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POINTWISE COMPARISON PRINCIPLE
FOR CLAMPED TIMOSHENKO BEAM

GRZEGORZ BARTUZEL — ANDRZEJ FRYSZKOWSKI

ABSTRACT. We present the properties of three Green functions for:

1. general complex “clamped beam”

Daglyl =y"" — (&% + 82" + o*BPy = §,
(BC) y(0) = y(1) = ¢'(0) = y'(1) = 0.

2. Timoshenko clamped beam D, z[y] = f with (BC).
3. Euler-Bernoulli clamped beam Dy, (144),x(1—4)[y] = f with (BC).

In case 1. we represent solution via a Green operator expressed in terms of
Kourensky type system of fundamental solutions for homogeneous case.
This condense form is, up-to our knowledge, new even for the Euler—
Bernoulli clamped beam and it allows to recognize the set of a’s for which
the Pointwise Comparison Principle for the Timoshenko beam holds. The
presented approach to positivity of the Green function is much straightfor-
ward then ones known in the literature for the case 3 (see [12]).

1. Introduction
Consider the BVP for complex clamped beam
(1.1) Daglyl =y — (@ + )" + By = f,
(1.2) y(0) =y(1) =y'(0) =y'(1) =0,
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where f € L1([0,1],C) and o, 3 € C\ {0}, o* # 32. By a solution of (1.1) with
boundary conditions (1.2) we mean a function

y €V =w4o,11n HZ[o, 1]

satisfying (1.1) and (1.2) almost everywhere (a.e.). Actually the theory of the
beam equation is quite well developed (see [1], [17]-[19], [9]). In particular, it is
known that the solutions can be expressed with the use of the Green function.
However in [N1] the a priori estimates are given in the integral form (nonlocal
form) and there is a lack of pointwise inequalities. The reason of that is that
for second order problem we have a maximum principle, while in the general
situation it is actually unknown, with many counterexamples. The possibility
to take advantage of the maximum principle is equivalent to nonnegativity of
the Green functions. Some answers are in J. Schroeder [11]-[13], G. Sweers [14],
H.-C. Grunau and G. Sweers [3], B. Kawohl and G. Sweers [6] and M. Ulm [15].
The list is far for being complete. For certain boundary conditions it is easy
to obtain the nonnegativity of the Green kernel, but it is not the case of the
problem we deal with. Our goal is to give an elementary analysis of properties
of the Green function for Timoshenko beam

Doglyl =y — (&®+ @)y’ +|al'y = f

with (1.2). However our approach is fair enough for general complex “clamped
beam” D, gly] = f with the boundary conditions (1.2). For a = k(1 + i) we
have the usual result for Euler—Bernoulli clamped beam

Dk[y] _ y//// +4k4y — f

with boundary conditions (1.2).

In the complex case we derive a representation of the solution via a Green
operator expressed in terms of Kourensky type system of fundamental solutions
for homogeneous case. This condense form is, up-to our knowledge, new even
for the Euler-Bernoulli clamped beam and it allows to recognize the set of a’s
for which Pointwise Comparison Principle (PCP) for the Timoshenko clamped
beam holds.

DEFINITION 1.1 (PCP). We say that the operator D, & fulfills the Pointwise
Comparison Principle (PCP) on V if for any y,z € V the inequality D, gly] <
D, =[7] almost everywhere in [0, 1] implies that for all z is y(z) < z(z).

Since the problem under consideration is linear the PCP is equivalent to
Maximum Principle and this, in turn, is equivalent to nonnegativity of the Green
function. Recall that Maximum Principle for higher order problem generally
fails. Our main result gives sufficient and necessary conditions when they hold
for Timoshenko beam.
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Theorem 3.3 gives us a a condensed form of the Green function o consid-
ered BVP. If we write the determinants in expanded form we obtain the Green
function in terms of hyperbolic trigonometric functions. Similar complicated
forms appear in the paper by M. Ulm [15], who has given an elementary and
straightforward analysis of the nonnegativity of the integral kernel.

The presented construction of the Green function for complex beam clear-
ifies complicated formulas known in the literature for the Euler—Bernoulli case
(see [12]). Additionally, we obtain that the Green kernel G = G, 5 to (1.1) is
meromorphic in («, 8) € C x C.

The properties of Green functions are proved in Sections 4 and 5. In Section 2
we give some preliminary facts, while Section 3 is provided two methods of
construction the solution operator of problem (1.1) with (1.2) in terms of the
Green function. In our considerations some Maple symbolic calculations have
been performed.

2. Preliminary notions and facts
For the corresponding homogeneous equation
(2.1) y" = (@ +5%)y" + o’y =0
there are many ways of choosing the system of FS. Following the idea of M. Kou-
rensky [7] we take a system of FS

a? cosh(ax) — 32 cosh(Bz) asinh(ax) — Bsinh(8z)

Yl(x) = ol — ﬁQ ) Y2($> = aZ _ /62 )
(2.2) sinh(ax)  sinh(fz)
h(az) — cosh(j3
Yi(e) = cos (ajg = ;(;s ( x)7 Ya(z) = a — B

We shall call this system to be complex principal, since it has similar properties
to the principal systems considered by P. Hartman [5], A.Yu. Levin [8] and
W.F. Trench [20]. This system has unit constant Wronskian and the following
properties:

(@) = Yie), i=1,23
Yi(0) =1, Ya(0) = Y(0) = Y4(0) = 0.

