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GLOBAL REGULAR SOLUTIONS
TO THE NAVIER–STOKES EQUATIONS
IN AN AXIALLY SYMMETRIC DOMAIN

Wojciech M. Zajączkowski

Abstract. We prove the existence of global regular solutions to the Na-

vier–Stokes equations in an axially symmetric domain in R3 and with
boundary slip conditions. We assume that initial angular component of

velocity and angular component of the external force and angular deriva-

tives of the cylindrical components of initial velocity and of the external
force are sufficiently small in corresponding norms. Then there exists a

solution such that velocity belongs to W 2,1
5/2

(ΩT ) and gradient of pressure

to L5/2(ΩT ), and we do not have restrictions on T .

1. Introduction

We examine the following problem

(1.1)

v,t + v · ∇v − divT(v, p) = f in ΩT = Ω× (0, T ),
div v = 0 in ΩT ,

v · n = 0 on ST = S × (0, T ),
n · D(v) · τα + γv · τα = 0, α = 1, 2, on ST ,

v|t=0 = v(0) in Ω,
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where Ω ⊂ R3 is a bounded axially symmetric domain with the boundary S.
By v = (v1, v2, v3) ∈ R3 we denote the velocity of the fluid, p ∈ R the

pressure, f = (f1, f2, f3) ∈ R3 the external force, n is the unit outward vector
normal to S, τα, α = 1, 2, are tangent to S, γ is the constant slip coefficient.
Moreover, the dot denotes the scalar product in R3.
By T(v, p) we denote the stress tensor of the form

T(v, p) = νD(v)− pI,

where ν is the constant viscosity coefficient, D(v) the dilatation tensor of the
form

D(v) = {vi,xj + vj,xi}i,j=1,2,3,
and I is the unit matrix.
Let (x1, x2, x3) be a local Cartesian system such that the x3 axis is the axis of

symmetry of Ω. Let (r, ϕ, z) be the cylindrical coordinates such that x1 = r cosϕ,
x2 = r sinϕ, x3 = z.
Let er = (cosϕ, sinϕ, 0), eϕ = (− sinϕ, cosϕ, 0), ez = (0, 0, 1) be vectors

connected with cylindrical coordinates r, ϕ, z, respectively. Let u be any vector.
Then cylindrical coordinates of u are denoted by ur = u · er, uϕ = u · eϕ,
uz = u · ez.
Let R > 0, a > 0 be given numbers. We assume that Ω is axially symmetric

and is located in the rectangle r ∈ [0, R], z ∈ [−a, a], S is described by the
relation ψ(r, z) = 0 which meets the x3 axis in two points only: z = −a and
z = a.
Now we formulate the main result of this paper. Let

g = fr,ϕer + fϕ,ϕeϕ + fz,ϕez, h = vr,ϕer + vϕ,ϕeϕ + vz,ϕez,

and

X1(T ) = ‖g‖L2(0,T ;L6/5(Ω)) + ‖g‖L2,−(1+ε∗)(ΩT ) + ‖fϕ‖L2,1−µ(ΩT )
+ ‖h(0)‖H1−(1+ε∗)(Ω) + ‖vϕ(0)‖H11−µ(Ω),

µ ∈ (0, 1), ε∗ ∈ (0, 1) and ε∗ can be chosen arbitrary small. The above and below
introduced spaces are defined in Section 2.
Let F = rot f , F ′ = Frer + Fzez, α = rot v, α′ = αrer + αzez,

X2(T ) = ‖F ′‖L2(0,T ;L6/5(Ω)) + ‖Fr‖L2(0,T ;L6/5,−µ(Ω)) + ‖F
′‖L2,1−µ(ΩT )

+ ‖α′(0)‖L2(Ω) + ‖αr(0)‖L2,−µ(Ω) + ‖α
′(0)‖W 12,1−µ(Ω),

Y1(T ) = ‖Fϕ‖L2(0,T ;L6/5,−1(Ω)) + ‖αϕ(0)‖L2,−1(Ω),
d2(T ) = (1 + T )(‖f‖L1(0,T ;L2(Ω)) + ‖v(0)‖L2(Ω)) ≡ (1 + T )d1,
Y2(T ) = ‖f‖L5/2(ΩT ) + ‖v(0)‖W 6/55/2 (Ω),
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K∗ =
∥∥∥∥1r
(
k − γ

2ν

)∥∥∥∥
W 1∞(S)

,

where k is the curvature of the curve S∩P , where P is the plane passing through
the axis of symmetry of Ω.

Theorem 1.1 (Existence). Let X1(T )<∞, Y1(T )<∞, d2(T )<∞, K∗<∞.
Let

A = 2σ[ϕ22(X1)Y
2
1 + c1K∗(K∗ + 1)(d

2
2 +X

2
1 )] + cY2,

where σ > 2, ϕ2 is an increasing positive function and c1 is the constant from
(3.56). Let X3 = X1 +X2 be so small that

2ϕ21(T,X1, A)X
2
3 ≤
(
1− 1

σ

)
A,

where ϕ1 is an increasing positive function. Then there exists a solution to
problem (1.1) such that v ∈W 2,15/2(Ω

T ), ∇p ∈ L5/2(ΩT ) and

‖v‖W 2,15/2(ΩT ) + |∇p|5/2,ΩT ≤ A,

The existence of global weak solutions to the Navier–Stokes equations for the
Cauchy problem and the Dirichlet–Cauchy problem was proved long time ago
(J. Leray [8] (1933) and E. Hopf [3] (1951)) (see [7]).
A similar result can be also proved for problem (1.1). However, up to now,

we do not know how to increase regularity of the weak solutions by assuming
sufficiently regular data. Therefore many mathematicians tried to prove the
existence of global regular solutions to the Navier–Stokes equations by impos-
ing some geometrical restrictions on solutions of the considered initial-boundary
value problems.
We recall the results:

(1) two-dimensional problems [5];
(2) axially symmetric solutions — vr,ϕ = vz,ϕ = p,ϕ = 0, vϕ (see notation
below)
• in axially symmetric domains [6],
• in all space [14];

(3) helically symmetric solutions [9];
(4) existence in thin domains Ω = Ω′ × [0, ε], Ω′ ⊂ R2, ε-small [11], [12].

In view of the above results we considered the existence of global regular solu-
tions to the Navier–Stokes equations which are close either to two-dimensional or
to axially symmetric solutions. In [17] we proved the existence of global regular
solutions to problem (1.1) by assuming that Ω is an axially symmetric cylinder
and

(1.2) fr,ϕ, fϕ,ϕ, fz,ϕ, vr(0),ϕ, vϕ(0),ϕ, vz(0),ϕ and vϕ(0)
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are sufficiently small in some norms.
Under (1.2) and for an axially symmetric domain we proved global regular

solutions to (1.1) in [20]. The existence of solutions in [20], [17] was proved by
the method of successive approximation. We have to underline that the main
step in proofs of existence in [6], [14], [17], [20] is the proof of estimate and
existence of solutions to problem for χ = (rot v)ϕ with appropriate boundary
conditions which are such that χ|S depends on v|S only (not on v,x|S).
The appropriate boundary conditions follow from the slip boundary condi-

tions (1.1)3,4. This is the main reason why problems with slip boundary con-
ditions are only considered. We are not able to prove the existence of global
regular solutions for non-slip boundary condition: v|S = 0.
In [17] χ|S = 0 because Ω is axially symmetric cylinder. Moreover, in [20] to

show a global estimate we had to assume that k − γ/2ν must be small in some
norms. In this paper we were able to omit the restriction. However, we use some
estimates from [20] the proof of existence in this paper is much more simpler and
elegant because the Leray–Schauder fixed point theorem was applied. We have
to underline that the proof of existence in this paper is essentially different from
the proof from [20] however some points are the same. We should mention that
the condition: vϕ is small in (1.2) is not natural for axially symmetric solutions.
In [15], [18], [19], [26] we tried to understand and relax it. But the existence of
global regular axially symmetric solutions to the Navier–Stokes equations with
large swirl (large vϕ near the axis of symmetry) is still an open problem.
In [13], [21], [22] we proved the existence of solutions which are close to 2d

solutions. The solutions are such that Ω is a cylinder with x3 axis and

v,x3 , p,x3 are small in some norms.

In [22] we proved the existence with inflow and outflow but in [21] with imper-
meable boundary.
In [13], [21], [22] the existence is proved by the Leray-Schauder fixed point

theorem. In [21], [22] the existence is proved in Besov spaces but in [4], [13], the
proofs from [21], [22] were simplified by using Sobolev spaces only.
We have to underline that the main step in proofs of global existence in [21],

[22], [13], [4] was the estimate for the component χ = (rot v)3 of vorticity, so the
slip boundary conditions must be also assumed.
In [25] stability of arbitrary linear combination of 2d and axially symmetric

solutions to the Navier–Stokes equations in a cylinder is proved.
The paper is organized in the following way. In Section 2 we introduce

the notation, recall the results on existence of solutions to the heat equation
and to the Stokes system in weighted Sobolev spaces and define problems for
α = rot v, h, q (see (2.7)).
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We replace problem (1.1) by a system of problems (2.8)–(2.14) because the
Leary–Schauder fixed point theorem can not be applied directly to (1.1). Prob-
lems (2.8)–(2.14) generate a mapping Φ which fixed points are solutions to prob-
lem (1.1).
The smallness restriction on k−γ/2ν assumed in [20] is relaxed in this paper

by applying Lemma 2.6.
In Section 3 we show all inequalities which are necessary to obtain an estimate

for a fixed point of mapping Φ. However, to obtain the estimate we need that
quantity X2(T ) (see Theorem 1.1) must be sufficiently small.
We have to underline that the crucial inequality (3.1) implies that weighted

Sobolev spaces must be used.
In Section 4 we show that Φ is compact but in Section 5 that it is uniformly

continuous.
Hence the assumptions of the Leray-Schauder fixed point theorem are satis-

fied so the existence of solutions to (1.1) follows.

2. Notation and auxiliary results

By c we denote the generic constant. By c(σ) we denote the generic function
which is always positive and increasing.
To simplify considerations we introduce

|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω, S,ΩT , ST }, p ∈ [1,∞],
‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω, S}, s ∈ R+ ∪ {0},
‖u‖s,Q = ‖u‖Hs,s/2(Q), Q ∈ {ΩT , ST }, s ∈ R+ ∪ {0}

and ‖u‖0,Q = |u|2,Q,

||u||p,q,ΩT =
[ ∫ T
0
dt

(∫
Ω
|u(x, t)|p dx

)q/p]1/q
, p, q ∈ [1,∞],

||u||p,q,µ,ΩT =
(∫ T
0
dt‖u(t)‖qLp,µ(Ω)

)1/q
, p, q ∈ [1,∞], µ ∈ R.

Let us introduce the energy norm

‖v‖V s2 (ΩT ) = ess sup
t≤T
‖v(t)‖Hs(Ω) +

(∫ t
0
‖∇v(t)‖2Hs(Ω) dt

)1/2
, 0 ≤ s ∈ N ∪ {0}.

Now we introduce weighted spaces

‖u‖Lp,µ(Q) =
(∫
Q

|u|prpµdQ
)1/p

, p ∈ [1,∞], µ ∈ R, Q ∈ {Ω, S,ΩT , ST },

where dQ is the measure connected with the set Q, with the notation

|u|p,µ,Q = ‖u‖Lp,µ(Q).
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Let us define Hsµ(Q) for Q ∈ {Ω, S}, s ∈ Z+ ∪ {0}, µ ∈ R by

‖u‖Hsµ(Q) =
( ∑
|α|≤s

∫
Q

|Dαxu|2r2(µ−s+|α|) dQ
)1/2

<∞,

where L2,µ(Ω) = H0µ(Ω) and H
s,s/2
µ (Q) for Q ∈ {ΩT , ST }, s ∈ Z+ ∪ {0}, µ ∈ R

by

‖u‖
H
s,s/2
µ (Q) =

( ∑
|α|+2i≤s

∫
Q

|Dαx∂itu|2r2(µ−s+|α|+2i) dQ
)1/2

<∞.

To simplify notation we introduce

‖u‖s,µ,Q = ‖u‖Hsµ(Q) for Q ∈ {Ω, S}

and

‖u‖s,µ,Q = ‖u‖Hs,s/2µ (Q) for Q ∈ {Ω
T , ST }.

Similarly we introduce spaces V sp,µ(Q) by

‖u‖V sp,µ(Q) =
( ∑
|α|≤s

∫
Q

|Dαxu|prp(µ−s+|α|) dQ
)1/p

for Q ∈ {Ω, S}

and

‖u‖
V
s,s/2
p,µ (Q) =

( ∑
|α|+2i≤s

∫
Q

|Dαx∂itu|prp(µ−s+|α|+2i) dQ
)1/p

for Q ∈ {ΩT , ST }, p ∈ [1,∞], s ∈ Z+ ∪ {0}, µ ∈ R.
Finally, we define

W 2,12,µ(Ω
T ) =

{
u : ‖u‖W 2,12,µ(ΩT ) =

(∫
ΩT
(u2,xx + u

2
,t + u

2)r2µ dx dt
)1/2

<∞
}
,

and use the notation

‖u‖W 2,12,µ(ΩT ) = |||u|||2,2,µ,ΩT .

