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INFINITELY MANY HOMOCLINIC ORBITS
FOR SUPERLINEAR HAMILTONIAN SYSTEMS

JUN WANG — JUNXIANG XU — FUBAO ZHANG

ABSTRACT. In this paper we study the first order nonautonomous Hamil-
tonian system
2= JH:(t,2),

where H(t,z) depends periodically on ¢. By using a generalized linking
theorem for strongly indefinite functionals, we prove that the system has
infinitely many homoclinic orbits for weak superlinear cases.

1. Introduction and main results

In this paper we are interested in the existence of homoclinic orbits of the
Hamiltonian system

where z = (p,q) € RN x RN = RV, 7 = (j}N fg) and H € C'(R x R2N R)

is of the form

(1.1) H(t,z) = %B(t)z-z+R(t,z),
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with B(t) € C(R,R4N2) being a 2N x 2N symmetric matrix valued function,
and R € C1(R x R?VN R) is superlinear in z. Here by a homoclinic orbit of (HS)
we mean a solution of the equation satisfying z(¢) # 0 and z(t) — 0 as |t| — oo.

Establishing the existence of homoclinic orbits for system like (HS) is a classi-
cal problem. Up to the year of 1990, there are few isolated results. In very recent
years, many authors considered the existence of homoclinic orbits for Hamilton-
ian systems via critical point theory. For example, see [1], [8], [9], [12], [21], [22]
for the second order systems, and [3], [7], [10], [13]-[16], [18], [23]-]27], [29] for
the first order systems. Usually, for superlinear problem, one needs the following
condition due to Ambrosetti-Rabinowitz [2];

(1.2) Jv>2 0<vR(t,2) <R,(t,2)z, VYz#0.

Generally speaking, the role of (1.2) is to ensure the boundedness of all (PS).-
sequences for the corresponding functional. Without (1.2), it is very difficulty
to get the boundedness of (PS).-sequences. However, it is easy to see that (1.2)
does not include some superlinear nonlinearities like

(1.3) Rt 2) = a(t) (|z” + (v — 2)[2]"~* sin2 ("’j))

v>2 0<e<min{r—-2,v—rv*},

where a(t) > 0 is 1-periodic in t and v* := v(v — 2)/(v — 1). In this paper, we
shall study the existence of infinitely many homoclinic orbits for the system (HS)
under some superlinear conditions which cover the cases like (1.3).

Let A := —(J(d/dt)+ B(t)) be the selfadjoint operator acting in L*(R, R?V)
and o(A) denote the spectrum of A. As we all know, the information of o(A)
are very important in finding the homoclinic orbits for the system (HS). For
example, if 0 is in the essential spectrum of the operator A, then the operator
A can not lead the behavior at 0 of the equation, which brings difficulty in the
usual variational arguments. So in the early results [3], [7], [18], [24], [25], [27],
they assume

(R) B(t) = B is independent of t such that sp(JB) NiR = §,

where sp(J B ) denotes the set of all eigenvalues of J B. Clearly, the condition
(R) means that there exists ¢ > 0 such that o(A)N(—¢,¢) = . That is, 0 is not
in the spectrum of A, which is important for variational arguments. Recently,
the above condition (R) was relaxed by Ding and Willem [3], they handled the
case when 0 may be in the essential spectrum of A, and assumed that

(Ro) B(t) depends periodically on ¢ with period 1, and there is a > 0 such
that o(A4) N (0,a) = 0.

Under the superlinear condition (1.2) and some additional conditions, [16]

showed that the system (HS) has at least one homoclinic orbit. Here we point
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out that in the present case, 0 may be in the essential spectrum of A which
brings difficulty in handing such case by variational methods. To overcome
this difficulty, the authors proved an embedding theorem as a compensation
(see the following Lemma 2.1). Later, under the superlinear condition (1.2),
[13] also considered the case when 0 may be in the essential spectrum of A.
If H(t,z) is even in z, the authors proved that the system (HS) has infinitely
many homoclinic orbits. In [16], [13], the condition (1.2) is important for them
to get the boundedness of the (PS).-sequences. We emphasize that under the
condition (Ry), the superlinear case without (1.2) is quite different and tough to
be dealt with. Nearly, under the condition (Rg), [29] considered the superlinear
case without (1.2). The authors obtained that (HS) has at least one homoclinic
orbit. Motivated by present works of [16], [13], [29], in the present, we continue
our work of [29] to prove that the system (HS) has infinitely many homoclinic
orbits for the superlinear case. In order to state our main results, we assume
that R(t, z) satisfies the following conditions.

(R1) R(t,z) € CHR x R?N R) is 1-periodic in ¢, and there exist positive
constants ¢1, co and v > 2 such that

c1lz]” < R.(t,2)z < |R.(t, 2)||z] < calz|”, for all (t,2) € R x R,

(R2) R.(t,z)z —2R(t,z) >0 for all t € R and z € R?N \ {0}.
(R3) There exists po > 2 such that

R
it 2,2

uniformly for t€ R.
(R4) There exists ¢g > 0 such that

-2
i inf R.(t,2)z — 2R(t, 2)

|z|—o00 |Z|ﬁ = Co

uniformly for ¢t € R, where v > g > v* =v(v —2)/(v — 1).
(Rs) There exist c3 and § > 0 such that for all (¢, 2) and v € R2V with |v| < 6§

[R(t, 2 +v) = Ra(t, 2)] < es([v]” ™" + |27 |v] + [0]"72[2]).

