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RATE OF CONVERGENCE OF GLOBAL ATTRACTORS
OF SOME PERTURBED REACTION-DIFFUSION PROBLEMS

JosE M. ARRIETA — FLANK D.M. BEZERRA — ALEXANDRE N. CARVALHO

ABSTRACT. In this paper we treat the problem of the rate of convergence
of attractors of dynamical systems for some autonomous semilinear par-
abolic problems. We consider a prototype problem, where the diffusion
ao(+) of a reaction-diffusion equation in a bounded domain Q is perturbed
to as(-). We show that the equilibria and the local unstable manifolds
of the perturbed problem are at a distance given by the order of ||as —ao||oc-
Moreover, the perturbed nonlinear semigroups are at a distance ||as —aol|%,
with 6 < 1 but arbitrarily close to 1. Nevertheless, we can only prove that
the distance of attractors is of order [|as — CL0||’§<> for some 8 < 1, which
depends on some other parameters of the problem and may be significantly
smaller than 1. We also show how this technique can be applied to other
more complicated problems.

1. Introduction

As a sequel of the studies carried out for last forty years on attractors for
dissipative dynamical systems in infinite dimensional spaces, we investigate the
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rate of convergence of the attractors of some gradient problems under (singular)
perturbation. This is done using the work of [10], [11] on regular attractor or
its extensions in [14]. Our aim is to obtain the rate of convergence of attractors
in terms of the rate of convergence of the semigroups and the later in terms
of the parameters in the corresponding models.

Consider the prototype semilinear parabolic problems of the form

uj —div(a:(z)Vu®) = f(u®), 2€Q, t>0,
(1.1) uf(t,z) =0, x €I t>0,

u®(0,2) = uf(x),

where Q@ ¢ RN, N > 2, is a bounded smooth domain, ¢ € [0,1] is a parameter
and f:R — R is continuously differentiable and is a dissipative nonlinearity;
that is

(1.2) limsupﬁ <0.

|s|—=+o0 S

The parameter e represents the fact that, as € goes to zero, the diffusivity a.
converges to ag uniformly in . With this, the difference ||a. — ag||oo Will be our
measure for the study of proximity between the perturbed and limit attractor.

The analysis will be carried out for the model problem (1.1) but it applies
to many other (singular) perturbation problems as seen in Section 8. Such type
of problems have been considered in [20], where the author studies the linear
theory, in [8], where the authors study the upper semicontinuity of attractors,
and in [13], where the lower semicontinuity of attractors is proved. In none
of these cases the authors are concerned with the rate at which the attractors
approach one another. This is the aim of our work.

In appropriate functional spaces, we will see that problem (1.1) can be writ-
ten as

u; + Acu® = fo(u®), t>0,
13) { ; f(uf)

u’ (0) = ug,
where f. also denotes the Nemyt’skii operator associated to f, 0 <e < 1.

DEFINITION 1.1. The equilibrium solutions of (1.3) are the solutions which
are independent of time; that is, the solutions of the elliptic problems

(1.4) Acuf — f(u¥) =0, e€][0,1].

Denote by & the set of solutions to (1.4), € € [0, 1].
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DEFINITION 1.2. We say that an equilibrium «£ of (1.3) is hyperbolic if the
spectrum o(A: — fL(ug)) of A. — fL(ug) is disjoint from the imaginary axis.

Now we are prepared to describe the program that we will follow to prove

the continuity with rate of the attractors. It is divided in seven parts as follows:

(1)

(2)

First we study the rate of convergence of AZ! to Ay'. This step defines
the parameter that will be used for the study of the rate of convergence
of the the nonlinear dynamics of (1.3);

We use the information obtained in (1) to study the rate of convergence
of the resolvent operators (A + A.)~! to (A + Ag)~! (in some sector).
We also show the rate of convergence of the resolvent for operators
of the form A\ 4+ A, + Vj and of the form A\ + A. 4+ V., where V.,V are
potentials and V. converges to V with rate equal to the one obtained
for the convergence of AZ! to Aj*;

With the convergence of the resolvent operators we will prove the rate
of convergence of the equilibrium points. Writing the stationary prob-
lems as a fixed point problem; that is, u. is an equilibrium for (1.3) if
and only if u. = AZ!f.(u.) (respectively, ug = Aalfo(uo)) we obtain
the convergence of equilibria from the convergence of resolvents;

From the convergence of resolvent operators (A + A.)~! to (A + Ag)~*

with rate, we show the convergence of the linear semigroups e~ “<?

Aot with rate. Using the wariation of constants formula we show

to e”
the convergence of nonlinear semigroups with rate;

We show the rate of convergence of equilibria assuming hyperbolicity
of the limiting equilibria;

Using that the local unstable manifold is given as a graph we show the
rate of convergence of the local unstable manifolds;

Using the results in [10], [17], we obtain uniform exponential attraction

and rate of convergence for the attractors.

Variants of this agenda have been proved to be successful when addressing the

continuity of attractors in different examples of singularly perturbed problems.

Here, there are some important additions to consider the continuity with rate

at each step. One very important step is the continuity with rate of equilibria

which will lead to the continuity with rate of the resolvents of the linearized

operators, linearized semigroups and local unstable manifolds.

We remark that the rate of convergence (and attraction) of local unstable

manifolds is a lot better than the rate of convergence (and attraction) of the

global attractors. An important open question is to establish when it is possible

to obtain rates of convergence (attraction) for the global attractor which are

the same as the rate of convergence (attraction) of the local unstable manifolds,

see [9] for some results in this direction.
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This paper is organized as follows. In Section 2 we state the main result
of the paper; in Section 3 we study the convergence of the operators AZ! to Ay L
in Section 4 we study the convergence or equilibria; in Section 5 we study some
important properties of the Nemytskii operators f¢: Hi(2) — L?(£2) involved
and the convergence of linearizations of the operators A, + (€)' (us) when u.
converges to ug in Hg(£2); in Section 6 we study the rate of convergence of equi-
libria and, finally, in Section 7 we study the rate of convergence and attraction
of local unstable manifolds of equilibria.

2. Statement of the results

Let us consider (1.1) and assume that a.:Q C RY — R is a bounded function
in Q, satisfying 0 < mg < a.(z) < My, for all z € Q and 0 < € < gg. Define the
operator A.: D(A.) C L*() — L?(2) by

Acu = —div(as(x)Vu), u € D(AL)
where D(A.) := {u € H (Q) : —div(a.(x)Vu) € L*(R2), u =0 on 9Q}.

