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GLOBAL AXTALLY SYMMETRIC SOLUTIONS
WITH LARGE SWIRL TO THE NAVIER-STOKES EQUATIONS

WOJCIECH M. ZAJACZKOWSKI

ABSTRACT. Long time existence of axially symmetric solutions to the Na-
vier—Stokes equations in a bounded cylinder and with boundary slip con-
ditions is proved. The axially symmetric solutions with nonvanishing az-
imuthal component of velocity (swirl) are examined. The solutions are such
that swirl is small in a neighbourhood close to the axis of symmetry but it
is large in some positive distance from it. There is a great difference be-
tween the proofs of global axially symmetric solutions with vanishing and
nonvanishing swirl. In the first case global estimate follows at once but
in the second case we need a lot of considerations in weighted spaces to
show it.
The existence is proved by the Leray—Schauder fixed point theorem.

1. Introduction
We consider the motion of a viscous incompressible fluid described by Navier—

Stokes equations in a bounded cylinder 2 and with boundary slip conditions
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(see [18)):
ve+v-Vo—divT(v,p)=f in Q' =Qx (0,7),
dive =0 in Q7

(1.1) v-n=0 on ST =8 x (0,T),
vit - D) -To =0, a=1,2, on ST,
v]t=o = v(0) in Q,

where v = v(x,t) = (v1(x,t),v2(z,t),v3(z,t)) € R? is the velocity of the fluid,
p = p(z,t) € R the pressure, f = f(x,t) = (f1(x,1), fa(x,1), f3(z,t)) € R? the
external force field, @ is the unit outward normal vector to S, 7,, o = 1,2, are
tangent vectors to S, ¥ > 0 is the constant viscosity coefficient.

By T(v,p) we denote the stress tensor of the form

(1.2) T(v,p) = vD(v) - pI,

where D(v) = {viz; + Vje, }ij=1,2,3 is the dilatation tensor and I is the unit
matrix. Finally, the dot describes the scalar product in R3.

To describe the domain 2 C R3 and the considered motion we introduce the
cylindrical coordinates r, ¢, z by the relations z; = rcosp, x9 =rsing x3 = z,
where 1, x9, x3 are the Cartesian coordinates.

We assume that

Q={2zcR¥:r <R, —a<z<a, p<|027]}.
Then 02 = S = S; U Sy where
Sy ={reR*:r=R, —a<z<a, pcl0,2n]}
So ={zeR*:r<Rz=—aorz=a, ¢<l0,2n]}.

Let u be any vector. We introduce the cylindrical coordinates of u by: u, = u-€,,
Up = U- €y, U, = U - €5, Where €. = (cosy,sing,0), e, = (—siny,cosy,0),
e, =(0,0,1).

DEFINITION 1.1. By an azially symmetric solution to problem (1.1) we mean
such a solution that the cylindrical components of v, f, v(0) and p do not depend
on .

The aim of this paper is to prove the existence of global and regular axially
symmetric solutions to problem (1.1). To this purpose we follow the consider-
ations from [18], [19]. Hence we need the following notation. We distinguish
the angular component of velocity by denoting v, = w. Let o = rotv be the
vorticity vector. Its cylindrical coordinates in the axially symmetric case assume
the form

3

w
(1.3) Qp = =W, Qp="Up,—Vsp =X, Oy= s +w,.
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From [19] we have

LEMMA 1.2. Let v,w, F, = (rot f), be given. Then X is a solution to the

problem

Xt +v-Vx+ (Upr +v52)X

2
(), ) B o
(1.4) ")) el

) 3 )

x=0 on ST,
X|t=0 = x(0) in Q.
From [19] we also have

LeMMA 1.3. Letv and f, be given. Then w is a solution to the problem

w7t+v~Vw+v—rw7VAw+V%:f¢ in Q7
T r

1
(15) w,,r = Ew on S{,
w7z =0 on Sg,
wli=o = w(0) in Q.