REMARK 2.1. Note that functions Yi(x), Y3(x), Ya(x), Yi(z) are analytic
with respect to «, # and x. In particular,

.'1/'3 x2n+1

Y, - . -2 2ig2n—2i-2 | 2n—2
1(2) gttt (2n+1)!((a +...+a”p +. BT+
In what follows we shall need the following properties of complex principal

system (2.2):
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ProrosiTION 2.2. We have:
(a)
oy H@= @+ PN - oY),
Y"(z) = (o + a® % + 1) Ya(2) — o (0” + 5%)Ya(2),
(b)
o [ W) s S ] 1]
a?3?Yy(x)? — (o + 37)Y3(x)? — Ya(2)* 4+ 2Y1(2)Y3(x)

(Geo] [ ][ o)

Y3(1) Ya(1)

et {m DY)

[ 1i(6)) = et

Y3(1) Ys(1-t) Ya(l)
Y4(£C) 0 Y3(£E>
Yi(1) Ya(l—t) Ys(1)

va(l)  Yat)  Ya(l)
Y4(1 71‘) Y4(t*$) Yg(l 7I) )
Yi(1) Ya(t) Y3(1)

= det

- (Yz(%‘)3/41(};4)(:?(Y:s(x))2 > 2'

d(Yl(x)Y4(:E) - Yé(fv)Ys(ff)> _
Y (x)Ya(z) — (Ya(z))?
PROOF. (a) Since Yy(z) is a solution of (2.1) then

Yy () — (@ + B2)Y]' (z) + o Y4 (x) = 0.

But V3" (z) = Ya(z) and Y3 (z) = Y1'(z).
(b) Differentiating the left-hand side we get
d a?B2(2Yy(2)Ya(x) — Ya(2)?) — (a? +B2 Ya(x +Y1 (x)?
dr | o?3?Yy(2)? — (a® + ?)Y3(2)? — Ya(x)? + 2Y1 (x)

= 2(Y{(z) — (0% + B%)Ya(z +a62Y4 [;i]:H
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Therefore
[04252(23’4( 2)Ya(2) — ¥3(2)%) — (o + 5%)Ya(2)* + Y1($)2]
a®3?Yy(x)? = (o® + B?)Y3(2)? — Ya(x)® + 2Y1(2)Y3(2)
is a constant vector function equal to [H since such is it value at x = 0.

(c) It follows from algebraic identity
E f b

4+det |c d al| =0,
h I g

a ¢ b a k b
det {d e f]—det[l e d
g h a g ¢ a

what can be checked directly.

(d) Tt is a consequence of the formula AAY = (det A)I, where (A¥)T is

matrix of cofactors.
(e) By direct checking we have

Yile — 1) =Yi(t)Ya(2) — Ya(D)Ya(x) + Y (1) Ya(a)
—Yi(t)Yi () — (0 + B)(Va(H)Ya() — Ya(t)Ys (2)),
V(e — t) = Yi(1)Ys(2) - Ya()Ya(a)

+ Y3 (t)Y1(x) + Ya(t)Ya(z)a? 5% — Y3(x)Y3(t) (o + 57).

Pluging that formulas one can check that
Y3(1) Ys(1—t) Ya(1)

det | Ya(x) 0 Ys(x)

Yi(l) Yi(l—t) Y3(1)

— (Ya(t)Ya(x) — Ya(H)Ya(a))
X (~Yi(1)%0%8 + Ya(1)% + Ya(1)28° + Ya(1)? — 2¥1(1)Y3(L).

Y3(1) Y3(t) Ya(1)
Yi(l—2z) Yi(t—2z) Ys3(1—2x)
Yi(1) Ya(t) Y3(1)

— det

Now (b) makes the deal.
(f) It is equivalent to

But
L =-Yi(z) <Y1(3;)2Y4(J;) +Ya(2)? = 2Y1(2)Ya(2)Ya(2)

8Y1 (l‘) 2

Using (2.2) we obtain
L= —Yi(a)(a®p?Ya(x)(~Y3(2)* + Ya(2)Ya(2)
= (% + %)Y2(2)*Ya () + (o + ) V3(2)*Y5 (=)
+Y1(2)?Ya() — 2Y3(2)Ya(2)Y3(2) + Ya(2)® — Yi(a).



340 G. BARTUZEL — A. FRYSZKOWSKI

Since from (2.3) is
—(a® + )Ya(2)? = 1 — a®F%(2Ya(2)Ya(z) — Y3(2)?) - Yi(2)?
then pluging we get
L = ~Yy(z)Ya(2)(—a?B*Yy(2)* + (® + B2)Y3(x)? + Ya(2)? — 2Y; (2)V3(2)).
Now the use of (2.3) again yields

d (Yl (2)Yy(z) — Yo(z)Y3(x)

(Ya(2)Yy(z) — (Yg(:v))Q)Q% Yo (x)Yy(z) — (Ya(z))?

)+ (Y4(a:)>2 =0. O

3. Solution operators for the complex clamped beam problem

In this paper we present two ways of constructing the solutions of (1.1) with
the boundary conditions (1.2). Both are done with the use of a Green function,
however the second method is more suitable to prove the nonnegativity of the

Green function.

3.1. Right inverse method. The construction of the Green function for
the problem (1.1) with the boundary conditions (1.2) can be done in few ways.
We propose one which, in a sense, is a generalization of the Hilbert resolvent
formula. Observe first that the differential operator can be rewritten down in

a form
D[y] _ (y// _ a2y)// _ ﬁQ(y// _ a2y) — f
This means that D[y] = (Tp2T,2)[y], where Ty[z] = 2" — Az for A = o? and
A\ = (32, respectively. Therefore
Yy = RQQRﬁz [f],

where R) is any right inverse to T). In this case we have the following version
of the Hilbert resolvent formula:

PROPOSITION 3.1. Let z,w € H*1[0,1] be functions satisfying
(3.1) Taz] =2" =Xz = f.
for A =a? and A = B2, respectively. Then the function

(32 y= i

is a solution of (1.1).

REMARK 3.2. In terms of resolvents the formula (3.2) can be written down as

Raslf] = Raelf]

RexRlf] = = 5
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It looks similar to the Hilbert resolvent identity, but in the Hilbert’s case the
domains are fixed, while in the presented above situation we can take any right

inverse.

