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ATTRACTORS FOR REACTION-DIFFUSION
EQUATIONS ON ARBITRARY UNBOUNDED DOMAINS

MARTINO PRi1zz1 — KRzYSZTOF P. RYBAKOWSKI

ABSTRACT. We prove existence of global attractors for parabolic equations
of the form

we+ B — 3 04(ai; (@)05u) = f(5,u), z€Q, tE [0,00],
ij
u(z,t) =0, z €09, t€[0,00].

on an arbitrary unbounded domain Q in R3, without smoothness assump-
tions on a;;(-) and ON.

1. Introduction

In this paper we study the existence of global attractors for semilinear par-
abolic equations of the form

w + B(z)u — Z@i(aij(x)aju) = f(z,u), x€Q,te]|0,o00,
(1.1) ij
u(z,t) =0, z€0Q,tel0o00].
Here, N = 3 and Q is an arbitrary open set in RN, bounded or not, 3: 2 — R and
QxR — R are given functions and Lu := 37, di(a;;(x)9;u) is a linear second-
order differential operator in divergence form. We do not make any smoothness

assumption on 9Q and a;;(-).
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Notice that, without smoothness assumptions on 02 and a;;(-), it is not
possible to study (1.1) in the L? setting for ¢ # 2. The reason is that one cannot
use the regularity theory of elliptic partial differential equations to characterize
the fractional power spaces generated by —L+ ((z). On the other hand, in order
to work in the L? setting one must impose growth conditions on f. In particular,
for N = 3 the critical exponent is p = 5. The lack of regularity also prevents us
from being able to use the e-regular mild solutions introduced by Arrieta and
Carvalho in [4] to treat the critical case. Therefore we shall assume in this paper
that f has subcritical growth.

There is vast literature concerning existence of global attractors for reaction-
diffusion equations on bounded domains (see e.g. [12,14,7,18,10]). In this case
the asymptotic compactness property for the solutions of the equations follows
from the compactness of the Sobolew embedding H' C L2. For unbounded
domains this embedding is no longer compact and so new ideas are needed to
obtain the asymptotic compactness property.

In [8] Babin and Vishik considered an equation of the form

ug +u—Au= f(u)+g(x), xRN tel0,00,

with f satisfying the dissipativeness condition f(u)u < 0 and the monotonicity
condition f'(u) < ¢ . They overcame the difficulties arising from the lack of
compactness by introducing weighted Sobolew spaces. More recently, Wang
considered the same equation in [19] and established the asymptotic compactness
of the solutions in the space L?, under the same hypotheses as those in [8]. To this
end, he developed a technique based on tail-estimates of the solutions outside
large balls. The simple remark in [15] shows that the solutions are actually
asymptotically compact in the natural energy space H'.

The equation studied in [8,19] has a very special form. In [6] Arrieta et al.
considered the more general equation

up — Au = f(z,u), €, tel0, 0],
u(z,t) =0, xz €I, tel0,00].

In that paper 2 is an unbounded domain with uniformly C?-boundary. The
function f has the form f(z,u) = m(z)u + fo(z,u) + g(z) and satisfies the
dissipativeness condition f(z,u)u < C(z)u|?+ D(x)|u|, where C is such that the
semigroup generated by A+C(z) decays exponentially. The operator A could be
replaced by a general second order differential operator in divergence form like L,
provided the coefficients a;; are sufficiently smooth. The authors proved several
results about existence of attractors in various Sobolew spaces, depending on the
growth of f and on the summability properties of m, g, C and D. Their technique
is based on the abstract comparison results of [5] and ultimately on the maximum
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principle for the heat equation. In order to apply the comparison results of
[5], one needs to check that the nonlinear function fy satisfies the following
property: for every r > 0 there exists a constant k such that the mapping
u(-) — fo(-,u(+))+ku(-) is increasing on the ball of radius 7 in the functional
space in which the problem is set. In general this property is not satisfied, so one
needs to ‘prepare’ the function fy before applying the comparison theorem. This
means that one must first find some (local) L**-bound for the solutions and then
modify fy so as to obtain a globally Lipschitzian function. Such L*-bounds are
obtained through a bootstrapping argument which is possible only if Q2 and a;;
satisfy suitable smoothness assumptions.

In this paper we prove existence of global attractors for the parabolic equa-
tion (1.1) on an arbitrary unbounded domain € in R?, without smoothness as-
sumptions on a;;( -) and 0. To this end we exploit the tail-estimate technique
of Wang and the remarkable fact that the equation admits a natural Lyapunov
functional. Our hypotheses on the function f are very general and, in particular,
they cover the cases considered in [5]. Moreover, since our proof does not depend
on the maximum principle, it works also for systems of equations with gradient
nonlinearities.

In order to present our results in more detail, let us first describe the notation
used in this paper.

Notation. Let 2 be an arbitrary open set in RV. Given any measurable
function v: 2 — R and any v € [1, co[ we set, as usual,

1/v
[v|Lr = [v|Lv() = (/ |v(a:)|”dx) < 0.
Q

Moreover, for v € H}(Q) we set [v|g1 = [v|g1(q) = (|Vu|2z + |u]2)Y/2.
We also use the common notation D(€2) resp. D’'(£2) to denote the space of
all test functions on €2, resp. all distributions on €. If w € D’(Q2) and ¢ € D(),
then we use the usual functional notation w(y) to denote the value of w at ¢.
Given a function ¢:Q x R — R, we denote by g the (Nemitski) operator
which associates with every function u: Q@ — R the function g(u): @ — R defined

by
g(u)(z) = g(z,u(x)), =€
If X is a normed space and u: I C R — X is differentiable into X at ¢ € I then

we often denote the derivative of w at ¢ by 0(u; X)(¢), in order to indicate its
dependence on X.

Unless specified otherwise, all linear spaces considered in this paper are over
the real numbers.
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DEFINITION 1.1. Let w: Q — R be a measurable function and let v €]0, 1] be
a real number. We say that w € &, if and only if one of the following conditions
is satisfied:

(a) v €]0,1] and there exists a constant C' > 0 such that for all £ > 0 and
all u € H}(Q)

[lw]Y2u] L, < Clyelulms + (1= 7)™ JulL2),

(b) v =1 and there exists C' > 0 such that for all u € H}(Q)

|1/2

|Jw u’LQ < Clu|gr.

REMARK. Denote by LZ(RY) the set of measurable functions v:RY — R

such that
1/v
|v|Ly := sup (/ |v(a:)”dz> < 00,
yERN \JB(y)

where, for y € RY, B(y) is the open unit cube in RY centered at y. By carefully
checking the proof of Lemma 2.2 in [6], we obtain that if the trivial extension
w of w to RY lies in L¥(RY) for some v € [(N/2),00[ then w € &,, with
v = (6v —2%)/41'. Notice that if v = N/2 then v = 1.

We make the following assumptions:

HyPOTHESIS 1.2.

(a) ag,a1 € ]0,00[ are constants and a;;:Q — R, 4,j = 1,...,N are
functions in L>(Q) such that a;; = aj;, i,j = 1,...,N, and for ev-
ery € € RY and a.e. © € Q, aglé]? < Z?fj:laij(x){i{j < ay|é?.
A(z) = (aij(x))f\fj:l, x €.

(b) B:Q — R is a measurable function with the property that for every
e €]0,00] there is a C. € [0, 00[ with ||B|*?ul2. < elu|?: + Cc|ul2. for
all uw € HE(Q) (this is slightly less restrictive than the requirement that
B € &, for some v €10, 1]).