To show existence of global regular axially symmetric solutions to problem
(1.1) we follow the ideas from [9], [17]. In these papers axially symmetric solu-
tions with v, = 0, f, = 0 are considered. Therefore, problem (1.5) disappears
and also the first term on the r.h.s. of (1.4);. Moreover, vector « takes the form
X€,, so it has only one nonvanishing component. Having x, vector v = v,€,+v.€,
is calculated from the elliptic problem

Uprz —VUzpr =X m Qa

v
(1.6") Upyp + Vs, = —% in Q,

’U7~|S1 :0, ’UZ|S2 =0.

Utilizing problems (1.4), (1.6") Ladyzhenskaya in [9] was able to get global esti-
mates guaranteeing existence of global regular solutions. Existence follows from
the Galerkin method applied to the equation for the stream function ¢ described
by the relations: ¢ , = rv,, ¥, = —rv,.

We have to underline that in this case the crucial global estimate for I =
[x/7llvo@ry is at once derived, where V2 (QT) is the energy norm for (1.1) (see
notation). In reality, it follows from multiplying (1.4); by x/r?, integrating over
Q7 and utilizing initial and boundary conditions for x.

The axially symmetric case with v, # 0 is totally different because we are
not able to obtain the above estimate for I because the norm J = [|w/r(|, o)
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appears, which follows from

2 1 2
/ww,zﬁdxdt/ﬁwz),zxdxdt/w2<x) dedt = I,
r T T r r2\r),

Qr QT QT

2
1
() o G,
") zl2or €1 4,07

Further, we do not know how to estimate J without smallness assumptions on

SO
4
w

|| < e
,

data (see assumptions of Theorems 1 and 2, see also [18]).
Considering cylinder §2 with cutted of the axis of symmetry we have

w

r

- < dlwl[r, ) < cllvllvoary,

S0 it is estimated in terms of the energy estimate for the weak solutions of (1.1)
and the fact that such domain can be treated as two-dimensional (for more
details see [19]).

We have to underline that axially symmetric weak solution to (1.1) behaves as
three-dimensional near the axis of symmetry (see Lemma 2.2). This is connected
with the fact that Jacobian rdrdz appears in the energy norm, so weighted
Sobolev spaces must be utilized.

For the axially symmetric case examined in this paper, vorticity vector has
three components (see (1.3)), so instead of (1.6") we have

rotv =« in €,
(1.6") dive =0 in Q,
v-m=0 ons,

where « satisfies the compatibility condition diva = 0.

Since in our case we have three components of vorticity we need additional
problems for vorticity (comparing with (1.4)) to obtain regularity of v in a neigh-
bourhood of the axis of symmetry (see [18]). The above considerations suggest
that problem (1.1) should be examined in a different way in a neighbourhood of
the axis of symmetry and in a positive distance from it. Hence it is natural to
introduce a partition of unity connected with this separation (see Section 2).

In view of the above remarks we have to consider additional problems in a
neighbourhood of the axis of symmetry. First we have the problem for .,

o T
art +v-Va, — (Qpvpy + avr ;) — VA, + v—=F. inQ,
r

(1.7) Oy = —Ew’z on S;‘F,

o, =0 on S7,

ar|t:0 = OéT(O) in Q.
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Next the problem for .,

N
0yt +v- Vo, — (v, + 00, ) —VAa, =F, in Q"

2
a, = —Ww on ST7
(1.8) R !
o, ,=0 on SQT,
az|t:0 = az(o) in Q.

Finally, we consider problem for u = w .,

Uy u
ur+v-Vut+ —u—vAu+v—
T T

Ur 2z . T
:—U,Z-Vw—T’w—i—f%Z in Q°,

. 1
(1.9) U = pU on ST,
u=0 on S,
u)t=0 = u(0) in Q.

Now, we formulate the main results and outline their proofs.
Let us introduce smooth functions ((9) = C(i)(r), 1 =1,2,3,4, which are such
that:

(P@r)=1 forr<ro, ¢W@E)y=0 forr>ry+ 01,
(Br)y=1 forr <rg+d, By =0 forr>ro+ 26,
(P(r)=1 forr>ro, (D=0 forr<ry—ds,
(W(r)y=1 forr>ry—ds, (Wr)y=0 forr <rg—20,.