(Rs) R(t,—z) = R(t,z2) for all (t,z) € R x R?N.

REMARK 1.1. In [31], [32], the conditions (R2)—(R5) have been used to
weaken the Ambrosetti-Rabinowitz superlinear growth condition (1.2) for Schro-
dinger equations.

REMARK 1.2. Let g = v and B = v —e. It is easy to see that the
nonlinearity (1.3) satisfies (R1)—(Rg). However, similar to [31]. Let z, =
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(e(nm + 37m/4))Y/¢ Loy, where Loy = (1,0,...,0). For any v > 2, one has

Rz (t7 Zn)Zn - ’}’R(t, Zn)

—alt)| (v = el + (0 = 20— £ = s (22

. 2)|2n|”sin2<zz|€>]
(v—2>(u—a—v)sin2<zﬂf/s)} -

=a<t>|zn|"[2 - .

as n — oo. Thus, we know that the nonlinearity (1.3) can not satisfy the
Ambrostti-Rabinowitz condition (1.2) for v > 2.

Recall that, based on the periodicity condition, if z is a homoclinic orbit then
for any ¢ € Z, 1xz := z(- +¢) is also a homoclinic orbit. Let O(z) := {1*z; + € Z}
denote the orbit of z with respect to the Z-action %, two homoclinic orbits z;
and zy of (HS) are said to be geometrically distinct if O(z1) # O(z1).

Now we have the following result.

THEOREM 1.3. Let (Ro)—(Rg) be satisfied. Then (HS) has infinitely many
geometrically distinct homoclinic orbits.

REMARK 1.4. If there exists o > 0 such that (—,0) No(4) = 0 and
R(t,z) := —R(t, 2) satisfies the the assumptions (R1)—(R¢), then the same con-
clusion of Theorem 1.1 remains valid.

Throughout the paper we shall denote by ¢ > 0 various positive constants
which may vary from lines to lines and are not essential to the problem.

2. The embedding theorem

In order to establish a variational setting for the system (HS), in this section
we shall study the spectrum of a Hamiltonian operator.

Recall that A := —(J(d/dt) + B(t)) is a self-adjoint operator in L*(R, R?V)
with domain D(A) = H'(R,R?V). Let 04(A) and oes(A) be, respectively, the
discrete spectrum of A and the essential spectrum of A. By Proposition 2.2
of [16], at most 0 is in the continuous spectrum of A, so we only need to consider
the case 0 € 0ess(A). Let |- |, denote the usual L%-norm, and (-, - )2 be the usual
L2-inner product. Set H := L2

Let {E()) : A € R} be the spectral family of A. We have A = U|A]|, called
the polar decomposition, where U = I —E(0)— E(—0). Clearly, H has orthogonal
decomposition

H=H"&H,
where H* = {z € H; Uz = 42}. For each z € H, we will write z = 2~ + 2+,
where 2% € H*.
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Let E be the completion space of D(|A|*/?) under the norm
21z = [|A]"/?2]2.
F is a Hilbert space with the inner product
(z1,22) 5 = (|A|Y%21, |A]Y?22)5.
By Lemma 6.3 in Appendix, we have that for all z € D(]A|'/2),
(2.1) allzllge < lzlle + alzlz < col 2l g2 + 2af2l2,

where ¢1,c2 > 0 and a > 4sup,cp |B(t)|.
Let Bt :=H**ND(|A|*/?). Since the spectrum of A on E7 is bounded away
from 0, thus we have

lull% = (Au,u)s = / M(E(N)u,u)s > alul3, foralluec ET.

[0

Thus, it follows from (2.1) that E¥ is a closed set and
(22) I-lle ~ 1 lge on BT,

where the notation “~” denotes the equivalence. Then E has an orthogonal

decomposition

E=ET@E™,
with
(2.3) E~ DH™ ND(|A]Y?).

However, since 0 may belong to a spectrum of A, then ||-|| g may not be equivalent
to H'/2-norm on E~. Therefore, in the following we use the spectrum family
of A to sperate o(A) N (—o0, 0] into two segments. That is, for any € > 0, set

HZ = E(—¢)H,

and E- = Hz N'D(|A|Y/2) = H- NE~. Let Hz := H N (cly(Uy._. EQ)H))™,
where cly/(B) denotes the closure of the set B in H. Similarly to E*, since the
spectrum of A restrict to EZ is bounded away from 0. Thus,

(2'4) H : ||E ~ || . ||H1/2 on ES_

However, ﬁg is not complete with respect to the norm ||| g, thus it is reasonable

to introduce a new norm. Define
(2.5) Izl = (IA]"22]3 + |22)"/2.

Let EZ, be the completion of H- under the norm || - ||,
Now let E, denote the completion of D(A) N'H~ with respect to the norm
|-Il,. Since H'/? is continuously embedded in L? for any p € [2, 00), by (2.4), E=
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is a closed subspace of £, . Moreover, noting that E_,, C E~, it is orthogonal
to EZ with respect to (-, - )g, we have

(2.6) E; =E- ©E-,.

LEMMA 2.1. EZ, C Hy, (R) and is embedded compactly in L7S,, and contin-

loc?

wously in LP for allv < p < oo.