It is well known that A. is positive selfadjoint operator with compact resolvent,
€ € [0,e0]. Hence, we can define the fractional power spaces X2 associated with
the operators A., € € [0,50] and 0 < o < 1, where X0 = L?3(Q), X! = D(A.)
and X/* = HY(Q) with the inner product

(@) m1(0) iz/Qag(x)quvwda:.

From the bounds of a. stated above, the norm associated to all of these inner
products are all uniformly equivalent to the standard H} () norm

1/2
el gy = ( /Q |Vu|2d:c)

which is the one we will be using. Also note that if a. is smooth then X! =
D(A:) = H2(Q) N H (), although for general a. € L>°(Q) this characterization
of D(A¢) does not hold.

Denote by {e4<* : t > 0} the analytic semigroup generated by —A., 0 <
e < 1. The following holds:

He_AEtHg(Xg)Xg) < Cta_ﬁe_Wta t >0,

C
A A7 < reyxy
(2.1) A+ A) " le@e@) < Tk € 2y,
C
—1
(A + Ae) Hz:(Hg(sz)) §m> A€ Xy,

for constants C' > 1 and w > 0 independent of ¢.
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Now we give conditions under which the problem (1.3) is locally well posed.
To that end we must impose some growth restrictions on f. In fact, we assume
that, if N = 2, for every n > 0 there is ¢,, > 0 such that

[f(u) = f(v)| < ¢y (e”‘“|2 + e"‘”|2> lu—v|, forallu,veR
and if N > 3, there is a p < 4/(N —2) and a constant ¢ = ¢(p) > 0 such that
If(uw) = f(v)] < cu—v|(Ju]” + v +1), forall u,veR.

We remark that, if the coefficient a. is smooth p can be taken equal to 4/(N —2).

Under these assumptions problem (1.3), € € [0,¢¢] is locally well posed in
H}(2) (see [1], [6]). Moreover, under standard dissipative conditions like (1.2),
we have that solutions are globally defined. That is, for any u§ € H}(Q) and
e € [0,&0], there is a unique u®(-,u§) € C([0,00), H}(Q)) N C1((0,00), H}(Q))
with u®(t,uf) € D(A.) for all t > 0 which satisfies (1.3) (see [1]) and

t
u(t, ug) :e’AEtung/ e~ At=3) fe(u(s,ug))ds, t>0.
0

Therefore, we can define in H} (2) the semigroup {T.(¢) : t > 0} associated with
(1.3) by T-(t)u§ = u®(t,uf), t > 0. To simplify the notation we will denote the
solution (¢, ud) by u(t, ug).

The existence of attractors and uniform bounds for semigroups {7.(¢) : ¢t > 0}
associated with (1.3), € € [0, 0], are also established in [7]. In fact we have

THEOREM 2.1. The semigroup {T.(t) : t > 0} associated with (1.3), € €
[0, 0], has a global attractor A. in HZ(S). Furthermore

sup  sup [|w| g <oo  and sup  sup ||w||geq) < 00.
e€[0,e0) wEAL e€[0,e0) wWEA.

Once the uniform bound in L () for the attractors has been obtained, we
may perform a cutoff to the nonlinerity so that the new nonlinearity is globally
Lipschitz and globally bounded with bounded derivatives up to second order
(in particular the dissipativity condition (1.2) also holds for the new nonlineari-
ty), it coincides with the original one in a L*°-neighbourhood of all the attractors
and is strictly dissipative outside this neighbourhood. This guarantees that the
system with the new nonlinearities have attractors which coincide exactly with
the original ones. With this in mind we can state one of the main results in this

paper.
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THEOREM 2.2. Let {T.(t) : t > 0} be the gradient nonlinear semigroup
associated with (1.3) and let A. C H}(Q) be its global attractor, € € [0,1]. Then,
there is a g > 0 such that:

(i) For each 0 < 0 < 1/2, there are constants L > 0 and ¢ > 0 such that
(2.2) [T:(Ouv® — To()ull gy o) < cel 71220 (||yf — ull g o) + llae — ao|22),

for allt >0, e € [0,e0].

(ii) If all equilibrium points & = {ul®,... u°} of (1.3) with e = 0 are
hyperbolic (hence there are only a finitely many of them), the semigroup
{To(t) : t > 0} has a set of exactly n equilibria, E = {us®,... ud<},
all of them hyperbolic, satisfying:

[ul® = ulll i) < Cllac — aglles,  1<i<m,

(iii) There is a 69 > 0 such that, if

Wi (ui®) = {w € W*(uz®) : [Jw — ui®|| g o) < do}

(here W*(ub®) denotes the unstable manifold of the equilibrium u’®),
there is a Cy > 0 such that for alli=1,... )n,

st (W (1), W3 (u2)) + dist (W (1), W3 (u2)) < Cipla: — o2

(iv) There is a 6y > 0, small enqugh, such that for each i = 1,... ,n and
each w € Hy(Q) with [|w — w®| g1 () < 01 we have
dist (T2 (t)w, Wy, (ub®)) < Me™ @) dist (T, (o) (w), W (ul))
as long as | T:(t)(w) — ui’EHHé(Q) < 81, where o1 > 0 and M < 1 are
independent of €.

In addition, there is a o € (0, 01] (in general strictly smaller than o1) such that
(a) Given B C H(Q) bounded, there is ¢ = ¢(B) > 0 such that
dist(T.(t)Bo, A:) < ce™ .
(b) There is ¢ > 0 such that

dist( Az, Ao) + dist(Ag, A:) < ¢|lac — ag|?0¢/(e+E)
where dist(A, B) := sup in]f3 2 — yllaa (o) is the Hausdorff semi-distance.
r€EAYE

Part (i) of Theorem 2.2 is proved in Theorem 5.2, part (ii) is proved in Theo-
rem 6.3, parts (iii) and (iv) are proved in Theorem 7.1. The remaining parts (a)
and (b) follow from part (i) and (iv) and from the results in and [10], [11], [14].
The constant ¢ can be any positive number smaller than the minimum, over all
equilibria, of the constant § in Theorem 7.1 and L is given in Theorem 2.2.
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3. Resolvent convergence

In this section we show the convergence of the resolvent operators A1 to
Ayt and we establish that the rate of this convergence is ||a. — ag||oo-

LEMMA 3.1. For f € L?(Q) and ¢ € [0,0], let u® solution of the problem:

{ —div(a.(x)Vu) = f, z€Q,

3.1
(3:1) u =0, x € 0f).

Then, there is a constant C, independent of £, such that ||u€HHé(Q) <Ol flle2),
(32) lu® —ull iz 0) < CllfllLze) - llas — aolloo

PROOF. Both conclusions of the lemma are easily obtained from the weak
formulation of (3.1). Recall that, u. € H{(f2) is weak solution for the prob-
lem (3.1) if and only if it satisfies the following identity:

(3.3) /Q a:Vu.Vodr = /Q fodr, forall ¢ € HY(R).