We assume that 79 > 202 and 79 + 207 < R. We denote that u® = u¢®,
i=1,...,4, where u replaces any vector or function used in this paper.
THEOREM 1.

(a) Assume that

J e Ly 1(QT),  f9 € Ly(Q"),  (rot )Y, (rot /)M € Ly(QT),
vl € Lo s(QT), v®(0) € HY(Q), (rotwv)V(0), (rotv)(0) € La(),
(rot /)1 € Ly(0,T; Lo, —1()),  (vot f)) € Ly(QF), fP e Lo(Q"),
F € Ly(0,T; Lyy3(€)),  (rotv)§)(0) € Lo —1(Q),  (rotv)$)(0) € La(€),

1
vi(0) € Ly(Q), vP(0) € H'(Q), 6= 5 +eo,

where €9 > 0 is an arbitrary small number.
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(b) Let us introduce the quantities

X(T) = ||fé1)||L2,,1(QT) + ||f<,573)||L2(QT) + [|(rot f)gl)”Lz(QT)
+ [|(rot f)gl)”Lz(QT) + ||’U501,,)z(0)||L2,_5(Q) + ||U<(ps) Oz o)
+[|(xot 0) ™ (0)]| o2y + [ (ot ©) 8 (0)][ £, ()
Y(T) =(xot £)S N 20,7520, 1(2)) + 10t )1, @)
+ Hfgg4)||L4(O,T;L4/3(Q)) =+ ”f;Q)HLQ(QT) + | (rot 0)8)(0)HL2,,1(Q)
+[1(r0t 0) S0 (0) | () + 1057 ()11 () + 1108 (0) | s 2
1 1 1

—=—4+—+X(T).
56 e )
(c) Assume that v € W;/é(QT)

(d) Assume that there exists a weak solution (see Lemma 2.1) such that
v o) < di,  NvE)lly@) + IVVlLry < doy, tER,.

Then there exists a positive increasing function @, such that
1
(1.10) 0] 2o @7y + V] Ly, 507) < 0x (5||U||W:/~;(QT),d17d27Y>~

THEOREM 2. Let the assumptions (a), (b), (d) of Theorem 1 be satisfied.

(a) Assume that v(0) € W;/;(Q), f € Ls;2(27), v,(0) =0, v,,,(0) =0,
f'r,cp =0, fzytp = 0.

(b) Assume that d. is so large that there exists a positive constant A such
that

1 2
(111) el (Ao V(D)) 4 Y]+ et + Oz ) < A

Then there exists a unique axially symmetric solution to problem (1.1) such that

vE W;;;(QT) and
1 < A.
||’U||”r52/v2(QT) ~

Moreover, the solution is such that
”fol,)z € Loo(0,T5 Ly —5(2)) N Lo(0, T3 H: 5(2)),
L0t ) € Loo(0,T5 La(0)) 1 Lo(0, T3 H'(),
ve) € Loo(0,T5 Hg (), (rotv){) € L3(0,T; La,—1(Q)).
Theorem 1 is proved by a series of lemmas from Sections 3 and 4. Having

estimate (1.10) Theorem 2 follows from the Leray—Schauder fixed point theorem
in Section 5.
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The solution from Theorem 2 behaves in a different way in a neighbourhood
of the axis of symmetry and in a sufficiently large distance from it.

We have proved existence of such axially symmetric solutions that azimuthal
component of initial velocity must be sufficiently small in a neighbourhood of
the axis of symmetry. However, this neighbourhood must be sufficiently large.

We have shown the existence of solutions without restrictions on the existence
time T'. However, we are not able to pass with 7' to infinity.