ProoF. The proof was actually given in [16], we state it here for reader’s
convenience. By the spectral theory of self-adjoint operators, ﬁ; CcD(A) = H.
Let {z,} C HZ be Cauchy sequence with respect to || - ||,. Then

0
(27) |A(zn —2zm)3 = [ NdIEO)(zn — 2m) 3
0
< —¢ [ MEN) (20— zn)ls = ellA[Y?(z0 = 2m)l5 — 0,

—E

as n,m — oo. For any finite interval I C R, one has
/I|zn — zm|?dt < 11727 |2 — 2|2 — 0.
Together with (2.7), we have
[ =zt = [ 1AGn = 2) + BOG0 = 2m) P
< 24l =) +2 [ 1BO — 20) Pt =0

as n,m — oo. Therefore the limit z of {z,} with respect to || - ||, belongs to
H} (R). Moreover, since H'(I) is compactly embedded in L>°(I) for any finite
interval I, one sees that F

e,v

is compactly embedded in L>°(I).
By (2.7), {Az,} is a Cauchy sequence in L?. Hence Az, — w in L?. Since
Az, — Az in L}, w = Az, i.e. Az € L?. Note that for any finite interval I C R

(2.8) /|z’:|2dt: /|Az+Bz|2dt < 2/(|Az|2 + |Bz|?) dt
I I I

2/v
gc( / Az|2+|1|1—2/"( / |z|”) )
I I

2(1) = 2z(t) + /tT 2(s)ds, for T eR.

Obviously, we have

Integrating from 7 — 1/2 to 7 + 1/2 in the above equality, one has

T+1/2 1/v T+1/2 1/2
(2.9) 2(7)| < </ Z|th> + (/ |z'|2dt> .
T—1/2 T—1/2
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Since z € H and Az € H, (2.8) and (2.9) show that
|z2(T)] = 0 as|7| — oo.

That is, z € L*°. Therefore z € LY N L*° and so z € LP for any p > v. Replacing
2 by 2z, —zin (2.8) and (2.9) one sees that £, is continuously embedded in L>
and so is in LP for any p > v. O

Let E, denote the completion of the set D(A) under the norm || - ||,. It
follows from (2.2), (2.4), (2.6) and Lemma 2.1 that E, and E™ are closed sets.
Moreover, since F,, C E, and using the decomposition of E, it is easy to check
that £, N ET = {0}, and so

(2.10) E,=E, @ E*.
We now come to the following embedding theorem.

THEOREM 2.2. Suppose (J1) is satisfied, and E, is defined in (2.10). Then

q

e for any

E, is embedded continuously in LP for all p > v and compactly in L
q>2.

PRrROOF. By (2.2), (2.4), (2.10) and Lemma 2.1, one can easily get the desired
conclusion. O

3. The abstract critical point theorems

Let (E, | -||) be a Banach space and ®(z) € C!(E,R). In order to study
the critical points of ®(z), we now recall some abstract critical point theory
developed recently in [5], see also [19], [4], [31] for earlier results on that direction.

Assume that E has direct sum decomposition E = X & Y, let Px and Py
denote projections from E onto X and Y, respectively. For a functional ®(z),
we write @, := {z € E: ®(2) > a}, ®* := {2 € E: ®(2) < b} and & = &, N P°.
Next, let’s us recall some definitions:

(i) @ is said to be weakly sequentially upper semi-continuous if z, — z in
E implies ®(z) > liminf,, o P(2,);

(ii) @’ is said to be weakly sequentially continuous if z, — z in E implies
limy,— 00 D' (2,)w = @' (2)w for each w € E;

(iii) A sequence {z,} C E is said to be a (C).-sequence if ®(z,) — ¢ and
(14 |lznl)®'(2n) — 0. @ is said to satisfy the (C).-condition if any
(C)c-sequence has a convergent subsequence.

In what follows, a set B C E is said to be a (C).-attractor if for any £,6 > 0
and any (C).-sequence {z,} one has, along a subsequence z, € U.(B N @gfg).
Here (and in the sequel), U.(K) :={z € E: ||z — K|| < &} for any subset K C E.
For any interval I C R, a set B is called a (C);-attractor if it is a (C).-attractor
for any ¢ € I (cf. [11], [5], [4]).
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From now on we assume that X is separable and reflexive subspace. For
a countable dense subset B C X™* and b € B, we define a semi-norm on E by

PpE=X0Y =R, Plz+y) =g +|yl, foort+tyeXay,

where gp(2) = |(z,b) x x+| = |b(x)|. We denote by Tp the induced topology. Let
w* denote the weak*-topology on E*.

Assume:

(Ap) For any ¢ € R, @, is Tp-closed, and &' : (®.,T5) — (E*, w*) is contin-
uous.

(A1) There exists o > 0 with x := inf ®(S,Y) > 0 where S,Y := {2 € Y :
Izl = o}

(A2) There exists an increasing sequences of finite dimensional subspace Y;, C
Y and R,, > p such that sup ®(X xY;,) < oo and sup ®(X x Y, \ K,,) <
=inf®({z e X : ||z|| < o}), where K,, :={z€ X x Y, : ||z|| < R,}.

(Asz) ® has a (C)r-attractor F with Py F C Y \ {0} bounded and such that

= inf{||Pyu — Pyv : u,v € F, Pyu # Pyv|} >0
and there exists 5 > 0 with
I2ll < BIPyz], for all ue @,

where I := [a,b] and a,b € R.