The function ¢ in (3.3) is called a test function.

The proof of the estimate ||u®||g1 (o) < C| fllz2(q) follows easily using u. as
test function in the weak formulation (3.3) of (3.1), noticing that 0 < mg < a.(z),
for all x € Q) and using Poincaré’s inequality.

Now we prove (3.2). Using u. — ug € H}(Q) twice as test functions in (3.1),
we obtain that

/ a:Vue(Vue — Vug) de = / flue — up) de,
Q Q

/ agVuo(Vue — Vug) dez = / fue —ug) dz.
Q Q

Subtracting these expressions we arrive at

/ a:Vue(Vue — Vug) de = / aoVug(Vue — Vug) dx
Q Q

which can be rewritten as

(3.4) /QaE|VuE — Vug|* dz = /Q(ao — ae)Vug(Vue — Vug) de.

From (3.4), it follows that

(3.5) Ve — Vo[22 () < mg ' llao — ac |l = (@) Vol 12(0) Ve = Vol 2o,

where we have used that 0 < mg < a.(z) for all z € Q. With the aid of Poincaré’s
inequality we obtain from (3.5) that

[ue = ol () < Cllao — ac | L= (@) | Vuol 2oy llue — uoll a1 (0-
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Using || Vugl| 20y < C|fllz2(0) we have that
[ue — uolla1() < Cllao — acllz= @)l fllz2(o)
and the result is proved. O
As an immediate corollary of the previous result, we can prove,

COROLLARY 3.2. The operators AZ1: L2(Q2) — H} (Q) are uniformly bounded,
converge in the uniform operator topology to ASI:LQ(Q) — H}(Q) and, for
0 S 3 S €0,

(3.6) 1A= ez, my ) < €
(3.7) 142" = Ag ez my@n < Clla = aoll o)

for a constant C' independent of €.

The uniform convergence of the operators imply the convergence of their
spectra (that is, eigenvalues and eigenfunctions). As a matter of fact, the fol-
lowing result holds (see [19] and also [16]),

ProrosiTION 3.3. The following statements hold:

(a) If po € o(—Ay), then exists a sequence £, — 0 and {p,}, with u, €
o(—A.,), n € N such that p, — po as n — oo;

(b) If for some sequences £, — 0 and p, — po as n — oo, with w, €
o(—Ae,), n €N, then g € o(—Ao);

(¢) If~ is a closed rectifiable simple curve with trace {y} contained in p(Ap),
there exists e > 0 such that {y} C p(A¢) for alle € (0,e,). Forpu ¢ {v}
define the spectral projection

Qe(i) = —— / (A + A)dA.

" 2mi
Clearly Q-(u) is compact and, consequently, rank(Q.(u)) < co. If u ¢
{7} and W(p,—A:) = Qo(p)(L*(2)), 0 < & < &, there exists €, €
(0,e4) such that dimW (p, —A.) =dimW (p, —Ap) for all 0 < e < ¢e,;
(d) Ifu € W, —Ao), there are sequences {e,,} with e,, ——— 0 and {u°"}

with ut» € W(uo, —A;,) such that u®» —— u;
(e) Suppose that u, € W(p,—Ac,) and |[un|r2() = 1 for each n € N. If

£n —20, then {un} has a convergent subsequence with limit belonging
to W(/J,(), —Ao).

In particular, since all operators are selfadjoint we have that o(A.) C (—o0, &
for some @ < 0 and in particular, the set X4 = {A € C: |arg \| < ¢}, ¢ € (7/2,7)
is contained in the resolvent set of A, for all € € [0,¢]. In particular, we have
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LEMMA 3.4. For each ¢ with m/2 < ¢ < m we have a constant C = C(¢)
such that

sup (e + A) ™" = (4 A0) 229, 2)) < Cllae — ao|oo-
HEXLG

PROOF. It is easy to see that
(h+A)™ = (u+A0) = (I = plp + A) ™A = AgH T — p(p + Ao) ™).

From this statement, Corollary 3.2 and (2.1), we easily can prove that there is a
constant C' > 0 (independent of € and of 1 € ¥y) such that

(s + A) ™ = (n+ A0) Ml eezz),mi ) < Cllas — aollso- U
The spectral projections behave continuously as seen in the following result

PROPOSITION 3.5. The family of operators Qc(uo): L*(2) — L?(Q) con-
verges uniformly to Qo(uo): L2(2) — L2(Q) as € — 0. Moreover,
1Q=(10) — Qo(ro)ll £z (), 12 () < Cllae — aollcos
[A=Qc (ko) — AoQo (ko) £(22(0), 1 (2)) < Cllas — aolloo
where C' > 0 independent of €.

PrROOF. Note that
1 _ _
Qo) = Qolio) = 5= [ 1A+ 497 = A+ Ag) 1]
i J,
and using Lemma 3.4, we obtain
1Q=(1o) — Qo(ko) |l £(L2(), 2 () < Cllas — aol[oo
which proves the result. O

If 140 is an isolated eigenvalue for Ay, we may define Q. (o) as above and it
follows from Proposition 3.3 that there is a p. which is an eigenvalue of A, such
that s ==, po- Hence Qc (o) = Qe (pe)-

From the convergence results above, it is easy to see that ||Q.(ue)Qo(io) —
Qo(po)|l < Cllae — aplleo and that Q(1e)Qo(po) is an isomorphism between

R(Qo(p0)) and R(Q:(pe)).

COROLLARY 3.6. If ). is an eigenvalue of Ac, 0 < e <eg and N(Ag— A) =
R(Qo(No)), then, for some C > 0,

|Ae — Ao| < Cllae — apl|oo-

PRrOOF. Using the comments preceding this corollary, the Proposition 3.5
and the above estimate, we have that, for each e suitably small, there exists
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ue € R(Qo), |luel] = 1 such that Q.u. is an eigenvector of A, associated to A.
and

|/\5 - )\0‘ < [ AQoue — )\EQEuEH + ||/\EQEUE - )\OQOUEHHé(Q) < CHaa - afOHoo- U

4. Rate of convergence of resolvents of linearized operators

In this section we obtain the rate of convergence of the resolvents of operators
which corresponds to linearizations of (1.3) arround equlibria. The next theorem
will be used for the convergence of equilibria of the problem (1.3) when ¢ — 0.
For this return to the nonlinearity f : R — R assume that f is C? bounded with
bounded derivatives up to second order.