Moreover,

W 22,µ(Ω) =
{
u : ‖u‖W 22,µ(Ω) =

(∫
Ω
(u2,xx + u

2)r2µ dx
)1/2

<∞
}

and

‖u‖W 22,µ(Ω) = |||u|||2,2,µ,Ω.
Now we recall inequalities and imbedding theorems used in this paper.
From [10] we have the imbedding

(2.1) ‖u‖V s
q,β+s−l+n/p−n/q(Ω)

≤ c‖u‖V lp,β(Ω), Ω ⊂ Rn,

and s− l + n/p− n/q ≤ 0.



Global Regular Solutions to the Navier–Stokes Equations 239

Let us consider the problem

(2.2) u,t −∆u = f in ΩT , u = g on ST , u|t=0 = u0.

From [16] we have:

Lemma 2.1. Let

(2.3) f ∈ L2,µ(ΩT ), g ∈W 3/2,3/42,µ (ST ), u0 ∈W 12,µ(Ω), µ ∈ R+.

Then there exists a solution to problem (2.2) such that u ∈W 2,12,µ(ΩT ) and

|||u|||2,2,µ,ΩT ≤ c(|f |2,µ,ΩT + |||g|||3/2,2,µ,ST + |||u0|||1,2,µ,Ω).

Similarly, let us consider the problem

(2.4) u,t −∆u = f in ΩT ,
∂u

∂n
= g on ST , u|t=0 = u0.

From [16] we have:

Lemma 2.2. Let (2.3) for f and u0 hold and let g ∈ W 1/2,1/42,µ (ST ). Then
there exists a solution to problem (2.4) such that u ∈W 2,12,µ(ΩT ) and

|||u|||2,2,µ,ΩT ≤ c(|f |2,µ,ΩT + |||g|||1/2,2,µ,ST + |||u0|||1,2,µ,Ω).

From Section 2 in [2] we have the Hardy inequality

|x−βu|p,R+ ≤
1

|β − 1/p|
|x−β+1u,x|p,R+

which in our case takes the form

|u|2,µ−1,Ω ≤
1
|µ|
|u,x|2,µ,Ω, µ 6= 0.

From Lemma 3.3 [20] we have

Lemma 2.3. Let η = e0 × x, e0 = (0, 0, 1), x = (x1, x2, x3), η = x,ϕ, Ω have
the axis of symmetry e0. Let v be a solution to (1.1) and let∣∣∣∣ ∫

Ω
v(0) · η dx

∣∣∣∣ <∞, ∣∣∣∣ ∫
Ωt
f · η dx dt′

∣∣∣∣ <∞.
Then ∫

Ω
v · η dx+ γ

∫
St
v · η dx dt′ =

∫
Ω
v(0) · η dx+

∫
Ωt
f · η dx dt′.

Lemma 3.4 [20] reads
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Lemma 2.4. Let

EΩ(v) =
∫
Ω
(vi,xj + vj,xi)

2 dx

and let |
∫
Ω v · η dx| <∞, EΩ(v) <∞. Then

‖v‖21,Ω ≤ c
(
EΩ(v) +

∣∣∣∣ ∫
Ω
v · η dx

∣∣∣∣2).
Finally Lemma 3.5 [20] implies

Lemma 2.5. Assume that v(0) ∈ L2(Ω), f ∈ L2,1(ΩT ), |
∫
Ωt v ·η dx dt

′| <∞.
Then

(2.5) |v(t)|2,Ω ≤ ||f ||2,1,Ωt + |v(0)|2,Ω ≡ d1, t ≤ T,

and

(2.6) ‖v‖V 02 (Ωt) ≤ c(1 + t)(||f ||2,1,Ωt + |v(0)|2,Ω) ≡ d2(t), t ≤ T.

To show the existence of a global regular solution to problem (1.1) we need
the following quantities (see [20])

(2.7)

h = vr,ϕer + vϕ,ϕeϕ + vz,ϕez, q = p,ϕ,

α = rot v, χ = αϕ = vr,z − vz,r, w = vϕ, F = rot f,

g = fr,ϕer + fϕ,ϕeϕ + fz,ϕez.

From Section 1.1 [20] we obtain problems for h, q, α, w. Let v be given then
(h, q) is a solution of the problem

(2.8)

h,t − divT(h, q) = −v · ∇h− h · ∇v + g ≡ G in ΩT ,

divh = 0 in ΩT ,

h · n = 0, νn · D(h) · τα + γh · τα = 0, α = 1, 2, on ST ,

h|t=0 = h(0) in Ω.

For given v, h, q we have

(2.9)

w,t + v · ∇w +
vr
r
w − ν∆w + ν w

r2
=
1
r
q +
2ν
r2
hr + fϕ in ΩT ,

νn · ∇w = −γw + ν a1
r
w on ST ,

w|t=0 = w(0) in Ω,

where the boundary S is described by the equation ψ(r, z) = 0 and a1 =

ψ,r/
√
ψ2,r + ψ2,z, a2 = ψ,z/

√
ψ2,r + ψ2,z. The cylindrical components of vortic-

ity assume the form

(2.10) αr =
1
r
(vz,ϕ − rvϕ,z), αϕ = vr,z − vz,r ≡ χ, αz =

1
r
[(rvϕ),r − vr,ϕ].
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Then α′ = (αr, αz) is a solution to the problem

(2.11)

αr,t + v · ∇αr − (αrvr,r + αzvr,z)−
χ

r
hr

+
2ν
r2
(hr,z − hz,r) +

ναr
r2
− ν∆αr = Fr in ΩT ,

αz,t + v · ∇αz − (αrvz,r + αzvz,z)−
χ

r
hz − ν∆αz = Fz in ΩT ,

τ2 · α′ = −
2a1
r
w +

γ

ν
w on ST ,

(n · α′),n = β1hr + β2hz + β3w,r + β4w,z + β5w on ST ,

α′|t=0 = α′(0) in Ω,

where τ2 = a2er−a1ez, n = a1er+a2ez, τ2·α′ = a2αr−a1αz, n·α′ = a1αr+a2αz,
∂n = n · ∇, βi, i = 1, . . . , 5, depend on a1, a2 (see Lemma 3.2 from [20]).
Next, χ is a solution to the problem

(2.12)

χ,t + v · ∇χ + (vr,r + vz,z)χ

− ν
[(
r

(
χ

r

)
,r

)
,r

+
1
r2
χ,ϕϕ + χ,zz + 2

(
χ

r

)
,r

]
=
2ν
r

(
− hϕ,z +

1
r
hz,ϕ

)
− 1
r

(
w,zhr − w,rhz +

w

r
hz

)
+
2
r
ww,z + Fϕ in ΩT ,

χ = 2
(
k − γ

2ν

)
v · τ2 on ST ,

χ|t=0 = χ(0) in Ω,

where k is the curvature of the curve S′ = {r, z : ψ(r, z) = 0} which generates S
by rotating it around the x3 axis.
Finally, v and p are calculated from the elliptic problems

(2.13)

rot v = α in Ω,

div v = 0 in Ω,

v · n = 0 on S

and

(2.14)
∆p = −∇v · ∇v + div f in Ω,
∂p

∂n
= f · n+ νn ·∆v − n · v · ∇v on S.

To obtain an estimate for χ we need

Lemma 2.6. Assume that Ai = αi1vr,r + αi2vr,z + αi3vz,r + αi4vz,z where
αij i, j = 1, . . . , 4, depend on a1, a2. Assume that

det{−αi1a2 − αi3a1 + αi4a2,−αi1a1 + αi2a2 + αi4a1,−αi2a1, αi3a2}i=1,...,4 6= 0.
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Assume that the function B depends on a1, a2 and their derivatives and depends
linearly on components of v,x, ∇′(hϕ/r), ∇′(vr/r), where ∇′ = (∂r, ∂z). Then

(2.15) n · ∇χ|S =
4∑
i=1

bi∂sAi +B, ∂s = τ2 · ∇,

where bi, i = 1, . . . , 4, depend on a1 and a2.

Proof. From the form of χ we have

(2.16) n · ∇χ|S = a1χ,r + a2χ,z = a1(vr,rz − vz,rr) + a2(vr,zz − vz,rz).

We want to express n · ∇χ|S in terms of ∂sAi, i = 1, . . . , 4. Performing calcula-
tions in ∂sAi, i = 1, . . . , 4, we obtain the identities

(2.17) ∂sαi1vr,r + ∂sαi2vr,z + ∂sαi3vz,r + ∂sαi4vz,z

+ αi1(a2vr,rr − a1vr,rz) + αi2(a2vr,rz − a1vr,zz)
+ αi3(a2vz,rr − a1vz,rz) + αi4(a2vz,rz − a1vz,zz) = ∂sAi,

for i = 1, . . . , 4. Since n · ∇χ|S depends on four different second derivatives we
have to eliminate the remaining two derivatives. For this purpose we use the
continuity equation

(2.18) vr,r + vz,z = −
1
r
(hϕ + vr)

Differentiating (2.18) with respect to r and z we get

(2.19)
vr,rr + vz,rz = −

(
hϕ
r
+
vr
r

)
,r

≡ d1,

vr,rz + vz,zz = −
1
r
(hϕ,z + vr,z) ≡ d2.

Calculating vr,rr and vz,zz from (2.19) and inserting them to (2.17) we obtain

(2.20) (−αi1a2 − αi3a1 + αi4a2)vz,rz + (−αi1a1 + αi2a2 + αi4a1)vr,rz
− αi2a1vr,zz + αi3a2vz,rr

= ∂sAi − (∂sαi1vr,r + ∂sαi2vr,z + ∂sαi3vz,r + ∂sαi4vz,z)
− αi1a2d1 + αi4a1d2,

for i = 1, . . . , 4. In view of the assumptions of the lemma we can calculate the
second derivatives of v from (2.20) and insert them to (2.16). In this way we
obtain (2.15). �

From [24] we recall
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Lemma 2.7. Let g ∈ L2(0, T ;L6/5(Ω)), h(0) ∈ L2(Ω), v ∈ L2(0, T ;W 13 (Ω)).
Then solutions to (2.8) satisfy

‖h‖V 02 (Ωt) ≤ c exp(c‖v,x‖
2
3,2,Ωt)[||g||6/5,2,Ωt + |h(0)|2,Ω], for t ≤ T .

Let δ ∈ (0, 1) and let

(2.21) Nδ(ΩT ) = L∞(0, T ;L4,−δ(Ω)) ∩ L∞(0, T ;W 12,−δ(Ω)) ∩ L2(0, T ;W 13 (Ω)).

Lemma 2.8 (see [24]). Let δ ∈ (0, 1), v ∈ Nδ(ΩT ), g ∈ L2(0, T ;L6/5(Ω)) ∩
L2,−(1+ε∗)(Ω

T ), h(0) ∈ H1(Ω) ∩ H1−(1+ε∗)(Ω), ε∗ ∈ (0, δ). Then solutions of
(2.8) satisfy

‖h‖2,−(1+ε∗),Ωt + ‖q‖L2(0,t;H1−(1+ε∗)(Ω))(2.22)

≤ϕ(‖v‖Nδ(Ωt))(||g||6/5,2,Ωt + |h(0)|2,Ω)
+ c(|g|2,−(1+ε∗),Ωt + ‖h(0)‖1,−(1+ε∗),Ω),

t ≤ T , where ϕ is an increasing positive function.

3. Estimates

In this section we show a global a priori estimate for solutions to problem
(1.1). First for given w and h we obtain an estimate for χ.

Lemma 3.1. Assume that h ∈ L2(0, T ;H2−1(Ω)), w ∈ L∞(0, T ;H10 (Ω)),
vϕ,z ∈ L2(0, T ;L4,−3/4−ε(Ω)), ε > 0 is a small number which will be chosen
later, Fϕ ∈ L2(0, T ;L6/5,−1(Ω)). Let

K =
∣∣∣∣k − γ

2ν

∣∣∣∣
∞,−1,S

+ sup
i

∥∥∥∥1r bi
(
k − γ

2ν

)∥∥∥∥
W 1∞(S)

≤ cK∗, i ∈ {1, . . . , 4},

where b1, . . . , b4 are introduced in (2.15). Let {ϕj(x, t)} be a partition of unity
near St, t ≤ T . Then

(3.1) |χ(t)|22,−1,Ω + ν
∫ t
0

∥∥∥∥∇χ(t′)r
∥∥∥∥2
0,Ω

dt′ ≤ c exp(c||h||23,2,−1,Ωt)

·
[
K(K + 1)

∑
j

∫
St∩suppϕj

(
|v,x|2 + |v|2 +

∣∣∣∣∇hr
∣∣∣∣2) dx dt′

+ (1 + sup
t
‖w‖21,0,Ω)

∫ t
0
‖h(t′)‖22,−1,Ω dt′

+
R2ε

ε2
sup
t
‖w‖21,0,Ω

∫ t
0
|vϕ,z(t′)|24,−3/4−ε,Ω dt

′

+ ||Fϕ||26/5,2,−1,Ωt + |χ(0)|
2
2,−1,Ω

]
,
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for t ≤ T , where the constants c do not depend on t.

Proof. First we introduce the set Ω∗ = {x ∈ Ω : 0 < ε∗ < r} and add the
artificial boundary condition

(3.2) χ|r=ε∗ = 0.

