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ERGODIC COCYCLES FOR GAUSSIAN ACTIONS

DARIUSZ SKRENTY

ABSTRACT. Ergodic Gaussian cocycles for rigid Gaussian actions are con-
structed. It is also shown when any isomorphism between Gaussian actions
is Gaussian.

1. Introduction

Throughout G denotes a countable Abelian group with identity element e
and discrete topology. Assume that (X, B, ) is a standard probability space
and 7:G x X — X (T9(-) = T (g, -)) is a free G-action on (X, B, u). Let A
be a locally compact metric Abelian group with Borel o-algebra B, and Haar
measure A. Recall that a Borel map F:G x X — A is called a cocycle for 7 if
F(g1 + g2,x) = F(g1,2) + F(ge,T9x) for all g1,¢92 € G and for a.e. z € X. A
cocycle F' is said to be a coboundary if there exists a Borel map &: X — A such
that F(g,2) = &(x) — £&(T9x). To a cocycle F' we associate the corresponding
skew product Tp: G x (X X A, B Ba, ux \) — (X x A, BQ By, it X A) given by
T (z,a) = (T9z, F(g,z) + a). We say that F is ergodic if 75 is ergodic.

An action 7 is called Gaussian if there exists H C L?(X, B, u) a 7 -invariant
closed subspace of the zero mean real functions such that each nonzero h € H is
a Gaussian variable and the smallest o-algebra B(H) which makes all variables of
‘H measurable equals B. We call H a Gaussian space of 7. The maximal spectral
type of 7 on H is called the spectral measure of 7. We will consider 7 with
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continuous spectral measure. It implies that 7 will be ergodic and even weakly
mixing. We call a cocycle F' Gaussian if F(g, -) € H for all g € G. A Gaussian
cocycle is a Gaussian coboundary if it is a coboundary with transfer function &
in ‘H.

Motivated by some strong dichotomies in the theory of Gaussian dynamical
systems (see [1], [2], [4], [5], [12]) in 1999 Lemariczyk proposed the following con-
jecture: every Gaussian cocycle either is ergodic or is a Gaussian coboundary.
There are Gaussian actions with trivial solutions of this, that is, every Gaussian
cocycle is a coboundary (see Section 2). So the first step to verify the conjecture
is a construction of ergodic Gaussian cocycles. Such a construction is done in
[3] for Gaussian Z-actions, where cocycles are identified with single measurable
functions. But if we replace Z-actions by G-actions then we have an additional
difficulty, namely, we do not know whether there exist nontrivial cocycles, be-
cause of the more complicated structure of them. There are results for different
types of Z-actions (d > 1) showing, in contrast to Z-actions, that if we impose
some restriction on cocycles (for instance continuity) then the only cocycles are
trivial (see [9] and the references given there). We show that, as a rule, this is
not true for Gaussian G-actions and Gaussian cocycles. Section 3 is devoted to
constructing ergodic Gaussian cocycles for some rigid Gaussian G-actions. The
validity of the conjecture was not decided in [3] but authors proved it in its

2mih where h is a Gauss-

multiplicative version considering cocycles of the form e
ian cocycle. It is easy to check that the analogous result holds for Gaussian
G-actions.

Section 4 can be treated as an appendix. We give some condition, under
which, any isomorphism between Gaussian actions is Gaussian, i.e. it sends the
Gaussian structure of one action to the other. We generalize Theorem 5 from
[14] (given without proof). Although our result has not a direct connection with
Gaussian cocycles, we think, it is sufficiently interesting to placing in the paper
about Gaussian actions.

This is part of the author’s Ph.D. thesis. The author wishes to thank Profes-
sor Lemanczyk, the supervisor of the thesis, for suggesting problems and helpful
comments.