Then we have the following theorem:

THEOREM 3.1. If ® satisfies (Ao)—(Az2) and (As) for any compact interval
I C (0,00), then ® has unbounded sequence of critical values.

The proof was given in Theorem 4.8 of [5] (see also [11]).

4. Some preliminary works

4.1. Properties of the functional. Set E := FE, = E; ® ET, where
Y=Et, X=E,. Let
/R (t, z(t
By assumptions and Theorem 2.2, ¥(z) € C'(E,,R) and
V' (z)v = / R.(t,z(t))v(t)dt, forall z,v € E,.
R
Now, let us consider the functional

1 1
D(z) = §||Z+H125 — §||2_H% —U(z), forz=2z2" +z"€E,.
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Then ® € C1(E,,R). Moreover, for ¢ € C5°(R)
D' (2)y) = /(—jé — Bz — R,(t,2),v) dt.
R

It follows that critical points of ®(z) are solutions of (HS). Moreover, if z is
a solution of (HS), by Theorem 2.2, R, (t,z) € L*(R,R?Y) for any s € [2,00).
Thus R, (t,z) € H. A standard argument shows that z is also a homoclinic orbit
of (HS) (see [16]). So we have

PROPOSITION 4.1.1. Assume that the conditions (Ro)—(Re) hold. If z(t) # 0
is a solution of (HS), then z is a homoclinic orbit of (HS).

In the following we will study the linking structure of ®.

LEMMA 4.1.2. Let (Ro)—(R1) be satisfied. Then there exists o > 0 such that
# = inf @(S}) > 0, where S := {z € ET : ||z]|, = o}.

PROOF. For all 2 € ET, by the Theorem 2.2 and (R1), we have

1 1 L1 ,
B() = 5llals — [ R(t2)at > Flal — el > 5lel el O

Now we obtain the desired results.

LEMMA 4.1.3. Let (Ro)—(R1) be satisfied. Then, for any finite dimen-
sional subspace W C ET, there exists Ry > o such that sup ®(Fy) < oo
and sup ®(Ew \ Bw) < v :=inf®({z € E; : ||z|, < 0}), where By = {z €
Ew : HZ”V < Rw} and Eyy = E; eW.

ProoF. It suffices to show that ®(z) — —oco as z € Eyy and ||z|, — oo.
For z € Ey, let z = z{fv + z7, where zf,'v € W and z~ € E,. By Theorem 6.4
in Appendix, there exists a continuous projection from the closure of Eyy in
L” to W. Thus |zy|, < |z}, + 27 |,. Moreover, since W is finite dimensional
subspace, and from (R;), we have

®(2) = kI = 51715 - [ A
< calpl2 g lle I — sl +
< eols + 7l — Sl I — esle™ + 5l
where ¢; > 0 (i = 1,2, 3). It follows that ®(z) — —o0 as ||z]|, — oc. O

4.2. The (C).-sequences. In this section we discuss the Cerami-sequences
for the functional ®.
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LEMMA 4.2.1. Let conditions (Ro)—(Re) be satisfied. Then any (C).-se-
quence is bounded.

PRrROOF. Let z, € E, be such that
(4.1) D(z,) —c and (14 ||znl)® (2n) — 0.

By (R1) and (4.1), one sees

o(1) = ®'(zn)2n = [z} I — Iz, 1% — / R.(t,2n)zn dt.
R
Thus

(4.2) o)+l % = = 1% = / Re(t, 2n)zn dt = clzn];.
R

Therefore, 25 3 < [|27 [%+0(1), [2alt < ellzf [3+0(1), |zl < cllz 1" +o(1).
Clearly, it suffices to prove the boundedness of ||z, ||%.

By (R3) and (R4), let &g > 0 such that po — €9 > 2, then there exist
Ry > Ry > 0 such that

(4.3) R.(t,z)z > (uo —€0)R(t,z), forallteR, |z| < Ry,

and
R.(t,2)z —2R(t, z) > ¢o|z|?, forallt € R, |z| > R;.

Furthermore, by (R2), we can choose £ > 0 small enough such that
(4.4) R.(t,2)z —2R(t,z) > ¢|z|?, forallt € R, |z| > Ry.

By (4.1), there exists d > 0 such that

1 1 1
q)’znzn:<— ) 2% — Iz |13
= (- )R )

1
+ R.(t,zn)zn — R(t,z,) | dt.
/R <Mo — <o ( ) ( )>
Hence, by (4.3) and (R1)—(Rz2), we get that
1

@5) 2l — el < cte (R(t,zn>— ! Rz<t,zn)zn)dt
R Ho — €0

=c+ c(/ —|—/ > <R(t,zn) _ 1 R.(t, zn)zn> dt
‘ZTL‘ZRO IZnISRO 'U/O - 60
<c+ c/ (R(t, Z) — 1 R.(t, zn)zn> dt
[zn|>Ro Ho — o
1

1
§c+c<— >/ R.(t,zn)z, dt
2 Ho — €o |zn|>Ro

§c+c/ |z |" dt.
|Zn|ZRO

d>P(z,) —




HomocLINIC ORBITS FOR SUPERLINEAR HAMILTONIAN SYSTEMS 11

Moreover, by (4.1), there exists d; > 0 such that ®(z,) — (1/2)®'(2p,) 2 < ds.
(R2) and (4.4) imply that