Since time integral norms of f, rot f, v appear in formulations of Theorems 1
and 2 we have strong restrictions on these functions for large 7. To relax the
restrictions we tried to prove global existence step by step having local existence
on a fixed time interval [0,T]. However, we have not been able to obtain the
same estimates on [kT, (k + 1)T], k > 0, k € N, as we have had on [0, 7).

Finally Lemma 2.2 implies that the axially symmetric solution behaves as
three-dimensional near the axis of symmetry.

At the end we recall results on existence of global regular solutions to 3d-Na-
vier—Stokes equations. They base on less-dimensional global regular solutions to
Navier—Stokes equations:

1. two-dimensional [10],
(1.12) 2. axially-symmetric [9], [17],
3. helically symmetric [12].

Global regular solutions close to (1.12); are shown in thin domain [14]-[16], [2],
[3], [7] and in cylindrical type domains [21], [23].

In [14]-[16] Raugel and Sell proved existence of global regular solutions to
Navier—Stokes equations in a thin domain Q. = Q' x ((0,¢), Q' C R?, ¢ — small
and with periodic boundary conditions by using semigroup technique. The result
was generalized by Avrin [2], [3], who proved also existence of global regular
solutions in the thin domain Q. but with Dirichlet boundary conditions on 99’
and periodic conditions in the third direction. In his considerations the smallness
of € was replaced by large first eigenvalue of — PA, where P is the projection
operator on the divergence free vector fields. He used a fixed point argument.
A generalization of the above results was done by Iftimie and Raugel in [7] who
relax the conditions on the magnitude and regularity of v(0) and f.

In [21] global existence of regular solutions is proved by the Leray—Schauder
fixed point theorem in Besov spaces in the case of slip conditions on a cylindri-
cal boundary. In [23] there is considered Navier-Stokes motion in non-axially
symmetric cylinder with inflow and outflow on S5. The methods and spaces are
similar as in [21], however the proof is much more complicated because nonho-
mogeneous Dirichlet boundary conditions are considered. Results in [21], [23]
are such that derivatives of v and p in the direction x3 are sufficiently small.
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Existence of different global regular solutions close to (1.12) are shown by
the author (see [18]-[20], [22]). In [18] global existence of solutions to Navier—
Stokes equations in an axially symmetric cylinder with slip boundary conditions
is proved. The solution is close to the axially symmetric solution because deriva-
tives of cylindrical coordinates of velocity and pressure with respect to ¢ and v,
are small. Global existence follows because a time decay on the external force is
imposed.

In [20] global existence of solutions with slip boundary conditions and in
an arbitrary axially symmetric domain is proved. The solution is close to the
axially symmetric solutions in the similar way as in [18]. The energy estimate
for the azimuthal component of vorticity (o) is the main estimate in [18] and
[20] (see also [9], [17]). To obtain such estimate we need homogeneous boundary
conditions for a,. Such boundary conditions are in [18] and also in [9]. However
in [20] we have nonhomogenous boundary conditions for «,, because curvature
of the boundary is different from zero. This makes proof in [20] much more
complicated than in [18].

In [19] and [22] global existence of solutions is proved in a cylinder without
the axis of symmetry. Solutions in [19] and [22] have large swirl. In [19] we
proved existence of axially symmetric solutions but in [22] existence of solutions
which are close to axially symmetric.

Finally, in [4], [5] existence of solutions, which are some generalizations of
solutions from (1.12)3, is shown.

2. Notation and auxiliary results

To simplify considerations we introduce

‘u|p,Q = HUHLP(Q)a Q € {9757 QT,ST}? p S [1700]7
lulls.o = [lullzs(Q), Q€ {Q,S}, s € Ry U {0},
||U||s,Q = HUHW;«S/?(Q)a Qe {QTv‘ST}’ seRyU {0}7

where [[ullo,q = [ul2,q, H*(Q) = W3(Q).
We use weighted spaces L, .(Q), H;;(Q), W;(Q), Q € {€, S} with the norms