2. Preliminaries

Let 7 be a free ergodic G-action on a nonatomic standard probability space
(X,B,u), and let F:Gx X — A be a cocycle for 7. Since G is Abelian, it follows
that

(2'1) F(glax) - F(glaT!hx) = F(g%x) - F(927Tglx)

for all g1,92 € G and z € X.
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Conversely, suppose that (2.1) holds and F(g, - ) are real functions with zero
mean. Consider Ny, 4,(z) = F(g1 + g2, 2) — F(g1,2) — F (g2, T9'x). We have

N91,92 (1’) - Ng1,g2( ) (F(gl + g2, ) F(gl + gg,Tg:E))

— (F(g1,7) — F(g1,T%7))
— (F(g2, T x) — F(go, T9T" x))
(

= (F(g,z) — F(g, T %2)) — (F(g,2) — F(g9,T% z))
- (F(g9,T%'z) — F(g9,T%T%z)) =0

for all g € G. Hence Ny, 4, = const = 0 for all g1, g2 € G, and consequently F' is
a cocycle.

Let A = A U {co} be the one-point Alexandroff compactification of A (for
compact A, A = A). Recall from [13] that a € A is called an essential value of
F if for every open neighbourhood U of a, and for every B € B with u(B) > 0,
there exists g € G such that y(BNT9BN{zx € X : F(g,x) € U}) > 0. The
set of essential values of F will be denoted by E(F). The set E(F) = E(F)NA
is a closed subgroup of A. It is shown in [13] that F is ergodic if and only if
E(F) = A. A sequence (¢:)2; C G is said to be a rigidity time for 7 if for
each measurable function f on X, foT9 — f in measure. We need an easy
generalization of Proposition 12 from [6] and we briefly prove it for reader’s

convenience.

PROPOSITION 2.1. Let (g:)$2, be a rigidity time for T. If F:G x X — A is
a cocycle satisfying
(a) for all e > 0 there exists a compact set K C A such that, for all t € N,
p{x e X : F(gt,x) € K}) >1—c¢,
(b) for all x € A, x # 1 there exists C > 0 such that | [x Xx(F(g¢, ) dp(z)]
< C <1 for almost all t € N,
then F is ergodic.

PRrROOF. We can assume that the sequence of measures po F(g, -)~! con-

verges weakly to some probability measure v on A. We first claim that for each
continuous function ¢ on A and each h € L*(X, B, 1),

@2 [ el b dnte) [ e@dvia) [ b duta).

Indeed, (2.2) holds for constant functions h and we can restrict to the case
h=¢&—¢oT9 for € € L?(X, B, p) with zero mean. Then

/@(F(gt,m))'h(af)d#(x)=/(w(F(QuTgx))—<P(F(gt7x)))'§(Tgﬂf)du($)~
X X

Since F(g¢,x) — F(gt, T92) = F(g,z) — F(g,T9x) and (g+)$2, is a rigidity time
for 7, the integral goes to 0, as ¢ is uniformly continuous.
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Now let us take ag € supp v, an open neighbourhood U of ag in A and B € B
with u(B) > 0. Choose a continuous function ¢ on A with 0 < ¢ < 1y and
Jzw(a)dv(a) > 0. Since (g;)f2, is a rigidity time for 7,

liminfu(BNT9BN{z e X : F(g;,x) e U})

=liminf u(BN{z € X : F(g;,z) e U}) = liminf/B 1y (F(gt, x)) du(z)

>timint | o(F(gi,0)) dua) = n(B) [ o(a)dvia) > 0.

B A

Hence ap € E(F). Consequently suppr C E(F). From (a) it follows that
v({oo}) = 0. Thus suppv C E(F). If F is not ergodic then there exists xo € A
such that xo # 1 and xo(a) =1 for all a € E(F). Hence

/MW%WW@ﬁ/M@W@=L
X A

contrary to (b). O

REMARK 2.2. In the case of A = R, the condition (a) is satisfied if, for
example, the sequence (F(g;, - )2, is bounded in L' (X, B, ).

Now we recall basic definitions from the spectral theory of unitary operators.
Let U be a unitary representation of G on a real Hilbert space H. Given h € H,
we denote by G(h) the cyclic space generated by h, that is, the smallest closed
subspace containing U%h, g € G. By the spectral measure of h we mean the
measure o, on G, the dual group of G, determined by Jz x(9)don(x) = (U%h, h).
There exists hy € H such that o, < op, for every h € H. The type of o3, is
called the maximal spectral type of U. A measure o, absolutely continuous with
respect to op,, has the multiplicity n if there exists a maximal sequence G(hy) @
... ® G(h,) such that o, = o, i.e. there is no element of type o orthogonal to
the sum. A number n € {1,2,... }U{co} is an essential value of the multiplicity
function of U if there exists 0 < op, with multiplicity n. We say that U has
simple spectrum if 1 is the only essential value (further details can be easily
adapted from the case of Z-representation, see [10], [11]).