ProoF. Taking u = z — w we have
u" =2 —w" = a*z — fPwe H*M0,1]
and this implies that u € H*1[0, 1]. Hence
u" = a? — P = PPz + f) — BA(BPw + f) = otz — Bruw + (o — BA)f
and
" — (@ + B + o Fu
=a'z—plu+ (=) f - (a®+ 8% (a?z — fPw) +?F2 (2 —w) = (a® = 3*)f.
Therefore y = u/(a? — 3?) is a solution of (1.1). O

For further considerations let us notice that the boundary conditions (1.2)
can be translated as

2(0) =w(0), =2(1)=w(1), 2'(0)=w'(0)=A and 2'(1)=w'(1)=B.

Now we can present the following construction of the Green function for (1.1)
with the boundary conditions (1.2).

THEOREM 3.3. Let f € L'([0,1],C) and a, 3 € C\ {0}, a® # 3%. Then the
solution of (1.1) with the boundary conditions (1.2) is

y(z) = / Gla,t)f(t) dt,

where
H(1,0) H(0,1—t) H(0,0)
det |:H(17:r,0) H(l—z,t) H(a:,O):|
H(0,0) H(0,t) H(0,1) for0<t<az<l1
aB(a?—pB%)(sinh a sinh 3) det[ggé’gg ggg?;] - T
(3.3) G(x,1) =
H(1,0) H(0,1—t) H(0,0)
det |:H(1—9c,0) H(z,1—t) H(z,O):|
HOH Eoy HO1) foro<z<t<1
af(a?—B2)(sinh a sinh 3) det [g%é:gg g%g:?;]
and

H(z,t) = asinh a cosh(ft) cosh(Bz) — B sinh G cosh(at) cosh(az).

PrROOF. We start with the equation

2 —a?z=f.
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The general Sturm-Liouville theory (see [5]) says that for boundary conditions
Z(0)=2'(1)=0
the solution is given by integral operator
1
cala) = (Tof)w) = [ @ 015(0)
0

where the Green function is
-1 cosh(at) cosh(a(l —z)) for 0 <t <z <1,
asinha | cosh(ax)cosh(a(l —t)) for0<z<t<1.

O(x,t) =

It can also be done directly. Indeed, differentiating twice the function

h — z h 1
zo(x) :—W/O cosh(at) f(t) dt—M/x cosh(a(1—t))f(t)dt
we have
2y (x) = —W /Ow cosh(ta) f(t) dt
acoshza (! i J o,
_ W/L cosh(a — ta) f(t) dt + f(z) = a®2zo(z) + f(x).

Checking the boundary conditions is straightforward.
For the equation

2" —a?z=f with boundary conditions 2’(0) = A, /(1) = B

we obtain the solution

cosh(a(l — x)) Bcosh(ozx)
asinh « asinh o

z(z) =z0(z) — A
1
:/ B(x, )£ (£) dt + AD(z,0) — Bd(z, 1),
0
Analogously, the problem
w” — *w = f with boundary conditions w'(0) = A, w'(1) = B

possess the solution

w(z) = /01 U(a, 1) (1) dt + AT (x,0) — BU(x,1),

where

U(z, 1) -1 { cosh(Bt) cosh(B(1 —z)) for0<t<z <1,

~ Bsinh g cosh(Bz) cosh(B(1 —t)) for 0 <z <t <1.

By Proposition 2.2 we have got a family of solutions of

y//// _ (a2+ﬁ2)y”+a262y= f
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with boundary condition 3’(0) = 3/(1) = 0 given by
z2(x) —w(x)
y(z) = j
Now the boundary condition y(0) = y(1) = 0 lead to

C det [ (®(0,t)—W(0,t)) (P(1,t)—¥(1,t))
®(1,0)—(1,0)) (®(1,1)—T(1,1))

(®(0,0)—%(0,0)) (2(0,1) \11(01))}
}
|

A 1 [(cb 1,0)—w(1, o)) (®(1,1)—=W(1,1))
[ } _ _/ (1) dt
B 0 | et [ (®OH=T(©0.) (@(1H)=¥(1,1))
€Ul (@1, \1/(1 1)) (®(1,0)—¥(1,0))
| det (®(0,0)—0(0,0)) ((0,1)—T(0,1))
€U (@(1,0)-w(1,0)) (®(1,1)—¥(1,1))
Hence .
- [ Gt
0
where

(®(0,0)—¥(0,0)) (2(0,6)—¥(0,¢)) ((0,1)—¥(0,1))
det {@(%0)‘1’(1’»0)) (2(z,t) =T (z,t)) (‘I’(Ivl)‘l’(w,l))}
(®(1,0)=¥(1,0)) (P(1,0)—W(1,6)) (B(1,1)—¥(1,1))
(@(0,0)—%(0,0)) (#(0,1)—¥(0,1))
(a® — (2) det [(@(1,0)—\1:(170)) (@(171)—\1/(1,1))}

G(z,t) =

Denote now
H(z,t) = asinh a cosh(ft) cosh(Bz) — B sinh 5 cosh(at) cosh(ax)

and observe that

—EQLEiLffm0§t§x§L
af sinh asinh 3
(I)(Jf,t) - \II(JT,t) =
Al g gca<i<a
a3 sinh asinh 3 -
In particular,
H(0,0)
d(1,0) — (1 =®(0,1) - 9(0,1) = —————~———
(1.0) = W(L.0) = &(0,1) = W(0.1) = o
_ _ H(0,1)
The latter easily leads to the required form of the Green function. |

3.2. Principal solution method. Theorem 3.3 gives us a condensed form
of the Green function o considered BVP. If we write the determinants in ex-
panded form we obtain the Green function in terms of hyperbolic trigonometric
functions. Similar complicated forms appear in the paper by M. Ulm [15], who
was concerned with nonnegativity of the integral kernel. His analysis is elemen-
tary and straightforward, however it is quite hard. Our formula (3.3) is more
condensed, but it’s analysis in even harder. Therefore for the direct analysis of
some properties of the solution operator we need another form of it. The idea
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of the presented below considerations comes from a thorough analysis of the
M. Kourensky paper [7] and relies on the principal solutions Yi,...,Y; given
by (2.2). It also gives similar formula for the Green function, but more suitable
for establishing the nonnegativity.