LEMMA 4.1. Let u, € H}(Q), 0:Q — [0, 1] @ measurable function and § > 0,
then for any u,v € HY(Q) with ||u — Ul g1y < 0 and [|[u — ui| i) < 6 we
have:

Q3 2% 55(x) = f1(1— 0@)ulx) — O2)o(@)) — f/(ua(z) € R

verifies the properties: vs € L>(), v5 € L*(Q) with girré 1Vs5]lL2) = 0, and
therefore, s € LP(Q) with ;in(l) IVsllLe () = 0 for p € [1,00). Note that v;5 also

depends on the functions u and v.

PROOF. The properties of f ensure that v5 € L>®(Q) with ||7s]|cc < C, where
C > 0, independent of e, and therefore, 75 € LP(2) for all p € [1,00). Left us
shown that }i“% V5]l 22y = O.

For each z € Q, there is 0 < p(x) < 1 such that

161122 (0) = /Q /(1= 0(2))u(x) - O(z)o(x)) — f'(u(@))]* dz
<IL?% / [(1 = 0(2)u(z) — O(x)v(x) — u.(z)|* doz < QL?N(SQ,
Q

and therefore, giH(l) 7sll22¢2y = 0. The rest of the proof follows by Hélder’s
inequality. O

LEMMA 4.2. Denoting by f¢: H}(Q) — L%(Q)) the Nemyt skii map associated

to f; that is, f¢(u)(x) = f(u(z)), x € Q, then f° is Fréchet continuously differen-
1
tiable. Moreover, if u® o0 and 0 ¢ o(Ao— (f°) (u?)), then (f¢)' (u®)o AZ!

converges to (f¢) (u®) o Ag" in the uniform operator topology of L(L?*(Q)).

PrROOF. Using that H}(Q) — L?>*/(»=2)(Q), n > 3, and Hélder’s inequality
with exponents n/2 and n/(n — 2), for each x € €, there is 0 < §(z) < 1, such
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that

1£9(u) = £9(v) = (f9) (W) (u = 0)[Z20)

< < /Q |%,v(x)"dat)2/n( /Q () — v(z) 27/ =2 dx)(

<l Zn @yl = vllzzn/ -2 (0) < cllVuwllin@ e = vl @

n—2)/n

where v, (x) = f/(1—-0(z))u(z)+0(z)v(x))— f'(u(z)), ¢ > 0. Using Lemma 4.1
with u, = u,

o I72) = £20) = (1) () (= v) 200y

=0
6—0 llu — U||H3(Q)

and f: H}(Q) — L?() is Fréchet differentiable with
() (wo) (@)= f'(u(z))v(x), u € Hy(Q).

Let us prove now that (f¢)": H3(Q) — L(HZ(Q),L?(Q2)) is continuous. If

H(Q
Un Ho@) u, then

[(£9) (un) = (f) (wo)ll £z ), 2 ()

(

1/2

= sup < f’(un(l’))u(x)f'(uo(x))u(x)QdUE) :
w€H(Q) Q

flull=1

Since f” is bounded and H}(Q) — L?>"/("=2)(Q), Holder’s inequality with expo-
nent n/2 and n/(n — 2), implies

1" (un (- )ul) = f (o )u( ) Lr/m-2 )
= Cllun — uol| g2n/en-2 [l 2n/ -2 () < Cllun = woll mz ) llull a0 -

which implies the continuity. Also, since sup |f’(s)| < oo, we have that
seR

1CF9) (un)u = (£) (wo)ull L2n/ -2 () < Cllull g o)

The proof of continuous differentiability now follows by interpolation (for n = 3,4
the first estimate is sufficient, the last estimate is used for n > 4).

To show the last part of the lemma, assume it is not true. Then, there is
a sequence e, —— 0, § > 0, {v, } in L*() with ||v.,||r2() = 1 such that
1(f¢) (u)AZ e, — (f¢)(u®) Ay e, || > 6 and (using Corollary 3.2) |AZ e, —
Ao, | gy =2 0. That leads to a contradiction with the continuity that

0 VenllH(Q)

we have just proved. This completes the proof of the lemma. O
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LEMMA 4.3. Assume u. — ug in H} () and that 0 & o(Ag — f'(uo)). Then
there is a €9 > 0 such that, for any 0 < 0 < 1, the sequence of operators

{(A9)°(Ae = f'(u¥)) 71 0 < e < &0}
is uniformly bounded in L(L?*(Q)) and (A.)?(Ac — f'(u®)) ™! converges to
(A0)? (Ao — f'(u0)) ™!
in the uniform operator topology in L(L*(Q)).
PROOF. Note that A (A, — f'(uc))™! = AT — f'(uc)AZ1) ! and apply

Corollary 3.2 to conclude its continuity, for ¢ = 1,2. The proof now follows by
interpolation with the aid of Theorem 1.4.4 in [18]. O

5. Rate of convergence of the linear and nonlinear semigroups

Since the operators A., ¢ € [0, o] are selfadjoint and AZ! converges uniformly
to Agl, then for each a < MY, the first eigenvalue of Ag, there are £, > 0 and
M,, > 0, independent of € € [0,&,], such that

(5.1) le™ " ceraqoy @) < Mae™ 72, £>0, € €[0,4].

THEOREM 5.1. If0 < 0 <1/2 and o < A}, there exists Cy, > 0 such that

le™ A<t — e L2y i) < Cae™ *lac — ag)| 20t~/

for allt >0 and for all 0 < e < gg.

Proor. Considering the linear semigroup
1
e At = — [ et (u+ A)Hdp, 0<e<e,
271 T

where T is the boundary of sector X_, 4 = { € C : |arg(p + w)| < ¢} with
/2 < ¢ < 7 oriented in such a way that the imaginary part of p increases as p
runs in I'.

Follows (5.1) the estimative

(5.2) [le= — e_AUt”C(L?(Q),H[}(Q))
< e Nl eczaoy.my) + e oo, m) < Me 712,
On the other hand, using the Lemma 3.4, we have
(5.3) lle™4<" — e L r2(0),ma () < Ce™*lac — aglloot ™"
Interpolating the expressions (5.2) and (5.3) with 1 —26 and 26, respectively,

we have

e~ At — €_A°t||L(L2(Q),H3(Q)) < Ce||ac — ao||20t~1/270. U
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THEOREM 5.2. Let u®,u € H} () and 0 < 0 < 1/2, then there are positive
constants ¢ and L such that

1T () ~To(e)ull g ) < ce™ /2= ([u —ul gy o+ lac—aol| ) for all t > 0.