We will consider a standard Gaussian action. If ¢ is a finite symmetric
Borel measure on @, then on the space X, = R® endowed with the natural
Borel structure B, there exists p,, a measure such that projections {Yy}secq
(Yy(x) = z(9), € X,) form a real stationary centered Gaussian process whose
spectral measure is o, i.e. [z x(g)do(x) = fXU Y,Y.dp, for all g € G. If we
denote by 7, the G-action on (X,, By, fts) given by (T9z)(s) = z(s+ g) then 7,
is a Gaussian action with Gaussian space H, = G(Y¢). In the case of Z-action we
speak about a Gaussian automorphism T,. Write L2_(G,0) = {f € L2(G,0) :

f(X) = f(x)}. The corresponding Koopman representation Uz, (U7 f = foT9)
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2
her

on H, is unitarilly equivalent to the representation V on L (@,0) given by

VIf(x) = x(9)f(x)-
LEMMA 2.3. Assume that

1—x(9)

€L2cr@,0
1—x(g0) her(G,)

for all g € G and some gy € G. There exists a Gaussian cocycle F' such that
F(g, -) corresponds to the function (1 — x(g))/(1 — x(g0)) by the unitary equiv-
alence between Uz, and V.

ProOOF. Let fo(x) = (1 —x(9))/(1 = x(g90)). We have

for () = x(92) for (X) = fgo (X) = X (1) fg. (X)-

Therefore functions F(g, - ) € H, corresponding to f, satisfy (2.1). Hence F' is
a cocycle. ]

LEMMA 2.4. Assume that
1

= €€

for some gg € G. Then each Gaussian cocycle for 1, is a coboundary.

PROOF. Let F be a Gaussian cocycle. By (2.1), the corresponding functions
fy € L1 (G, o) satisty f3(x)(1 = x(90)) = foo (X)(1 = x(9)). Thus

_ fgo (X) _ fgo (X)
fo00 =1~ Xg0) T (o)
Since (f4(x))/(1 = x(g0)) € L2..(G,0), F is a coboundary. O

As an example, we take a generalization of well known Gaussian—Kronecker
Z-action (see [4]). A subset E of G is called a Kronecker set if for every continuous
function f on E, |f| = 1, and for every £ > 0, there exist ¢ € G such that
sup, e [f(X) — x(9)| < . Assume that o is concentrated on E U E, where
E C G is a Kronecker set. Let f be the constant function equals —1. Then
there exists go € G such that, for all x € E, |14+ x(g0)| = [f(x) — x(g0)| < 1.
Since |2 — |1 — x(g90)|] < |1 + x(go)|, we have |1 — x(go)| > 1. It follows that
1/(1 = x(g0)) € L®(G, o), and each Gaussian cocycle for 7T, is a coboundary.

We will need an auxiliary result on L? spaces generated by processes (see [3,

Corollary 1]).

LEMMA 2.5. Let H C L*(X,B, ) be a real subspace such that B(H) = B.
Then

span ({e*™" . h € H}) = L*(X, B, ).
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3. Construction of ergodic cocycles

Assume that G is not a torsion group and fix an element gy € G of infinite
order.

PROPOSITION 3.1. Let o be a finite continuous symmetric Borel measure
on G. If there exists an increasing sequence (ny);2 C N such that
(a) for all g € G there exists My > 0 such that
xg) —1] _ M,
Ix(g0) — 1

(b) JgIx™(g90) —1[*do(x) — 0,
(c) there exist C,D > 0 such that, for all t € N,

X" (g0 —1|>
D < /( do(x) < C,
o) —11 ) 270

then there exists an ergodic Gaussian cocycle for the Gaussian G-action 7.

g-a.e.