THEOREM 3.4. Let f € L'([0,1],C) and o, 3 € C\ {0}, a? # 32. Then the
solution of (1.1) with the boundary conditions (1.2) is

- / Gla,t)f(t) dt

[Y3(1) Ya(1—t) Ya(1) ]

where

det | Ya(z) Ya(z—t) Ya(z)
| Va(1) Ya(1—) Ya(1)

Ys5(1) Ya(1
det [nglg Yiglﬂ

for0<t<zxz<1,

(3.4) G(x,t) =

det | Ya(l—=) Ya(t—2) Yz(1—2x)
L Ya(l)  Ya(t) Ys(1)

Ya(1) Ya(1)
det {yi(l) Yi(l)}

[ Ya(1)  Ya(t)  Ya(1) ]

foro<zx<t<1,

|:Y4(1*$):|T |: Y2(1) —Y3
—x Y3(1) Ya

(S)H%ﬂ for0<t<z<1
o [ ] S

}T [ Ya(1) —Y3<1>] [n(l—t)]
7Y3(1) Y4(1) Yg(lft)

det [ 200

for0<zx<t<l1.

PROOF. Let us observe first that a PS of (1.1) is in convolution form
Yo(x) = (Yo = f)(z).
Indeed. For each function ¢ € C! we have
(e f)(z) = (¢ = f)(z) + ¢(0)f ().
Thus evaluating the derivatives we obtain
vo(r) = (Vs f)(z),  yi(a) = (Yax f)(2),
vo (@) =M+ fl@),  yg'(z) =] = f)z) + f(2).

Hence, by (2.2), we get

o' (z) = (((0® + %)Yz — a®B°Yy) * f) () + f(2)
= (0® + 8%)yg (x) — &*Byo(x) + f(2).



PCP rFor TIMOSHENKO BEAM 345

So the GS of (1.1) is

y(x) = AYy(z) + BY5(z) + CYs(z) + DYy (z) + (Y * f)(x)
with

y'(x) = AYs(z) + BYz(x) + CYi(z) + DY{(x) + (V3 = f)(2).
The boundary conditions at x = 0 give C = D = 0 and hence

vl e el ls) (] =)@
Now the boundary conditions at z = 1 yield the system

e w) 18] = ([w] 7)o

- L w1 ()-9)0

Solving we get

B Ya(1) Y4(1)}
det [Yz(l) ¥3(1)
Thus
y(x) 1 2(z) Ys(z p -Y3 ol
[y’(:v)] T det ERES] 40 23] [0 v | (=0 @

Y2(1) Yz(1)

Y3(1) Ya(1
+det [ 00310

1
I S [n(m) Ys<m)] { Ya(1) —Ys(l)} [n(l—t)] Ft) dt
ot [0 %) Ya(@) Va(@) | [ -Ys(1) va()) | f [ ¥a(1-1)
¢ [Yz(l) Yg(l)]
Y3(1) Ya(1 * Yi(x—t
e [0 [ [0 s )
__ 1 </I ([ngx; Ysgx” { v _Y?(ﬁ)} [Y4gl—t;]
B Ya(1) Ya(l Y3(z) Ya(z —Ys(1) Yai(1 Ya(1—t
det [ 25 V2| \o
Y3(1) Ya(1 Yi(x—t
+det {Yz&g Y§E1” {Yingt”) f(t)dt
1
Y. Y- Y5(1) —Y3(1 Yi(1—t
[ ne) [ ] [Ha) s ar)
Therefore
1 v 1T [ va(1) —va)] [Ya(i—t)
y(l') :m (/0 (|:Y§(z):| |:—12/3(1) Y43&1) i| |:Y;l(17t):|
€ Y. )
] vite-) fe)ae

"y [ v —vam ] [vaion
+/x VOl 2% ] e ro dt)
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Applying Proposition 2.2(d) and (e) we therefore obtain
x T
Yi(l-a) Ya(l) —vs(1)] [Ya(t)
RPN AN (/O {y;‘aﬂ [,53@) va(l) } [ m)} f(t)dt
et {)@ ) Ys(1 }

1
Ya Ya(1) —Ys(1 Ya(1—t
+/ [né? ] [Yigl—tg]f(t)dt>

z Y3(1) Ya(1—t) Ya(1)
(/ det [Yi(m) Yilo—1) Yj(m):| f(t)dt
} 0 Ya(1) Ya(1—t) Ys(1)

Y3(1) Ya(1
" dot [y‘”'&% V(1)
det{

Y3 (t) Ya(1)
Y4(1 z) —Yi(z—t) Y3(1— 1)] f(t) dt)
Yi(t) Y3(1)

Thus the Green kernel is

Y3(1) Y3(1—t) Ya2(1)
det |:Y4(I) Ya(z—t) Y3(7«'):|
Yy(1) Ya(1—t) Y3(1)

ot [Y() Ya(D) for0<t<z<l,
U va(1) va(1)

G(z,t) =
Ys(1)  Ya(t)  Ya(l)
[Y4(1w) Yi(t—=) Ys(lw)}
Ya(1) YY‘ES)Y (1})/3(1) for 0 <zx<t< 1,
det [0 Vel |
or
T
|:Y4(1—$):| |: Yg(l) —Yg(l)] |:Y4(t):|
Ys(1-2) -:3((11; YY;()” 2Ol o<t <a <,
det [qu) Y§(1)}
G(z,t) =

[n(m)r { Y2 (1) —Yg(l)] {Y4(1—t):|
Y3 (x) ~Ya(1) Ya(1) | | Ya(1-t)

Y3(1) Ya(1
det [nglg y§E1§]

for0<z<t<l1,

what completes the proof.