N
(¢) Ap:=inf { / { Z aijO;udju + Blul?ldz | we HY(Q), |u|p2= 1} >0.
QL =1

REMARK. Condition (¢) roughly means that the ground state of the station-

ary Schrodinger equation
—TLu+ B(x)u=0

on () with potential # and with Dirichlet boundary condition has positive energy.
In the special case of 3 € L(Q) + L°°(Q) with 3 > 0, condition (c) is equivalent
to the condition that [, §(x)dz = oo for every domain G C Q that contains
arbitrary large balls. This was proved in [2, 3].



REACTION-DIFFUSION EQUATIONS 255

HyPOTHESIS 1.3.
(a) C and p € [0,00[ are constants with p € [2,4] and c:Q — [0,00[ is
a function with ¢ € L*(Q);
(b) a:2 — R is a measurable function with the property that a € &, for
some vy €1]0,1].
(¢) f: QxR — R is such that x — f(x,u) is Lebesque measurable for all
u € R and u — f(x,u) is a Ct-function for a.e. v € Q;
(d) |0uf(z,u)] < Cla(x) + |u|?) for every u € R and a.e. x € §;
(e) f( ) 0) € L2(Q>;
(f) flz,u)u < c(z) and [ f(z,s)ds < c(x) for a.e. v € Q and every u € R.

Under Hypothesis 1.2 the differential operator u — —Lu + ((x)u defines
a positive self-adjoint operator A: D(A) C X — X on the Hilbert space X =
L?(Q2). D(A) endowed with the graph norm of A is continuously included in
H}(Q). The operator A generates the family X* = D(A%), a € [0,00], of
fractional power spaces. Setting X~ = (X%), a € [0,00[, we can construct
a family A(,), a € R, of self-adjoint operators, such that A(,): X% — Xt
Moreover, D(Afa)) = Xot8-1 for all o, B € R.

Under Hypothesis 1.3 one can find an « € [0,1[ such that the function f

a+1/2
Ao
X% By general results on abstract parabolic equations (see e.g. [13]), (1.1)

generates a locally Lipschitzian Nemitski operator f: H}(Q) = D( ) —
generates a local semiflow 7 on Hg(£2). The choice of a depends on p and 7.
The semiflow m does not depend on the choice of a.

The main result of this paper can now be stated as follows.

THEOREM 1.4. Assume Hypotheses 1.2 and 1.3. Then 7 is a global semiflow
and it has a global attractor A. A lies in X'=% and is compact in the norm
of X1,

2. Preliminaries

We assume the reader’s familiarity with attractor theory on metric spaces as
expounded in e.g. [12] or, more recently, in [10] and we just collect here a few
relevant concepts from that theory.

DEFINITION. Let Y be a metric space. Recall that a local semiflow m on'Y
is, by definition, a continuous map from an open subset D of [0,00[ X Y to Y
such that, for every € Y there is an w, = wr, € ]0,00] with the property
that (¢,x) € D if and only if ¢ € [0,wy[, and such that (writing xnt := (¢, x)
for (t,z) € D) w0 = z for x € Y and whenever (t,z) € D and (s,zwt) € D
then (¢t + s,z) € D and zw(t + s) = (zwt)ws. Given an interval I in R, a map
o:1 — Y is called a solution (of 7) if whenever ¢t € I and s € [0, 00[ are such
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that ¢t + s € I, then o(t)7ws is defined and o(t)7s = o(t + s). If [ =R, then o is
called a full solution (of w). A subset S of Y is called (7-)invariant if for every
x € S there is a full solution ¢ with ¢(R) C S and ¢(0) = 2. A point z € Y is
called an equilibrium of 7 if xwt = x for all all ¢ € [0, w,[.

Given a local semiflow m on Y and a subset N of Y, we say that = does not
explode in N if whenever z € Y and 27 [0,w,[ C N, then w, = co. A global
semiflow is a local semiflow with w, =oco for all z € Y.

Now let m be a global semiflow on Y. A subset A of Y is called a global
attractor (rel. to w) if A is compact, invariant and if for every bounded set B
in Y and every open neighborhood U of A there is a tpy € [0,00[ such that
zrt € U for all x € B and all t € [tpy,00[. It easily follows that a global
attractor, if it exists, is uniquely determined.

A subset B of Y is called (7-)ultimately bounded if there is a tp € [0, oo[ such
the set {znt |z € B, t € [tp, o[} is bounded.

m is called asymptotically compact if whenever B C Y is ultimately bounded,
(zn)n 1s a sequence in B and (t,), is a sequence in [0,00[ with ¢, — oo as
n — oo, then the sequence (x,7t,), has a convergent subsequence.

The following result is well-known:
PROPOSITION 2.1. Let m be a global semiflow on a metric space Y. Suppose

that

T is asymptotically compact;
b
(c
(d

(a)
(b) every bounded subset of Y is ultimately bounded;

) the set of all equilibria of m is bounded;

) there is a continuous function L:Y — R which is bounded below, non-
increasing along solutions of m and whenever L(xwt) = L(x) for all

t € [0,00[ then x is an equilibrium of .

Under these assumptions, m has a global attractor.
PRrROOF. This is just [10, Corollary 1.1.4 and Proposition 1.1.3]. O

Given a Banach space X and a sectorial operator A: D(A) C X — X in X
with rec(A4) > 0 we know that —A is the generator of an analytic semigroup
(e‘At)te[o’oo[ of linear operators on X. For a € |0, 00] we define, as usual, the
operator A=*: X — X as

1 o0
(2.1) A% = —/ t " lem My dt, we X.
I'(a) Jo
A~ is injective and we define X* = X9 to be the range of A™*. We define
A X 5 X to be the inverse of A=®. We also set X° = X and A% =idy. We

call A=%, resp. A the basic fractional power of A of order —a, resp. a and we
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call X% the fractional power space of A of order a. X is a Banach space with
respect to the norm

|u|xo :=|A%|x, ue X
If 8> o then X7 is a dense subset of X©.
Moreover,
(2.2) APA e =A"P"2, a,f€]0,00], z€X.

Now let X be a Hilbert space and A: D(A) C X — X be self-adjoint in X with
rec(A) > 0. Then A is sectorial in X and, for « € ]0, oo,

(2.3) Ao = /0 T e B,

where (E(t))¢er is the spectral measure defined by A. In this case the set X is
a Hilbert space with respect to the scalar product

(U, V) xo 1= (A%, A%V)x, w,v € X

For a € ]0,00[ let X~ = X, * be the dual space of X*. We endow X~ with
the scalar product (-, -)x-« dual to the scalar product (-, -)x«, i.e.

(W' v x-o = (R R\ ) xa, u/,v) € X7,

where Ry: X — X~ is the Fréchet—Riesz isomorphism u — (-, u)xa.
X~ is called the fractional power space of A of order —a.
By ¢ denote the duality map from X to X', i.e.

ox) = {(,z), ze€lX.

Let a,8 € R be arbitrary. If 3 > « > 0, then let @g,a:Xﬁ — X“ be the
inclusion map; if If 3 > o > 0, then define the map ¢_q,_g: X~ — X8 by
Y_a-pYy) = yl’X[3 for y' € X~ ie. for y': X* — R linear and bounded; if
B> 0, define pg _5: X° = X — X # as follows: if # € X, then ¢ () is equal
to the map 3’: X# — R such that y/(y) = (y,z) for all y € X#. It follows that
Y = o _p(z) € X7P, 50 ¢o _p is defined. Finally, if & > 0 and 3 > 0, then let
$B,—a = P0,—a © ¥B,0-
We have the following basic result.