1
(4.6) cz/ <Rz(t,zn)zn —R(t,zn)> > f/ 12| d.
R \2 2 Jz01>Ro

Choose t € ((v—2)/B(v —1),1/v) C (0,1), since v(v —2)/(v—1) =v* < B <
v, then by (4.6), Hoder inequality and Theorem 2.2, we have

(4.7) / | 20|V dt = / |2n |3t |20 | AP0V dt
|Z7L|ZRO IZnIZRo

tv 1—tv
< (/ |Znadt> (/ |2, | 1=t/ (1=t0) dt)
|Zn|ZR0 ‘Zn‘ZRO

1— _
< clznlS < |z | O
< c(lztlle + 27 18 + |2nl) "
1—¢t 2(1—t
<zt ST 4 ellzE T 4 o(1),

where p* = (1 —t8)v/(1 —tv) > v. Consequently, (4.2), (4.5) and (4.6) imply
that
/|zn|“dt <l = a3+ o(1) < c+c/ |zl dt + o(1)
|zn|>Ro
1— v 2(1—
<ctelzt 15T el T o),

that is, |2,], < ¢+ c||zg||g_t6) + cHz:{Hg/")U_tm + o(1). On the other hand,

(4.1) and (Rq) imply that

o) + 11 = [ Rettzzfdt < [ Jonl |

2 1 t _
<clzalt Yzt < clet ezt 1P+ ezt 150 o) Y|z | s

1t1/1+1 2y1y1t+1
<clzt e+ ezt G Felzh | GE IO (1) 2 | s

Since (1 —t3)(v — 1) + 1 < 2, we have that ||2,7||g < cc. O

Let {z,} be an arbitrary (C).-sequence. By Lemma 4.2.1 it is bounded,

hence, we may assume without loss of generality that z, — z in E,, z, — z in

L for ¢ > 2 and z,(t) — z(t) almost everywhere in ¢. Clearly, z is a critical
point of ®. Set 2} = z, — z.

LEMMA 4.2.2. Under the assumptions of Theorem 1.1, along a subsequence:
(a) ®(z,) = c— P(2);

n

(b) ®'(zL) — 0.

n

PROOF. Similar to the proof of Lemma 4.6 in [13], we sketch it here for
reader’s convenience.
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(a) Observe that

lim ®(z)) = lim ®(z,) — ®(2) + lim [ (R(t,2,) — R(t,2}) — R(t, 2)) dt.

n—oo n—o0 n—oo R

It suffices to check that

lim [ (R(t, 2,) — R(t,2)) — R(t,2))dt = 0.

n—oo R

Since z is a critical point of ®, it follows from Proposition 4.1.1 that for any
€ (0,9), where 6 > 0 is given in (Rs5), choose R > 0 such that, letting Jr :=
[-R,R] and J§ =R\ Jg,

(4.8) 2| Lo (g <e, 2] Ly (ag) <e.
Then by (R1),
/ R(t,z)dt < ce,
R

by mean value theorem and (R1)
‘/ R(t, 2z} + 2) — R(t, Z}L)dt‘ < c/ l2|(|25 7 4 |27 dt < ee.
c J%
Since 2z} — 0 in LP(Jg) (p > v), we have

‘/ R(t,2n) = RO, Z%>—R<t,z>>dt!sg

for n large. Hence
/(R(t, 2,) — R(t, 2}) — R(t,2))dt — 0 as n — oo,
R

(b) Let ¢ € E, with ||¢]|, < 1. Using the equation (4.8) and (R1), we deduce
that

\ / (b2 sodt‘ < claltlye Il < ce.

and, by (Rs),

’/ (Bt 2 + 2) —Rz(tz}l))wdt’

R

= /J |2 (|28 72 + |22 + |22 2L Dl dt < ce.

R

That is,

[ (Retzh4 ) = Butz)) - Rult2))e dt’ <ee.
R
On the other hand, since 2} — 0 and z, — z in LP(Jg) (p > v),

(4.9)

/ (R.(t,z} +2) — R.(t,2}) — Rz(t,z))godt‘ < cg,
Jr
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for n large. So

sup
llell, <1

/(Rz(t,z; +2) = R.(t,z}) — R.(t,2))pdt| - 0 asn — occ.
R
Therefore, the conclusion (b) follows from

' (:)p = @ (2n)p + / (Ro(t, 2 + 2) — Ro(t, 21) — Ra(t,2))pat

and (4.9). O

5. Infinite number of homoclinics

In this section we are going to show that if the function ® is even, then
(HS) has infinitely many geometrically distinct homoclinic orbits. Let K :=
{z € E, : ®'(2) = 0} and F := K/Z, the set F consisting of arbitrarily chosen
representative of the orbits of K. By (Rg), we may assume that 7 = —F. In
view of the invariance of ® under the shift x,

O(z1) # O(z1) if 21,22 € K with ®(21) # ®(22).

By virtue of (Ra),

B(2) = B(z) - %CI)’(z)z _ /R <;Rz(t, s - R(t, z)) dt > 0,

for all z € F\ {0}. Theorem 1.1 will be proved by showing that F is an infinite
set. That is, IC is an infinite set. To this purpose, arguing by contradiction, we
suppose that

(A*) F\ {0} is a finite set.
Then there are @, B > 0 such that

(5.1) a< min@:min@ﬁmaxq):maxq)<a
F\{0} K\{0} F\{0} K\{0}

In the following we are going to apply Theorem 3.1 to ®.