4. Pointwise Comparison Principle

Theorem 3.4 gives the complex Green function for the problem (1.1) with the
boundary conditions (1.2). However in applications we need to describe some

situations when it is real or nonnegative.

4.1. Timoshenko beam. By Timoshenko beam we mean the case « = 8 =

a + tb, ab # 0. This assumption implies that for k =1,... ;4 is

Yi(z) = Yi(2)
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and so all functions Y (x) are real-valued. Furthermore, the functions:

W) = Y@l ~ Va@va(), 200 <y avite) - (),
ACTR e

n
Yy(x) Yi(x)
are real-valued as well. Additionally the function ggg is also even, since both

Y2(x) and Yy (z) are odd. Notice that, for « # 0, we have

sinh?(az) sin? (bz)
T R (T
and hence
sin? (bx) 3 sinh?(az)
W)y, Vi) — (vl = —2(am)®

Oz 422(a? + b?)
Further properties of the Timoshenko beam will be provided later.

4.1.1. Zeros of Yy(x). In further analysis the crucial role play the set of
zeros of Y (z). Let a = 3 = r(cos ¢ + isin @), where sin 2 # 0. Then

Ya(a) sin(rz sin ) cosh(rz cos @) cot ¢ — cos(rz sin @) sinh(rz cos )
4 =

273 cos
__cosh(rx cos @) cos(rx sin ¢)

2 cos g Ty (rasinp),

where T,(t) = (tant)(cot ¢) —tanh(t cot ). Observe also that Y,(x) is even with
respect to ¢ and therefore we may assume that ¢ € (0,7/2). If cos(ra siny) = 0

then

cosh(rz cos @)

[sin(rasing)| =1 and |Yi(z)| = > 0.

2r3] sin |
Therefore for zeros of Yy(x) we may assume that cos(rx sin ) # 0. Notice that
x is a zero of Yy(x) if and only if t = rasin ¢ is a zero of T (t).

LEMMA 4.1. Fiz ¢ € (0,7/2) and consider the function T,(t) defined on

o0

D = \J (nm,7/2 + nw). Then T,(t) possess, in each interval (nm,7/2 + nw),

n=
n=1,2,..., exactly one zero t,,. The zeros t, are in the form t, = p+nm —e,,
where g, € (0,¢) C (0,7/2) is such a sequence tending to 0 that

xp(— (4 + 4nm) cot )
2

en = exp(—(2¢ + 2nm) cot ) sin 2p+ ¢ (4sin 2¢ + sin 4y)

n exp(— (6 + 6n) cot )

Sin — 30s1in — 96 s1n + 3sin + Ry,
21 8sin 6 — 30sin4p — 96 sin 2¢ + 3sin8p)+ R
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where |Ry,| < exp(7+ (2¢ — 8nm) cot ).

PROOF. Both functions (tant)(cot¢) and tanh(tcot ¢) are increasing with
tlim tanh(t cot p) = 1.
—00

Also the function T, (t) is increasing on each component of D, because

— 2 2 . .
T, (t) = (cotp)(tan®t + tanh”(tcot ¢)) > 0. So in the interval (0,7/2) there
is no zeros of Ty, (t) because

(tant)(cot ¢)|t—0 = (tanh(t cot ¢))|t=o = 0.

For t € |J (nm,m/2 4+ nw) we have the following values at the end points

n=1

(ta‘n t) (COt ¢)|t:(nﬂ)+ - O, (tan t) (COt %0)|t:(7r/2+n7r)* = 00,
0 < tanh(t cot ¢)|i=(nmy+ < tanh(t cot )i (x/24nm- < 1.
Hence in every interval (nm,7/2+ nm), n=1,2,... there is exactly one zero ¢,

of T, (t). But then (tant,)(cot ¢) = tanh(t, cot ¢) < 1 and this yields tant, <
tan ¢. Hence each t,, can be represented in the form

tn, = @ +nmT— €y,
where ¢, € (0,¢) C (0,7/2). Because t,, — co then we have

lim (tan(¢ — &,)) = lim (tant,) = lim {(tan ¢) tanh(¢, cot )} = tan ¢.
n—oo n—oo

n—oo
Thus ¢, — 0.
Observe now that tanh((¢ + nm — &,,) cot ¢) = (tan(e — &,))(cot ) € (0,1).
Denoting a, = exp(—(2¢ + 2nm) cot ) we obtain

exp(—2e, cot ) — ap,

(41) (tan(w - 5”))(C0t (‘0) - exp(72€n cot QO) +an .

Notice that (4.1) leads to the formula:

tan g — tan(p — ep,)
ap =
tan p + tan(p — e,,)

exp(—2¢, cot ).
In further analysis we shall examine the function
a=a(e)

defined on the interval (¢ — 7/2, ). Thus

_ tanp —tan(p —¢)
~ tang + tan(p — ¢)

exp(—2e cot )

(1 — a(e) exp(2e cot p))
(1+ a(e) exp(2e cot p))

tan(p — ¢) = (tan )

and
0(e) = (exp(—¢ cot ) — a(e) exp(e cot ¢))?

