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MULTIPLE NONTRIVIAL SOLUTIONS
OF NEUMANN p-LAPLACTAN SYSTEMS

DUMITRU MOTREANU — KANISHKA PERERA

ABSTRACT. We obtain multiple nontrivial solutions of Neumann p-Lapla-
cian systems via Morse theory.

1. Introduction
We consider the problem:

—Ap,u; + 0;(x)|u P2y = Fy,(z,u) in Q,
(1.1) 3”2':0 on 602 i=1,...,m
on
where ) is a bounded domain in RY with C?-boundary 09, each p; € (1,00),
Ay ui = div (|Vu,|[Pi~2 V) is the p;-Laplacian of u;, 0; € L>(Q2) is > 0 almost
everywhere and # 0, F € C'(QxR™ R) with F(-,0) =0, u = (u1,... ,un), and
0/0n is the exterior normal derivative on 0€). We assume that the nonlinearities

F,, satisfy the subcritical growth conditions

(1.2) | Fu, (z,u)| < C’<Z |uj |7~ + 1> for all (z,u) € 2 x R™
j=1
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for some C'> 0 and ry; € (1,1 + p}/(p;)’). Here

o0 ifl% Ei]vv

is the critical exponent for the Sobolev imbedding W1Pi(Q) — L7(Q) and
(pr) = pr/(pf — 1) is the Holder conjugate of p;. Let

. 8ui
" on

and let WLPi(Q) be its completion with respect to the W'Pi(Q)-norm. By
Lemma 3.1 of Barletta and Papageorgiou [1],

1/Pi
HWM=C4WWW+M@MW)

defines an equivalent norm on W21Pi(). We recall that a weak solution of the
system (1.1) is any u € W = W,LP1(Q) x ... x W,LP= (Q) such that

/|Vui pi72uivi:/Fu1'(xvu)vi
Q Q

for all v; € W}HPi(Q), i =1,... ,m. They coincide with the critical points of the
C-functional

B) = [ 3 —(vu,

and are in C1(Q) x...xC}(Q) by nonlinear regularity theory. The purpose of this

clQ) = {uecl(Q) =0on 69}

Pi*ZVui -Vu; + 02($)|Uz

Pi40;()|w;

Py~ Fle,u), ueW,

paper is to obtain multiple nontrivial weak solutions using Morse theory. We refer
to Barletta and Papageorgiou [1], Filippakis, Gasiniski, and Papageorgiou [3],
Marano and Motreanu [5], Motreanu and Papageorgiou [6], Ricceri [8], and Wu
and Tan [9] for related multiplicity results on Neumann p-Laplacian problems
and to the monograph of Perera, Agarwal, and O’Regan [7] for some recent
developments in quasilinear problems via Morse theory.

We assume that u = 0 is a solution of (1.1) and the behavior of F' near zero

is given by
(1.3) F(z,u) = A (z,u) + G(z,u)
where A € R,

J(x,u) = V(x)|ug|™ ... um|™

withr; € (1,p;) and r1/p1+. . .+7rm/pm = 1,V € L>=(Q) is a (possibly indefinite)
weight function, and G is a higher-order term:

(1.4) |G, u)] < C > Jugl* for all (x,u) € @ x R™,
i=1
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for some s; € (pi, p}).

The associated eigenvalue problem

—Apu; + 0;(x)|uwi [P 2w = Ay, (z,u)  in Q,
19 {

) 1=1,...,m,
Oui _ on 90,

on
has nondecreasing (resp. nonincreasing) and unbounded sequences of positive
(resp. negative) variational eigenvalues (\) when V > 0 (resp. < 0) on sets of
positive measure (see Section 2). When V' < 0 (resp. > 0) almost everywhere we
set AT = £oo for convenience.

We also assume that

F(x,u)

(1.6) lim sup —

|u|—o0
> Jus
=1

Our main result is

<0 uniformly in z € Q.
pi

THEOREM 1.1. Assume (1.2)~(1.4) and (1.6). If A\, < A < A, or Al <
A< )\:H for some k > 1, then (1.1) has at least two nontrivial solutions.