Multiplying (2.12)1 by χ/r2 and integrating over Ω∗ we obtain

(3.3)
1
2
d

dt
|χ|22,−1,Ω∗ +

∫
Ω∗
[v · ∇χ+ (vr,r + vz,z)χ]

χ

r2
dx

− ν
∫
Ω∗

[(
r

(
χ

r

)
,r

)
,r

+
1
r2
χ,ϕϕ + χ,zz + 2

(
χ

r

)
,r

]
χ

r2
dx

= − 2ν
∫
Ω∗

1
r2

(
− hϕ,z +

1
r
hz,ϕ

)
χ

r2
dx

−
∫
Ω∗

1
r

(
w,zhr − w,rhz +

w

r
hz

)
χ

r2
dx

+ 2
∫
Ω∗

1
r
ww,z

χ

r2
dx+

∫
Ω∗
Fϕ

χ

r2
dx.

The second term on the l.h.s. of (3.3) equals

1
2

∫
∂Ω∗

v · nχ
2

r2
d∂Ω∗ +

∫
Ω∗

(
vr,r + vz,z +

vr
r

)
χ2

r2
dx ≡ I1,

where the first term in I1 equals

1
2

∫
S∗

v · nχ
2

r2
dS +

1
2

∫ a
−a
v · nχ

2

r2

∣∣∣∣
r=ε∗

dz = 0,

where S∗ = {x ∈ S : 0 < ε∗ < r} and we used (1.1)3 and (3.2).
The second term in I1 assumes the form

−
∫
Ω∗

hϕ
r

χ2

r2
dx

which can be estimated by

ε1

∣∣∣∣χr
∣∣∣∣2
6,Ω∗

+ c(1/ε1)|hϕ|23,−1,Ω∗

∣∣∣∣χr
∣∣∣∣2
2,Ω∗

.

The last term on the l.h.s. of (3.3) takes the form

− ν
∫
Ω∗

[(
r

(
χ

r

)
,r

)
,r

χ

r
+
(
r

(
χ

r

)
,z

)
,z

χ

r

]
dr dz dϕ

+ ν
∫
Ω∗

∣∣∣∣ 1r2χ,ϕ
∣∣∣∣2 dx− ν ∫

Ω∗
2
(
χ

r

)
,r

χ

r
dr dz dϕ ≡ I2.
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Integrating by parts the first integral in I2 equals

ν

∫
Ω∗

∣∣∣∣∇′χr
∣∣∣∣2 dx− ν ∫

S∗

n · ∇χ
r
χ dS∗ + ν

∫ a
−a

∫ 2π
0

dϕ dz

(
χ

r

)
,r

χ

∣∣∣∣
r=ε∗

,

where ∇′ = (∂r, ∂z).
Finally, the last integral in I2 reads

− ν
∫
Ω∗
∂r

(
χ2

r2

)
dr dz dϕ

= −ν
∫ a∗
−a∗

∫ 2π
0

χ2

r2

∣∣∣∣
r∈S′∗

dz dϕ+ ν
∫ a∗
−a∗

∫ 2π
0

χ2

r2

∣∣∣∣
r=ε∗

dz dϕ,

where S′ = {(r, z) ∈ [0, R] × [−a, a] : ψ(r, z) = 0 and r = ψ1(z) and z =
∓ψ2(r)}, S′∗ = {(r, x) ∈ S′ : ε∗ ≤ r} and a∗ = ψ2(ε∗) < a. Since n = (a1, a2)
is the unit normal vector to S′, τ = (−a2, a1) is the unit tangent vector to S′.
Assuming that S′ is described in the parametric form (r(τ), z(τ)), we have that
(−a2, a1) = (dr/dτ , dz/dτ), so dz = a1dτ . Denoting dS = dτdϕ we express the
first integral on the r.h.s. by

−ν
∫
S∗

χ2

r2
a1 dS∗.

The first term on the r.h.s. of (3.3) is estimated by∣∣∣∣2ν ∫
Ω∗

(
hϕ
r3

(
χ′

r

)
,z

− hz
r3
1
r

(
χ′

r

)
,ϕ

)
dx

∣∣∣∣ ≤ ε2∣∣∣∣∇χr
∣∣∣∣2
2,Ω∗

+ c(1/ε2)|h|22,−3,Ω∗ ,

where the last norm is estimated by ‖h‖22,−1,Ω∗ .
By the Hölder and Young inequalitites we estimate the second term on the

r.h.s. of (3.3) by

ε3

∣∣∣∣χr
∣∣∣∣2
6,Ω∗

+ c(1/ε3)‖w‖21,0,Ω∗ |h|
2
3,−2,Ω∗ ,

where the imbedding

|h|3,−2,Ω∗ ≤ c‖h‖2,−1,Ω∗
will be used.
We estimate the third term on the r.h.s. of (3.3) by

ε4

∣∣∣∣ χ

r2−ε′

∣∣∣∣2
2,Ω∗

+
c

ε4
‖w‖21,0,Ω∗ |vϕ,z|

2
4,−3/4−ε′,Ω∗ ,

where ε′ > 0 is a small number which will be chosen later.
The last three cases are more explicitly described in the proof of Lemma 4.1

from [20].



246 W. M. Zajączkowski

Finally, the last term on the r.h.s. of (3.3) is estimated by

ε5

∣∣∣∣χr
∣∣∣∣2
6,Ω∗

+ c(1/ε5)
∣∣∣∣Fϕr
∣∣∣∣2
6/5,Ω∗

.

Emploing the above estimates in (3.3) and using that εi ≤ ε/8, i = 1, 3, 5, ε2, ε4
are sufficiently small and (3.2) we obtain

(3.4)
d

dt
|χ|22,−1,Ω∗ + ν

∣∣∣∣∇χr
∣∣∣∣2
2,Ω∗

≤ ε
∣∣∣∣χr
∣∣∣∣2
6,Ω∗

+ c
∫
S∗

χ2

r2
dS∗ + c

∣∣∣∣ ∫
Ω∗

hϕ
r

χ2

r2
dx

∣∣∣∣
+ 2ν
∫
S∗

n · ∇χ
r
χ dS∗ + c(1/ε)

[
(1 + ‖w‖21,0,Ω∗)‖h‖

2
2,−1,Ω∗

+
R2ε

′

ε′2
‖w‖21,0,Ω∗ |vϕ,z|

2
4,−3/4−ε′,Ω∗ + |Fϕ|

2
6/5,−1,Ω∗

]
,

where we used the Hardy inequality∣∣∣∣χr
∣∣∣∣2
2,−1+ε′,Ω

≤ 1
|ε′|2

∫
Ω

∣∣∣∣∇χr
∣∣∣∣2r2ε′ dx ≤ R2ε

′

|ε′|2

∣∣∣∣∇χr
∣∣∣∣2
2,Ω
.

In view of the Poincare inequality∣∣∣∣χr
∣∣∣∣
2,Ω∗

≤ c
∣∣∣∣χr
∣∣∣∣
2,S∗

+ c
∣∣∣∣∇χr
∣∣∣∣
2,Ω∗

and for sufficiently small ε we obtain from (3.4) the inequality

(3.5)
d

dt
|χ|22−1,Ω∗ + ν

∥∥∥∥χr
∥∥∥∥2
1,Ω∗

≤ c|χ|22,−1,S∗ + c
∣∣∣∣ ∫
Ω∗

hϕ
r

χ2

r2
dx

∣∣∣∣
+ cν
∫
S∗

n · ∇χ
r
χ dS∗ + c

[
(1 + ‖w‖21,0,Ω∗)‖h‖

2
2,−1,Ω∗

+
R2ε

′

|ε′|2
‖w‖21,0,Ω∗ |vϕ,z|

2
4,−3/4−ε′,Ω∗ + |Fϕ|

2
6/5,−1,Ω∗

]
.

From the boundary condition (2.12)2 the first term on the r.h.s. of (3.5) is
estimated by

c

∣∣∣∣(k − γ

2ν

)
v · τ2
∣∣∣∣2
2,−1,S∗

≤ c sup
S

(
|k − γ/(2ν)|2a21

r2

)
|v|22,S ≤ cK2|v|22,S .

Applying the Hölder and Young inequalities we estimate the second term on the
r.h.s. of (3.5) by

ε6

∣∣∣∣χr
∣∣∣∣2
6,Ω∗

+ c(1/ε6)|hϕ|23,−1,Ω∗ |χ|
2
2,−1,Ω∗ .
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Using the above estimates in (3.5) and assuming that ε6 is sufficiently small
yields

d

dt
|χ|22,−1,Ω∗+ν

∥∥∥∥χr
∥∥∥∥2
1,Ω∗

≤ cK2|v|22,S+c|hϕ|23,−1,Ω∗ |χ|
2
2,−1,Ω∗+c

∫
S

n ·∇χ
r
χ dS

+c
[
(1+‖w‖21,0,Ω∗)‖h‖

2
2,−1,Ω∗+

R2ε
′

|ε′|2
‖w‖21,0,Ω∗ |vϕ,z|

2
4,−3/4−ε′,Ω∗+|Fϕ|

2
6/5,−1,Ω∗

]
.

Integrating the above inequality with respect to time, replacing ε′ by ε and
passing with ε∗ to 0 we obtain, for t ≤ T ,

(3.6) |χ(t)|22,−1,Ω + ν
∫ t
0

∥∥∥∥χ(t′)r
∥∥∥∥2
1,Ω

dt′

≤ c exp(c||h||23,2,−1,Ωt)
[∣∣∣∣ ∫
St
n · ∇χ

r
χdS dt′

∣∣∣∣+K2|v|22,St
+ (1 + sup

t
‖w‖21,0,Ω)

∫ t
0
‖h(t′)‖22,−1,Ω dt′

+
R2ε

ε2
sup
t
‖w‖21,0,Ω

∫ t
0
|vϕ,z(t′)|24,−3/4−ε,Ω dt

′

+ ||Fϕ||26/5,2,−1,Ωt + |χ(0)|
2
2,−1,Ω

]
.

To examine the first term on the r.h.s. of (3.6) we introduce a partition of
unity ϕj(x, t) in a neighbourhood of ST . Since

∑
j ϕj(x, t) = 1 we have

I1 ≡
∑
j

∫
St
ϕj(x, t′)n · ∇

χ

r
χ dS dt′

=
∑
j

∫
St
ϕj(x, t′)

1
r
n · ∇χχdS dt′ −

∑
j

∫
St
ϕj(x, t′)a1

χ2

r2
dS dt′ ≡ I2 + I3.

In view of Lemma 2.4,

I2 =
∑
j

∫
St
ϕj(x, t′)

1
r

4∑
i=1

(bi∂sAi +B)
(
k − γ

2ν

)
v · τ2 dS dt′.

Integrating by parts yields

I2 = −
∑
j

∫
St

4∑
i=1

Ai∂s

[
ϕj
1
r
bi

(
k − γ

2ν

)
v · τ2
]
dS dt′

+
∑
j

∫
St
ϕj
1
r
B

(
k − γ

2ν

)
v · τ2 dS dt′ ≡ I4 + I5,
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where

|I4| ≤
∑
j

∫
St∩suppϕj

ϕj
1
r

∣∣∣∣k − γ

2ν

∣∣∣∣v2,x dS dt′
+
∑
j

∫
St∩suppϕj

∣∣∣∣ 4∑
i=1

∂s

(
ϕj
bi
r

(
k − γ

2ν

))∣∣∣∣|v,x| |v| dS dt′
≤ cK

∑
j

∫
St∩suppϕj

v2,x dS dt
′ + cK

∑
j

∫
St∩suppϕj

|v,x||v| dS dt′,

and

|I5| ≤ cK
∑
j

∫
St∩suppϕj

|v|
(
|v,x|+ |v|+

∣∣∣∣∇hr
∣∣∣∣) dS dt′.

Finally,

|I3| ≤ cK2
∑
j

∫
St∩suppϕj

|v|2 dS dt′.

Summarizing, we obtain

|I1| ≤ cK(K + 1)
∑
j

∫
St∩suppϕj

(
v2,x + v

2 +
∣∣∣∣∇hr
∣∣∣∣2) dS dt′.

Using this estimate in (3.6) we obtain (3.1). �

To obtain a global estimate necessary for the proof of global existence we
have to estimate all norms from the r.h.s. of (3.1). First we shall examine the
second factor from the third term on the r.h.s. of (3.1). For this purpose we use
(2.10)1 in the form

(3.7) vϕ,z = −αr +
1
r
hz.

By (2.1) we have

|vϕ,z|4,−3/4−ε,Ω ≤ |αr|4,−3/4−ε,Ω + |h|4,−7/4−ε,Ω(3.8)

≤ c(‖αr‖1,−1/2−ε,Ω + ‖h‖1,−3/2−ε,Ω).

To estimate the first norm on the r.h.s. of (3.8) we need energy type estimates
for α′ = (αr, αz).