1/p
il = lullz, 0y = ( / |u|prp“dQ> ,
Q

1/2
lollne =Dl = ( 5 [ ipzulro—venaq)

lal<s g

1/p
ullls,ppe = ||UHWI§7M(Q) = ( Z /|D§u|Prp“dQ> ,

lel<s g
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where 4 € R, p € [1,00], s € NU {0} and W;’O(Q) = W;(Q), so [|ullls,p.0.0 =

ullls.p.q-
We need also anisotropic Sobolev spaces

Hu”s,u,QT = ||u||H:vS/2(QT)a Q S {Q,S},
|||u‘||s,p,u,QT = ”u”W;,’i/z(QT)’ Q S {st}v

where |[[ull[s p.0.r = l[|ullls p.qr and

T 1/2
lullgorsigry = (X [ [Ipzopure-seie doar)
[a|+2a<s Q

T

1/p
||uHW;fi/2(QT) :( Z //|D§f8{luprp”dxdt) .
|al4+2a<s Q

Moreover, we introduce anisotropic Lebesque spaces

[ulp, po. 07 = llullz,, 071, @) @€{Q2 5},
ltlp, > 07 = Ly, 0,158, 0@, Q€125 neR,

and p1,p2 € [1, ).

In the above definitions 2 is a cylinder with the axis of symmetry, S = 02
and r is the distance from the axis.

Let 7o € (0,R), 0 < 0;, i = 1,2, such that rg + 26; < R and rg — 255 > 0
be given. Then we introduce a partition of unity {¢(¥(r)}, i = 1,2, such that
¢W(r) =1 for r <rgand (M (r) = 0 for 7 > rg + 61, (P (r) =1 for r > r and
¢ (r) =0 for r <7y — ba.

Moreover, Q) = {z € Q : 7 < r}, Q= {& € Q: 7 > 1o}, Q) =
Qrotksy \ oot (k—1)51 > ﬁ’(k) = Qroks \ Dy (k195> k € N.

Introduce also a function ¢ = ¢(®)(r) such that

Q(S)(T) =1 forr <rg+dy,
§(3)(r) =0 forr>rg+20.

Finally we need a smooth function ¢¥ = ¢*(r) such that ¢(Y(r) = 1 for
r > 19— 09 and C(4)(r) =0 for r < rg — 259.
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We use also the notation

1/p
lully, @ = </|u|P7~pa drdz) ,

1/p
llz, oy = ( |u|pdx) ,

1/p
ullz, . = ( || PrPe dx) ,  where dz = rdrdz.

D\ D\ eli

We need also,
Q. ={reR¥:0<e<r<R, —a<z<a},
Qery) ={zecR*:0<e<r<rog<R, —a<z<a}
S ={xeS:0<e<r}.
Considering problem (1.1) in Q. we need additional boundary conditions
V- Tfp—e = Vp|r=c = 0.

Let u be any scalar or vector function. We introduce u(® = u¢®, i =1,2,3, 4.
By ¢ we denote generic constants. To distinguish a certain constant we denote
it by ¢k, k € N. By ¢ we denote also generic increasing positive functions.
By Lh.s. (r.h.s.) we mean the left-hand side (right-hand side), respectively.
Finally, we do not distinguish scalar and vector-valued functions.
For the reader convenience we recall imbeddings and results utilized in this
paper.
Let V¥ (QT) be defined by the norm

A 1/2
lulvgan, = suplu@llie+ [ IVuOlEoar) . keNu o
= 0

From [11, Chapter 2, Section 3] we have

T 1/r
([ 10lad) < dulygan, acw
0

where 2/r 4+ n/q = n/2. Then imbedding W} () C L, () implies

A 1/r
([1us, @) < clulgon, acr
0

for 2/r +3/0 > 3/2 — k. From [13] the following imbedding

(2.1) [[wllys

n
ot tinsmnsa@ Sclullvt ) QCRY,
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holds for s — I+ n/p —n/q <0, where

[l

lal<s g

For weak solutions to problem (1.1) we have

1/p
Vil (@) = ( > /|D§U(I)|prp(“s+'“)dx> :