PROOF. For t >0, u.,u € HL(Q),

¢
T.(t)uf = e A<tuf + / e A=) f(T.(t)u) ds, 0<e< ey,
0

and we have that

IT=(t)u® = To(t)ul g o) < lle™ < u — e™ul| 3 (g

t
b [ e M ) e T 5y
0
From Theorem 5.1 and (5.1)

(5.4) lle™ " u —e~ % gy ) < M2 [uf ~ul gy ) +Cllaz—ao | 22t ~/2 77

and
t
/0 A<= (T (5)u) — e~ 40=5) £ (T ()0) | 3 ds
t
<ML, / (t = 5)" /26| T2 (s)u® — To(s)ull 3 s
0

t
+ Collax _a0||gg/ (= 5) V209 g
0

Consequently, from (5.4),
170 = To(®ull sy < Clu® — ulls o + llaz — aol[20)/2=0e=
+ MLy / (1 — 82 0 T s — Tols)ul gy ds
and using the singular Gronwall’s inequality (see [18, Chapter 07]), there is
a constant L > 0

ITe(t)u® — To(tyull o) < Ce"t2 (0 — ullmyo) + llae —aol|X). O

6. Rate of convergence of equilibria and of linearizations
We start proving the upper semicontinuity of the family of equilibria.

PROPOSITION 6.1. The family {E : € € [0,e0]} is upper semicontinuous
at € = 0.
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Proor. Note that & C A, and therefore
sup{||u5||Hé(Q) cuf €&, e€10,60]} < o0

and that f: H3(2) — L?(Q) is bounded. If u¢ € &, we have that u® = AZ! f(u)
and the result follows from the uniform convergence of A-! to Aj*. O

The proof of lower semicontinuity requires additional assumptions. We need
to assume that the equilibrium points of (1.3) are stable under perturbation.
This stability under perturbation will be given by the hyperbolicity.

PROPOSITION 6.2. If all equilibrium points of (1.3) are isolated, then there
are only a finite number of them. Any hyperbolic equilibrium point u* of (1.3) is
1solated.

PROOF. Since &, is compact we only need to prove that hyperbolic equilibria
are isolated. We note that u € &, is a solution of (1.4) if and only if u, is a fixed
point of

() = (Ao — /() (F) — F(u)u).
If we show that, for some § > 0, ¥: Bs(u,) — Bs(u,) is a contraction, where
Bs(uy) == {u € H} Q) : ||u— u*|| i < 6}, then w, is the only element
in Bs(us) N & and, consequently, isolated. In fact, let § > 0 and u,v € Bs(us),
using the Lemma 4.1, we have

W (u) = ¥ ()| g2y < Cllf(w) = f(v) = f(ue)(u = v)||L2(0)-

We remark that, from Lemma 4.3, C'is independent of ¢ for all € suitably small.
Now, note that

1F () — F(0) — F () — ) g
/m 2| (u(z) — v(@))[? d < [l

L™(Q) fu— 'U||2L2n/<n—2)
and

[9(w) = ¥()lla) <sllom@llu —vllpzn/m-2 @
< Cbllu — vl p2n/m-2 () < Cdllu — || g1 (-

Thus, choosing 0 such that C§ < 1/2, we have U is a contraction. Note that, if
v € Bs(ur), then [[¥(0) = 3@ = 1¥(0)~¥(w)llmy ey < elv—rw g < 0.
for some constant 0 < ¢ < 1, this shows that ¥(Bs(u.)) C Bs(us); that is, that
U has a unique fixed point in Bs(us,). O

We are going to study now the convergence properties of resolvent operators
of the form (A. + V2)~! to (Ag + Vo)1, where V. converges to Vj in a sense
to be specified. We need to perform this study since we want to compare the
resolvent operators of the linearization around equilibria.
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Having this in mind, let us consider the following setting for the potentials.
(H) V. € L*™(Q), 0 < ¢ < 1 potential which satisfy that |V.| < a for some
a > 0 and such that

Ve = Vollaz o) < llac — aollso-

The convergence of resolvents of A. + Vj follows from the convergence of resol-
vents of A. and the lemma below whose proof is immediate.

LEMMA 6.3. The operator A. + Vy, 0 < e < gq, satisfies the follows identity

(6.1) (Ac+ Vo)™t — (Ag + Vo)™t
=[I— (A + Vo) " VoJ(AZY — AgH[T — Vo(Ao + Vo)1)

‘We can show now

THEOREM 6.4. Let ul be a hyperbolic equilibrium of (1.3) with ¢ = 0 and
0¢ a(Aog—f'(u?)). Then, thereisz > 0 and § > 0 such that the problem (1.3) has

exactly one equilibrium solution u$ € Bs(u)) := {u € Hy(Q) : lu—ud| g1 () < 0}
for e € (0,2]. Furthermore, ||us — u2||H6(Q) < Cllas — aglloo for some C > 0.

PROOF. Note that the hyperbolicity of u! means that o(A. — f'(u?)) is
disjoint from the imaginary axis. Using Lemma 4.3 with § = 1/2 we obtain
M > 0 such that

1(Az = (D) Moy @) <M forall 0 <e <e.
Note that, u® is a solution of (1.4) if and only if u¢ is a fixed point of the map
w— Ve (w) = (A = f'(Wd) T (f (@) = f' (W)

From Lemma 4.3, AL (A.— f'(u?)) ! converges uniformly to Ay *(Ag—f'(u0)) =L
This implies that,

() — Wo(u), i H ().
since
Ve (u) = (Ae = f'(ud)TH(F(d) = f(ud)ul) = (Ae — f'(ud)) " (Ao — f'(ud))ul
and similarly Wo(u?) = (Ag — £/ (u?)) =1 (Ao — f(u))ul.

Now, we prove that there exists § > 0 and € € (0,¢¢] such that ¥, is con-
traction of Bj(u?) = {u € HA(Q) : |juf — u2||Hé(Q) < 4} into itself, uniformly
n (0,2]. First, we see that ¥, is a contraction map. For this, let u® and v in
Bj(u?) and note that

[We(u®) = We(0) g (o)
= [(Ae = f/(ud)) T f(u®) = f(0%) = f(ud) (@ =) g0
<A = @)) Mz @), my o 1F () = F(0°) = f/(u) (u = v%) 20
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and using Lemma 4.1 and Theorem 4.2, we obtain

[We(u®) = e (v) |z ) < Collu—vllgy(0)-
Thus, choosing § such that C'§ < 1/2, we obtain that ¥, is a contraction. To show
that W (B3(u?)) € Bj(ul), note that, if u € Bj(u?), then

1

[We(u®) — U2||H3(Q) < §||U6 - UQHH(}(Q) + ||‘I’5(UB) - UgHHg(Q)-

It follows from Lemma 4.3 that there exists € > 0 such that |V, (u?) —
uSHHé(Q) < §/2, and for any u¢ € Bj(u?), we have

19e (u®) = udl| 2oy < 0.