Lemma 3.2. Assume that

v ∈ L4(ΩT ) ∩ L3(0, T ;W 13 (Ω)) ∩ L∞(0, T ;H1(Ω)),
h ∈ H2,11−µ(ΩT ), w ∈ H2,11−µ(ΩT ), F ′ ∈ L2,1−µ(ΩT ),

α′(0) ∈W 12,1−µ(Ω), α′ ∈ L∞(0, T ;L2,1−µ(Ω)), αr ∈ L2,−(1+µ)(ΩT ), a1 ∈ C2,
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2∑
i=0

ri
∣∣∣∣∇i a1r

∣∣∣∣ ≤ c, 1∑
s=0

r2+s|∇sβj | ≤ c, j = 1, 2,

1∑
s=0

rs|∇sβk| ≤ c, k = 3, 4,
1∑
s=0

r1+s|∇sβ5| ≤ c.

Then solutions of problem (2.11) satisfy, for t ≤ T ,

(3.9) |||α′|||2,2,1−µ,Ωt ≤ϕ(|v|4,Ωt , |∇v|3,Ωt)|α′|2,1−µ,Ωt

+ c||∇v||2,∞,Ωt‖h‖2,−µ,Ωt + c(‖h‖2,−µ,Ωt + ‖w‖2,1−µ,Ωt)
+ c|αr|2,−(1+µ),Ωt + c|F ′|2,1−µ,Ωt + c|||α′(0)|||1,2,1−µ,Ω,

where ϕ is an increasing positive function.

Proof. Applying [16] to problem (2.11) yields (see also Lemmas 2.1 and 2.2)

(3.10) |||α′|||2,2,1−µ,Ωt ≤ c
(
|v · ∇α′|2,1−µ,Ωt + |αrvr,r + αzvr,z|2,1−µ,Ωt

+ |αrvz,r + αzvz,z|2,1−µ,Ωt +
∣∣∣∣χr h′
∣∣∣∣
2,1−µ,Ωt

+
∣∣∣∣ 1r2 (hr,z − hz,r)

∣∣∣∣
2,1−µ,Ωt

+
∣∣∣∣αrr2
∣∣∣∣
2,1−µ,Ωt

+ |F ′|2,1−µ,Ωt +
∣∣∣∣∣∣∣∣∣∣∣∣2a1r w − γ

ν
w

∣∣∣∣∣∣∣∣∣∣∣∣
3/2,2,1−µ,St

+ |||β1hr + β2hz + β3w,r + β4w,z + β5w|||1/2,2,1−µ,St

+ |||α′(0)|||1,2,1−µ,Ω
)
,

where h′ = (hr, hz).
Now we estimate the terms from the r.h.s. of (3.10). The first term is esti-

mated by

|∇α′|4,1−µ,Ωt |v|4,Ωt ≤ ε1|||α′|||2,2,1−µ,Ωt + ϕ(1/ε1, |v|4,Ωt)|α′|2,1−µ,Ωt ,

where ϕ is an increasing positive function.
The second and the third by

c|α′ · ∇v|2,1−µ,Ωt ≤ c|α′|6,1−µ,Ωt |∇v|3,Ωt

≤ ε2|||α′|||2,2,1−µ,Ωt + ϕ(1/ε2, |∇v|3,Ωt)|α′|2,1−µ,Ωt ,

where ϕ as above.
The fourth term by(∫ t

0
|χ|22,Ω|h|2∞,−µ,Ω dt′

)1/2
≤ c
(∫ t
0
|χ|22,Ω‖h‖22,−µ,Ω dt′

)1/2
≤ c||∇v||2,∞,Ωt‖h‖L2(0,t;H2−µ(Ω)).
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The fifth term by c‖h‖L2(0,t;H2−µ(Ω)). The eighth by c‖w‖2,1−µ,Ωt . Finally, the
ninth by c(‖h‖2,−µ,Ωt + ‖w‖2,1−µ,Ωt). To show the last estimate see the proof of
Lemma 4.3 from [20]. From the above estimates we obtain (3.9). �

Next we have

Lemma 3.3. Assume that

v ∈ L2(0, T ;W 13 (Ω)) ∩ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;L∞(Ω)),
h ∈ H2,1−1 (ΩT ), w ∈ H2,11−µ(ΩT ), F ′ ∈ L2(0, T ;L6/5(Ω)), α′(0) ∈ L2(Ω).

Assume that

2∑
i=0

ri
∣∣∣∣∇i a1r

∣∣∣∣ ≤ c, 1∑
i=0

r3−µ+i|∇iβj | ≤ c, j = 1, 2,

1∑
i=0

ri|∇iβj | ≤ c, j = 3, 4,
1∑
i=0

r1+i|∇iβ5| ≤ c.

S1 = {x ∈ S : a1 > 0} and S2 = {x ∈ S : a2 > 0}. Assume that any point of Ω
can be reached by a curve from some point of S1. Assume that

2∑
i=0

r2−i
∣∣∣∣∇i a1a2

∣∣∣∣ ≤ c on S2.
Then solutions to problem (2.11) satisfy the estimate

(3.11) |α′(t)|22,Ω + ν
∫ t
0
‖α′(t′)‖21,Ω dt′ + ν|αr|22,−1,Ωt

≤ c exp(c||v,x||23,2,Ωt)[ϕ(||v,x||2,∞,Ωt , ||v||∞,2,Ωt , ||v,x||3,2,Ωt)
· (‖h‖22,−1,Ωt + ‖w‖22,1−µ,Ωt) + ||F ′||26/5,2,Ωt + |α(0)|

2
2,Ω],

for t ≤ T , where ϕ is an increasing positive function

Proof. To show (3.11) we introduce functions α̃′ = (α̃r, α̃z) as solutions of
the problem

(3.12)

α̃r,t − ν∆α̃r = 0 in ΩT ,

α̃z,t − ν∆α̃z = 0 in ΩT ,

a2α̃r − a1α̃z = −
2a1
r
w +

γ

ν
w = g1 on ST ,

(a1α̃r + a2α̃z),n = β1hr + β2hz + β3w,r + β4w,z + β5w ≡ g2 on ST ,
α̃r|t=0 = 0, α̃z|t=0 = 0 in Ω.

Defining the functions

(3.13) αr = αr − α̃r, αz = αz − α̃z, α′ = (αr, αz), α̃′ = (α̃r, α̃z),
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we see that they are solutions to the problem

(3.14)

αr,t + v · ∇αr − (αrvr,r + αzvr,z)−
χ

r
hr +

2ν
r2
(hr,z − hz,r)

+ ν
αr
r2
− ν∆αr = Fr − v · ∇α̃r + (α̃rvr,r + α̃zvr,z)− ν

α̃r
r2
in ΩT ,

αz,t + v · ∇αz − (αrvz,r + αzvz,z)−
χ

r
hz − ν∆αz

= Fz − v · ∇α̃z + (α̃rvz,r + α̃zvz,z) in ΩT ,

a2αr − a1αz = 0 on ST ,

(a1αr + a2αz),n = 0 on ST ,

α′|t=0 = α′(0) in Ω.

For solutions of (3.12) we have (for more details see the proof of Lemma 4.4
in [20])

(3.15) |||α̃′|||2,2,1−µ,Ωt ≤ c(‖h‖2,−1,Ωt + ‖w‖2,1−µ,Ωt).

Now we obtain an energy estimate for solutions to (3.14). Multiplying (3.14)1
by αr, (3.14)2 by αz, integrating the results over Ω and adding yields

(3.16)
1
2
d

dt
|α′|22,Ω −

∫
Ω
[α2rvr,r + αrαz(vr,z + vz,r) + α

2
zvz,z] dx

−
∫
Ω

χ

r
(hrαr + hzαz) dx+ 2ν

∫
Ω

1
r2
(hr,z − hz,r)αr dx

+ |αr|22,−1,Ω − ν
∫
Ω
(∆αrαr +∆αzαz) dx

=
∫
Ω
(Frαr + Fzαz) dx

−
∫
Ω
(v · ∇α̃rαr + v · ∇α̃zαz) dx− ν

∫
Ω

α̃r
r2
αr dx

+
∫
Ω
[(α̃rvr,r + α̃zvr,z)αr + (α̃rvz,r + α̃zvz,z)αz] dx.

The term with laplacians equals ν|∇α′|22,Ω (see the proof of Lemma 4.4 [20]).
The second term on the l.h.s. of (3.16) is estimated by

ε|α′|26,Ω + c(1/ε)|v,x|23,Ω|α′|22,Ω.

The third by

ε(|αr|22,−1,Ω + |αz|22,Ω) + c(1/ε)
∫
Ω

χ2

r2
(h2r + h

2
z) dx.

The fourth by

ε|αr|22,−1,Ω + c(1/ε)‖h‖22,−1,Ω.
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The first term on the r.h.s. of (3.16) is bounded by

ε|α′|26,Ω + c(1/ε)|F ′|26/5,Ω,

the second by

ε|∇α′|22,Ω + c(1/ε)|v|2∞,Ω|α̃′|22,Ω,

the third by

ε|αr|22,−1,Ω + c(1/ε)|α̃r|22,−1,Ω,

and finally, the last by

ε|α′|6,Ω + c(1/ε)|v,x|23,Ω|α̃′|22,Ω.

Summarizing the above results we obtain

(3.17)
1
2
d

dt
|α′|22,Ω + ν|∇α′|22,Ω + ν|αr|22,−1,Ω ≤ ε(|αz|26,Ω + |αz|22,Ω)

+ c(1/ε)|v,x|23,Ω|α′|22,Ω + c(1/ε)|χ|22,Ω‖h‖22,−1,Ω + c‖h‖22,−1,Ω
+ c|F ′|26/5,Ω + c|v|

2
∞,Ω|α̃′|22,Ω + c|α̃r|22,−1,Ω + c(1/ε)|v,x|23,Ω|α̃′|22,Ω.

In view of (4.25) from [20] we have

(3.18) |αz|2,Ω ≤ c(|∇αz|2,Ω + ‖αr‖1,Ω).

In virtue of (3.18) inequality (3.17) takes the form

d

dt
|α′|22,Ω + ν‖α′‖21,Ω + ν|αr|22,−1,Ω ≤ c|v,x|23,Ω|α′|22,Ω(3.19)

+ c|v,x|22,Ω‖h‖22,−1,Ω + c‖h‖22,−1,Ω + c|F ′|26/5,Ω
+ c|v|2∞,Ω|α̃′|22,Ω + c|α̃r|22,−1,Ω + c|v,x|23,Ω|α̃′|22,Ω.

By the energy method we obtain for solutions to problem (3.12) the inequality
(see (4.32) in [20])

(3.20) |α̃′|22,Ω + |∇α̃′|22,Ωt + |||α̃′|||22,2,1−µ,Ωt ≤ c(‖h‖22,−1,Ωt + ‖w‖22,1−µ,Ωt).

By (4.35) in [20] (see also (4.32) and (4.34) in [20]) we have

(3.21) ‖α̃r‖2,1−µ,Ωt ≤ c(‖w‖2,1−µ,Ωt + ‖h‖2,−1,Ωt) ≡ cI,

so

(3.22) ‖α̃r‖1,−µ,Ωt ≤ cI.
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Integrating (3.19) with respect to time and using (3.20) and (3.22) yields

|α′(t)|22,Ω + ν
∫ t
0
‖α′(t′)‖21,Ω dt′ + ν|αr|22,−1,Ωt(3.23)

≤ c exp(c||v,x||23,2,Ωt)[||v,x||22,∞,Ωt‖h‖22,−1,Ωt
+ (1 + ||v||2∞,2,Ωt + ||v,x||23,2,Ωt)(‖h‖22,−1,Ωt + ‖w‖22,1−µ,Ωt)
+ ||F ′||26/5,2,Ωt + |α

′(0)|22,Ω].

Using (3.15) and (3.22) in (3.23) we obtain (3.11). �

Finally, we have

Lemma 3.4. Assume that

v ∈ L∞(0, T ;W 12 (Ω)) ∩ L2(0, T ;W 1∞(Ω)) ∩ L∞(0, T ;W 1p′(Ω))
∩ L2(0, T ;W 13 (Ω)) ∩ L4(ΩT ) ∩ L3(0, T ;W 13 (Ω)) ≡ N1(ΩT ),

for p′ < 3. Assume that

h ∈ H2,1−1 (ΩT ), w ∈ H2,11−µ(ΩT ), F ′ ∈ L2(0, T ;L6/5(Ω)),
Fr ∈ L2(0, T ;L6/5,−µ(Ω)), α′(0) ∈ L2(Ω), αr(0) ∈ L2,−µ(Ω),

F ′ ∈ L2,1−µ(ΩT ), α′(0) ∈W 12,1−µ(Ω), µ ∈ (0, 1).

Then, for t ≤ T ,

(3.24) ν
∫ t
0
‖αr(t′)‖21,−µ,Ω ≤ϕ(‖v‖N1(ΩT ))[‖h‖

2
2,−1,Ωt + ‖w‖22,1−µ,Ωt

+ ||F ′||26/5,2,Ωt + ||Fr||
2
6/5,2,−µ,Ωt + |α

′(0)|22,Ω
+ |αr(0)|22,−µ,Ω + |F ′|22,1−µ,Ωt + |||α′(0)|||21,2,1−µ,Ω],

where ϕ is an increasing positive function.