Let ® be a C'-functional defined on a real Banach space W. We recall that
in Morse theory the local behavior of ® near an isolated critical point ug is
described by the sequence of critical groups

CUYD,up) = HI(®°NU,2°NU\{up}), ¢=>0

where ¢ = ®(ug) is the corresponding critical value, ®¢ is the sublevel set
{u e W : ®(u) < ¢}, U is a neighbourhood of uy containing no other criti-
cal points, and H denotes Alexander—Spanier cohomology with Zs-coefficients
(see e.g. Chang [2]). We also recall that ® satisfies the Palais—Smale compactness
condition (PS) if every sequence (u’) C W such that

(®(u?)) is bounded, &' (u’) — 0,

called a (PS) sequence, has a convergent subsequence. We will prove Theorem 1.1
using the following “three critical points theorem” of Liu [4].

PROPOSITION 1.2. Assume that ® is bounded from below and satisfies (PS).
If zero is an isolated critical point of ® and C*(®,0) # 0 for some k > 1, then
® has at least two nontrivial critical points.

We will show that C*(®,0) # 0 under the hypotheses of Theorem 1.1 using
some recent results of Perera, Agarwal, and O’Regan [7] on nontrivial critical
groups in nonlinear eigenvalue problems and related perturbed systems, which
we will recall in the next section.
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2. Preliminaries

For i =1,...,m, let (W;, | -|l:) be a real reflexive Banach space with the
dual (W}, | - ||I¥) and the duality pairing (-, -);. Then their product

K2

W=W; x...x Wy ={u=(u1,...,un): u; € W;}

is also a reflexive Banach space with the norm

m 1/2
Jull = (Z ||uz-||?)
=1

and has the dual
W*=W;x...x W) ={L=(Ly,...,Ly): L; e W/},
with the pairing
(Lou) = (Li ui);

i=1

Iz = (i(HLin:)?)m.

i=1

Consider the system of operator equations

and the dual norm

(2.1) Apu = F'(u)
in W*, where p = (p1,... ,pm) with each p; € (1,00),
Apu = (Apua, ..., Ap, Um),
Ay, € C(W;,W}) is:
(A;1) (pi — 1)-homogeneous and odd if

Ay, (o) = |afPi2aA,u; for allu; € W;, a €R,

k3

(A;2) uniformly positive if there exists ¢; > 0 such that

(Ap,uisui); > cl|ug||P for all u; € Wi,

(Ai3) a potential operator if there is a functional I,, € C*(W;,R), called
a potential for A,,, such that

I, (u;) = Ap,u;  for all u; € Wy,
(Ag) A, is of type (S) if for any sequence (u/) C W,
W — u, <Apuj,uj —u) -0 = uw —u,

and F € CY(W,R) with F' = (F,,,...,F,,):W — W* compact and F(0) = 0.
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PROPOSITION 2.1 [7, Proposition 10.0.5]). If each W; is uniformly convex
and

(Ap,uisvi)i < rillugl?Hvills,  (Apus,ui)s = rillugl|? for all ug,v; € Wi,
for some r; > 0, then (Ay4) holds.

By Proposition 1.0.2 of [7], A, is also a potential operator and the potential
I, of A, satisfying I,,(0) = 0 is given by

1
i=1 1"

Now the solutions of the system (2.1) coincide with the critical points of the
Cl-functional ®(u) = I,,(u) — F(u), u € W.

PROPOSITION 2.2 ([7, Lemma 3.1.3]). Every bounded (PS) sequence of ®
has a convergent subsequence.

Unlike in the scalar case, here the functional I, is not homogeneous except
when p; = ... = p,,. However, I, still has the following weaker property. Define
a continuous flow on W by

RxW =W, (a,u)—us:= (o auy,...,|o/YP" Tau,).

Then I,(uq) = || (u) by (A;1). This suggests that the appropriate class of
eigenvalue problems to study for the operator A, are of the form

(2.2) Apu = AT (u)
where the functional J € C'(W, R) satisfies
(2.3) J(ug) =|a|J(u) foralla e R, ue W

and J' is compact. Taking o = 0 shows that J(0) = 0, and taking o = —1
shows that J is even, so J’ is odd, in particular, J'(0) = 0. Moreover, if u is
an eigenvector associated with A, then so is u, for any « # 0 (see [7, Proposi-
tion 10.1.2]).