Thus, U.: By(u?) — Bj(u?) is a contraction, for any e € (0,&0]. Hence, there
exists a fixed point of ¥, in Bj(u?), which we shall call uS.
Finally, we estimate the distance u$ —u? in terms of the difference ||a. —ag||so-
Observe that u? = U_(u}) and uf = ¥o(ug). If we denote by Vo = f'(u?),
we have
luf = il < IH((Ae + Vo) ™" = (Ao + Vo) ™) (u) + Vous]
+ (Ao + Vo) THf(uS) = F(ul) + Volus — ud)]llm
<A + Vo)™ = (Ao + Vo) ™ Hll ez a1 (uS) + Vous 2
+ (Ao + Vo) TH(f (ug) — f(ud) + Vo(ui — ul)) | 2.
Using (6.1) with V5 = f/(u?), we obtain
(Ae+Vo)™h = (Ao + Vo) = [ = (A + Vo) T Vol(AZT = AG I = Vo (Ao + Vo) 1.

from where it is easy to get that

1((Az + Vo) ™" = (Ao + Vo) Ml ez, mi@) <CIAZ = Al ez ). mi @)
< C||a€ - aOHOO'

Moreover, if we denote by 25 = f(u) — f(u?) + Vo(us — u?), using the differen-

* *

tiability of the map f : H}(Q) — L%*(Q) proved in Lemma 4.2, we get that for
every 0 > 0 small, there exists £(0) > 0 such that [|z.[[12(0) < 6[|uf — uillm (@)
for all 0 < e < e(6). Hence, for all 0 < e < g(9),

(Ao + Vo) 25l o) < 0ll(Ao + Vo) ™Ml ez, llus — wdllmz o)-
Choosing ¢ small enough so that §||(Ag + Vo)_1||L(L2,H5) < 1/2, we get
1
[|us — uQ”H(}(Q) <O f(us) + VOUiHH(Q)Has — aol[oo + §||Ui - “2||H5(Q)-
from where it follows that

Jug = udll 1) < Cllac — aolloo- O
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Assume that all elements of & = {ul,... u™}, are hyperbolic equilibria.
Therefore, from the result above, we have that the set of equilibria of (1.3) is
also finite and it is given by & = {ul®,... ,ul""} with 0 < & < &, satisfying

[u%® = ulll oy < Cllae — aoll Lo a)-

Writing V. = f/(uS) with uS € &, A. = A.+ V. for all 0 < e < . If we also
denote by V. the operator H(Q2) > u — V.u € L?(), that is, the multiplication
operator, we have from Theorem 4.2, V. converges to V{ in the uniform operator

topology.
LEMMA 6.5. With the definitions above, we have
IVeAZ = VoAq Hleze)) < Cllac — aollso
where C' > 0 s independent of €.
PRrROOF. This follows easily using the decomposition
VAT = VA = Va(AT = A7) + (Ve — Vo) 47
and applying Theorem 6.4 and (3.7). |
It is easy to see that the following holds
PROPOSITION 6.6. The following identity holds

A Ay = (AZT - ATHUT + VoA

€

— AZN I+ VoAg ) THVEAT = VoA (I + VAT L

Furthermore, if 0 ¢ o(Ag), there exists eg > 0 such that 0 ¢ o(A.) for all
——1 ——1
€ € (0,e9). Moreover, we have [|[A, ~ — Ay || £(z2(),m1 () < Cllac — aollso-

7. Rate of convergence and attraction of local unstable manifolds

For each ¢ € [0, ] let uS be an equilibrium for (1.3). Assume that there is a
constant C' > 0 such that [[uf — .|| g1 (o) < Cllac — aolloo for all € € [0,&0] and
that u =: u, is hyperbolic. To deal with a neighbourhood of the equilibrium
point ug, we rewrite problem (1.3) as

(7.1) wi + Acw® = f(w® +ul) — fu) — f'(ud)ws,

where w® = u® —uf and A, = A, — f'(uS). With this, one may prove Lemma 3.4
for A, in place of A..

Let 7 be a smooth, closed, simple, rectifiable curve in {z€C : Re z >0}, orien-
ted counterclockwise and such that the bounded connected component of C\ {7}
(here {7} denotes the trace of %) contains {z € 0(Ap) : Rez > 0}. From part (b)
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of Proposition 3.3, there is an e5 such that {7} C p(A.) for all 0 < & < ex.

Define Q_ by
— 1 -
=— | (A\-A d\
@ =55 7( )
for 0 < & < 5. The operator A. is selfadjoint and there is a 3 > 0 and M > 1
such that, for all 0 < e < &g,

At
le™ Q. || £(r2a) < Me™, t <0,
A —+ 12
le™ < (I = Q) e(z2), mi ) < Mt V2e=Bt ¢ > 0.
Using the decomposition Hg () = @:_ (HY(Q)) + (I - Q. )(HL()), the solution
w® of (7.1) can be decomposed as w® = v + 2°, with v® =

(I—@:)wg. Defining operators B, := ZE@:_ and A, = A(I-Q
equation (7.1) as

and z¢ =

, We rewrite

v§ + Bov® = H (v°, 2°),
(72) e A e e €
zf + Az = G (v°, 2°),
where
H (o7, %) = Q2 [f (07 427 ) — F(u) — f/(u) (0" +27)],
Ge(v%,2%) i= (I = Q) [f (0" + 27 +ug) — f(ul) — f'(ud) (v + 2°)].
The functions H. and G, are continuously differentiable with H.(0,0) = 0 =
G:(0,0) € L*(Q) and H(0,0) = 0 = G£(0,0) € L(H;(%), L*(Q2)). Hence, given
p > 0, there are 0 < € =, < g5 and § = 0, > 0 such that if ||U||§+H1(Q) +
€ 0
2]l 1 () < 0 and € <€, then

(7.3) [ He (v, Z)H@:r(gol(g)) <p and [|G:(v, Z)||L2(Q) <p
(7'4) ||HE(U’ z) - HE(E7E)||§:r(Hé(Q)) < ,O(H’U - 6”@;(Hé(g)) + ||Z - EHH&(Q));
5 1G9~ Gel, D) 2@y < plllv ~ Tllgs ey + 12 — Fli):

THEOREM 7.1. Given D >0 and A >0, 9 € (0,1) and py > 0 be such that:
_ 1 1 M1+ A)
MB=Y2T( ) <D MT( = <A
i e(5) <0 e (5) e s <A
—1/2

W\, oM+ A) y
2 ) |1 @p— phi(1 s A
are satisfied for all p € (0,po). Assume that H. and G. satisfies (7.3)—(7.5),
with 0 < p < po for all (v,z) € @;H&(Q) x (I —@;)H&(Q) Then, there exists
s::@;H(} (Q) — (I —QF)HF(2) such that the unstable manifold of us is given
as the graph of the map sz,

(7.6)

pMﬂ1/2F<

W (u$) = {(v,2) € Hy(Q) : z = s5(v), vE Q. Hy()}.
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The map s? satisfies:

szl == sup  |sZ()llmyo) < D,
veQ.! (H ()
152(0) = 52 ) oy < Allo ~ Tl g ey
and for 0 < 0 < 1 there is a Cy > 0, such that

sz — s5ll < Collas — aoll3.