> 0.
sin 2¢p
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The latter yields the existence of the inverse € = e(a) defined on (—exp((m —
2¢p) cot ), exp(—2¢p cot ¢)). Moreover, we have
sin 2¢
(exp(—ecot ) — aexp(e cot ))?’
€”(0) = 45sin 2¢p + sin 4¢p,

g'(a) =

1
g"(0) = 1(8 sin 6 — 30 sin 4 — 96 sin 2 + 3 sin 8¢p)

and

2(sin 2¢p)
(exp(2¢ cot ) — 1)14
+ 65t % (3 cos 4 — 24 cos 2p + 45)a”
+ (e%°°* % (317 cos 2¢ — 40 cos 4 + 3 cos 6y — 648)

— 213t ¢ (s5in% 2¢) ) a®

5//”(0) _ (126125 cot Lpa9 + 366105 cotap(cos 250 o 2)0,8

+ ( — 2%t % (214 cos 2 — 5 cos 4y + 2 cos b6y — 535)

1
— 5668 L2 (21 cos 2 + 84 cos 4p — 21 cos 6p — 4)) a®

+ (£2€°°*% (265 cos 2¢ + 64 cos 4p — cos by — 1312)
— 3¢5t % (sin? 200) (4 cos 4p — 22 cos 2¢ + 79))a’
+ (144 cos 2¢p — 90 cos 4 + 1242

— 6e%° % (sin? 2¢0) (10 cos 2 + cos 4 — 61))a’

3
+ (— 5(20082(,0— 133 cos 4y — 2 cos 6y + 6 cos 8p + 127)

+ 7250 ?(8 cos 4 — 481 cos 2¢ + cos bp — 920)) a®

+ (2745 (214 cos 2 + 31 cos 4 + 2 cos 6 + 239)
+ 672t ? (sin? 20 (25 cos 29 — cos 4y + 47))a
— 7620t (137 cos 2¢ + 32 cos 4 + 3 cos 6 + 120)

— 3e 150t (5in? 20) (34 cos 2¢ + 4 cos 4 + 37)) .
Restrict the domain of £(a) to the interval |a| < exp(—3p cot ). Then

exp(—ecot p) — aexp(e cot @) > exp(—p cot ) — exp(—2p cot ) > 0.

Therefore
£ (a)] < exp(10 + 24¢p cot ¢ + 27 cot )
(exp(2¢p cot ) — 1)14
and hence
" (a) < exp(7 4 24¢p cot ¢ + 27 cot )

24 (exp(2¢ cot ) — 1)14



350 G. BARTUZEL — A. FRYSZKOWSKI

From the Taylor expansion formula we have for each |a| < exp(—3¢ cot )
a2
g(a) =asin2p + 5 (4sin 2¢ + sin4y)
3
+ %(8 sin 6 — 30sin4p — 96 sin 2 + 3sin 8y) + R(a),
where |R(a)| < |a|* exp(7 + 24p cot ¢ + 27 cot ¢) / (exp(2¢ cot ) — 1)1, There-
fore

xp(—(4¢ + 4nm) cot )
2

en = exp(—(2¢p+2nm) cot ¢) sin 2p+ ¢ (4sin 2¢p+sindyp)

- t
4 o0 ; 46””) €Ot P) (8 sin 6 — 30 sin 4 — 96 sin 20 + 3 5in 85) + R
and

tn, = + nm — exp(—(2¢ + 2n7) cot @) sin 2¢p
exp(— (4o + 4n) cot )
2
_exp(—(6¢ + 6n7) cot ©)
24
x (8sin 6 — 30sin 4p — 96 sin 2p 4 3sin 8p) + R,

(4sin2¢ + sindyp)

where |R,| < exp(7+ 16¢ cot ¢ + 27(1 — 4n) cot ) /(exp(2p cot ) — 1)14. In
particular
t1 =+ 7 —exp(—(2¢ + 27) cot ) sin 2¢p

exp(—(4¢ + 47) cot )

5 (4sin 2¢ + sin4yp)
—(6 6 t
_ exp(=( ¢2+4 ™) € 9) (8 sin 65 — 30 sim dip — 96 sin 25 + 3sin 8p) + Ry,
where |R1| < exp(7 + 16p cot ¢ — 67 cot )/ (exp(2¢p cot ) — 1)1 O

REMARK 4.2. If ¢ = 7/4 then t; ~ 3.9266 with the accuracy |R1| < 1.5052 x
1078 and for ¢ = 7/3 we have t; ~ 4.1818 with the accuracy |R;| < 2.0792 x
1073, But for ¢ > 0.360227 the error |Ry| > 0.1.

Passing to the positive zeros of

cosh(rz cos @) cos(rx sin )

Yi(z) = 2 cos o Ty (rzsin)
we have
_ptnm—egy
Tn(p) = W
where

p(—(4¢ + 4nm) cot )
2

en = exp(—(2¢+2nm) cot ) sin 2p+ & (4 sin 2¢p+sin 4ip)

exp(—(6¢ + 6n) cot )
* 24

(8sin6p — 30sindp — 96 sin 2 + 3sin 8p) + R,
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with |R,| < exp(7 + (2¢ — 8nm) cot ). In particular is

t1 1

z1(p) = reing ~ reing <<p + 7 — exp(—(2¢ + 27) cot ) sin 2

exp(—(4p + 4m) cot )
2

_exp(=(6p + 6m) cot )
24

X (8sin6p — 30sindp — 96 sin 2¢ + 3sin 8¢p) — Rl),

4sin2p + sindp
2

where |Ry| < exp(7 4+ (2¢p — 87) cot ).
Let us now observe that for the positivity of Yy (z) we need the assumption
that (0,1) C (0,21(¢)). This holds for such «'s that z1(¢) > 1. Equivalently

R 1 .
o + sinlcp <ro(p) = Sn o <<p + 7 — exp(—(2¢ + 27) cot ) sin 2¢
—(4 4
exp(—( 3042— ) cot ) (45in 2 + sin &)
exp(—(6¢ + 67) cot )
24

X (8sin6p — 30sin 4 — 96 sin 2¢ + 3 sin 8@)) .

Graph of the function rq(¢) is presented in Figure 1.

4.8
y
4.6

4.4 1
4.2 1
4.0 1
3.8 1
3.6
3471
3271
30T

0 1 2 3 4 5 6 7 8 9 10
X

FIGURE 1. Graph of 7o(¢).