PROOF. According to (a), we obtain

1-x(9)

fo(x) = 11— X(go)
for all ¢ € G, and from Lemma 2.3 it follows that corresponding functions
F(g, ) € H, form a cocycle. From (b), we have V™% f — f in Lﬁer(@,a).
Hence Uz'%°h — h for each h € H,, and we conclude from Lemma 2.5 that

(nigo) is a rigidity time for 7. The condition (c¢) means that, for all t € N,

her(G U)

D < ||F(nego, - )ll3, < C.

Since F(n.go, -) is a Gaussian variable,
‘/ 2mirF(nigo,) mes, — o 2(m)?|IF (nego, 3y, §6*2(M)2D <1

for all r» # 0. It follows from Proposition 2.1 that F' is an ergodic cocycle. 0

Now we construct a class of measures satisfying the assumptions of Propo-
sition 3.1. We will often replace the Euclidean distance of two points from the
circle T by the equivalent distance o given by the length of the shorter arc join-
ing them. Let (g:)§2, be a sequence of all elements of G\ {go}. Assume that
(ar)$2, C R is a sequence such that a; — co. For t € N and a,b € R satisfying
0<(b/2) <a<b<m, write

B = {xeG:a<olx(g)1) <b}, A ={xeG:olx(g)1) < aas}.
The set
(3.1) B A® =B () ALY

teN {teN:a; <Z}
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is open as finite intersection of open sets. We will find a sequence (a;)$2,
such that the set (3.1) is not empty for all b € (0,7) and a € [(b/2),b). Fix
t € N. Let g;, be an element of infinite order of {g1,...,g;—1} with the small-
est index such that {go, g;, } is independent, g;, be an element of infinite order
of {gi;+1,---,9t—1} with the smallest index such that {go,¢:,,9:,} is indepen-
dent, and we continue this procedure maximal times getting the independent
set {90, -+, Gi,, ), me <t —1. If {go,... ,9i,,,9¢} is independent then a; = t,

otherwise there exist k(()t), e ,kl(fjt , k:gt) € Z such that
(3.2) kg0 + kg 4k g+ R g =, B #£0,

and we put a; = maX{t,2((|k(()t)|)/(|kt(t)|))}. In general, if {g1,...,g:} is a de-
pendent set of elements of infinite order such that {g1,...,g:—1} is independent
and we assume that

kigr +.. .+ kigin kg =e=ligr + ...+ li—1gi—1 + ligs,

then

L(kigr+ ..o+ kic1ge-1) = k(g + -+ le—1ge1).
Hence (k;/k:) = (I;/l;) for each i = 1,... ,t — 1. It follows that (a;)$2; is well
defined.

Next we define some character yg of the set (3.1) describing principal argu-
ments oz of xo(g), t > 0. As ag we take some element of (a,b). Fix t € N. If
{90:9irs- -+ i, » gt} is independent then a; = 0, otherwise a; = —(k(()t)/k:t(t))ao
(mod 2r). Let us check that xo € G. Let

(3.3) kigj, +...+ksgj, =e, (k1,...,ks € Z\{0}, j1,...,js € N;s>1).

It suffices to show that ko, + ...+ ksaj, =0 (mod 27). We can assume that
0y, ... ,a;, are different from zero. Then the last equality may be written as

éjl) (()js)
k1(— (jl)Ozo) +-~-+k5(_ (js)a0> =0 (mod 2m).
kjl kﬂs

Hence it is enough to show that

ki ki

From (3.3), we obtain kj(-fl) . kj(-zs)(klgjl + ...+ ksg;,) = e. Then from (3.2).
we have

k](-ﬁz) .. kgs)h(_k(()jl)go - kz(fl)gil o kgf:j)l gimh) e
+ R (kG g0 — K gs, — - kl(ifj)s Gims,) = €
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There is a combination of elements of the independent set on the left-hand side.
Therefore taking the sum of coefficients of gy we get

—k9 R Rk - B RP kkS = 0,

and dividing the last equality by kj(i v kj(” we obtain (3.4).
Let us notice that

k'(()t) k‘ét)
gm@mmkwm{wﬂgm

for suitable ¢, and then o(xo(g¢),1) < aa; for all t € N. Hence yo € B(®® N
MNien Aﬁ“). Thus, if we put My, =1, My, = a; and write

- ~ . olx(9),1) o a
re{ved: QT <, forag e

then we conclude that

(*) B@Y N R is the set of positive Haar measure for all b € (0,7) and
a € [(b/2),b).