Let M = {u € W : I,(u) = 1} and M* = {u € M : J(u) = 0}. Then
M C W\ {0} is a bounded complete symmetric C!-Finsler manifold radially
homeomorphic to the unit sphere in W, M* are symmetric open submanifolds
of M, and the positive (resp. negative) eigenvalues of (2.2) coincide with the
critical values of the even functionals

:i:u:i u +
U= (u) )’ eM
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(see Lemmas 10.1.4 and 10.1.5 of [7]). Denote by F* the classes of symmetric
subsets of M¥* and by i(M) the Fadell-Rabinowitz cohomological index of M €
F*. Then

A= inf osup U(u), 1<k <i(MY),
MeFT ueM
i(M)>k
A, = sup inf ¥ (u), 1<k <i(M7),
MeF- weM
i(M)>k
define nondecreasing (resp. nonincreasing) sequences of positive (resp. negative)
eigenvalues of (2.2) that are unbounded when i(M¥*) = oo (see Theorems 10.1.8
and 10.1.9 of [7]). When (M%) = 0 we set AT = oo for convenience.
Returning to (2.1), suppose that u = 0 is a solution and the asymptotic

behavior of F' near zero is given by
(2.4) F(uq) = A (uq) +o(a) as a0, uniformly in v € M.

PROPOSITION 2.3 ([7, Proposition 10.2.1]). Assume (A;1)—(Ass), (A4), J €
CH(W,R) satisfies (2.3), J' and F' are compact, (2.4) holds, and zero is an
isolated critical point of ®.

(a) If A\] < A< A[, then C9(®,0) ~ §,0Z2.
(b) If Ay <A <AL or A < A< X[, then C*(®,0) # 0.

3. Proof of Theorem 1.1

First we verify that our problem fits into the operator setting of Section 2.
Let W; = WLpi(Q),

pi*zVui . Vvi + 92(:5)|u2 pi*zuivi,

(Apeuts, v3)s = / Vs
Q

and
F(u) = / F(x,u).
Q
Then (A;1) is clear, (A, u;,u;); = ||Jus P in (Aj2), and (A;3) holds with

1
Ty () = - / Vsl + 6 () s P

By the Holder inequalities for integrals and sums,

l/pi 1/pi
(Ap,ui, v3); < </ |Vui|pi> (/ |Vvip'i)
Q Q
1/17; 1/pi
+(/@@M#0 (/@ummﬁ
Q2 Q
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1/p; 1/pi
S (/ |VU¢ Pi) (/ ‘V’Ui Ih‘)
Q Q

P il
so (A4) follows from Proposition 2.1. By the growth condition (1.2),

rij—1
[(F(u), )] = \ | Futen, gcz(Znujanw1)@)/ +1)vi||i.
i=1

i=1 \j=1
Since (ri; — 1)(p;)’ < pj and hence the imbedding Wﬁ’pj(ﬂ) — Lrii—DED'(Q)
is compact, the compactness of F’ follows. We have

Pt 0i ()|

= ||u;

m
ri—1 . |um|7‘m g CZ |uj|Pj/P;

Jj=1

since r1/p1+. ..+ (ri—1)/pit+. . -Arm/pm = 1=1/p; = 1/p;, and p; /p; < p}/(p;)’,
so the compactness of J’' follows similarly.

S (2, )| = il V(@) [Jua [ g

Integrating (1.2) gives

(3.1) |F(z,u)] <CY (Z |us|" 4+ 1) ).
i=1 j=1

By (1.6) and (3.1), for each € > 0, there is a C. > 0 such that

F(z,u) < EZ |ui|P* + C-

i=1

and hence

fi - C€|Q‘

B(u) > i (; - Ca) s

where |Q] is the Lebesgue measure of Q). Taking e sufficiently small, it follows that
® is bounded from below and coercive. Then every (PS) sequence is bounded
and hence @ satisfies the (PS) condition by Proposition 2.2.

Turning to the eigenvalue problem (1.5), let

J(u):/QJ(;U,u), G(u):/QG(x?u).

Then

u]™ | = e J ().

J(ua):/QV(x)|a‘T1/P1+...+rm/pm

By (1.4),

|G ua)| < C Y fal*/P|fusl|57,
i=1
so (2.4) also holds. Applying Proposition 2.3, we have C*(®,0) # 0.

Proposition 1.2 now gives the result. (]
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