PROPOSITION 2.2. For all a, 8 € R with 8 > « the map gpg’a:Xﬁ — X% is
defined, linear, bounded and injective. The set goﬁ’a[XB] is dense in the Hilbert
space X*. Moreover,

@a,a:idXﬂv aeR
and

Pry,a = PB,a © Pvy,85 Oé,ﬁ,’YGR, ’725204'
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For all a,v € R, 6 € [0,1] and x € X7 with o <~y and § = (1 — 0)a + Oy, the
interpolation inequality

|r,67|x8 < |<p%ax\§{f|x\gﬁ

holds.

For all o, 8 € [0,00], A(_f) = A7P|X XY — XP+e s q linear bijective
isometry.

For every a € 10, 00], B € [0, 00 there is a unique continuous map A(__ﬁa) from
X~ to XP=% with A(iﬁa) 0P0—a = Pps-a0 AP A(iﬁa) is a linear bijective
isometry.

For a € R and B €0, 0] define the map Afa):X‘l — X hte by
Al = (A0

and set Ay = A%a). Then for all v,7 € R with v >~ and all 8 € R,

P—B+y,—B+v © A%) = Aa/) © Py
and for all o, B and v € R,

A 0 A], = APt

(@)
For o, 3 € R with 3 > « the map a0 is bijective from XP to vp.4[XP]. For
a, B €10,00[ define the map

B
(=v+a)

A(ﬁ*o‘) = A,(@B*‘l) © (pgia,—a: (Pﬁ*a,fa[Xﬁ_a] cCX *“—>X"¢

and set Z(,a) = g%_a). The map ‘Z?—a) 1s bijective and its inverse is A’(—_ﬁa) =
©B—a,—a O A(iﬁa).

For every a € )0, 00 the map B := g(,a): D(B) = ¢1-a-a[X' 7] Cc X7 —
X~ is self-adjoint in X~ and rea(B) > 0. For 3 € ]0,00][ let B~" be the basic
fractional power of B of order —( and Xg be the corresponding fractional power
space. Then

BP=AF" and Xj=¢s o ofX".
The map ps—o.—o is an isometry of the Hilbert space XP~% onto Xg.

Finally, whenever o € [0, (1/2)[, z € X'~ and v € X¥/2 C X, then

(Ag—ayx).v = (2,0) x1/2.
Here, the dot ‘.’ denotes function application between an element of X =% and X

REMARK 2.3. In view of Proposition 2.2, for a, 8 € R with 8 > « one often
regards ¢ o as an inclusion map and X” as a (dense) subset of X*.
Sometimes (cf. e.g. [17]) the notation

H,:=X%? a€eR
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is used. We then set

AP = Af’am, a,feR and A,:=A., acR.
Notice that A,: H, — H,_» for all o € R.

Proposition 2.2 is well-known (see e.g. the book of Amann [1]) but it is not
easy to find in the literature a proof that is both elementary and complete.
Therefore, in the Appendix, we provide an elementary proof which presupposes
only minimal knowledge of spectral measures.

3. Some results on semilinear parabolic equations

PROPOSITION 3.1. Let X be a Banach space and A: D(A) C X — X be
sectorial. Let k € [0, 00| be such that rea(A+kI) > 0 and XP, 8 € [0, 00|, be the
family of fractional power spaces generated by A+kI. Let o € [0,1[, g: X — X
be Lipschitzian on bounded subsets of X* and w be the local semiflow on X©
generated by the solutions of the differential equation

(3.1) U+ Au = g(u).

Suppose T €10, 00[, u:[0,T] — X% and ux: [0,T] — X, k € N, are solutions of
7 such that, for some R € [0,00[, |u(t)|xe < R and |ug(t)|x- < R for allk € N
and t € [0,T]. If up(0) — u(0) in X as k — oo, then, for every Ty € 10,T],
ug(t) — u(t) in X as k — oo, uniformly for t € [Ty, T].

PROOF. There is a constant L = L(R) € [0, o[ such that
|9(U1) - g(v2)|x < L|U1 - Uz|xa

for all vy,vy € X with |v1]|xe < R and |ve|x« < R. Now, for every k € N and
t€10,71,

ug(t) — u(t) = e (up(0) — u(0)) + /O e ) (g(up(s)) — glu(s))) ds,
SO
lug(t) — u(t)|xo <Ct™*|uk(0) — u(0)|x

e / (t — )~ lg(ur(s)) — g(u(s))|x ds

< Ct™%uk(0) — u(0)|x + C’L/0 (t —8)"“ug(s) — u(s)|xe ds,

for some constant C' € [0,00[, depending only on «. By Henry’s inequality,
cf. [13, Theorem 7.1.1] or [10, Lemma 1.2.9], this implies that

(3.2) g (t) — u(t)|xe < Ot u(0) — u(0)|x, keN, telo,T].
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where C’ € [0,00] is a constant which only depends on (a,C,L,T). Esti-
mate (3.2) implies the assertion of the proposition. O

THEOREM 3.2. Let X be a Hilbert space and A: D(A) C X — X be selfad-
joint and bounded from below. Let k € [0, 00[ be such that rec(A + kI) > 0 and
XP B € R, be the family of fractional power spaces generated by A + kI. Let
a € [0,1], g: X* — X be Lipschitzian on bounded subsets of X and w be the
local semiflow on X generated by the solutions of the differential equation

(3.3) U+ Au = g(u).

If K C X® is a m-invariant set which is compact in X* then K C X' = D(A)

and K is compact in X,

PROOF. By results in [13], K C X!. Let (u,), be an arbitrary sequence
in K. Then there is a sequence (uy), of solutions of 7 lying in K such that
un(0) =, for every n € N. Let 8 € ]0, 1] be such that 8 > a. By [13, Theorem
3.5.2, and its proof] there is a constant C' € 0, oo[ such that for every n € N, u,,
is differentiable into X# and

(3.4) lon|lp <C, neN

where v, = O(un; XP)(0) for n € N. There is a strictly increasing sequence
(nm)m in N and a w € K such that @,,, — @ in X* as m — oo. Thus, using
the notation of Proposition 2.2, ¢ a—1(A+kI)ty,, — ¢o.a—1(A+kl)win X1
and g(Un,,) — g(@) in X as m — o0 s0 —o.a-14Un,, + ©0,a-19(Un, ) —
—00.0—1AT + ¢0,0-19(U) in X1 as m — co. Now

At XO)(t) = —Aun(t) + glun(t)), neN, t €R.