Our next goal is a construction of a sequence (04)$2, of absolutely continuous
measures with respect to Haar measure on G. Let G®) = {x € G : x(g0) = 2}
for z€ T,and let G={x €G:x=x7", x1 € G} for G € G. We decompose
G™ into pairwise disjoint subsets G((jl), Ggl), Gg), where G(()l) = {x € G :
X = x '}, Gél) = @gl). Similarly, we decompose G(—1) into G((fl), Ggfl),
Gé_l). Finally, we decompose G into two disjoint subsets G, G~, where G+ =
aPuaPuaiMuat U, 69,67 =aP uaiV U, op G®), and
T+, T~ denote the upper and lower half of the circle T (1,—1 ¢ T, T~). Fix
n1 € N and two constants 0 < D < E < 7mny. Choose k; different nq-roots of 1

3
651)"“751(611)6T+U{_1’1}’ 651):1, 1§k1<n12+.

Let I£1), ... ,IIS) C Tt U {-1,1} be pairwise disjoint closed intervals such that
sl(l) is the centre (1 and if need be —1 is the suitable end) of Il(l). We denote by
dl(l) the length of Il(l). We require that
2 (1)
d <FE.
i max {d; 7} <
Let Jl(l) ={x € G": x(g) € Il(l)},l = 1,2,...,k;. These sets are pairwise
disjoint of positive Haar measure. The measure o; on G will be concentrated

on Ugl Jl(l). On each Jl(l), o1 is equal its Haar measure multiplied by some
positive constant and we require that

D < n?ol(.]l(l)) <E.
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Moreover, we put o1(G) = 01(G) for each Borel subset G C G~. Let us for-
mulate the induction hypothesis: we have positive integers n;, k;; we have a set
{sgt), e 765:3} of ng-roots of 1; for 1 <1 < k; we have a family Il(t) of pairwise
disjoint closed intervals (called t-intervals) of the length dl(t) and a family Jl(t) of
pairwise disjoint sets (called t-sets) with positive Haar measure; we have a finite
absolutely continuous symmetric measure o; on G. We choose now Ner1 > Ny

such that
47

. S
min; i<, {d}"}
Therefore there are at least two n;i1-roots of 1 in each t-interval. We choose

N¢t1 >

k11 different ngqq1-roots of 1

3

etV et eTmtu{-1,1}, V=1, 1<k < %
and pairwise disjoint closed intervals IfH_l),... ,I,Eii_ll) C Tt U {-1,1} with
centres Egt+1), e ,El(tﬂ) respectively (1 and if need be —1 be suitable ends). We

choose them so that each (¢4 1)-interval is contained in a t-interval and there are
at least two (¢ + 1)-intervals in each t-interval. Moreover, if we denote by dl(H'l)

the length of IZ(H_U and write dy 1 = maxlglgkt+l{dl(t+l)} then we require that
n§+1dt+1 S FE.

Let Jl(tH) = {x € G* : x(g) € Il(tH)}, I =1,2,... ,kep1. These sets are
pairwise disjoint of positive Haar measure. The measure o1 on G* will be
concentrated on Ufjll Jl(tH). It equals a multiple of Haar measure on Jl(tH) SO
that

o () <o(1Y), D<ntoa () < B

and on the remaining (¢ + 1)-sets contained in Jl(t) we distribute the mass

at(Jl(t)) - O’t+1(J1(t+1)) in equal parts. Moreover, for 2 < [ < k;, in all (¢ 4 1)-
sets contained in Jl(t) we distribute the mass at(Jl(t)) in equal parts. Finally we
complete the definition of o1 on G- by symmetrization.

Choosing a subsequence, if necessary, we can assume that (o), converges
weakly to a symmetric measure & on G. By the construction, it follows that the
support of & is contained in a disjoint sum of sets of the form (1,2, Jl(f) with
Jl(ll) > Jl(f) D .... The measure o is finite continuous, because at(Jl(:)) — 0,
and O’S(Jl(t)) = U’t(Jl(t)) for each s > ¢, and JS(@) = Jt(@) > 0 for all s, € N.
Notice that o-a.e.

o(x"*(90),1) < nydy — 0.
Hence (b) of Proposition 3.1 holds for the measure o. If o(x(g0),1) > (7/n)
then o-a.e.