305

LEMMA 2.1. ([18], [19]). Assume that v(0) € La(2), f € Loo(Ry, Lg/5(12)),
fm fndzdt’ € Loo(Ry), where f, = f-n, n = (—x2,21,0). Assume that Ty > 0

is given. Then there exist constants

2 2
& = Zlow @l + (sw [ fyasar) +( [u0d) | +poRo
Qt Q

141 t
d3(T) = (3 + e T)dj,
where v =v1 + 1o, v; >0, i = 1,2, independent of k such that

(2.2) 0(t)|o <dy fort >0,

t
23) ()3 + e / lo()3 qdt' <3 for t € (KT, (k + 1)T.],

kT,

where k € N.

Now we show that axially symmetric weak solution to problem (1.1) behaves

as three-dimensional in a neighbourhood of the axis of symmetry. Let Q be

an intersection of 2 with the plane ¢ = const. In domain Q we introduce the

weighted spaces
1/p
oty = (X [ 1Dzarearas)
jal<s 3
where 2’ = (r,z), s e NU{0}, p € [1, 0], « € R.
From [8] the following theorems of imbedding
(2.4) lulls, @ <= I1Dbuly g +e "l @,

hold for 1 < p < ¢ < 0o, « > 3 —1/q, where

(2.5) %:<2—2>?+}(a—ﬂ)<1.

In view of (2.4) the following interpolation inequality takes place

(2.6) lell, @ < cIDbully g lulls ™ o +elul,, @)
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LEMMA 2.2. Assume that v is the azially symmetric weak solution to problem
(1.1) from Lemma 2.1. Then the following estimate

(2.7) vz, ©0.7:z,@) < cllvllve@r,
holds for
2 3 3
2.8 2422
(2.8) A

REMARK 2.3. Estimate (2.7), (2.8) is exactly the same as for arbitrary weak
solution to problem (1.1). Hence near the axis of symmetry axially symmetric
weak solution behaves as arbitrary weak solution.

Considering a neighbourhood in a positive distance from the axis of symmetry
(r > Ro > 0), inequality (2.7) takes the form

[v]|Liary < ellvllve@ry,
so the estimate for two-dimensional regular solution holds.

PrOOF OF LEMMA 2.2. For the axially symmetric weak solution inequality
(2.3) takes the form

¢ 1/2
_ 1/2 R "2 /
lelvgiam = @02 sup o,y + (12 106y, gyat) | <ae
- 0

To show (2.7) we look for (2.6) in the form

@9 oly,,,@ < Vel @l g el @
which holds because (2.5) implies
%:§f§<1 for 2 < p < 6.
2. p

From (2.9) we get

/2 T /2
(2.10) (/||v )II= - ) ScsgpvlllL;’l‘m@)(/IIWIIQLWZ@) dt)
0

+ qu’%/2 Slip ||U||L271/2(f~2) S C(T)H’UHVZO(QT)'

The norm on the Lh.s. of (2.10) equals

(/h)an))M%
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Expressing the integral in the form [|v||z, 0,7:z,(0)) We have

2 + 2 2 + 2 + 2 3 3 + 2 3 1
— - = — — = —_— = - — = - = - —.
o p 2/x p p 2 p p 2 p
Hence (2.8) holds. This ends the proof. O

3. Estimates near the axis of symmetry

In this section we find some inequalities for solutions of problem (1.1) in a
neighbourhood of the axis of symmetry. The inequalities are necessary to find
an estimate for solutions to (1.1) and to prove the existence of solutions.

To obtain estimates in this section we follow the considerations from [18].
First we examine (1.4). Multiplying (1.4) by by ¢(!) we obtain

1)
YO o vy ® = I @ Ay +1/X
: r 72

2
(3.1) = xv - V¢W —p(2V¢OVy + xACW) + Zwu® + FLY in T,
T
XM =0 on ST,
X(l)‘t:O = X(l)(o) in Q..