We thus conclude that ¢ a—1vn,, — —©0,a—14T + @0,a-19(U) in X*~ as m —
oo. This together with (3.4) and the interpolation inequality from Proposition 2.2
implies that v,,,, — —Au + g(u) in X° as m — oo. Thus —Au,, + g(Un,,) —
—Au+g(u) in X° as m — oo and as g(%y,,,) — g(u) in X° as m — oo it follows
that Au,, — Au in X° as m — oo. It follows that (A + kI)u,, — (A+kl)u
in X so w,, — win X'. The theorem is proved. O

4. Some linear estimates

REMARK 4.1. Under Hypothesis 1.2 item (a) let the operator L: H}(Q) —
D'(Q) be defined by

N
Lu = Z di(aijO5u), u€ Hy (92).

ij=1
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The definition of distributional derivatives implies that

N
(4.1) (Lu—pu)(v) = —/Q [ Z aijaiuajv—f—ﬁuv] de, u€ HLHRQ), veDEW).

i,j=1

It follows by density that

(4.2) ((Lu — Bu),v)p2 = —/Q [ i ai;0;u0;v +,6’Uﬂ):| dx

i,j=1
for u,v € H}(Q) with Lu — Bu € L*(Q).
LEMMA 4.2. Assume Hypothesis 1.2. If k € [0, \1] is arbitrary and if € and

p are chosen such that € € ]0,a0[, p €0, 1] and ¢ := min(p(ag —2), (1 — p)(A\; —
k) —p(E+ Cz+K)) > 0 then

N
c(\Vu|%2 + |’u|%2) S /Q |: Z aijaiuﬁju—i- (ﬂ — K?)|’LL|2 dx

1,j=1

< C(|Vulfz + [ulf2), ue Hi(Q)
where C := max(a; + €, 4+ Cs=).
Proor. This is just a simple computation. O

LEMMA 4.3. Assume Hypothesis 1.2. For u,v € H}(Q) define

N
(4.3) (u,v); = / [ Z a;j0;udjv + Puv | dx.
Q

ij=1

(-, )1 is a scalar product on HX(Q) and the norm defined by this scalar product
is equivalent to the usual norm on H(Q).

PrOOF. This follows from Lemma 4.2. O

LEMMA 4.4. Suppose (Y,{-,-)y) and (X,(-, -)x) are (real or compler)
Hilbert spaces such that Y C X, Y is dense in (X, (-, -)x) and the inclusion
Y, (-, )y) — (X, (-, -)x) is continuous. Then for every uw € X there exists
a unique w, €Y such that

(W, wy)y = (v,u)x  forallveY.

The map B: X — X, u — w, is linear, symmetric and positive. Let B/? be
a square root of B, i.e. BY/?: X — X linear, symmetric and B'/? o BY/? = B.
Then B and B'/? are injective and R(B) is dense in Y. Set X'/? = XIB/2 =
R(B?) and B=Y/2: X'/? — X be the inverse of BY/?. On X'/ the assignment
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(u,v)q)9 := (B=1Y2u, B=Y2v) x is a complete scalar product. We have Y = X1/?
and<'7 '>Y = <'7 '>1/2'

PrOOF. The function v — (v,u)x is linear and continuous on Y. Thus
Fréchet—Riesz theorem implies the existence and uniqueness of w and the linear-
ity of B. Since, for © and v € X

(4.4) (Bu,v)x = (Bu, Bv)y = (u, Bv)x

it follows that B is symmetric and positive. If u € X and Bu = 0 then 0 =
(v, Bu)y = (v,u)x for all v € Y and since Y is dense in X we see that v = 0 so
B is injective. It follows that B'/2 is injective as well. If v € Y and (v, Bu)y = 0
for all u € X then (v,u)x = 0 for all u € X so v = 0. It follows that R(B) is
dense in Y. Clearly (-, - )1 /o is a complete scalar product on X1/2. If v € X'1/2
and u € X then

<vau>1/2 = <Bil/2val/2u>X - <’U,U>X,

Thus if (v, Bu); /o = 0 for all w € X, then v = 0. This shows that R(B) is dense
in X'/2. We claim that

(4.5) (u,v)y = (u,v)1/2, u,v€ R(B).
In fact, if w and v € R(B) then v = Bu and v = Bv for some v and v € X. Thus
<U7U>Y = <U,B”J>y = <u75>X

and
(u,v)1 o = (BY?%, BY*%)x = (BU,v)x = (u,0)x.

The claim is proved.
Since B'/? is continuous from X to X with bound |B'/?| it follows that, for
all w e X1/2,

lulx < |BY?|B~Y2u|x = [BY?||uly s

so the inclusion map (X1/2,|-|;5) — (X,|-|x) is continuous.

Now, if u € Y, then there is a sequence (uy,), in R(B) converging to u in Y.
It follows that (uy), is a Cauchy sequence in Y, so, by (4.5), it is a Cauchy
sequence in X /2 and so it converges to a v € X'/2. By what we have proved so
far, (un ), converges to v and to u in X. Thus u = v so u € X/2. Tt follows that
Y € X'/2. The same argument, with ‘Y’ and ‘X'/2” exchanged with each other,
proves that X/2 C Y. The last statement of the lemma follows from (4.5) by
density. O
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PROPOSITION 4.5. Let D(A) be the set of allu € H(Q) such that Lu—fu €
L3(Q). For u € D(A) define

Avu = —Lu+ Bu.

Then A: D(A) — L2(), selfadjoint in X = L*(Q) with rec(A) > 0. Moreover,
if X% « > 0, is the family of fractional power spaces generated by A, then
X112 = H§(Q) and the scalar product on X'/? is identical to the scalar product
(-, )1 defined in Lemma 4.3.

PROOF. Let (-, -) denote the scalar product of L?(Q). From (4.2) we con-
clude that

(4.6) (—Au,v) = (v, —Au), u,v e D(—A).
Lemma 4.2 implies that
(—Au,u) <0, wueD(—A).

We have thus proved that —A is symmetric and dissipative. We will now prove
that —A is m-~dissipative. To this end, we must prove that for every A € ]0, 00|
and every g € L*(Q) there is a u € D(—A) such that

u+ AAu = g.

Define the bilinear form b: H} (Q) x H}(Q) — R by

N
b(u,v) = / uv dx + )\/ { Z ai;0udv + Buv| dz, u,v € HJ(Q).
Q L5
7,7=1
It follows from Hypothesis 1.2 and Lemma 4.2 that there are constants C' and
c € )0, 00| such that, for u,v € Hg(£2)

[b(u,v)| < Clulgzlvlyy  and  blu,u) > clulF.

Thus Lax-Milgram theorem shows that for every g € L?(Q) there is a u € Hj(Q)
such that
b(u,v) = (g,v), v & HLHQ).

In particular, u + A(—Lu + Bu) = g in the distributional sense. It follows that
—Lu+pu € L*(Q) so u € D(A) = D(—A) and u+ AAu = g. Therefore, indeed,
—A is m-dissipative. Now an application of the results of [9, Section 2.4] shows
that —A is selfadjoint. Thus A is selfadjoint and rec(A) > 0 by Lemma 4.2.
To prove the last statement of the proposition, set (X, (-, -)x) = (L?(Q), (-, -))
and (Y, (-, - )y) = (H}(Q), (-, - )1, where the scalar product (-, - ); is defined in
Lemma 4.3. Then Y is dense in X and the inclusion Y — X is continuous. Let
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B: X — X be the inverse of A. Then for all u € X, Bu € Y and (4.2) implies
that for allv € Y

(v,u)x = (v, Bu)y.
Thus B = B where B is as in Lemma 4.4. Now Lemmas 4.4 and 4.3 imply the
proposition. O

5. Some nonlinear estimates

In this section we assume that f: Q) x R — R is a function satisfying Hypoth-
esis 1.3.

LEMMA 5.1. Let X be a Banach space and A: D(A) C X — X be a sectorial
operator withre c(A) > 0 generating the basic family X, « € [0, 00| of fractional
power spaces. Suppose that X1/ is continuously included in L5(Q) and X = X°
is continuously included in L*(Q). Then for every p € [2,6] there is a 8 € [0,1/2[
such that for all o € |3, 1] the space X is continuously included in LP(£2).