Proof. In view of (3.20), (3.22) we have to find an estimate for ‖αr‖1,−µ,Ωt .
Multiplying (3.14)1 by αrr−2µ and integrating over Ω implies

(3.25)
1
2
d

dt
|αr|22,−µ,Ω +

∫
Ω
v · ∇αrαrr−2µ dx−

∫
Ω
(αrvr,r + αzvr,z)αrr−2µ dx

−
∫
Ω

χ

r
hrαrr

−2µ dx+ 2ν
∫
Ω

1
r2
(hr,z − hz,r)αrr−2µ dx

+ ν|αr|22,−(1+µ),Ω − ν
∫
Ω
∆αrαrr−2µ dx

=
∫
Ω
Frαrr

−2µ dx−
∫
Ω
v · ∇α̃rαrr−2µ dx

+
∫
Ω
(α̃rvr,r + α̃zvr,z)αrr−2µ dx− ν

∫
Ω

α̃r
r2
αrr
−2µ dx.



254 W. M. Zajączkowski

Now we examine the particular terms in (3.25). The second term on the l.h.s.
equals

1
2

∫
Ω
v · ∇α2rr−2µ dx =

1
2

∫
Ω
v · ∇(α2rr−2µ) dx+ µ

∫
Ω
α2rr
−2µ−1v · ∇r dx,

where the first term vanishes and the second is estimated by

ε|αr|22,−(1+µ),Ω + c(1/ε)|v|
2
∞,Ω|αr|22,−µ,Ω.

The third term on the l.h.s. of (3.25) is bounded by

ε|αr|26,−µ,Ω + c(1/ε)|v,x|2p′,Ω|α′|2p,−µ,Ω,

where 1/p+ 1/p′ = 5/6, p′ < 3, p > 2, the fourth by

ε|αr|22,−(1+µ),Ω + c(1/ε)|χ|
2
2,Ω|h|2∞,−µ,Ω,

the fifth by

ε|αr|22,−(1+µ),Ω + c(1/ε)|h,x|
2
2,−(1+µ),Ω.

Integrating by parts the term with laplacian takes the form

ν

∫
Ω
α2r,xr

−2µ dx− ν
∫
Ω
div (∇αrαrr−2µ) dx

− 2µν
∫
Ω
∇αrαrr−2µ−1∇r dx ≡ ν|∇αr|22,−µ,Ω + I1 + I2,

where (see the proof of Lemma 4.5 in [20])

|I1| ≤ ε1|||α′|||2,2,1−µ,Ω + c(1/ε1)‖α′‖1,Ω

and

|I2| ≤ ν
[
ε

2
|αr,x|22,−µ,Ω +

2µ2

ε
|αr|22,−(1+µ),Ω

]
.

The first term on the r.h.s. of (3.25) is estimated by

ε|αr|26,−µ,Ω + c(1/ε)|Fr|26/5,−µ,Ω,

the second by

ε|∇α̃r|22,−µ,Ω + c(1/ε)|v|2∞,Ω|αr|22,−µ,Ω,

the third by

ε|αr|26,−µ,Ω + c(1/ε)|v,x|2p′,Ω|α̃′|2p,−µ,Ω,
1
p
+
1
p′
=
5
6
, p′ < 3, p > 2,

and finally, the last by

ε|αr|22,−(1+µ),Ω + c(1/ε)|α̃r|
2
2,−(1+µ),Ω.
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In view of the above estimates and for sufficiently small ε we obtain from
(3.25) the inequality

(3.26)
d

dt
|αr|22,−µ,Ω + ν‖αr‖21,−µ,Ω ≤ c|v|2∞,Ω|αr|22,−µ,Ω

+ c|v,x|2p′,Ω|α′|2p,−µ,Ω + c|v,x|22,Ω‖h‖22,−µ,Ω + c‖h‖22,−µ,Ω
+ ε1|||α′|||22,2,1−µ,Ω + c(1/ε1)‖α′‖21,Ω + c|Fr|26/5,−µ,Ω
+ c|∇α̃r|22,−µ,Ω + c|v,x|2p′,Ω|α̃′|2p,−µ,Ω + c|α̃r|22,−(1+µ),Ω,

where 1/p+ 1/p′ = 5/6, p′ < 3, p > 2.
Integrating (3.26) with respect to time yields

(3.27) |αr|22,−µ,Ω + ν
∫ t
0
‖αr‖21,−µ,Ω dt′

≤ c exp(c||v||2∞,2,Ωt) ·
[
||v,x||2p′,∞,Ωt(||α′||2p,2,−µ,Ωt + ||α̃′||2p,2,−µ,Ωt)

+ ||v,x||22,∞,Ωt‖h‖22,−µ,Ωt + ‖h‖22,−µ,Ωt

+ ε1

∫ t
0
|||α′(t′)|||22,2,1−µ,Ω dt′ + c(1/ε1)

∫ t
0
‖α′(t′)‖21,Ω dt′

+ ||Fr||26/5,2,−µ,Ωt + |α̃r|
2
2,−(1+µ),Ωt + |αr(0)|

2
2,−µ,Ω

]
.

Using (3.20)–(3.22) in (3.27) implies

(3.28) |αr|22,−µ,Ω + ν
∫ t
0
‖αr‖21,−µ,Ω dt′ ≤ ϕ(||v||∞,2,Ωt , ||v,x||p′,∞,Ωt , ||v,x||2,∞,Ωt)

·
[
||α′||2p,2,−µ,Ωt + ‖h‖22,−1,Ωt + ‖w‖22,1−µ,Ωt

+ ε1

∫ t
0
|||α′(t′)|||22,2,1−µ,Ω dt′ + c(1/ε1)

∫ t
0
‖α′(t′)‖21,Ω dt′

+ ||Fr||26/5,2,−µ,Ωt + |αr(0)|
2
2,−µ,Ω

]
,

where ϕ is an increasing positive function.
Employing (3.23) in (3.28) gives

(3.29) ν

∫ t
0
‖αr(t′)‖21,−µ,Ω dt′ ≤ ϕ(||v||∞,2,Ωt , ||v,x||p′,∞,Ωt , ||v,x||2,∞,Ωt , ||v,x||3,2,Ωt)

·
[
‖h‖22,−1,Ωt + ‖w‖22,1−µ,Ωt + ||F ′||26/5,2,Ωt + ||Fr||

2
6/5,2,−µ,Ωt

+ |α′(0)|22,Ω + |αr(0)|22,−µ,Ω + ε
∫ t
0
|||α′(t′)|||22,2,1−µ,Ω dt′

]
.

Exploiting (3.9) with (3.11) in (3.29) and assuming that ε is sufficiently small
we get (3.24). �
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In virtue of (3.24) we obtain from (3.8) the inequality

(3.30) ||vϕ,z||24,2,−3/4−ε,Ωt

≤ c
(∫ t
0
‖αr(t′)‖21,−1/2−ε,Ω dt

′ + ‖h‖22,−1,Ωt
)

≤ϕ(‖v‖N′1(Ωt))‖h‖
2
2,−1,Ωt + ‖w‖22,1−µ,Ωt

+ ||F ′||26/5,2,Ωt + ||Fr||
2
6/5,2,−µ,Ωt + |α

′(0)|22,Ω + |αr(0)|22,−µ,Ω
+ |F ′|22,1−µ,Ωt + |||α′(0)|||21,2,1−µ,Ω],

where 1/2 + ε < µ, µ ∈ (0, 1) and

(3.31) ‖v‖N′1(ΩT ) = ||v||∞,2,ΩT + ||v,x||p′,∞,ΩT + ||v,x||2,∞,ΩT + ||v,x||3,2,ΩT , p′ < 3.

We need an estimate for ‖w‖2,1−µ,Ωt . However, it must be shown in a differ-
ent way than in Lemma 5.1 from [20].

Lemma 3.5. Assume that

v ∈ L∞(0, T ;L4(Ω)), w ∈ L2,−(1+µ)(ΩT ), h ∈ L2,−(1+µ)(ΩT ),
q ∈ L2,−µ(ΩT ), fϕ ∈ L2,1−µ(ΩT ), w(0) ∈ H11−µ(Ω), µ ∈ (0, 1),

|∇(a1/r)| ≤ c/r2, |a1/r| ≤ c/r1−ε, ε > 0.

Then, for t ≤ T ,

(3.32) ‖w‖2,1−µ,Ωt ≤ ϕ(||v||4,∞,Ωt)|w|2,1−µ,Ωt + c(|w|2,−(1+µ),Ωt

+ |h|2,−(1+µ),Ωt + |q|2,−µ,Ωt + |fϕ|2,1−µ,Ωt + ‖w(0)‖1,1−µ,Ω),

where ϕ is an increasing positive function.

Proof. Applying [16] (see also Lemmas 2.1, 2.2) to problem (2.9) yields

(3.33) ‖w‖2,1−µ,Ωt ≤ c
(
|v · ∇w|2,1−µ,Ωt +

∣∣∣∣vrwr
∣∣∣∣
2,1−µ,Ωt

+ |w|2,−(1+µ),Ωt

+ |q|2,−µ,Ωt + |h|2,−(1+µ),Ωt + |fϕ|2,1−µ,Ωt

+ ‖w‖1/2,1−µ,St +
∥∥∥∥a1r w

∥∥∥∥
1/2,1−µ,St

+ ‖w(0)‖1,1−µ,Ω
)
.

Let us examine the particular terms from the r.h.s. of (3.33). The first term is
estimated by

sup
t
|v|2p,Ω‖∇w‖L2(0,t;L2p′,1−µ(Ω)) ≡ I1,

where 1/p+ 1/p′ = 1.
Using the interpolation inequality

‖∇w‖L2(0,T ;L2p′,1−µ(Ω)) ≤ ε‖w‖2,1−µ,ΩT + c(1/ε)|w|2,1−µ,ΩT
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which holds for p′ < 3, so we can choose p = p′ = 2. Hence we obtain

I1 ≤ ε1‖w‖2,1−µ,Ωt + ϕ(1/ε1, ||v||4,∞,Ωt)|w|2,1−µ,Ωt ,

where ϕ is an increasing positive function. The second term on the r.h.s. of
(3.33) is treated in the way∣∣∣∣vrwr

∣∣∣∣
2,1−µ,Ωt

≤ sup
t
|vr|2p,Ω

∥∥∥∥wr
∥∥∥∥
L2(0,t;L2p′,1−µ(Ω))

≡ I2,

where 1/p+ 1/p′ = 1.
Using the interpolation inequality∥∥∥∥wr

∥∥∥∥
L2(0,T ;L2p′,1−µ(Ω))

= ‖w‖L2(0,T ;L2p′,−µ(Ω))

≤ ε‖w‖2,1−µ,ΩT + c(1/ε)|w|2,1−µ,ΩT ,

which holds for p′ < 3, so we can choose p = p′ = 2. Hence

I2 ≤ ε2‖w‖2,1−µ,Ωt + ϕ(1/ε2, ||v||4,∞,Ωt)|w|2,1−µ,Ωt .

The boundary terms on the r.h.s. of (3.33) are estimated in the way

‖w‖1/2,1−µ,St ≤ ε3‖w‖2,1−µ,Ωt + c(1/ε3)|w|2,1−µ,Ωt ,

and∥∥∥∥a1r w
∥∥∥∥
1/2,1−µ,St

≤ c
∥∥∥∥a1r w

∥∥∥∥
1,1−µ,Ωt

≤ c
(∣∣∣∣∇(a1r

)
w

∣∣∣∣
2,1−µ,Ωt

+
∣∣∣∣a1r ∇w

∣∣∣∣
2,1−µ,Ωt

+
∣∣∣∣a1r 〈w〉1/2,2,(0,t),t

∣∣∣∣
2,1−µ,Ω

)
≡ I3,

where

〈w〉α,p,(0,T ),t =
(∫ T
0

∫ T
0

|w(t)− w(t′)|p

|t− t′|1+αp
dt dt′
)1/p

.

Assuming that ∣∣∣∣∇(a1r
)∣∣∣∣ ≤ c

r2

the first term in I3 is estimated by c‖w‖2,−(1+µ),Ωt . Assuming,

(3.34)
∣∣∣∣a1r
∣∣∣∣ ≤ c

r1−ε
, ε > 0

small positive number, the second term in I3 is bounded by

|∇w|2,−(µ−ε),Ωt ≤ ε4‖w‖2,1−µ,Ωt + c(1/ε4)|w|2,1−µ,Ωt ,

because

(3.35)
5
2
− 5
2
+ 1 + 1− µ− (−µ+ ε) = 2− ε < 2.
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In view of (3.34) the last term in I3 is estimated by

|〈w〉1/2,2,(0,t),t|2,−(µ−ε),Ω ≤ ε5‖w‖2,1−µ,Ωt + c(1/ε5)|w|2,1−µ,Ωt

because (3.35) also holds.
Employing the above estimates in (3.33) implies (3.32) for sufficiently small

ε1 − ε5. �

We need to estimate |w|2,−(1+µ),Ωt which appears in (3.32).

Lemma 3.6. Assume that

v ∈ L2(0, T ;L∞(Ω)), q ∈ L2,−µ(ΩT ), h ∈ L2,−(1+µ)(ΩT ),
fϕ ∈ L1(0, T ;L2(Ω)), w(0) ∈ L2,−µ(Ω), µ ∈ (0, 1), |a1/r| ≤ c.

Then

(3.36) |w(t)|22,−µ,Ω + ν|∇w|22,−µ,Ωt + ν|w|22,−(1+µ),Ωt + γ|w|
2
2,−µ,St

≤ c exp(||v||2∞,2,Ωt + t)[|q|22,−µ,Ωt + |h|22,−(1+µ),Ωt + |fϕ|
2
2,1,Ωt + |w(0)|22,−µ,Ω].