Hence for ¢ € (0,27) the domain of positivity of the Green function for the
clamped Timoshenko beam is between the lower and upper curves (see Figure 2).
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FI1GURE 2. Asymptotes are dashed at £

Additionally for the reader wondering to make an idea of the phenomenon
we make the graph of inversion
1 sin ¢
ro(p) M

where
M= <<P + 7 — exp(—(2¢ + 27) cot ) sin 2¢

exp(—(4p + 4m) cot )

5 (4sin2¢p + sin 4¢p)
— 6 t
exp( (6<p242l ) cot p) (8sin 6pp — 30 sin 4 — 96 sin 2¢ + 3 sin 8<p)>

and the admissible domain is out of the “apples” (see Figure 3).

03T

1
FI1GURE 3. Graph of .
To ()
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FIGURE 4. Graph of c(%), where @iy = 1.4134 and pmax = 1.5764.

4.1.2. Properties of principal solutions. In further analysis we need
some properties of principal solutions.
PrOPOSITION 4.3. The functions

Yo(x)  Ys(z)  OW(z,z) Yi(2)Ya(x) — Ya(x)Ys(x)
Yi()' Ya(x)’ Oz Ya()Ya(z) — Ys(2)?

are strictly decreasing on (0,x1(p)). Moreover, for all x € (0,z1(p)) is

Yi(@)Ya(e) - Ya(a)Y(a)
Y (0)Ya(@) — Ya(x)?

PrOOF. We shall show then the derivatives of considered functions are neg-

= Yo (2)Ya(z) - Ys(2)?,

> 0.

ative.

(a) Differentiating the function ?Elg on (0,z1(p)) we have

sin2bx  sinh 2ax

i(Yz(x)) _N@)Yi(@) -Ya(@)Ya(z) _ “op " 9g
dz Y, (z) (Ya(z))? 2|Ya(2)[?(a® +0%)

But for each x € R, by Mean-Value Theorem, there are 6,,9, € (0,1) such that

sin 2bx = 2bx cos(2bxf,) and sinh2ax = 2ax cosh(2azd,).

Hence for any = € (0,z1(yp)) is

in2b inh 2
S — g = (cos(2bad,) — cosh(2azd,))r < 0.

Thus for each x € (0,21(p)) is

() <o
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(b) For the function 23 on (0,21 (p)) is
w(50) = = g <O

(c) For the function Ya(x)Ya(z) — Ya(x)? = 2¥422) < 0 on (0,21 (¢)) we have
%((Yxx)mx) — Y3(2)?)) =Yi(2)Ya(z) — Ya(2)Y3(2)

0507 (55) <0

(d) Applying Proposition 2.2(f) we have

a <Y1<x>Y4<x> - mx)Ys(x)) _ (ngn Yi()

da \ Ya(r)Ya(x) — (Ya(x))? (w)—(Ys(w))2> <

To see that
Yi(2)Yy(x) — Ya(x)Ys(2)

YVa(0)Vala) — ((@)2 "

observe that since Ya(x)Yy(x) — Y3(x)? is negative and decreasing then the func-
tion In((Y3())? — Ya(z)Ys(x)) is increasing. Hence

d
Yi(0)Yi(e) - Ya(@)Va(w) _ gz (V3(0))” — Ya(@)Ya(@))

Ya(2)Ya(x) — (Ya(2))? — (Ya(2))? — Ya(2)Ya(z)
= L n((¥3(@))? ~ Va()a(@))) > 0.
This completes the proof. O
LEMMA 4.4. Let 0 <t <s<x <xi(p). Then
Ya(t) Ya(s) Ya(x)
det Yg(t) Yg(S) Yé(x) >0
Yi(t) Ya(s) Ya(z)
PROOF. Observe first that
Ya(t) Ya(s) Ya(x)
(12) det | Yal)) Yalo) Yalo) | =YalaComio (31 - )
Y4(t) Y4($) Y4(1’)

(-3
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From the Cauchy Mean-Value Theorem there are o, w with 0 < t < 0 < s <
w < x < x1(p) such that

Ya(t)  Ya(z) Y,
Ya(t)  Ya(x) _ (Y4> () _ (Y1Y4 —Y2Y3>(U)
) Y@ (v YaYs — (V3)?
Yal)  Ya() () ©)
and
Y) Y1) ()
Yy(x) B Yy(1) _ (Y4> ) _ <Y1Y4 _Y2Y3>(w)
Y3(z)  Ya(l) (Yg)( ) VoY, — (Y3)2 )
Yaw) v \y,) "
But the functions é%:gﬁ;;% and égg are decreasing. Therefore
a(t)  Yo(z) Ya(z) Ya(1)
O HE R o 111
Ys5(t Y3(x Ys(x Y3(1
Yi(t) - Yi(x) Yi(w) - Yi(l)
(Y, —-YoY; ([ NYa-YaoYs w
B Y2Y4—(Y3)2> ) (Y2Y4—(Y3)2>( )>0
and
Yifs) _ Yile) () _Yils)
Ya(s)  Ya(x) = 7 Ya(t)  Ya(s) =
Therefore all factors in (4.2) are positive, what yields our claim. d

4.2. Nonnegativity of the Green kernel. We are now ready to demon-
strate the positivity of the Green function. It can be done with the use of the
formula (3.4), when the integral kernel is given by
[ Y5(1) Ya(1—¢) Yo(1) ]
det | Ya(z) Ya(z—t) Ys(z)
L Ya(1) Ya(1—t) Y5(1) |

Ya(1) Ya(1
det | 1) 360

for0<t<uz<l,

1) =
g(m ) —Yg(l) Y4(17£E) Y4(1)_
det | Ya(t) Ya(t—=) Ya(t)
LY2(1) Ya(1—a) V(1)

Ys(1) Ya(1)
det [yi(l) Y‘é(l)}

for0<z<t<l1.