PROOF. Ifu € X'/2 then u € L2(Q)NL5(Q) so, by interpolation of Lebesgue
spaces, u € LP(€2) and
el < fulfaul "
where 3 = (6 — p)/(2p). Let B be the inclusion map from X'/ to Y = LP(Q).
Since, by interpolation of fractional power spaces,

|| x1/2 < C|u|¥02|u|¥12, ue X!

for some constant C' € [0, 00| we see that, for u € D(A) = X' ¢ X'/? = D(B),

_ 1/2 1/2\1—
|Buly < C'ul%0lul’ % < C'Jul%o (Clul e [ul {{2) =7

= C'Clulu |ulks” = C'ClAu| o ul s’
for some constant C’ € [0, 0c[, where 3 = (1/2)(1 — 3). By [13, p. 28, Exer-
cise 11] we now obtain that for every a € |3, 1] the map B o A~ is defined and
continuous from X to Y. Thus X = R(A~%) is continuously included in LP (),
as claimed. O

LEMMA 5.2. Let X be a Banach space and A: D(A) C X — X be a sectorial
operator with rec(A) > 0, generating the family X%, a € [0,00[ of fractional
power spaces. Suppose that X/? is continuously included in HYQ) and X = X©
is continuously included in L*(Q). Let w:Q — R be such that w € £, for some
v €10,1[. Then for all a € ](v/2), 1], the mapping u +— |w|"/?u defines a bounded
linear fuction from X% to L*(Q).

PRroor. It is easy to check that w € &, if and only if there exists a constant
C’ such that
l[w|?u)e < 'l |ul}y”,  w € H(Q).
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Let B be the map from X'/2 to Y = L?(Q) defined by the assignement u —
|w|'/?u. Since, by interpolation of fractional power spaces,

|u] x1/2 < C|u|¥3|u|¥12, ue X!

for some constant C' € [0, 00| we see that, for u € D(A) = X' ¢ X'/? = D(B),

|Buly < C'ul%yul5s? < C'Jul 5 (Clul Y2 |ul Y)Y

= C'Clu 2 ulss? = OO Au| L ul i

for some constant C’ € [0, 00[. By [13, p. 28, Exercise 11] we now obtain that for

every a € |v/2, 1] the map Bo A~% is defined and continuous from X to Y. Thus
B is a bounded linear map form X® = R(A™%) to Y = L%*(), as claimed. O

PROPOSITION 5.3. Let X = L?(Q2), A: D(A) C X — X a sectorial operator
withreo(A) > 0, generating the family X, o € [0, oo[ of fractional power spaces.
Suppose that X'/? is continuously included in H}(Q). Let ¢ = (6/(p+ 1)) and
p=(q/(qg—1)). If p > 2 or a®> & &, then choose o € ]0,(1/2)[ such that
a > max{y/2,(1 — (6 —p)/2p))/2}, so X is continuously included in LP ()
(by Lemma 5.1) and the mapping u — |a|'/?u is bounded from X to X (by
Lemma 5.2). If p=2 and a® € & then let a = 0.

Let F:Q xR — R be defined by

Fla) = [ 1G5 ds

whenever s — f(z,s) is continuous and F(x,u) = 0 otherwise. Then F maps
X2 into L' () and the operator F: X1/2 — LY(Q) is Fréchet-differentiable with
DF(u).h = f(u)-h foru,h € X'/2.

Ifp>2 ora® € &, then for every u € X'/? the function f(u): X* — R,

- / f(,u(@))o(a) de,
Q

is defined, linear and bounded, hence f(u) € X .
Ifp =2 and a® € &1, then for every u € X'/, let f(u) := f(u) eX=X"°
For all p € [2,4], the operator f: X'/? — X~ is Lipschitzian on bounded
subsets of X/2.

PROOF. Ifu € X'/2 thenu € L2(Q)NLE(Q) sou € L7(Q) for every r € [2,6].
In particular, f(u): 2 — R and ﬁ(u) Q — R are measurable.
Now, for u € X'/? we have that

/ Pz, u(z))] dz
Q

= /Q(|f(l’:0)U(z)l +Clla(@)]*u(@)?/2 + Clu()["*?/(p +2)) dz < o0
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as p+2 € [2,6]. Hence F(u) € L'(€2). Moreover, for u, h € X'/2 we have

[ 1@ ute)hia) da

= /Q(If(z, 0)(x)| + Cla(w)u(@)h(x)| + Clu(@)[”**|h(z)| dz)
< |F(O)] 2|k 2 + Cllal*ul 2 ||a]'/ Rl L2 + Clul7: |l s,

where r = (6/5)(p+ 1). It follows that for every u € X'/2 the map h — f(u)-h
is linear and bounded from X'/2 to L'(Q). Now, for u,h € X/2,

o~

Fut h) - Plu) — F(u) - bl
/ﬁqu W) — F(z,u(x)) — f(e, u(z))h(z)| da

<0/ la(z ()] + max(1, 277 1) (ju(@)[” + [h(2)[?) |h(2)||h(x)]) da
< C||a|1/2h|L2 + CmaX(l,?’l)(IUIﬁr + |h[7 ) hf7e,

where r = (6/4)p. This shows that the operator F:x1/? - L'(2) is Fréchet-
differentiable with DF (u).h = f( ) - h for u,h € X1/2.

Now suppose p > 2 or a? € &. The fact that X is continuously embedded
in L2(Q2) and in LP(Q) (with a common embedding constant C' € [0, o) implies
that, for all v € X,

[ ut@)ota)az

: / (1f(z, 0)v(@)] + Cla(z)u(z)v(z)| + Clu(@)|"*v(2)]) dz

< If( )2 lvlze + Cllal*?ulrallal®v| 2 + |ul 75 o]

C(1F(0)] 2 + Cllal?ulrz + Julfh) v]xa.

Thus, indeed, the function f(u): X* — R, v — [, f(z,u(x))v(z) dz, is defined,
linear and bounded, hence f(u) € X ~¢. Similarly, we obtain for u, h € X1/2 and
ve X,

/Q |(f (@, u(z) + h(2)) = f (2, u(z)))o(z)| do
< 5/9(|a(fv)h(x)v(:v)| +max(1, 277 ) (ju(@)” + [h(x) P) | h(2)[Jv(2)]) dz

< Cllal'/h|z2|la]"*v| 2 + C(lul7s + [h[76) Pl Ls]v] Lo
< C(Cllal"*hl 2 + C|ulfs + |Al7s) Rl 1e) o] xa.

This shows that the operator f: X'/2 — X~ is defined and Lipschitzian on
bounded subsets of X1/2.
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Now suppose p = 2 and a? € & . Then similar arguments show that

|F(u)]z2 < [F(0)] 2 + Cllaulzz + [ulf1E,),
|flu+h) — Flu

)z
< 6|ah|L2 +6max(1v 2571)(‘u|i2(z+1) + |h‘i2(ﬁ+1))|h|L2<?+1>v

and

~ ~ ~

|[F(u+h) = F(u) = f(u)h|r:
< (6‘ah|L2 +€max(172ﬁ_l)(|u‘zz(ﬁ+1) + |h|i2(ﬁ+1))|h‘L2(5+1))|h|L2'

Again this shows that the operator f: X'/2 — X~® = X is defined and Lip-
schitzian on bounded subsets of X1/2. O

6. Tail estimates and the existence of attractors

Let A be the operator defined in Proposition 4.5 and X%, a € R, A(,),a € R
and K(_a), a € ]0, 0o, be the spaces and the operators defined in Proposition 2.2
with respect to A = A.