DEFINITION 5.1. Let {z,} C E, be a bounded sequence. Then, up to a sub-
sequence, either
(a) there exist v > 0, R > 0 and y,, € R such that
yn+R
lim |22 dt >y >0,

n—oo Ju R
or

(b) forall 0 < R < o0

y+R
lim sup/ |22 dt = 0.

n—o0 yeR Jy_ R
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In the first case we say that {z,} is non-vanishing, and in the second case that
it is vanishing (see [26]).

LEMMA 5.2. Let a >0 and {z,} C HY/? be bounded. If

(5.2) sup/ |zn]? = 0, n — oo,
yeER J B(y,a)

where B(y,a) is the interval (y —a,y +a), then z, — 0 in L*(R) for 2 <t < co.

Particularly, if {z,} C ET is bounded and satisfies (5.2), then z, — 0 in L*(R)

for2 <t < .

PROOF. Usually, this lemma is stated for z, C H! (see [30], [20]). However,
a simple modification of the argument of Lemma 1.21 in [30] shows that the
conclusion remains valid in H'/2. Since the norms ||-||, and ||-|| 1/2 are equivalent
in ET, one sees that the second conclusion follows. O

LEMMA 5.3. Suppose that F is a finite set, and the conditions of Theorem 1.1
are satisfied. Let {z,} C E, be a (C).-sequence. Then either

(a) zn, — 0 (corresponding to ¢ = 0), or

(b) ¢ > a and there exists a positive integer £ < [c/Q], points Z1,... ,Z¢ €
F\{0} (not necessarily distinct), a subsequence of denote again by {z,}
and sequence {ki} CZ (i=1,...,¢) such that

¢
Zn — g ky % Z;
i=1

and

*)Oa |k:L*k£L|*>OO (27&])3 as n — 00,

174

ProoOF. From Lemma 4.2.1, we know that the sequence is bounded. It
follows from (4.4) that

(5.3) ®(z,) — %@’(zn)zn = /R (1Rz(t,zn)zn — R(t,zn)) dt

2
> / |2 | dt > 0.
|Zn|ZR0

N ™

Thus ¢ > 0. Moreover, we infer from

1 1, _
®(en) = gl = 5llanly = [ Rtz dt < el
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that ¢ = 0 if z, — 0. Conversely, if ¢ = 0, using the arguments as in the proof
Lemma 4.2.1, one can easily get that

(54) clzaly <o(1) +l2f 1% = l2n I < o1) +C/ on |2n|” dt
Zn|Z1to

tv 1—tv
< (/ |zn|? dt) (/ |2, |1 7RIV (A=) dt) +0(1)
‘zn‘ZRO ‘Z'n|ZR0
tv
< c(/ |zn|5dt) +o(1),
|2n]|>Ro

where (1 —t¢8)v/(1 —tv) > v. On the other hand, by (5.3), we know that
flzn|>Ro |zn|? dt — 0 as n — oo. Thus, it follows from (5.4) that |z,|, — 0 as
n — oo. Since ®'(z,)(1 + ||zn|l») — 0, then

41 = [ Rtz d+ o)
< clzalyHzgly +o(1) S elzaly Tt +o(1) = 0
as n — oco. Furthermore, by (4.2), one has
clznly + 2 15 < N2t B +o(1) — 0

as n — oo. That is, ||z,]|, — 0 as n — oo. It follows that z, — 0 if and only if
c=0.
If ¢ > 0 and 2z is vanishing, that is,

lim sup/ |z |2 dt = 0.
"% yeR J B(y,a)

Then, by Lemma 5.2, we have z — 0 in L*(R) for ¢t > 2. Therefore, by (R1)

and Holder inequality, one has

‘/Rz(t,zn)z:{ dt‘ < c/ |zn\”71|2:{\ dt < c|z,f|l,|zn|zf1 — 0.
R R

Since ®'(z,,)zf — 0 and ®'(z,)z} = |z} |5 — Ji R:(t, 2n) %} dt, we know that
lzt|e — 0 and

®(zn) < |21 lIE — O,
a contradiction. Thus 2, is non-vanishing, that is, there exist v > 0, ¢ > 0 and

Un € R such that
ﬂn"l‘b
lim |zF)2dt >~ > 0.
n—oo g,,,*b

Hence we can find k,, € Z such that, setting u, := ky, * 2,(t) = 2, (t + kn),

+1
(5.5) lim lut |2 dt >y >0,

—
n—oo [, 1
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where ut = 25 (t + k,,). Since ||z,]l, = ||unll, and ®(2,) = ®(uy,), then {u,}
is still bounded, so a subsequence of {u,} (still denoted by the same symbol)
converges weakly to some 2! € E,. That is, there exists {kl} C Z such that
up =kl x 2,(t) = 2. By (5.5), we know that 2! € K\ {0}. Let z; be the
representative in which z' lies, and let k! € Z be such that k' * 2! = Z;. Set
E}l = kl+kl and 2} = E:L*zn—il. By Z-invariance of @ (i.e. @(Ei*zn) = D(z,))
and Lemma 4.2.2, {21} is Cerami sequence at level ¢ — ®(z;). By (5.1), (5.3),
a < ®(z1) < c. There are two possibilities: ¢ = ®(z1) or ¢ > D(z1).