LEMMA 3.1. Assume that v € Loo(0,T5La(2)) N La(0,T; W4 (), w €
oo(O7T;H(%(QE(r0+51))); uM e Lo(0,T5 Ly, —3/4—2,(Q:)), where g > 0 and
e > 0 are arbitrary small. Assume that Fél) € Ly(0,T; Lo, _1()), xM(0) €

LQ’,l(Q). Let
t
FWO gy 2 (1) 2
0= [[ELO 20
) r 2,0 LA PXo)
Then
(¢ F ot
(3.2) ’ v [ ’v dt
20, .
i
Cc
< SIVCOL, (/wanmsﬂdﬂ
0

tesuplwl o ., [ IO e, d + PO,
0

where t <T.
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PROOF. Multiplying (3.1); by x(*)/r? and integrating over Q. implies

1d|x® 2 X(l 1)X(
(33) th"r 2795 v|Ve=— r /’UXVC dx
( ) (€]
—V/(del Vx + XAC 1))—dx+2/—u /7L
Qa

Now we examine the particular terms on the r.h.s. of (3.3). We estimate the first

term by
Y2 (1> v Ve 2
e1|—— +el — ||/ )
" o0, €1 r 6/5,Q.
where the second integral is bounded by
(1)
e} VC 3.0,

Integrating by parts the second term on the r.h.s. of (3.3) takes the form

12 (1) (1) 2
1//7|v<2 | X2d$—2l//—v< CB Vrx dz,
T T

where the second integral is estimated by

2 1 2
AT +c| — Vc(l)&
2,0, [Sp) 7”2

2,0,

€2

The third term on the r.h.s. of (3.3) is bounded, by the Holder and Young
inequalities, by

/,42760

2 u(l) 2

€0

R eE
+c
€
2,Q. 3 o

€3 dl‘,

r

where €3 > 0 is an arbitrary small number. Further, we estimate the second
integral by

(1))2
7€(r0+51)|u |4,*3/4*€o,95

C|w|i,71/4,95(m+51>\U(1)|i,73/4750,95 <

Finally the last term on the r.h.s. of (3.3) is estimated by

2 (1)
1\|F
+ c() .
2.0, €4 r

2
x®

Eq|—

2.0,
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Utilizing the above estimates in (3.3) and assuming that ; — &4 are sufficiently
small we obtain

d ™ |? (1) ]2
(34) — X Z/‘VX
at| r 2,Q¢ 2,Q.
2 2
< VCWZ g (|v|;QE1> X + 12 )
Tlsa,, 1T 120y,
£ 2
2 (1)2 )
+ CHwHLO»Qe(mMﬂ'u |4-3/4-c0.0. F C’ T loq.
Integrating (3.4) with respect to time and using that
X 2 X 2 c
XY < SlbliRang..
2’9(1) 3’Q<1)
we obtain (3.2). 0

To estimate the second factor of the second term on the r.h.s. of (3.2) we
localize problem (1.9) by multiplying it by ¢(*). Hence we have

u(tl) +v-Vu® 4 %u(l) —ouV¢W 4o, - VD + UTT’ZwC(l)

e

—vAu + VUV +uAC) + v = fL) in 7,
35) ul =0 on Si,
u) =0 on Sgs,
u(l)‘t:0 - u(l)(()) in Q.
Let
Xi(t) = [ 2,—s.00 + ™ (0)]2,—5.0,

(3.6) bl(t) = |'U|OO,27Qt,
ba(t) = vzlg2.0t + vals 2.0 + V300,08,

where 0 < 6 <1 —3/q. Then for solutions of (3.5) we have

Vel

LEMMA 3.2. Assume that

v € Ly(0,T; W, () N Ly(0, T Wy (2)) N Lo (0, T L (R2)),
w®) € Lo (0, T3 Hy (),
f € Lo s(Q7), wM(0) € Ly _5(Q), 0<d<1-3/q.