Proof. Multiplying (2.9)1 by wr−2µ, integrating over Ω∗ (see the proof of
Lemma 3.1) and assuming the artificial boundary condition

(3.37) w|r=ε∗ = 0

we obtain

(3.38)
1
2
d

dt
|w|22,−µ,Ω∗ − ν

∫
Ω∗
∆wwr−2µ dx+ ν|w|22,−(1+µ),Ω∗

= −
∫
Ω∗

(
v · ∇w + vr

r
w

)
wr−2µ dx+

∫
Ω∗

1
r
qwr−2µ dx

+ 2ν
∫
Ω∗

1
r2
hrwr

−2µ dx+
∫
Ω∗
fϕwr

−2µ dx.

The second term on the l.h.s. of (3.38) equals

− ν
∫
S∗

a1
r
w2r−2µdS + ν

∫ a
−a
dz

∫ 2π
0

dϕ
∂w

∂r
wr−2µ+1

∣∣∣∣
r=r∗

+ ν
∫
Ω∗
|∇w|2r−2µ dx+ γ

∫
S∗

w2r−2µdS − 2µν
∫
Ω
∇wwr−2µ−1∇r dx ≡ I1,

where S∗ = ∂Ω ∩ ∂Ω∗.
In view of (3.37) the second term in I1 vanishes. Assuming |a1/r| ≤ c the

first term in I1 is estimated by

ε1|w,x|22,−µ,Ω + c(1/ε1)|w|22,−µ,Ω.
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Applying the Hölder and Young inequalities we estimate the last term in I1 by

ν
ε0
2
|∇w|22,−µ,Ω + ν

2µ2

ε0
|w|22,−(1+µ),Ω.

The first term on the r.h.s. of (3.38) takes the form

−
∫
Ω∗

(
v · ∇ww + vr

r
w2
)
r−2µ dx = −

∫
Ω∗

(
1
2
v · ∇w2 + vr

r
w2
)
r−2µ dx

= −
∫
Ω∗

[
1
2
v · ∇(w2r−2µ) + (1 + µ)vr

r
w2r−2µ

]
dx

= − (1 + µ)
∫
Ω∗

vr
r
w2r−2µ dx ≡ I2,

where the boundary condition (1.1)3 and (3.37) were exploited. Hence

|I2| ≤ ε2|w|22,−(1+µ),Ω∗ + c(1/ε2)|v|
2
∞,Ω∗ |w|

2
2,−µ,Ω∗ .

The last three terms on the r.h.s. of (3.38) are estimated by

ε3|w|22,−(1+µ),Ω∗ + c(1/ε3)(|q|
2
2,−µ,Ω∗ + |h|

2
2,−(1+µ),Ω∗ + |fϕ|

2
2,1,Ω∗).

Using the above estimates in (3.38) and assuming that ε1 − ε3 are sufficiently
small and ε0 ∈ (2µ2, 2) we obtain

(3.39)
d

dt
|w|22,−µ,Ω∗ + ν|∇w|

2
2,−µ,Ω∗ + ν|w|

2
2,−(1+µ),Ω∗ + γ|w|

2
2,−µ,S∗

≤ c(|v|2∞,Ω∗ + 1)|w|
2
2,−µ,Ω∗ + c(|q|

2
2,−µ,Ω∗ + |h|

2
2,−(1+µ),Ω∗ + |fϕ|

2
2,1,Ω∗).

Integrating (3.39) with respect to time and passing with ε∗ to 0 we obtain
(3.36). �

Remark 3.7. Let us assume that ψ = z + rα+2 − a near the point (r, z) =
(0, a) (similar assumption can be set near (r, z) = (0,−a), i.e. ψ = 2+ rα+2+a).
Then |ψ,r| ≤ crα+1, so |a1| ≤ crα+1 and the first integral in I1 (see the proof of
Lemma 3.6) can be considered in the way

Ĩ =
∫
S∩{x:r<r0}

rαw2r−2µdS +
∫
S∩{x:r≥r0}

rαw2r−2µdS ≡ Ĩ1 + Ĩ2.

Let α < 2µ. Then

|Ĩ1| ≤ crα0 |w|22,−µ,S ≤ crα0 (|w,x|22,−µ,Ω + |w|22,−µ,Ω) ≡ Ĩ ′1
|I2| ≤ crα−2µ0 |w|22,S ≤ cr

α−2µ
0 ‖w‖21,Ω ≡ Ĩ ′2

Hence for sufficiently small r0 the term Ĩ ′1 can be absorbed by the l.h.s. of (3.39),
but Ĩ ′2 can be bounded by the estimate of the weak solution.
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For α ≥ 2µ, we have |Ĩ| ≤ c‖w‖21,Ω, so it is estimated in terms of the weak
solutions. Then instead of (3.36) we obtain

|w(t)|22,−µ,Ω + ν‖w‖21,−µ,Ωt + γ|w|22,−µ,St ≤ c exp(c||v||2∞,2,Ωt)

·
[ ∫ t
0
‖w(t)‖21,Ω dt+ |q|22,−µ,Ωt + |h|22,−(1+µ),Ωt + |fϕ|

2
2,1,Ωt + |w(0)|22,−µ,Ω

]
.

�

From (3.32) and (3.36) we obtain

(3.40) ‖w‖2,1−µ,Ωt ≤ ϕ(t, ||v||4,∞,Ωt , ||v||∞,2,Ωt)
· [|q|2,−µ,Ωt + |h|2,−(1+µ),Ωt + |fϕ|2,1−µ,Ωt + ‖w(0)‖1,1−µ,Ω].

Let

‖v‖N2(ΩT ) = ‖v‖Nδ(ΩT ) + ||v||4,∞,ΩT + ||v||∞,2,ΩT ,
where the first norm on the r.h.s. is defined by (2.21) and let

(3.41) X1(T ) = ||g||6/5,2,ΩT + |g|2,−(1+ε∗),ΩT + |fϕ|2,1−µ,ΩT
+ ‖h(0)‖1,−(1+ε∗),Ω + ‖w(0)‖1,1−µ,Ω.

Then in view of (2.22) we obtain from (3.40) the inequality

(3.42) ‖w‖2,1−µ,Ωt ≤ ϕ(t, ‖v‖N2(Ωt))X1(t), t ≤ T.

Let

(3.43) X2(T ) = ||F ′||6/5,2,ΩT + ||Fr||6/5,2,−µ,ΩT + |F ′|2,1−µ,ΩT
+ |α′(0)|2,Ω + |αr(0)|2,−µ,Ω + |||α′(0)|||1,2,1−µ,Ω

and N(ΩT ) = N1(ΩT ) ∩N2(ΩT ). Using (3.42) and (2.33) in (3.30) yields

(3.44) ||vϕ,z||4,2,−3/4−ε,Ωt ≤ ϕ(t, ‖v‖N(Ωt))X3(t),

where X3(t) = X1(t) +X2(t). In view of (3.44), (2.22) we obtain from (3.1) the
inequality∥∥∥∥χr

∥∥∥∥
V 02 (Ω

t)
≤ϕ(X1)

√
K(K + 1)

(∑
j

‖v‖L2(0,t;H1(Sj)) +X1
)

(3.45)

+ ϕ(t, ‖v‖N(Ωt))(1 + sup
t
‖w‖1,0,Ω)X3 + ϕ(X1)Y1,

where Sj = S ∩ suppϕj , {ϕj} is the partition of unity and

(3.46) Y1(t) = ||Fϕ||6/5,2,−1,Ωt + |χ(0)|2,−1,Ω,

and we used that N1(ΩT ) ⊂ N′1(Ω
T ), where N1(ΩT ) is defined in assumptions

of Lemma 3.4 and N′1(Ω
T ) by (3.31).
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Now we have to find an estimate for supt ‖w(t)‖1,0,Ω. In view of 5.2.22 from
[17] and (5.15) from [20] we obtain

(3.47) ‖w(t)‖21,0,Ω ≤ c exp(c||v||2∞,2,Ωt)[(1 + ||v||4∞,4,Ωt) sup
t
|w(t)|22,1,Ω

+ |w|22,Ωt + |q|22,Ωt + |h|22,−1,Ωt + |fϕ|22,1,Ωt + e−t‖w(0)‖21,0,Ω],

where

(3.48) |w(t)|2,1,Ω ≤ |w(0)|2,1,Ω+c
∫ t
0
(|q(t′)|2,Ω+ |h(t′)|2,−1,Ω+ |fϕ(t′)|2,1,Ω) dt′.

Hence

‖w(t)‖1,0,Ω ≤ ϕ(t, ‖v‖N2(Ωt))(X1 + |w|2,Ωt).

Using (3.36) gives

|w|2,Ωt ≤ ϕ(t, ‖v‖N2(Ωt))X1.

Hence

(3.49) ‖w(t)‖1,0,Ω ≤ ϕ(t, ‖v‖N2(Ωt))X1.

Using (3.49) in (3.45) yields∥∥∥∥χr
∥∥∥∥
V 02 (Ω

t)
≤ ϕ(X1)

√
K(K + 1)

(∑
j

‖v‖L2(0,t;H1(Sj)) +X1
)

+ ϕ(t, ‖v‖N(Ωt), X1)X3 + ϕ(X1)Y1.

From (3.11) we get

‖α′‖V 02 (Ωt) ≤ ϕ(t,X1, ‖v‖N(Ωt))X2.

Hence, from problem (2.13) we have

(3.50) |v|10,Ωt + |∇v|10/3,Ωt ≤ ϕ1(t,X1, ‖v‖N(Ωt))X3

+ ϕ2(X1)Y1 +
√
K(K + 1)

(∑
j

‖v‖L2(0,t;H1(Sj)) +X1
)
.

Finally, we obtain an a priori estimate for solutions to problem (1.1). First we
recall that

N(ΩT ) = N1(ΩT ) ∩N2(ΩT ) = L∞(0, T ;W 12,−δ(Ω)) ∩ L2(0, T ;W 1∞(Ω))
∩ L∞(0, T ;W 1p′(Ω)) ∩ L3(0, T ;W 13 (Ω)),

where p′ ∈ (2, 3) and δ ∈ (0, 1).
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Lemma 3.8. Let T < ∞ be given, let X1(T ) < ∞ (see (3.41)), X2(T ) < ∞
(see (3,43)), Y1(T ) <∞ (see (3.46)). Let

|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω <∞.

Let solutions of (1.1) satisfy estimates for the weak solutions (see (2.5), (2.6)).
Then there exists the constant

A = 2σ[ϕ22(X1)Y
2
1 + c1(K + 1)(d

2
2 +X

2
1 ) + c(|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω)],

where σ > 2, function ϕ2 appears in (3.50) and c1 is the constant introduced in
(3.54), such that for X3 so small that (3.58) holds we have the estimate

(3.51) ‖v‖2,5/2,ΩT + |∇p|5/2,ΩT ≤ A.

Proof. Let us consider problem (1.1). In view of (3.50) we have

(3.52) ‖v‖2,5/2,ΩT + |∇p|5/2,ΩT ≤ ϕ21(T,X1, ‖v‖2,5/2,ΩT )X23 + ϕ22(X1)Y 21

+K(K + 1)
(∑
j

‖v‖2L2(0,T ;H1(Sj)) +X
2
1

)
+ c(|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω),

where we used that ‖v‖N(ΩT ) ≤ c‖v‖2,5/2,ΩT .
To examine the third term on the r.h.s. of (3.52) we apply the interpolation

inequality

|u|2,S ≤ c|∇u|1/22,Ω|u|
1/2
2,Ω + c|u|2,Ω,

which after integration with respect to time takes the form

(3.53) |u|2,ST ≤ c|∇u|
1/2
2,ΩT |u|

1/2
2,ΩT + c|u|2,ΩT .

Using (3.53) we obtain

‖v‖L2(0,T ;H1(Sj)) = ‖v‖L2(0,T ;L2(Sj)) + ‖∇v‖L2(0,T ;L2(Sj))(3.54)

≤ c|∇2v|1/22,ΩTj |∇v|
1/2
2,ΩTj
+ c|∇v|2,ΩTj + c|∇v|

1/2
2,ΩTj
|v|1/22,ΩTj + c|v|2,ΩTj

≤ c1d1/22 |∇2v|
1/2
2,ΩTj
+ c1d2,

where ΩTj = Ω
T ∩ suppϕj and (2.6) was employed.

By the Hölder inequality we have

(3.55) |∇2v|2,ΩTj ≤ |Ω
T
j |1/10|∇2v|5/2,ΩTj .

Utilizing (3.54) and (3.55) in (3.52) yields

(3.56) ‖v‖2,5/2,ΩT + |∇p|5/2,ΩT ≤ ϕ21(T,X1, ‖v‖2,5/2,ΩT )X23 + ϕ22(X1)Y 21
+ c1K(K + 1)[sup

j
|ΩTj |1/10|∇2v|5/2,ΩT d2 + d22 +X21 ]

+ c(|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω).
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Assuming that c1 supj |ΩTj |1/10K(K + 1)d2 ≤ 1/2 we obtain from (3.56) the
inequality

(3.57) ‖v‖2,5/2,ΩT + |∇p|5/2,ΩT ≤ 2ϕ21(T,X1, ‖v‖2,5/2,ΩT )X23 + 2ϕ22(X1)Y 21
+ 2c1K(K + 1)(d22 +X

2
1 ) + 2c(|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω).