If ¢ = ®(z1), repeating the arguments for the proof of the conclusion (a), we
have that 2L — 0 in E,. Consequently, the conclusions of this lemma hold with
(=1and k! = —F,.

If ¢ > ®(z1), then we argue again as in above with {z,} and c replaced by
{z}} and ¢ — ®(z1), respectively, and obtain Zo € F with @ < ®(22) < ¢ —®(z1).
So, after at most [c/a] steps, we get the desired results. O

Given ¢ € N and a finite set N’ C E,, let

J
WV, 1] ::{Z(kn*zn):1<j<€, kn € Z, ZnE./\/}.
n=1

LEMMA 5.4. For any £ € N,
(5.6) inf{||z — 2’|, : 2,2/ € N1}, z# 2"} > 0.

The proof was given in Proposition 1.55 of [8] (see also [7]).
In view of Lemma 5.3, we have:

COROLLARY 5.5. If {z,} is a (C).-sequence, ¢ > @, then one has
1zn = [F5 €, — 0
provided that £ > [c/Q].
LEMMA 5.6. ® satisfies (As).

PROOF. Recall that F is a finite set. Since ®’ is odd, then we may assume

F is symmetric. For any compact interval I C (0,00), denote I := [a,b], set
¢ = [b/a] and take B = [F,{]. Then, P*B = [P*F,{], where PT stands for the
projector onto ET. By (A*), P*F is finite set and

I2]l, < fmax{|[Z||,, Z€ F} forall z € B,

which implies that B is bounded. In addition, By Corollary 5.5, B is a (C);-
attractor, and by (5.5),

inf{||zF —vT|,:2, ve B, 27 £vt}

=inf{||z' —'||, : 2/, v € PTB, 2/ #£v'} > 0.
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For each z € ®%, one has
1 1
0<a< () =5l IE - 5l Ik - [ B2
2 2 R

Then 1 1
§||Z_||2E’ + 210 < Sl %

It follows that ||z, < 3||z"| & for some 3 > 0. Then ® satisfies (As) for I = [a, b]
and a > 0. O

LEMMA 5.7. @ satisfies (Ap).

PrROOF. Let a € R. Assume that z, € ®, with z,, — z in 7. Then
a < (1/2)|z51%—((1/2) ]|z, |%+%(2)). Since z, — 2T, then ||z} || ¢ is bounded.
It follows from ||z,,[|% < ||z} ||% — 2a that ||z,,|| ¢ is bounded. By (R1) one see
further that |z,,|" is bounded and so is ||z, ||,. Therefore, z,, — z in E,, which
implies 2z, — z in L] (¢ > 2) and along a subsequence z, (t) — z(t) for almost
every t € R. Consequently, by the weakly semi-continuous of norm and Fatou’s
lemma we get a < ®(z). Now let z,,, — z in 7(in ®,). Similar to above arguments
shows that |/z,,]|, is bounded, and so z,, — z in E,. Then z, — z in L! and
R.(t, zm) — R.(t,2) in LI/~ (p > 2). Hence &' (z,,)¢) — @' (2)¢ for ¢ € E,.
It follows that the condition of (Ap) is satisfied. O

PROOF OF THEOREM 1.1. Assume that F is finite set, i.e., (A*) holds.
According to Lemmas 4.1.2-4.1.3 and Lemmas 5.6-5.7, we know that ® satisfies
the assumptions of Theorem 3.1. Therefore ® possesses a sequence of critical
values, ¢, — 00, a contradiction. The proof is completed. O

COROLLARY 5.8. Let H(t,z) be the form of (1.1). Assume that A=—(Jd/dt
+B(t)) satisfies the conditions of Remark 1.2. Then (HS) has infinitely many
geometrically distinct homoclinic orbits.

It follows from the Remark 1.2 and Theorem 1.1. O

6. Appendix

Recalling that A = —(Jd/dt + B(t)) is a self-adjoint operator in H. By
(J1), we have D(JA|'/2) = HY?, where |A|'/? denotes the square root of |A|.
In this Appendix, we mainly refer to the paper [16]. For reader’s convenience,
some of the results, together with the proofs, will be provided here. Set W5 :=
WLs(R,R?N) for s > 1, H' := W2 and H'Y/? := HY?(R,R?*M). For a self-
adjoint operator A in H, we denote by |A| its absolute value.

DEFINITION 6.1. Let S(t) € C(R;R*N’) be a symmetric matrix valued func-
tion, and let F'(¢) be the fundamental matrix with F(0) = I for the equation

(t) = TS(t),
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S(t) is said to have an exponential dichotomy if there is a projector P and
positive constants K, £ such that

61) |F(t)PF~(s)| < Ke §(t=%) if s <t,
' |F(t)(I — PYF~1(s)] < Ke €60 if 5 > ¢,
see [6].

PROPOSITION 6.2. Suppose that S(t) has an exponential dichotomy and s> 1.
Then the following conclusions hold:

(a) The operator
s 1,s s d
Bg: L DW™* — L*, U= — \7£—|—S(t) u,
has a bounded inverse By 1 satisfying with some d = d(s,o) >0
|B; 2|, <d|z|s, forallze€ L*,

forallo > s;
(b) B := By is s self-adjoint, and there are b > 0, by > 0, ba > 0 such that
o(B)N[=b,b] =0 and

billzll gt < |Bzla < bollz||lgr for all z € HY;
(c) D(|B|Y/?) = H'2, and there are dy, dy > 0 such that

di ||zl e < |BIY?2|2 < dallz|| sz for all z € HY2.