If p = 2 and a® € &;, then, by what we have proved so far, the parabolic
equation

= —Au+f(u)
defines a local semiflow 7 on X1/2.

If p € ]2,4] or a® & &1, then choose « € |0, (1/2)[ as in Proposition 5.3. Then
the parabolic equation

7[.1: = —A(_a)ﬂ + f(§0(11/2)$7aﬂ)

defines a local semiflow 7 on ¢(1 /2),—o[X/?].

Let 7 be the local semiflow on X'/2 which is conjugate to 7 via the conju-
gation (1 /2) ot X% = (1 /2) _a[ X1/

While the local semiflow 7 depends on «, it is not difficult to prove that

PROPOSITION 6.1. If p € |2,4] or a® & &1, the local semiflow 7 is indepen-
dent of the choice of a.

From the definition of 7 we thus obtain, choosing « = 0if p = 2 and a? € &,
that

PROPOSITION 6.2. Whenever T € ]0,00] and u: [0, T[ — X/2 is a solution
of m, then u is continuous on [0, T[, differentiable (into X'/?) on ]0,T[ and, for
te]0,T]

?0,—a((t)) = —Ar—qu(t) + £(u(?)),
where u(t) := O(u; X/2)(t) = (u; X°)(t).
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PROPOSITION 6.3. Define the function L: H (2) — R by

L(u) = %(u,ub@/? - /QF(as,u(:c)) dr, wu€ HLHR).

Let T € 10,00] and u:[0,T[ — HY(Q) = X'/2 be a solution of . Then the
function L ow is continuous on [0,T], differentiable on ]0,T[ and, fort €]0,T1],

(6.1) (Lo u)(t) = —la(b)] 2.
ProoOF. By Proposition 5.3 the function £ is Fréchet differentiable and
DL(w).v = (w,v) x1/2 — / f(w(x))v(x) dz, w,ve X2
Q

Thus, by Proposition 6.2, £ o u is continuous on [0, T, differentiable on ]0,T|
and, for t €0, T,

(Low)(t) = (u(t), u(t)) x1/2 — /Q Flu(t) (@)t (z) da.

If p > 2 or a® € &, then the last statement of Proposition 2.2 implies that

(u(t), i(t)) x1/2 = (Ar—au(t)).u(t)
and so, by Proposition 5.3 and 6.2,

(Lou)(t) = (Ar—au(t).ut) — £(u(t)).i(t)
= (Arqu(t) = f(u(t))).u(t) = (=po,-atl(t)).iu(t) = —(i(t), u(t))x

This proves formula (6.1) when p € |2,4[ or a®> ¢ &. A similar but simpler
argument proves (6.1) when p = 2 and a? € &;. O

COROLLARY 6.4. 7 is a global semiflow on' Y = H}(Q) and it satisfies prop-
erties (b)—(d) of Proposition 2.1.

PROOF. Proposition 6.3 together with Proposition 5.3 implies that £ is con-
tinuous and nonincreasing along solutions of . Thus, for all ug € H& (), writing
u(t) = ugnt for t € [0, wy, [, we obtain

1
(6:2) 5 (u(t)u(t))xi
(ug, up) x1/2 — / F(z,up(z)) dx —|—/ F(z,u(t)(z))dx
Q Q

(uo, uo) x1/2 —/QF(x,uo(x)) dm—i—/gc(x)d:v, t €10, wy,]-

It follows that every solution of 7 is bounded in Y and so, as m does not explode
in bounded subsets of Y, 7w is a global semiflow. Proposition 5.3 also implies
that every bounded set B is m-ultimately bounded, with ¢ = 0. Moreover,
L(u) > — [, c(zx) dx for every u € Y so L is bounded from below. If u: [0, 00 — Y
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0

is a solution of 7 along which £ is constant, then, by Proposition 6.3, u(t) =
for all ¢ € ]0, 00[ and this clearly implies that u is a constant solution so «(0) is

an equilibrium of 7. Let wg be an equilibrium of 7. Suppose first that p > 2 or
a’? ¢ £. Then A (1_yup is defined and A (;_qyup = f(ug). It follows that

<U0, U0>X1/2 == (A(l—a)u0)~u0 = (f(uO)).Uo
= / f(z,ug(x))ug(z) de < / c(x) dx
Q Q
so the set of all equilibria of 7 is bounded in Y. A similar but simpler argument

shows that, if p = 2 and a? € &, then again the set of all equilibria of 7 is

bounded in Y. O
We can now state our basic result on tail estimates.

THEOREM 6.5. ¥:R — [0,1] be a function of class C* with 9(s) = 0 for
s € ]—00,1] and J(s) = 1 for s € [2,00[. Let ¥ := T°. Fork € N let the
functions 95,: RY — R and 9,: RV — R be defined by

Op(2) =9(|z|*/k?)  and Op(z) = 9(|x*/k?), xRN,

Set Cy = Qﬁsupy€R|z9’(y)| and Cy = QﬁsupyeR |5/(y)|. Let k € )0, A\q] be
arbitrary, where Ay is defined in Hypothesis 1.2. For every k € N let

br = max(a1C2k~?,2a,C5k ™", a1 Cok™")

and cx = [ 9x(x)c(x) dz. Then whenever R € [0, 00[, T € ]0, 00[ and u: [0, co[ —
HY(Q) is a solution of m such that [u(t)| gy < R for allt € [0, 7], then, for every
te0,7],

(6.3) /Q (@) (@) dz < R2e2 4 (buR2 + cx) /.

PrOOF. Notice that, for all z € RN, Vi(z) = (2/k*)9(|z|?/k?)x and
Vii(z) = (2/k2)0 (|z|2/k?)z. Tt follows that that

(6.4) sup Vi (z)| < Cy/k and sup |VI(z)| < Cy/k.
€N zEQ
Assume first that o > 2 or a® ¢ ;. We claim that, for all v € H}(Q) = X/2,
(6.5) (—A(l,a)v).(ﬁk’U) + Ii/ 19k<x)‘v(x)|2 dr
Q
< /((alc%k_2)|v|2 + (2a1Cgk™ 1) |v||Vo| + (a1 Cok ™) |v||Vv]) da.
Q

To prove (6.5), we may suppose that v € X! since the general case follows by
the density of X' in H(Q). Now, if v € X!, then

(A (1—a)0).(Vpv) = (—¢0,—-aAV).(V1v) = (—Av, pv) x
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so, using (6.4), we obtain
(~Aqay0).(950) H/ () [o()[? dx
/19kv —Av)( dm—l—ﬁ/ﬁk\v )2 dx
— [V @) V(@) ~ B@e@)) da -+ [ bl da
— [V @) T Fur) - (Bla) ~ 0Tl d
+/(|v|2(Aka)-v5k+2u5k(Av5k)-Vv—v(Avm)-W) dx
< /Q((cuC’? 2 0f? + (201 Ck™ ) o] Vo + (a1 k™) o] | Vo) dar