Let us introduce the quantity

A = 2σ[ϕ22(X1)Y
2
1 + c1K(K + 1)(d

2
2 +X

2
1 ) + c(|f |5/2,ΩT + ‖v(0)‖6/5,5/2,Ω)]

and let ‖v‖2,5/2,ΩT + |∇p|5/2,ΩT ≤ A. Then inequality (3.57) implies

(3.58) 2ϕ21(T,X1, A)X
2
3 ≤
(
1− 1

σ

)
A,

which can be satisfied for sufficiently small X3.

In view of (3.58) estimate (3.51) holds. �

4. Existence

We prove the existence of solutions to problem (1.1) by the Leray–Schauder
fixed point theorem. Therefore we consider the problem

(4.1)

v,t − divT(v, p) = −λṽ(v′) · ∇ṽ(v′) + f in ΩT ,

div v = 0 in ΩT ,

v · n = 0, n · T(v, p) · τα + γv · τα = 0, α = 1, 2, on ST ,

v|t=0 = v(0) in Ω,

where λ ∈ [0, 1], v′ ∈ N(ΩT ), ṽ ∈M0(ΩT ) = {v : |v|10,ΩT + |∇v|10/3,ΩT <∞}.
In view of Section 3 we have the mapping Φ1:N(ΩT )→M0(ΩT ) so

N(ΩT ) 3 v′ → Φ1(v′) = ṽ ∈M0(ΩT ).

For any λ ∈ [0, 1] and ṽ ∈M0(ΩT ) problem (4.1) generates the mapping

Φ2:M0(ΩT ) 3 ṽ → Φ2(ṽ) = v ∈W 2,15/2(Ω
T ).

Therefore we define the mapping v = Φ(v′, λ) = Φ2(Φ1(v′), λ) such that for any
λ ∈ [0, 1] we have

(4.2) Φ:N(ΩT )→W 2,15/2(Ω
T ) ⊂ N(ΩT ),

where the last imbedding is compact.
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Lemma 4.1. The mapping Φ is compact, continuous on N(ΩT ) × [0, 1] and
index Φ|λ=0 = 1.

Proof. Compactness follows from imbedding (4.2). Continuity on N(ΩT )×
[0, 1] can be proved in the same way as in Lemma 5.2 from [24]. For λ = 0 there
exists a unique solution to problem (4.1) (see [1]).
In view of Lemma 4.1 and (3.51), where a fixed point of mapping Φ is esti-

mated we can apply the Leray–Schauder fixed point theorem. Hence Theorem 1.1
from Section 1 is proved. �

5. Continuity

In this Section we show that mappings Φ1 and Φ2 are continuous. First we
show that Φ2 is continuous.

Lemma 5.1. Let the assumptions of Lemma 3.8 hold. Then Φ2 is continuous.

Proof. To show continuity of Φ2 we consider the problems

vi,t − divT(vi, pi) = −λṽi∇ṽi + f,
div vi = 0,

vi · n|S = 0, (νn · D(vi) · τα + γvi · τα)|S = 0, α = 1, 2,

vi|t=0 = v(0),

where ∇pi ∈ L5/2(ΩT ), ṽi ∈M0(ΩT ), vi ∈W 2,15/2(Ω
T ) and i = 1, 2.

Taking the differences V = v1 − v2, P = p1 − p2, Ṽ = ṽ1 − ṽ2, we see that
they are solutions to the problem

(5.1)

V,t − divT(V, P ) = −λ[Ṽ · ∇ṽ1 + ṽ2 · ∇Ṽ ],
divV = 0,

V · n|S = 0, (νn · D(V ) · τα + γV · τα)|S = 0, α = 1, 2,

V |t=0 = 0.

For solutions to problem (5.1) we have

(5.2) ‖V ‖2,5/2,ΩT ≤ cA(|Ṽ |10,ΩT + |∇Ṽ |10/3,ΩT ) + c
2∑
α=1

‖V · τα‖3/5,5/2,ST

≤ cA‖Ṽ ‖M0(ΩT ) + c
2∑
α=1

‖V · τα‖3/5,5/2,ST .

To estimate the last integral on the r.h.s. of (5.2) we use the energy estimate.
Multiplying (5.1)1 by V , integrating over Ω and using the Korn inequality we
obtain
1
2
d

dt
|V |22,Ω +

ν

2
‖V ‖21,Ω + γ|V · τα|22,S ≤ c(|Ṽ |23,Ω|∇ṽ1|22,Ω + |ṽ2|23,Ω|∇Ṽ |22,Ω).
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Integrating with respect to time yields

(5.3) |V (t)|22,Ω + ν
∫ t
0
‖V (t′)‖21,Ω dt′ + γ

∫ t
0
|V · τα(t′)|22,S dt′

≤ c(||Ṽ ||23,5,ΩT ||∇ṽ1||
2
2, 103 ,Ω

T + ||ṽ2||23,5,ΩT ||∇Ṽ ||
2
2, 103 ,Ω

T ) ≤ cA2‖Ṽ ‖2M0(ΩT ).

We have the inequality

(5.4) ‖V ‖
W
3/5,3/10
5/2 (ST ) ≤ c‖V ‖W 1,1/25/2 (Ω

T ) ≤ ε‖V ‖W 2,15/2(ΩT ) + c(1/ε)‖V ‖L5/2(ΩT ).

From (5.2)–(5.4) we obtain ‖V ‖W 2,15/2(ΩT ) ≤ c(A)‖Ṽ ‖M0(ΩT ). �

Lemma 5.2. Let the assumptions of Lemma 3.8 hold. Then Φ1 is continuous.

Proof. Let v′1, v
′
2 ∈ N(ΩT ). Then (2.7) takes the form

hs,t − divD(hs) +∇qs = −v′s · ∇hs − hs · ∇v′s + g in ΩT ,
divhs = 0 in ΩT ,

n · hs = 0, n · D(hs) · τα + γhs · τα = 0 on ST ,

hs|t=0 = h(0) in Ω,

where s = 1, 2. Let v′s, hs, qs, s = 1, 2, be given. Then ws is a solution to the
problem

ws,t + v′s · ∇ws +
v′sr
r
ws − ν∆ws + ν

ws
r2
=
1
r
qs +
2ν
r2
hs + fϕ in ΩT ,

νn · ∇ws = −γws + ν
a1
r
ws on ST ,

ws|t=0 = w(0) in Ω.

Next, α′s = (αsr, αsz), s = 1, 2, is a solution to the problem

αsr,t + v′s · ∇αsr − (αsrv′sr,r + αszv′sz,z)−
χ

r
hsr

+
2ν
r2
(hsr,z − hsz,r) +

ναsr
r2
− ν∆αsr = Fr in ΩT ,

αsz,t + v′s · ∇αsz − (αsrv′sz,r + αszv′sz,z)

− χs
r
hsz − ν∆αsz = F2 in ΩT ,

τz · α′s = −
2a1
r
ws +

γ

ν
ws on ST ,

(n · α′s),n = β1hsr + β2hsz + β3ws,r + β4ws,z + β5ws on ST ,
α′s|t=0 = α′(0) in Ω,
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where s = 1, 2. Next, χs satisfies

χs,t + v′s · ∇χs + (v′sr,r + v′sz,z)χs − ν
[(
r

(
χs
r

)
,r

)
,r

+
1
r2
χs,ϕϕ + χs,zz + 2

(
χs
r

)
,r

]
=
2ν
r

(
− hsϕ,z +

1
r
hsz,ϕ

)
− 1
r

(
ws,zhsr − ws,rhsz +

ws
r
hsz

)
+
2
r
wsws,z + Fϕ in ΩT ,

χs = 2
(
k − γ

2ν

)
v′s · τ2 on ST ,

χs|t=0 = χ(0) in Ω,

where s = 1, 2. Finally, ṽs is a solution to the elliptic problem

rot ṽs = αs in Ω,

div ṽs = 0 in Ω,

ṽs · n = 0 on S,

s = 1, 2. Let us introduce the quantities

V ′ = v′1 − v′2, W = w1 − w2, H = h1 − h2, Q = q1 − q2,
A = α1 − α2, N = χ1 − χ2, Ṽ = ṽ1 − ṽ2.

First we have the problem for H and Q

(5.5)

H,t − νdivD(H) +∇Q = −v′1 · ∇H
− V ′ · ∇h2 − h1 · ∇V ′ −H · ∇v′2 in ΩT ,

divH = 0 in ΩT ,

n ·H = 0, νn · D(H) · τα + γH · τα = 0, α = 1, 2, on ST ,

H|t=0 = 0 in Ω.

Then the problem for W takes the form

(5.6)

W,t + v′1 · ∇W + V ′ · ∇w2 +
v′1r
r
W +

V ′r
r
w2

− ν∆W + νW
r2
=
1
r
Q+
2ν
r2
Hr in ΩT ,

n · ∇W = −γ
ν
W +

a1
r
W on ST ,

W |t=0 = 0 in Ω.
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Continuing, A′ = (Ar, Az) is a solution to the problem

(5.7)

Ar,t + v′1 · ∇Ar + V ′ · ∇α2r
− (α1rV ′r,r +Arv′2r,r + α1zV ′z,z +Azv′2z,z)

− χ1
r
Hr −

N

r
h2r +

2ν
r2
(Hr,z −Hz,r) +

ν

r2
Ar − ν∆Ar = 0 in ΩT ,

Az,t + v′1 · ∇Az + V ′ · α2z
− (α1rV ′z,r +Arv′2z,r + α1zV ′z,z +Azv′2z,z)

− χ1
r
Hz −

N

r
h2z − ν∆Az = 0 in ΩT ,

τ2 ·A′ = −
2a1
r
W +

γ

r
W on ST ,

(n ·A′),n = β1Hr + β2Hz + β3W,r + β4W,z + β5W on ST ,

A′|t=0 = 0 in Ω.

Next N satisfies

(5.8)

N,t + v′1 · ∇N + V ′ · ∇χ2 + (v′1r,r + v′1z,z)N + (V ′r,r + V ′z,z)χ2

− ν
[(
r

(
N

r

)
,r

)
,r

+
1
r2
N,ϕϕ +N,zz + 2

(
N

r

)
,r

]
=
2ν
r

(
−Hϕ,z +

1
r
Hz,ϕ

)
− 1
r

(
w1,zHr +W,zh2r − w1,rHz

−W,rh2z +
w1
r
Hz +

W

r
h2z

)
+
2
r
(w1W,z +Ww2,z) in ΩT ,

N = 2
(
k − γ

2ν

)
V ′ · τ2 on ST ,

N |t=0 = 0 in Ω.

Finally, Ṽ is a solution to the elliptic problem

(5.9) rot Ṽ = A in Ω, div Ṽ = 0 in Ω, Ṽ · n = 0 on S.

First we obtain an estimate for solutions to problem (5.8). Let us introduce
the set Ω∗ (see the proof of Lemma 3.1) and let us add the artificial boundary
condition N |r=ε∗ = 0. Multiplying (5.8) by N/r2, integrating the result over Ω∗
and repeating the considerations leading to the inequality before (3.6) we obtain

(5.10)
1
2
d

dt
|N |22,−1,Ω∗ + ν

∥∥∥∥Nr
∥∥∥∥2
1,Ω∗

≤ c|hϕ|23,−1,Ω∗ |N |
2
2,−1,Ω∗

+ cK2|v|22,S + c
∫
S

n · ∇N
r
N dS

+
∣∣∣∣ ∫
Ω∗
(V ′ · ∇χ2 + (V ′r,r + V ′z,z)χ2)

N

r2
dx

∣∣∣∣
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+ c
∣∣∣∣ ∫
Ω∗

(
−Hϕ,z +

1
r
Hz,ϕ

)
N

r2
dx

∣∣∣∣
+ c
∣∣∣∣ ∫
Ω∗

(
w1,zHr +W,zh2r − w1,rHz −W,rh2z +

w1
r
Hz +

W

r
h2z

)
N

r2
dx

∣∣∣∣
+ c
∣∣∣∣ ∫
Ω∗
(w1W,z +Ww2,z)