We shall show the following

THEOREM 4.5. Assume that o = = a+1ib = r(cos p+isin ), where ab # 0
and z1(p) > 1. Then for each x,t € (0,1) we have G(z,t) > 0.

PROOF. We may restrict our considerations to the quarter 1/2 < z < 1
and 1 —x < t < z since the Green function is symmetric with respect to both
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diagonals of the square [0, 1] x [0,1]. We shall show first that

0G(z,t)
ov

1 1
<0, here v = | —; —|.
e {ﬁ \/5}

Using Proposition 2.2(c) we proceed as follows

)
<det{Y3(1) Y4(1)] 6g(x,t)\/§det[Y3(1) Y4(1)} <8g(a?,t)+ag(x,t)>

V(1) Ya(1) v) v\ "o T
Y3(1) Ys(1—t) Ya(1) Y3(1) Ya(1-t) Ya(1)
=det | Ya(z) Ys(z—t) Ya(x)| —det | Ya(x) Yz(z—t) Ys(z)
Ya(1) Yi(1—1¢) Y3(1) Ya(1) Y3(1—1¢t) Ys(1)

V(-1) Ya() Y1)

=det | Y3(1—¢t) Yi3(z) Y3(1)

Y4(1 — t) Y4(x) Y4(1)
But we have 1 —t < z < 1, hence from Lemmas 4.1 and 4.4 we conclude that

9G(x, 1)

Ov <0,

what gives our claim.
Negativity of W means that the function G(x,t) is decreasing on each
line z —t = s, where 0 < s < 1. Hence for z € (1/2,1) and t =z — s is

Ya(s) Ya(1) Ya(1)
det | Y3(s) Y3(1) Ys(1)
G(a,t) = Glw.z—5) > G(1,1— ) = (S})q 1Y4 1}),3 13)/41 o,
det {Yg 1) Y, 1)}
what was to be proved. O

We are now in the position to present our main results concerning the

clamped Timoshenko beam:

THEOREM 4.6 (PCP). Assume that « = 3 = a + ib = r(cosy + ising),
where ab # 0 and x1(¢) > 1. Then for every a such that |a] < z1(p)/sin(p)
the Pointwise Comparison Principle holds for solutions of clamped Timoshenko

beam problem

y//// _ (QQ +52)y// =+ |a|4y _ f,
(4.4) y(0) =y(1) =4'(0) = y'(1) = 0.

PrROOF. The formulas for solutions are the contents of Theorems 3.3 and 3.4.
For |a| < z1(¢)/sin(p) the function Gr(x,t) > 0. Thus for f € L(]0,1]) with
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f > 0 we have
1
va) = [ Gratif(ode =0
0
what shows that Gr(z,t) > 0 for all z,¢ € [0,1]. O

5. Clamped Euler—Bernoulli beam

A particular case of the problem considered in our Theorem PCP, presented
in the previous section, is the following BVP

(5.1) y" +4kty = f(x),
(5.2) y(0) =y(1) =y'(0) =y'(1) =0,
where k > 0 is given. The case k = 0 was examined by T. Boggio [2] in 1905
and k = 1/v/2 by W. Gunsenheimer [4] in 1994. The general case was covered
by M. Ulm [15] in 1999 and Sweers with collaborators (see, [14], [3], [6]). In our
case

a=(1-9k, B=a=(1+ik

and the fundamental solutions are

cosh kx sin kx — sinh kx cos kx sinh kx sin kx
Y;;(J)) = 4k3 ) Yg(ﬂf) = Ta
‘h 1 3 h 9
Ya(z) = cosh kz sin kx + sinh kx cos kx Y4 () = cosh ks cos k.

2k ’
Following J. Schroder [11] denote by s = ¢; & 3.9266 the first positive zero of
the equation tanhz — tanz = 0. In our case the first positive zero of Yy(z) is
x1 = x1(w/4) = »/k. Because of the boundary conditions we need to assume
that ¢ = s/k > 1, which holds for 0 < k < s. Therefore we have the following
(PCP) result for the clamped Euler-Bernoulli beam:

THEOREM 5.1. For each 0 < k < 3 the solution of the problem (5.1) with
(5.2) is given by formula

y(z) :/0 Ges(z,t) f(t) dt,

where the Green function Geg(x,t) is for 0 <t <z <1 given by

S 5 2sinh(k(1—t)) sin(k(1—t)) coshksink \ 7
2sinh ksink 1 (+sinhkcosk>
ke sin < cosh(k(z—t)i sin(k(z—t))
(—sin T cos :c) sinh (k(z—t)) s(k(m—t))) sinh kx sin kx
det hk k _s 1(;0
bk sin cosh(k(lft)isin(k(lft))
COSs. S1n . .
(fsinhkcosk> (_Sinh(k(l—t)) cos(k(1—t)) ) sinh k sin k
T
4;€3d ¢ 2sinh ksin k cosh ksin k + sinh k cos k i
e
cosh ksin k — sinh k cos k sinh k sin k
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and for0 <z <t<1 by

- cos(k(l—z)) sinh(k(1—z)) . -
sin k sinh (_sin<k<1_x))1cosh(k<1_x>) ) (ko)
cosh(k(tfz))lsin(k(tfz)) cos(k(1—t)) sinh(k(1—t))
det, sinh ki sin k¢ < _sinh(k(t—x%)lcos(k(t—z)) ) < _sin(k(l—t))liosh(k(l—t)) )
( cosksinhk ) 2sin(k(1—x)) sinh(k(1—z)) 9 sin k sinh &
+sinkcoshk 1
1
] A3 det { 2.sinh k s.in k cosh k si'n k+ s.inh kcosk ] ]
cosh ksin k — sinh k cos k sinh k sin k

Furthermore Geg(x,t) > 0 for all z,t € (0,1).
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