This proves (6.5).
For k € N define the function Vi: H}(Q) — R by

Vilw) = (1/2) [ Ou@)u(@) do. u e H(E)
Q
Then V), is Fréchet differentiable and
DVi(u)v = / I (x)u(x)v(z)de, wu,v € HF(Q).
Q

Let u: [0, 00[ — HZ(£2) be a solution of 7. By Proposition 6.2, Vj, o u is differen-
tiable on ]0, oo[ and, for ¢ € ]0, 00|,

(Vi o)’ / Ip(x (z)dz = (u(t), Ipu(t))x.
Since Ypu(t) € HY(Q) = X'/2 ¢ X, it follows that, for ¢ € |0, oo,
(0(t), Dpu(t)) x = (po,~au(t)).(Jru(t)) = (~Aq—ayu(t) + £(u(?))).(Fru(t))
so, using (6.5), we obtain
(Vi o) (t) + 26(Vi 0 u) () = (—Aq_ayult))-(Fxu(t))
/f ) (Fru(t) d:v—He/ () [u(t) ()2 da
< (—Aq—ayu(t)).(yu(t) +/<e/19k YNu(t) |2d$+/19k
< /Q((alC2 Du®) + (2a1C5k™") u(t)]| Vu(t)]
+ (a1Cok™ D) u(t)||Vu(t)]) dz + i Oy (z)e(x) do

Thus, whenever R € [0, 00[, 7 € ]0, 00 and [u(t)|s; < R for all ¢ € [0, 7] then

(Vi o) (t) + 26(Vi o u)(t) < bpR* + ¢, t€]0,7].
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This implies that
Vie(u(t)) < e 2V, (w(0)) + (b R* 4 c)/(26), t€[0,7].

This clearly implies that (6.3) holds for every t € [0, 7]. This proves the theorem
when p € ]2,4] or a? ¢ & . Similar, but simpler arguments prove the theorem
when p = 2 and a? € &;. 0

We can now prove
THEOREM 6.6. The semiflow w is asymptotically compact.

PROOF. Let B be an ultimately bounded subset of Y = H{(Q2), (v,)n be
a sequence in B and (t,), be a sequence in [0, oo with ¢, — co as n — co. We
must show that there is a subsequence of (v,7ty,), which converges in Y.

There is a tp € [0,00[ and an R € [0, oo[ such that |vmt|g: < R for allv € B
and t € [tp,00[. We may assume without loss of generality that ¢, > tp + 1 for
alln € N. For n € Nlet s, = t,, — tp and u,:[0,00[ — H(Q) be defined by
Un(8) = v,m(tg + s) for s € [0,00[. Then, for n € N, 73, := s, — 1 > 0 and u,, is
a solution of 7 with [uy,(s)|gz < R for all s € [0, 00[ and uy,(s,) = vty

Suppose that 7 > 2 or a? € & . We claim that

(6.6)  There is a strictly increasing sequence (n,,)., in N and v € H}(Q) such
that (up,, (Tn,,))m converges to v in L?(Q).

Let U, = ©(1/2),—a ©Un, n € N. Then @, is a solution of 7 and (uy,, (7n,,))m
converges to U = ©(1/2),—aV in 0o,_o[X]. Thus (i, (74, ))m converges to
v in X~*. Using Proposition 3.1 (with appropriately modified notation) we
see that (Un,, (Tn,, + 1))n converges to 07l in /o _o[X'/2]. This means that
(tn,, (Sn,.))m converges to vrl in X/ and completes the proof of the theorem.

Thus we only have to prove (6.6). Let Sk be the Kuratowski measure of
noncompactness on X = L?(£2). Then for every k € N and ng € N,

B {un(ms) | n € N} < B{(1 — Ip)un(m) | n € N} + B {Fun(1n) | n € N}
= BK{(l - ﬁk)un(Tn) | ne N} + ﬂK{ﬁkun(Tn) | n > n0}~
By Theorem 6.5 and the fact that 7,, — 0o as n — oo, for every € € ]0, oo[ there

are a k € N and an ng € N such that |9pu,|r2 < € for all n > ng. Thus, for
every € € |0, 00], there is a k € N such that

Bx{un(m) | n € N} < Bx{(1 — I)un(m) | n € N} +¢.

Since 1 -9 € C3(RY), the map u +— (1—9})u is compact from H}(2) to L(Q)
and so
Bx{(1 = 9 )un(my) | m € N} =0.
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We therefore obtain that

Bx{un(,) | n €N} =0

and so there is a strictly increasing sequence (nm,), in N and a v € L%*(Q)
such that (up,, (75, ))m converges to v in L2(€). Since (up,, (Tn,,))m is bounded
in H}(Q), by taking a further subsequence if necessary, we may assume that
(tn,, (Tn,,))m converges weakly in HE(Q) (and hence in L?(2)) to some w €
H}(Q). Thus w = v and (6.6) follows. This proves the theorem when p € |2, 4|
or a® ¢ & . Similar (and simpler) arguments establish the proof when p = 2 and
a’ € &r. O

We may now prove the main result of this paper.

PRrROOF OF THEOREM 1.4. In view of Corollary 6.4 and Theorem 6.6, Propo-
sition 2.1 implies part (a) of the theorem. If 5 = 2 and a? € &;, then, noting
that o = 0 in this case, Theorem 3.2 implies part (b) of the theorem. If p > 2
or a®> ¢ &, then, by part (a), 7 is a global semiflow on @(1/2),,Q[X1/2] and
it has a global attractor A := ©(1/2),—alA]. Thus, by Theorem 3.2, A lies in
Ol-a—al[X17%] and is compact in p1_4,_o[X'7%]. This implies part (b) of the
theorem in this case. The proof is complete. O

7. Appendix

We will prove Proposition 2.2. We require the following simple and known
result.

LEMMA 7.1. Let Ey and Fy, k € {1,2}, be real or complex normed spaces
with Fo and Fy complete. Let e: By — Es, f: F1 — Fy and By: E1 — F be linear
isometries with By bijective. If e[E1] is dense in Es and f[Fy] is dense in Fy,
then there is a unique continuous map Ba: Es — F5 such that Byoe = fo By.
Bs s a linear bijective isometry.

PROOF OF PROPOSITION 2.2. It is immediate that for all a, 8 € R with
B > a the map gp/g@:Xﬁ — X @ is defined, linear and bounded. The density of
X% in X7 for all 7,8 € ]0, 00[ with § > ~ implies that

(7.1)  for all a, 3 € R with 8 > « the map ¢pg,, is injective and ¢g o[ X"]
is dense in X“.

Now formula (2.3) and an integration using Holder inequality shows that

(7.2)  |A%z|x < A% 04V 2l%, for all a,y € R, § € [0,00[, 8 € [0,1] and
r€ X% witha <y<§and 8= (1—0)a+0y.

Formula (2.2) and the definition of the maps ¢g , implies that

(7.3)  Foralla€]0,00[, B €[0,00[and z € X |pg5-aA P2|xs-0 = |A7%]|x.
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Using this formula (for 8 = 0) we see that
(74)  |ps.ar|xe = |A%|x, for all @ € R, § € [0,00[ and = € X? with § > a.
Now (7.1), (7.2) and (7.4) imply the interpolation inequality

(75)  lpysrlxs < loyarliflel%s, for all a,y € R, 6 € [0,1] and z € X7
with o <y and 8= (1 — 0)a + 6.