1

Nt 1 d 1
Q(X (go)’ ) < e = —n?dt S —F
T ™

o(x(g0),1) ~ 7/ne
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If o(x(90),1) < (7/n¢) then o(x™ (g0),1)/0(x(g0),1) = ns. Mgreover7 since d; <
(B/nf) < ((mna)/n?) < ((7ne)/nf) = (7/ne), the sets {x € G* : o(x(g0),1) <
(m/ne)}, Jl(t) are equal oy-a.e., and consequently os-a.e. for all s > ¢t. This implies
that

n¢ 71 2
{xeG+t:0(x(g0),1)<(7/n:)} 0(x(g0),1)
=n}o.(J\") = nfou(J") € [D, E].

Therefore

o™ (90). D) =
/@< 2(x(g0),1) ) @)
— lim o(x"(g0),1)\” o 2
- i [ (DY ) € (D25 + (/@)

and (c) of Proposition 3.1 holds for the measure . Finally, let 0(G) = d(GNR)
for every Borel set G C G. From (%) it follows that Jl(t) N R is the set of positive
Haar measure for all ¢ € N. Hence the measure o satisfies the assumptions
of Proposition 3.1 if we replace D < n20,(J{") by D < n2e,(J” N R) in the
definition of oy.

4. Gaussian isomorphisms of Gaussian actions

We consider a Gaussian G-action 7, with Gaussian space H,. There ex-
ists the decomposition of L(%R(XU,BU, Lo ), the space of real square-integrable
functions with zero mean, into Wiener chaos:

(oo}
124(Xo, By 1) = @D H™

m=1
where H(Y = H,, H™ is real closed 7T,-invariant subspace. The maximal
spectral type on H(™ is ¢(™) | the mth convolution power of o (see [1]). More-
over, if f € L2z(Xs,Bo, i) is a Gaussian variable then either f € H® or
f =3 fms fm € H™ with infinitely many f,, different from zero (see
e.g. [7]).

The centralizer of 7, denoted by C(7,), is defined to be the set of all auto-
morphisms of (X,, By, i1) such that 795 = STY for all g € G. C(7,) contains a
part coming directly from the Gaussian structure. It is the set of all S € C(7)
which preserve the Gaussian space and we will denote it by C%(7,). Let I be
an isomorphism of Gaussian actions 7,, 7,. I is called a Gaussian isomorphism
if UrHy = H,. The existence of such an I is equivalent to saying that o = o’
(see [5, Lemma 2]). In general, if Gaussian actions are isomorphic then the iso-
morphism need not be Gaussian. As an example, in the case of Z-actions, let
o, o’ be symmetric Lebesgue measures on the circle restricted to disjoint sets.
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Then T,, T, are Bernoulli automorphisms with infinity entropy (see e.g. [12])
and they have to be isomorphic by Ornstein’s isomorphism theorem.

Let T, be a Gaussian automorphism with simple spectrum and denote by
H(™) its mth chaos. Then every Gaussian space of T, is equal to H("). This
assertion has been proved in much stronger version, for instances, in [5]. However,
one can obtain our statement with no effort. Indeed, let H be a Gaussian space
of T, and let h € H. If h = 307 hun, hyy € H™ then oy, L oy,. Hence
hy, € @2, Z(h;) = Z(h) C H, and h,, is a Gaussian variable. Therefore
By = 0 for all m > 2, and h € HM. Since B(H) = B, we have H = H1),

Assume now that 7, 7, are isomorphic Gaussian G-actions. Let I be an iso-
morphism between them. Assume that C(7,) = C%(7,). We can find in C%(7,)
some Gaussian automorphism S’ with simple spectrum (see [5, Lemma 5]). Let
S = I7'8']. Then S is a Gaussian automorphism with simple spectrum and
UrH,: is a Gaussian space of S. Since S € C(7,) = C%(7,), H, is also a Gauss-
ian space of S. Hence UrH, = H,. This proves:

PROPOSITION 4.1. If O(T,) = CY%(T,) then every isomorphism between T,
and another Gaussian G-action is Gaussian.