Furthermore, given 0 < v < 3, there is 0 < p1 < pg and C > 0, independent
of , such that, for any solution [tg,00) D t — (v:(t),2°(t)) € HL(Q) of (7.2),

(7.7) 125 (1) = 82 (0" (8) 3 () < Ce™ 710 [2° (ko) = sE(v% (o)) | 2 ()
for all t > tg.
ProoF. Consider the set
—+
S = {5 Q. (H(Q) — (1 - Q) (HH (@) :
Isl < D, [1s(0) = 5@ gy < Ao = Tl g gy -

It is not difficult to see that (X, | - ||) is a complete metric space.
Given s. € X, and € Q.(HZ(Q)), denote by ve(t) = ¥(t,7,1,5.) the
solution of
Vi (t) + Beve(t) = Ho (v (t), sE(ve(1))), t <,
{ vE(r) = 1.
Define ¥.: Y. — X, by

U (sc)n = / e_’ZE(T_S)GE(UE(s)7 se(v5(s))) ds.
— o0
Note that, from (7.3) and (7.6), we have |¥(s:)(n)| () < D-

Now, if n, 7 € Q.(H}(w)), se,8. € X, vo(t) = (t,7,n,s:) and v°(t) =
W(t, 7,1, 5), it is easy to see that

o(t) < Mlln =il gy (0) + Mp(1 + A)/ $(s)ds + MpS~||sc — 5|
t

where ¢(t) = e P ||v%(t) — ¢ ()| a2 () and using Gronwall’s inequality

[o° (t) = 0 ()l g ) < M0 = ll g ) + pB " lse — 3e ]I MPAFANE=D),



248 J.M. ARRIETA — F.D.M. BEZERRA — A.N. CARVALHO

From this we obtain that

W (se)(n) — W (5e) (M)l g )

(1) i A ]
<oni e (5 ) |1 et S s - s

pM?(1+ A)

1
(- -1l5 1
M CT S VIR N e (2)'” g my @)

and

1 (se)(n) = ¥ )Mz < Alln = Tllg+ gy o) + s = 5ll-

*

Hence, U is a contraction. Therefore, there a fixed point s = ¥(s¥) in ..
Now, we prove that {(v¢,s¥(v®)) 1 v € @;H&(Q)} is invariant for (7.2). Let
(vg, 25) € W™ (us), z5 = sk(v§). Denote by v5(t) the solutions of the initial value
problems
v§ + B.v® = H (v°, s5(v°)),
{ ve(0) = v§.

This defines a curve (v} (t), st (vi(t))) € W*(us), t € R. Also, the only solution of

1€

which remains bounded as t — —oo must be
t ~
Z(t) = / e UmIG(vi(s), sE(vE(s))) ds = sT(vE(t)).

This proves the invariance of the graph of s¥. To prove that the graph of s} is the
unstable manifold assume the exponential attraction of the graph of s} uniformly
in ¢; that is, if u®(t) = 25(¢) + v°(¢) is a solution of (7.2) with v¥(t) = Q.uc(t).
If, given v < (3, there exists p; > 0 such that (7.7) holds for any 0 < p < py,
it is easy to see that, when 2°(t) remains bounded as ¢ — —oo, it follows that
(making tg — —oo in (7.7)) that 2°(¢) = sk(v°(t)) for all t € R.

The proof of (7.7) can be carried out as inequality (A.8) of [12], using the
singular Gronwall’s inequality instead of the usual one.

Finally, we obtain the rate of of convergence of s} to sg; that is, we show
that for any R > 0 there is a constant C' > 0 such that

llsZ = sollr == sup Is2(n) = ss()l| 3 () < Cllac — aol*’.
?7635+H1(Q)(0»R)
€770

This follows as in the proof of Proposition 6.1 in [5]. With this, Theorem 7.1 is
now proved. O
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8. Further applications of the analysis in the previous sections

The analysis carried out in the previous sections can also be applied to several
other singular perturbation problems with parabolic structure. To demonstrate
the applicability of this analysis we consider a semilinear parabolic problems
of the form

(8.1) ou

— =0, x € 0%,

{ uf — Auf +uf = f(u), €., t>0,
on

where Q. C RY, N > 2, is a bounded smooth domain, e € [0, 1] is parameter,
% is the ouside normal derivative and f:R — R is twice continuously differen-
tiable function which is bounded and has bounded derivatives up to the second
order. The domain €. is a dumbbell type domain consisting of two disconnected
domains, that we denote by {2, joined by a thin channel R., which degenerates
to a line segment as the parameter € approaches zero. We also denote by Py and
P, the points where the line segment touches 2. We show that one may obtain
the rate of convergence of local unstable manifolds and of attractors in relation
to the Lebesgue measure of the thin channel R.. The variation in functional
spaces with which we will work will determine our parameter.

The “limiting domain” will consist of the domain 2 and a line. The limiting
equation is

we(z,t) — Aw(z, t) + w(z, t) = f(w(z,t), €, t>0,

ow
(8.2) %(%t) =0, x € 09,
ve(s,t) — Lu(s,t) + v = f(v(s,t)), s € Ry,

v(0) = w(Fy), v(1) = w(Py),

where w is a function defined in  and v is defined the segment Ry. Moreover,
L is a differential operator which depends on the geometry of the channel Ry,
more exactly, on the way the channel R, collapses to the line segment Ry. More
specifically Lu = %(gux)x where g is defined below. Under the above assump-
tions on f, for fixed e € [0, 1], the problems (8.1), for £ > 0, and (8.2), for ¢ = 0,
have attractors A. in H(€2.), for e > 0, and in H*(Q) x H'(Ry), for ¢ = 0.