A straightforward proof by cases also shows that

(7.6) Goo =idxe, a€R,

(7.7) Pra=Ppa Py BYER yZF2a
For all o, 8 € [0, 00, (2.2) implies that A=A[X ] = X+ and for all y € X
| APy xora = |ATOFD A% ko0 = |A%|x = |ylxe.
This implies that

(7.8)  For all a, 8 € [0, 0], A(aﬁ) = AB| X X — XP+e 5 a linear bijective

isometry.

For every a € ]0,00[, # € [0,00[ formula (2.2) implies that @3 3_ is an
isometry from the space X” endowed with the (in general incomplete) norm
T ng_qo(z) = |AP~2|x to the Hilbert space X?~<. The same formula with
B = 0 shows that g _, is an isometry from the space X = X° endowed with
the (in general incomplete) norm & — n_,(x) = |[A~%z|x to the Hilbert space
X 2. Since AP is a bijective isometry from X endowed with the norm n_, to
XP= endowed with the norm ng_,, it follows from Lemma 7.1 that

(7.9) For every a € ]0,00[, 8 € [0,00[ there is a unique continuous map
AL X o X with A% oo 0 = pppac AT AL s
a linear bijective isometry.

Now, for o € R and ( € ]0, oo[ we may define the map Afa): X 5 X—Fte by

B _ (a8 -1
(7.10) A(a) = (A(_6+a)) .
We also set A,y := A%a). The above definitions and simple density arguments
show that:

(7.11)  For all 7,9 € R with v > 7 and all 8 € R, g1, g4y 0 AL
- A?v’) ©Pra

(7.12)  For all o, 3 and v € R, A(B—wa) o A(Va) = A?O‘SW.
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Since for o, 3 € R with 8 > o the map g o is bijective onto its range, we may,
for all «, 3 € ]0, 00| define the map

A?—a) = A?ﬂ—a) © (pgia,—a: cpﬂ—(%—a[Xﬁia} CX =X

We also set g(,a) = g%fa). It follows that g?_a) is bijective and its inverse is
j(—_ﬁa) = PB—a,—a O A(__ﬁa). We claim that Z(Bﬁ_a) is symmetric with respect to
the scalar product on X ~. First notice that
(7.13) R0 —ar =A%z, a€]0,00], v € X.
This implies that, for v and v € X

(P0,~att; Po,~a¥) x—a = (A72%u, A7) xa = (A", A %) x

SO

(7.14) (00,—ally Po,—aV) x-a = (A%, A%)x, «a€]0,00], u,v € X.

Since A(ﬁﬂ_a) is the inverse of A(__ﬂa) and AP is the inverse of A=?, we obtain
from (7.9)
(7.15) Ay 008,80 =0, —a0 A%,

Hence, for u € X?, we obtain from (7.15),

Ay oy P-a,-a9p,p-att = Aly_o)08,8-att = o,—aAlu.
Using (7.14), we thus obtain, for u,v € X, & = ¢g 0 _—apps_au and y =
PB—a,—aPB,8—aV
<g(ﬁﬁ_a)x,y>xw = (A", A= APv)x = (A=, APA= ) x
and in particular
(7.16) <gﬁg_a)$az>xw = (A%, APA %) x
for u € XP and = g_a,—aPp s—au. Similarly,

(x, E?B_a)yb(w = (AﬂA_O‘u, A" %) x.

Now the symmetry of AP relative to the scalar product on X shows that

(7.17) <A?5,a)xvy>X—a = <$,Z(5,a)y>x—a~

for 2,y € Ys—a.—alPps—alXP]]. Thus, by density, (7.17) holds for all z,y €

©6—a,—a|XP], proving our claim. This claim implies that the map E(ﬁﬁ_ is self-

a)
adjoint and so its inverse A(__’B ) is symmetric on X ~%. Moreover, (7.12) implies
that

(7.18) AL =AL o AT a, B,y €]0,00].
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In particular, g(fj ) is nonnegative.
Now, let a € 0, 00 be arbitrary. Since rec(A) > 0 there is a ¢ € ]0, o[ such
that
(Az,z)x > 0z, 2)x, =€X.

Hence, by (7.16), for u € X! and x = ¢1_4 —ap1.1-al,
(7.19) (Al _oyT, @) x—0 = (A, ATA™u) x
> 0{A U, A" %) x = 0{x, &) x—a.

This implies, by density, that re O’(Av%lia)) > 0so B := Zl(l_a) generates the
family B=#, 8 € ]0, 00|, of basic fractional power spaces of B. By (2.2)

(7.20) B P=7=BFoB™, B, v€]0,00].

We claim that

(7.21) BP=A7F pelol

Let Z be the set of 3 € ]0, oo with B—# = g(_ﬁa). Clearly, 1 € Z and so induction
on m € N using (7.18) and (7.20) imply that Z contains all integers. Since
nonnegative symmetric operators on a Hilbert space have unique nonnegative
square roots, it follows by induction on k € N (again using (7.18) and (7.20))
that Z contains all numbers of the form m/2* with m,k € N. The set Zy of
such numbers is dense in |0, co[. Now let § € ]0, 00[ be arbitrary and (5,,), be
a sequence in Zy converging to §. By formula (2.1) we have that

|B~Prg — B Pa|x0—0, z€X
and
APy — A Pz|x — 0, zeX.

In particular, using the fact that
AT g0 ot = po—aA™u, a, v €]0,00[, ueX
we obtain that

|B_/8n300)_au - B_6¢07—QU|X7C‘ - 0) u € Xa
|g:§n@0,—au - g:§¢07_au|x,a — 0, ue X.
Thus
B_B()007—au = szg(po,—OtUH u € X
so, by density, B—° = X:g and thus 8 € Z. This proves our (7.21). We obtain
from (7.21) that
X5 = 0p-a-alX7°].
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We also claim that
(7.22)  For all 3 €]0,00], Y5—a,—a is an isometry of X#~< onto Xg.

To prove this claim, let 7,7 € X~ be arbitrary and let z = p5_q o2, Yy =
©h—a.,—ay. Suppose first that T = ¢p 5_aU, J = P5,5-av With u,v € XP. Then,
by (7.15), Bz = ¢o, o APu and BPy = ¢y _o APv. Therefore, using (7.14) we
obtain

(@) x5 = (B2, By) x-« = (p0,-aA’u, 00,0 A") x -0
= (A7 “APu, A= APv) x = (AP, AP~)x.
If 6 —a >0, then
(AP, AP=u) e = (u,0) xrme = (3, T xoe-
If 8 — a < 0, then, by (7.14),
(AP0, AP~ ) x = (A= FAy, A== By ¢
= (0, (a—B) U P0,~(a—)V) X~ (=8 = (T,Y) x~(a=p5)-

Thus, in both cases, (x,y)Xg = (Z,9) xs-a. Since the set @g5_o[X"] is dense

in XA~ (7.22) follows.
We further claim that

(7.23)  Whenever a € [0, (1/2)[, z € X'~ and v € X'/2 € X, then
(Aq—ayx).v = (2,0) x1/2.

Here, the dot ‘.’ denotes function application between an element of X ~¢ and
X“. To prove this claim, assume first that x € X*. Then, by (7.15), A—a)r =
©o,—a Az and so using the Fréchet—Riesz theorem and (7.13) we obtain

(Ag—ayz)v = (v,R;lgoo,,QA@Xa = <U7A_2aA$>Xa = (v, Ax)x = (V,2) x1/2

so the claim follows in this special case. The general case follows by the density
of X' in X'~ and in X1/2, O
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