PROPOSITION 4.2. If every spectral type absolutely continuous with respect
to o has a finite multiplicity then C(T,) = C%(T,).

PROOF. Let S € C(7,) and assume that S ¢ C%(7,). There exists h € H)
such that Ugh ¢ HM. We have h = 22021 hyn, hy € Hy, where H, are spaces
of the constant uniform multiplicity n from the spectral theorem (n # o).
Since oy, L oy, for i # j, it follows that P, G(h,) = G(h) C K. Hence
hy, € H® for all n € N. Since Ugh = 2211 Ush,,, there exists N € N such that
Ushy € HY. But Ushy is a Gaussian variable, therefore Ughy = Sy h%n),
h%n) € H™ with infinitely many h%n) different from zero. Write o, = o

hG
for each m € N. Then infinitely many of 01,09, ... are different from zero.
We will find finite symmetric Borel measures o,0%, ... on G such that for
allm e N:

(a) o), < om,

(b) o}, L oy for all I > m,

(€) Xoome1 T = Xoper O
Then obviously

(d) o L oj forall i # j.

For every m € N we take decomposition of o, with respect to Zi’im 41101

oo o0
Om =00 +on, o L g o, o< E .
l=m+1 l=m+1
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Clearly (a) and (b) hold. Assume that Y °_, o, are not absolutely continuous
with respect to > °_, o/,. Then
o0 oo oo
Z Om =7 +7~", where+y L Z o, '« Z o, v #0.
m=1 m=1 m=1
There exists m; € N such that 4" and o,,, are not mutually singular. Let us
take decomposition

om =%+, N LY, W<y, A #O

We have 7 < oy, = 0y, +o,,, and v{ <" L o}, . It follows that 7} <

Omy K D +101- Thus there exists mg > my such that 4{ and oy, are

m
not1 mutually singular, and we repeat the above procedure. By N + 1 steps,
we get a nonzero measure yy,, which is absolutely continuous with respect to
Omys-- s Omy and 3% ) 0y Hence the multiplicity of v, is at least N 41,
a contradiction.

Since 0;, < ony, there exists h;, € G(hy) such that op = o),
S h!, is convergent. Let b/ = 3°°_ h!. € G(hy). Since G(h\Y) c H® L
HY) D G(h%)) for all ¢ # j, we have

oo oo
— !
Ohny = OUshy = E Om = E Om = Oh'.
m=1 m=1

Therefore G(h') = G(hy). From (d) we obtain

o/ and

oo
Ushl, € G(Ush') = G(Ushy) € @D G(hY))
i=1
for all m € N. Consequently, since Ugh/,, is a Gaussian variable and the maximal
spectral type on G(hg\lf)) C HW is oy, from (b), we conclude that Ugh/, € HW)
for all m € N. Thus Ugh/ € HV), and Ushy € H, a contradiction. O

COROLLARY 4.3. If every spectral type absolutely continuous with respect
to o has a finite multiplicity then every isomorphism between T, and another
Gaussian G-action is Gaussian.

This generalizes a fact for Z-actions from [14] (given without proof), where
author assumed that infinity is not an essential value of the multiplicity function
of one automorphism. We proved a stronger version even in the case of Z-action.
There exists a measure ¢ on the circle singular to the Lebesgue measure A\ such
that o * 0 = X (see [8]). It follows that o™ = X for each m > 2, and the
multiplicity of A is equal to infinity. Hence infinity is an essential value of the
multiplicity function of T,. But every spectral type absolutely continuous with
respect to ¢ has the multiplicity one.
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REMARK 4.4. In [5], there are considered Gaussian automorphisms whose
ergodic self-joinings are Gaussian (GAG automorphisms). There is proved that
Corollary 4.3 holds for GAG (see Corollary 5 in [5]). Every GAG satisfies the
assumption of Corollary 4.3, but there is a Gaussian automorphism for which
infinity is not an essential value of the multiplicity function, and it is not a GAG
(Example 2 in [5]).
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