The continuity of attractors for (8.1) has been studied in [3]-[5]. Here we
complete the analysis done in these works obtaining the rate of convergence
of local unstable manifolds and attractors.

DEFINITION 8.1. A dumbbell domain €. consists of a fixed domain  at-
tached to a thin handle R, that approaches a line segment as the parameter
approaches zero; that is, Q. = QU R.. More precisely, let Q ¢ RV, with N > 2,
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be a fixed bounded and smooth domain such that there is an [ > 0 for which
QN{(s,2"): s>+ 2" <2} ={(s,2') : s> +|2'|* < I?, s <0},
Qn{(s,2): (s =1)* +|2']? <2} ={(s,2") : (s = 1?4+ |2')* < I?, s > 1},
Qn{(s,2):0<s<1, |2| <1} =0,

with {(0,2) : |2/| < [JU{(1,2) : |2'| < I} C 0. Here, we are using the notation
RN 52 = (s,2'), with s € R, 2/ = (w9,... ,2x5) € RN 7L,

The channel that we consider will be defined as R, = {(s,ez’) : (s,2’) € Ry}
and R; is a smooth domain given by Ry = {(s,2’) : 0 < s <1, 2’ € I'{} where
Iy = {2’ € RN : (s5,2’) € R'} is diffeomorphic to the unit ball in RV~1,
0 < s < 1. That is, for each s € [0, 1], there exists a C! dipheomorphism
L,:B(0,1) — I'§ and (0,1) x B(0,1) > (s,2) s L(s,z) := (s,Ls(2)) > Ry is
a diffeomorphism.

The function [0,1] 3 s & g(s) := |I’§|, where |T'§| denotes the (N — 1)-
dimensional Lebesgue measure of the set I'f, is a smooth function defined in [0, 1]
and there are dg,d; > 0 such that dy < g(s) < d; for all s € [0,1]. With this,
R, collapses to the line segment Ry = {(s,0) : 0 < s < 1}.

To properly compare functions in 2. and 2 := QU Ry we introduce appro-
priate spaces UP, 1 < p < oo and ¢ € [0, 1] as follows, U? := LP (), € € (0,1]
with the norm

- Nloz =1l llzo ) + 7P o s,
and U = LP(Q) ® Lb(0,1) with the norm [(w,v)[[z = lwllLe@) + 1Vl Lz (0,1

where L1(0,1) is the space LP(0,1) with the norm

1 1/p
lll g 0.1 = ( / g<s>u<s>|pds) .

As the solutions of problem (8.1) are defined in different spaces, we will use
the mechanism given in [3] to compare functions defined in “domains” € and §2..

First we need an extension operator
LTTP
E. U - U?

(8.3)

w(x), =€,
(w,v) — E.(w,v)(z) := { @) ©

v(s), x=(s,y) € Re.
With this, we may write the problems (8.1) and (8.2) as semilinear abstract

problems of the form (1.3), where H}(Q) is replaced by UP, 0 < ¢ < 1 and
H} () replaced by UJ.

PROPOSITION 8.2. Fore € (0,1], E.:UJ — U? is a bounded linear operator
and
[Ee(w, v)[luz = [[(w,v)[lyz  for all (w,v) € UF.
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We also need the following “projection” operator M.:UP — Ul defined by
M, (¢e) = (we,ve) where we(x) = (), v € Q and v.(s) = T2., s € (0,1),

where

. 1 .
T;ws(x):ﬁ e ¢6(87y)dy7 Pz:{y (Say) ERE}'

PROPOSITION 8.3. For ¢ € (0,1], M. € L(UZ,UY) and || M|z vpy < 1.

The proof of the following result follows step by step the proof of Theorem 2.2
using the results proved in [3]-[5].

THEOREM 8.4. Let {T.(t) : t > 0} the solution operator associated to (8.1)
and (8.2) and A. be its global attractor, € € [0,1]. Then, there areeg > 0, L > 0,
8>0,0<~v<1andC >0 such that

1T (t)ue — EETO(t)MEUe”LP(QE) < Ceﬁtt_'y(nua - UEHUE" + €0N/q)’ t>0,

T (t)ue — E-To(t) Mevellpr < Ce®'t77(|Jue — vcllpr +£%79),  t>0.

for each p > N, 0 € (1/2,2p/(N + 2p)).

If all equilibrium points Ey = {u}k’o, o ur0Y of (8.2) are hyperbolic (hence
there are only a finitely many of them), the semigroup {T.(t) : t > 0} has a set
of exactly n equilibria, & = {uy®,... ,u*}, all of them hyperbolic, for p > N,

0% — Eeullp, ) < CeN/P,1<i<n,

and there is a p > 0 such that, if W' (u?) = W“(uz)ﬂB,fq(QE)(u*) (or W(uz) =

€
W (uz) N B,)Ug (uk)), there is a Cy > 0 such that
dist™ () (W (u2), BWH (ug)) + dist™ (@) (W (ug), E-W (ug)) < Coe™/4
(or dist"s (W(ul), B-W ! (ug)) + dist” (W (u), E-W (uZ)) < Coe?/9).

Furthermore, for each § > 0 suitably small, if u¢ € T.(1, BL"(%<)(u,§)), there
is a p1 > 0 and M > 1, independent of €, such that

dist™" (%) (25 (), W (u2)) < Me P idist™ (%) (25(1), W (uz)), t>1,
distY? (25 (t), W(ul)) < Me P idist” (2°(to), WH(ul)),  t=>1,

as long as (v<(t), 2°(t)) of u®, remains in T.(1, B (@) (ug, ).
In addition, from the results in [10], [17],

(a) There p > 0 such that given B C UP bounded, exists ¢ = ¢(B) > 0 such
that

dist?" )T (#)B, A.) < ce ™ forall t > 1,
distVs (T.(t)B, A.) < ce™P forall t > 1;
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(b) There is a constant ¢ > 0 such that

distLp(QE)(.AE, E.Ay) + distLp(QE)(EEAO,AE) < PN/ (et L))
distV? (Ae, EcAp) + distV (E:Ap, Ae) < e/ (p(p+ L))

where distX (A, B) := sup gng lla — b||x is the Hausdorff semi-distance
a€AbE

between the subsets A, B of the Banach space X.

9. Further comments

Other examples where this analysis can be carried out are the localized large

diffusion problem considered in [20], [8], [13], the viscous Cahn-Hilliard problem

considered in [15] or the domain perturbation problem considered in [2]. Each ex-

ample requires a careful study of the convergence of resolvents for the associated

linear operators and a proper functional analytic setting. This analysis in each

particular example is far from trivial but the agenda presented in Sections 1-7

usually applies.
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