N

r2
dx

∣∣∣∣.
The fourth term on the r.h.s. of (5.10) we estimate by

ε1

∣∣∣∣Nr
∣∣∣∣2
6,Ω∗

+ c(1/ε1)
(∣∣∣∣V ′r ∇χ2

∣∣∣∣2
6/5,Ω∗

+
∣∣∣∣∇′V ′χ2r

∣∣∣∣2
6/5,Ω∗

)
,

where ε1 ∈ (0, 1) and∣∣∣∣V ′r ∇χ2
∣∣∣∣2
6/5,Ω∗

≤ |∇χ2|22,−(1−ε),Ω∗ |V
′|23,−ε,Ω∗ ,(5.11) ∣∣∣∣∇′V ′χ2r

∣∣∣∣2
6/5,Ω∗

≤ |∇V ′|23/2,Ω∗

∣∣∣∣χ2r
∣∣∣∣2
6,Ω∗

,(5.12)

where ε is arbitrary small positive number.
We estimate the r.h.s. of (5.11). First we examine

|∇χ2|22,−(1−ε),Ω∗ ≤
∣∣∣∣∇χ2r rε

∣∣∣∣2
2,Ω∗

+ ε2
∣∣∣∣χ2r rε−1

∣∣∣∣2
2,Ω∗

≤ R2ε
∣∣∣∣∇χ2r

∣∣∣∣2
2,Ω∗

+
ε2

ε2
R2ε
∣∣∣∣∇χ2r

∣∣∣∣2
2,Ω∗

≤ 2R2ε
∣∣∣∣∇χ2r

∣∣∣∣2
2,Ω∗

,

where in the second inequality the Hardy inequality was used.
Applying (2.1) we have

|V ′|23,−ε,Ω∗ ≤ c|∇V
′|23/(2−ε),Ω∗

In view of the above estimates inequality (5.11) takes the form∣∣∣∣V ′r ∇χ2
∣∣∣∣2
6/5,Ω∗

≤ cR2ε
∣∣∣∣∇(χ2/r)∣∣∣∣2

2,Ω∗

|∇V ′|23/2−ε,Ω∗ ,

where ε > 0 can be chosen arbitrary small.
The fifth term on the r.h.s. of (5.10) is estimated by

ε2

∣∣∣∣∇Nr
∣∣∣∣2
2,Ω∗

+ c(1/ε2)|H|22,−3,Ω∗ ,

where ε2 ∈ (0, 1).
The sixth term on the r.h.s. of (5.10) we estimate by

ε3

∣∣∣∣Nr
∣∣∣∣2
6,Ω∗

+ c(1/ε3)(‖w‖21,0,Ω∗ |H|
2
3,−2,Ω∗ + ‖W‖

2
1,0,Ω∗ |h|

2
3,−2,Ω∗),
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where ε3 ∈ (0, 1).
Finally, the last term on the r.h.s. of (5.10) can be bounded by

ε4

∣∣∣∣ Nr2−ε
∣∣∣∣2
2,Ω∗

+ c(1/ε4)(‖w2‖21,0,Ω∗ |W,z|
2
4,−3/4−ε,Ω∗ + ‖W‖

2
1,0,Ω∗ |w2,z|

2
4,−3/4−ε,Ω∗),

where ε4 ∈ (0, 1) and ε can be chosen as arbitrary small positive number.
Using the above estimates in (5.10), and assuming that ε1−ε4 are sufficiently

small, we obtain

(5.13)
1
2
d

dt
|N |22,−1,Ω∗ + ν

∥∥∥∥Nr
∥∥∥∥2
1,Ω∗

≤ c|hϕ|23,−1,Ω∗ |N |
2
2,−1,Ω∗

+ cK2|V ′|22,S∗ + c
∫
S∗

n · ∇N
r
N dS

+ cR2ε
∣∣∣∣∇χ2r

∣∣∣∣2
2,Ω∗

|∇V ′|23/(2−ε),Ω∗+ c|∇V
′|23/2,Ω∗

∣∣∣∣χ2r
∣∣∣∣2
6,Ω∗

+ c|H|22,−3,Ω∗

+ c(‖w‖21,0,Ω∗ |H|
2
3,−2,Ω∗ + ‖W‖

2
1,0,Ω∗ |h|

2
3,−2,Ω∗)

+ c(‖w1‖21,0,Ω∗ |W,z|
2
4,−3/4−ε,Ω∗ + ‖W‖

2
1,0,Ω∗ |w2,z|

2
4,−3/4−ε,Ω∗).

Integrating (5.13) with respect to time, passing with ε∗ to 0 and using the
inequality

K2|V ′|22,St +
∣∣∣∣ ∫
St
n · ∇N

r

N

r
dS dt′

∣∣∣∣
≤ cK(K + 1)

∑
j

∫
St∩suppϕj

(
V
′2
,x + V

′2 +
∣∣∣∣∇Hr

∣∣∣∣2) dS dt′
we obtain

|N(t)|22,−1,Ω + ν
∫ t
0

∥∥∥∥N(t′)r
∥∥∥∥2
1,Ω

dt′ ≤ c exp(c||h1||23,2,−1,Ωt)(5.14)

·
[
K(K + 1)

∑
j

∫
St∩suppϕj

(
V
′2
,x + V

′2 +
∣∣∣∣∇Hr

∣∣∣∣2) dS dt′
+ c(A)

(
sup
t
|∇V ′|23/(2−ε),Ω + sup

t
|∇V ′|23/2,Ω

+
∫ t
0
‖H(t′)‖22,−1,Ω dt′ + sup

t
‖W‖21,0,Ω

+
∫ t
0
|W,z(t′)|24,−3/4−ε,Ω dt

′
)]
.
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Now we estimate the last three norms under the square bracket. Applying
Lemma 2.8 to problem (5.5) yields

‖H‖2,−1,Ωt + ‖Q‖L2(0,t;H1−1(Ω)) ≤ ϕ(‖v
′
1‖Nδ(Ωt), ‖v

′
2‖Nδ(Ωt))c(A)‖V

′‖N(Ωt)
+ c(|V ′ · ∇h2|2,−(1+ε∗),Ωt + |h1 · ∇V

′|2,−(1+ε∗),Ωt),

where ϕ is an increasing positive function and the last two terms are estimated
by

|V ′ · ∇h2|2,−(1+ε∗),Ωt + |h1 · ∇V
′|2,−(1+ε∗),Ωt

≤ ||V ′||2,∞,Ωt ||∇h2||3,2,−(1+ε∗),Ωt + ||h1||3,2,−(1+ε∗),Ωt ||∇V ′||2,∞,Ωt

≤ ϕ(A)‖V ′‖N(Ωt)

Hence we have

(5.15) ‖H‖2,−1,Ωt + ‖Q‖L2(0,t;H1−1(Ω)) ≤ ϕ(A)‖V
′‖N(Ωt).

In view of (3.47) we obtain for solutions to problem (5.6) the inequality

(5.16) ‖W (t)‖21,0,Ω ≤ ϕ(A)
[
sup
t′≤t
|W (t′)|2,1,Ω + |W |22,Ωt

+ |Q|22,Ωt + |H|22,−1,Ωt + |V ′ · ∇w2|22,1,Ωt +
∣∣∣∣V ′r w2

∣∣∣∣2
2,1,Ωt

]
,

where by (3.48) applied to (5.6) we have

(5.17) |W (t)|2,1,Ω

≤ c
∫ t
0

(
|Q(t′)|2,Ω + |H(t′)|2,−1,Ω + |V ′ · ∇w2|2,1,Ω +

∣∣∣∣V ′r w2
∣∣∣∣
2,1,Ω

)
dt′.

Next,

(5.18) |V ′ · ∇w2|2,1,Ωt +
∣∣∣∣V ′w2r

∣∣∣∣
2,1,Ωt

≤ ||V ′||∞,2,Ωt sup
t
‖w2(t)‖1,0,Ω ≤ ϕ(A)‖V ′‖N(Ωt).

Finally, inequality (3.36) in the case of problem (5.6) gives

(5.19) |W |22,Ωt ≤ ϕ(A)
(
|Q|22,−µ,Ωt + |H|22,−(1+µ),Ωt

+ |V ′ · ∇w2|22,1,Ωt +
∣∣∣∣V ′r w2

∣∣∣∣2
2,1,Ωt

)
,

where µ is arbitrary small positive number. Using (5.15) and (5.18) in (5.17)
and (5.19) we obtain

sup
t
|W (t)|2,1,Ω ≤ ϕ(A, t)‖V ′‖N(Ωt)(5.20)

|W |2,Ωt ≤ ϕ(A)‖V ′‖N(Ωt).(5.21)
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In view of (5.15), (5.20) and (5.21) inequality (5.16) takes the form

sup
t
‖W (t)‖1,0,Ω ≤ ϕ(A, t)‖V ′‖N(Ωt).

Finally we estimate the last term on the r.h.s. of (5.14). Then instead of
(3.7) we consider the expression

Vϕ,z = −Ar +
1
r
Hz.

Hence, we have

(5.22)
∫ t
0
|Vϕ,z(t′)|24,−3/4−ε,Ω dt

′

≤ c
∫ t
0
‖Ar(t′)‖21,−1/2−ε,Ω dt

′ + c
∫ t
0
‖H(t′)‖21,−3/2−ε,Ω dt

′,

where in view of (5.15) the last integral is bounded by ϕ(A)‖V ′‖N(Ωt).
Finally, we estimate the first integral on the r.h.s. of (5.22). Applying

Lemma 3.2 to problem (5.7) yields

(5.23) |||A′|||2,2,1−µ,Ωt ≤ϕ(A)
[
|A′|2,1−µ,Ωt + ‖H‖2,−µ,Ωt

+ ‖W‖2,1−µ,Ωt + |Ar|2,−(1+µ),Ωt + |V ′′∇′α′|2,1−µ,Ωt

+ |α′∇′V ′′|2,1−µ,Ωt +
∣∣∣∣χ1r H ′

∣∣∣∣
2,1−µ,Ωt

]
,

where V ′′ = (V ′r , V
′
z ), ∇′ = (∂r, ∂z), α′ = (αr, αz).

The last three terms on the r.h.s. of (5.23) are bounded by

||V ′′||6,∞,Ωt ||∇α′||3,2,1−µ,Ωt + ||α′||2,∞,1−µ,Ωt ||V ′′,x′ ||∞,2,Ωt +
∣∣∣∣χ1r
∣∣∣∣
10/3,Ωt

|H ′|5,1−µ,Ωt

≤ ϕ(A)(‖V ′‖N(Ωt) + ‖H ′‖2,1−µ,Ωt).

Hence, (5.23) assumes the form

|||A′|||2,2,1−µ,Ωt ≤ ϕ(A)[|A′|2,1−µ,Ωt + |Ar|2,−(1+µ),Ωt

+ ‖H‖2,−µ,Ωt + ‖W‖2,1−µ,Ωt + ‖V ′‖N(Ωt)].

Lemma 3.3 applied for problem (5.7) gives

(5.24) |A′(t)|22,Ω + ν
∫ t
0
‖A′(t′)‖21,Ω dt′ + |Ar|22,−1,Ωt

≤ϕ(A)
[
‖H‖22,−1,Ωt + ‖W‖22,1−µ,Ωt + ||V ′′∇′α′||26/5,2,Ωt

+ ||α′∇V ′′||26/5,2,Ωt +
χ1r H ′

26/5,2,Ωt
]
,
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where the last three terms under the square bracket are estimated by

||V ′′||3,∞,Ωt |∇α′|2,Ωt + ||α′||2,∞,Ωt ||∇V ′′||3,2,Ωt +
∣∣∣∣χ1r
∣∣∣∣
3,Ωt
||H ′||2,6,Ωt

≤ ϕ(A)(‖V ′‖N(Ωt) + ‖H‖2,Ωt).

Hence, (5.24) takes the form

(5.25) |A′(t)|22,Ω + ν
∫ t
0
‖A′(t′)‖21,Ω dt′ + |Ar|22,−1,Ωt

≤ ϕ(A)[‖H‖22,−1,Ωt + ‖W‖22,1−µ,Ωt + ‖V ′‖2N(Ωt)].

To apply Lemma 3.4 to problem (5.7) we have to estimate in a different way
the term which implies ||Fr||6/5,2,−µ,Ωt on the r.h.s. of (3.24). For this purpose
we consider the expression which appears instead of the first term on the r.h.s.
of (3.25),∣∣∣∣ ∫

Ωt
Ar(V ′ · ∇α2r − α1rV ′r,r − α1zV ′z,z)r−2µ dx dt′

∣∣∣∣
≤ ε
∫ t
0
|Ar(t′)|22,−(1+µ),Ω dt

′ + c(1/ε)|V ′ · ∇α2r − α1rV ′r,r − α1zV ′z,z|22,Ωt .

The second norm we estimate by

||V ′||2p,∞,Ωt ||∇αr||2p′,2,Ωt + ||V ′,x′ ||
2
∞,2,Ωt ||α′||22,∞,Ωt ≤ ϕ(A)‖V ′‖2N(Ωt),

where p satisfies 3/3′ − 3/p = 1 where 3′ < 3 but arbitrary close to 3 so p is
arbitrary large and p′ = p/(p− 1) > 1 is close to 1.
In view of the above considerations Lemma 3.4 applied to problem (5.7) gives

(5.26) ν
∫ t
0
‖Ar(t′)‖21,−µ,Ω dt′ ≤ ϕ(A)[‖H‖22,−1,Ωt + ‖W‖22,1−µ,Ωt + ‖V ′‖2N(Ωt)].

Considering problem (5.6) we obtain instead of (3.40) the inequality

(5.27) ‖W‖2,1−µ,Ωt ≤ ϕ(A)[|Q|2,−µ,Ωt + |H|2,−(1+µ),Ωt + ‖V ′‖N(Ωt)]

In view of (5.15), (5.22), (5.25)–(5.27) we obtain

‖A‖V 02 (Ωt) ≤ ϕ(A)‖V
′‖N(Ωt).

Then problem (5.9) implies

‖Ṽ ‖M(Ωt) ≤ ϕ(A)‖V ′‖N(Ωt).

Hence Φ1 is continuous. This concludes the proof. �
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