PRrROOF. For any z € L*, s > 1, there is a unique u € W* satisfying

_<jcclit +S>u: z
given by

u(t):/t F(t)PF‘l(s)szs—/tooF(t)(I—P)F‘l(s)jzds.

Set

M (s) = A (—s) 1 ifs>0,
S) = —S) =
0 ifs<O.

Then
u(t) = / Ft)PF~Ys)AT(t — s)Tzds
R

- /RF(t)(I — PYF Ys)A ™ (t — 8)Tzds := uy (t) + ua(t),



HomocLINIC ORBITS FOR SUPERLINEAR HAMILTONIAN SYSTEMS 19
and by (6.1)
() <K [N @)zl ds,
R
ug ()] gK/e*ﬂS*t)x(t—s)mds.
R
Setting f+(7) = e $"AT(7) and f~(7) = €" A~ (), one has
lur ()] < K(fx[2))(t) and  [ua(t)] < K(f7 *[2])(2),
where * denotes the convolution. Observe that
1
/|f"'|‘7 :/|f_|”= — forallo >1and |f¥|, = 1.
R R §o
By the convolution inequality, for any ¢ > 1 satisfying 1/9 =1/s+1/0 — 1,
lujlo < K(€0)™7)2ls, j=1,2
and for 1/s+1/s'=1,s>1

ujloe < K(€8) M |2ls, 5 =1,2.

and also
|uj|oo§K‘Z|1, ifSZ]_, ]:1’2
Therefore,
1 1 1
(6.2) [uly < K(60)™/7|2lss 95,021 and - =—+ =1L
s o

Now the conclusion (a) follows from equation (6.2).

It is easy to verify that B = By is self-adjoint. Note that if there is a se-
quence of positive numbers b, — 0 such that ¢(B) N [~by,b,] = 0, then there
is a sequence {z,} C D(A) with |z,|2 = 1 and |Bz,|2 — 0, contradicting (6.2).
That is, 0 € o(B). The inequality of (b) is clear by (6.2).

We now verify (c). Let I' := —d?/dt?. Then D(T') = H?. By an interpolation
theory (see [16, p. 764] or [23, Section 2.5.2])

(D(T%), D(1))g,2 = (H, H?)po = H?, 0<0<1.
On the other hand (see [16, p. 764]) or [23, Theorem 1.18.10])
(D(I°),D(I))g,2 = D(I?).

Consequently,
D(I’) = H*
equipped with the norm

\m@@%=/‘u+x%dwm@=v@+w%@
0
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where {F); —0o < A < oo} is the spectral family of I'. In particular, let § = 1/4,
HY2 =DV, Nullfe < 215+ 074205,

Since [T''/2z|y = |2]a < ¢1|Bz|y for z € H' by (b), one has (I''/2z,2), <
co(|B|z,2)2 (see [8, Theorem 4.12]), and so [T'/*z|y < 3| B|Y/?2|3. Together
with equation (6.2), it follows that the first inequality of (c) holds. Similarly,
considering the operator T = d? /dt? + 1, one can check the second one of (c).[J

LEMMA 6.3. Under the assumption of (J1), we have
c1llzll e < [|A]V?2]2 + alzls < col|z]l /e +2al2l2,  for z € HY?,
where ¢; > 0, (i =1,2) and a > 4sup,cp |B(t)].
PROOF. Now we consider the matrix B, := B(t) + aB, where a > 0, B(t)

satisfies (J1) and B = (2 (1)) Clearly ajg has the eigenvalues Ay = ... =

ANy = a and Ayy1 = ... = Aoy = —a, and its fundamental matrix is F, =

exp (at ( _01 ?)) Therefore aB has an exponential dichotomy. By the roughness

of the exponential dichotomy, for any

(6.3) a > 4sup |B(t)],

teR

B, also have an exponential dichotomy(see [6]). In (6.2), we fix an a. Consider
the self-adjoint operator

Aa:—(jjtJrBa) = A—aB.
Since for z € D(A)
|Aazlz = |(A — aB)z|y < |Az|y + alzs,
by Proposition 6.2,
A2 < ([Aal2,2)2 < (1412, 2)2 + al2f3 < call 2030 + al2[3.
By Proposition IIT 8.12 of [17], we have
12l < 11AIV22]3 + alzls < call#ll s + 2alzl,

for all z € H'/2 = D(]A|Y/?), where ¢; > 0, (i = 1,2). O

THEOREM 6.4. Suppose that (X, ||-||) is a Banach space with X = X1 & X,
where X1 and X5 are close subset. Set |||x||| := ||z1]] + ||z2]l. Then for x =
x1+a2€X, 2, € X, (i =1,2) we have that

(@) ||| -1l| and || - || are equivalent norms;
(b) The projector P: X — X3 is continuous.
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PRrROOF. (a) Since ||| - ||| is also a complete norm on the X, and for each

re X

] < elllll;

where ¢; > 0. From Functional Analysis, we know that the result of (a) holds.

(b) For each x = 1 + 22 € X, by (a)

1P|l = llz1]| < eolll]l] < esfll,

where ca, c3 are positive constants. Since P is a linear operator, we know that

the conclusion (b) of this lemma follows. O
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