
the evident maps defined by ® (if X = (), then we will identify ®x with ®).

We put (13):

W((X, Xo0), (Y, Y))) :={¥: (X, Xo) — (Y,Yp) | ¥ is a weighted carrier
with I, () # 0},

Aw (3, X0), (¥ Y0)) 1= {¥ € W((X, Xo). (Y, Y0)) | Hu( (@) ©) =0

forall k > 1 forall z € X},

C((X, Xo), (Y, Yo)) = {/: (X, Xo) — (Y. Yo) | / is continuous
with L,(f) =1},

CAW(Xv XO) = {(I) | ¢ = f © \Ijv f € C((K }/0)7 (Xv XO))v

U € Aw ((X, Xo), (Y, Y0))}-

DEFINITION 7.1. Let U: X — Y and id: Z — Z be two weighted carriers.
Let (z,z) € X x Z be an arbitrary point and let U be an open subset of Y x Z

such that (¥(z) x id(z)) NbdU = 0. Then Iy D(V x id) — Q is defined as
follows

(71) leoc(\ll X id7U7 ($7Z)) = wloc(\ll7pr(Uz>7x> (14)7

(13) If Xo = 0, then we will write CAy (X) instead of CAy (X, Xo) and so on.
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where U, :=UN (Y x {z}).

REMARK 7.2. Let us observe that pr(U,) is an open subset of a space Y.
Moreover, since

(¥(z) x {z})Nbd (pr(U.)) =0 and bdy U, C bdU,
we conclude that (¥(z) x {z}) Nbdy (.} U. = ). Hence,
U(z) Nbd (pr(U2)) =pr(¥(z) x {z}) Npr(bdy (1 Uz)
=pr((¥(x) x {z}) Nbdyx:3Uz) = 0.
Consequently, the right-hand side of (7.1) is well-defined.

PROPOSITION 7.3. Let U: X — Y and id: Z — Z be two weighted carriers.
Then a function Iyoc: D(¥ x id) — Q defined as in (7.1) satisfies all the condi-
tions of Definition 3.1. In particular, if X is connected, then I,(¥ xid) = I, ().

PROOF. Let (z,%2) € X x Z and let U be an open subset of ¥ x Z with
(U(x) xid(z)) NbdU = 0.
Ezistence. Assume that Iyioc (¥ xid, U, (x, z)) # 0. Then, by (7.1), we obtain
leoc(\ll7 pr(UZ>7 Z’) # 0.
Consequently, ¥(z) Npr(U,) # 0 and
0 # (¥(z) xid(z)) N (pr(U;) xid(z)) = (¥(z) xid(2))NU, C (¥(z) xid(z))NT,

as required.
Local invariance. Let

(T(z) x id(2)) U = Fy x {z},  (¥(z) x id(2)) N (X x Y)\T) = F’ x {z}.

Then F, U F. = ¥(z) and F, N F., = (. Moreover, the compactness of F, and
F! implies that there exist open subsets V.,V C Y and V, C Z such that

(7.2) F, x{z}CcV,xV,CU,

(7.3) Flx{z}cV/xV,c(Y xZ)\U.

Since ¥ x id is usc, it follows that there exist open sets W, and W, such that
(7.4) x €Wy zeW,, ¥(T)xid(2) CVyx V.UV xV,,

for all (Z,2) € W, x W,. In addition, from the local invariance property of Iyioc
for U it follows that there exists an open neighbourhood B(z,¢) of a point x
such that

(7.5) Tyioc(V, pr(U,), ) = Lioc (¥, pr(U,), 2),

(%) In this section by pr we denote the projection of the Cartesian product of two spaces
on the first factor.



46 R. SKiBA
for all € B(x,¢). Now we will show that the following equality holds
Tyoc (¥ x id, U, (7, 2)) = Iyioc (¥ x id, U, (7, 2)).

for all (z,2) € (B(z,e) N W,) x W,. For this purpose, fix a point (z,z) €
(B(x,e) N W) x W,. Then, taking into account (7.2)—(7.4), we obtain

=

) x {z}H)NU, = (P(z) x {z}H)N(UNY x{z}) C V. x{z} CU,,
(7.7) (¥(@) x {z})NUz = (¥(@) x {ZH) N (U N (Y x {z})) C Vo x {z} C Uz,

where U, =U N (Y x {z}) and U; = U N (Y x {Z}). Consequently,

Hence from the excision property of Iyio for ¥ it follows that
(78) leoc (\117 pr(Uz)7 f) == WlOC(\Il7 Vza i) - wloc(\Ija pr(UE)a i)

Finally,

7.5

leoc(\ll X 1d7 Ua (.’L’, Z)) = wloc(qjapr(UZ>7x> (:) wloc(qjapr(UZ%%)
(7.8) I

wloc(qja pr(UE>7 %) = wloc(\Il X 1d7 U7 (57 g))a

as desired. i
Additivity. Let ¥(x) x id(z)NU C |J U* C U, where U?, for i = 1,... ,k,
i=1
are open subsets of U and U* N U’ = () for i # j. Since

k
U(z) Npr(Us) = pr((¥(w) x {z}) N U.) € | pr(UY) C pr(U2),

i=1
we deduce from the additivity property of Iyioc for ¥ that
leoc(\ll X 1d7 U7 ($7 Z)) = wloc(\Ijv pr(Uz)v $)

k k

= Tnoe(¥,pr(Ul),2) = > Lyioc(¥ x id, U7, (x, 2)),
=1 i=1

as required. Finally, let us observe that
I, (U X id) = Iioe (¥ X id,Y X Z, (2, 2)) = Lyioc(V, Y, 2) = I, (V),

which completes the proof. O
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DEFINITION 7.4. An usc set-valued map ®: X —o Y is called locally com-
pact provided each x € X has a neighbourhood U, such that the restriction
U|U,: U, — Y is compact.

DEFINITION 7.5. Let ®: X — X be locally compact. We say that

(a) ® has a compact attractor provided there exists a compact set K C X
such that for every open neighbourhood U of K in X and for every
x € X there exists a natural number n, such that ®"(x) C U for every
n > Ng.

(b) @ is called a compact absorbing contraction if there exists an open subset
X of X satisfying: (1) ®(Xo) C Xo, (2) ®|Xo: Xo —o Xp is a compact
map, (3) for every z € X there exists n, such that ®"=(z) C X, (written
® € CAC(X, Xy))-

LEMMA 7.6 (see [21, Chapter IV]). If ®: X — X has a compact attractor,
then ® is a compact absorbing contraction.

Notice that for any map ® € CAC(X, Xo) NCAw (X, Xo), using the methods
developed in [35], one can define the Lefschetz numbers A(®), A(Px), A(Px,) €
Q which have all the expected properties of the Lefschetz number for single-
valued maps (see [35, Chapter 4], [29] and [22, Chapter V]). In particular, if X
is a contractible ANR and ® € CAC(X, Xy) N CAw (X, Xo), then

(7.9) A(®) =0 and A(®x)=A(Px,) = L,(Px) # 0.

The proof of this fact is analogous as in the case of single-valued maps (see [22,
Chapter V] for single-valued maps).

THEOREM 7.7 ([35, Corollary 4.5.17]). If X is an ANR and ® € CAw(X)
is compact with A(®) # 0, then Fix(®) # 0.

The above theorem can be extended to the case when @ is not compact.
THEOREM 7.8. If X is a contractible ANR and
® € CAC(X, Xy) N CAw (X, Xp),
then Fix(®) # 0.
Proor. It follows directly from (7.9) and Theorem 7.7. O
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