Then solutions of (3.5) satisfy the inequality
(3.7) |u(1)(t)|§’_5795 + \u,(alz)@,—a,gg + |U(1)|3,—(1+5),Qg

d2
< cexp(cbi(t))|b3 sup lw®1F 0.0, + TT%;\VC“)Iio,g(b%(t) +1) + X7 ()|
0
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PROOF. Multiplying (3.5); by u")r=23 § > 0, and integrating over Q. yields

1d Ex 252
(38) 5 gl Bmsa. + V<1 - 2) [ —s0. + ”(1 e >“(1)|§,—<1+5>,95
= — /v VuWyWp=20 g / Ul|u(1)|27“—25 dx
r
QE

Qe

+ /vuV((l)u(l)r*% de — / (% Vw + ”mw> (W (0=26 gy
T

€ =

Qc

QE
Now we have to examine the particular terms on the r.h.s. of (3.8). We

examine the first term in the way

1
/U . V|u(1)\27“_25 dxr = —5/1; . VT|u(1)\2r—25—1 da
Qe

Qe

and the last expression is bounded by
; |

€1|u(1)|%,7(1+6),§15 +c(l/en)vlZ 0,45, u s =T

The second term on the r.h.s. of (3.8) is also bounded by I;.
The third term on the r.h.s. of (3.8) is restricted by

? 1) 1
)= w2
ro( ) IV el

uh

7o

2
ro.
27Q<1)

€2 §Q|U

6,9,
We bound the fourth term on the r.h.s. of (3.8) by

2
1,0,Q.

1
53'“(1)@:1/(%2),725795 + c(€3> v ‘217Qro+61 ™|
/U’Zw VW Wr=2 g = I,

QE

+c

where g € (2,00). Choosing ¢ sufficiently large, estimate (2.1) implies
o/ (q-2),~25.0. < elu® -5,

with 6 <1—3/q.
Finally the last integral in I is bounded by

(1) |2 1\ 1
u
= vc®)2 . 2
+C<€4>r(2)6| C |oo,Q|v7 |3,Q

= 2
w|2,9'<1)-

7o

€4

6,0.
The fifth term on the r.h.s. of (3.8) takes the form

y/[u2|VC(1)|2r_2(S —26u*¢MWve™ . Vrr_%_l] dz,

Q
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where the second integral is bounded by

C
m |VC(1) |§o,ﬂ|u|§,9;1>~
0

Integrating by parts and utilizing (3.5)3, the last term on the r.h.s. of (3.8) takes
the form

—/f;l)uf;)r_Qé dx
Qe

and it is restricted, by the Holder and Young inequalities, by

2
2,-6,Q."

1
1)2 1
55|U,(z)|2,—5,95 + 0(55> |fg(p )

Utilizing the above estimates in (3.8) and assuming that e; — €5 are sufficiently
small yields

Ex _
39 EhB sa + (1= 5 ) 2|8 e,

252
1— — 2 a2
+ {V< B ) 5} w13~ (146),0.

*

1 2 1)2 2 1)12
<3 ) 10Beten, B s, 10y, 10 s,

1
+ Tﬁwg(l)|§O,Q(|U,z|§,ﬂ‘w|§,ﬂ' + |U|§,Q|U|§,QEU + [u
0

2
5 2 a0,

(1)

+ |f<(pl)|§,75,525]3

where £ > Zle €.

Taking €, < 2, § < 1 and choosing € sufficiently small we obtain that the
coefficients near the second and third norm on the Lh.s. of (3.9) are positive.
Then integrating (3.9) with respect to time yields

|u(1)(t)|§7_5795 + u,(;)g,—(s,gg + |U(1)|§,—(1+5),Q;

clvl?

2
<ce

ot
o sup [ g.0,lo.f

Q»27030+51

v,

1
+ o5 | VCO o (sup ful3 g, o
0

(1) g,Q,Qt + “U"g’oo’ﬂdugagx)

+ \UE’Q'&)) + |f§) g,-&n; + |U(1)(0)|3,75,QE]-

Utilizing that v is the weak solution to problem (1.1) we obtain (3.7). O
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To estimate sup, [|w™|1,0.0. in (3.7) we localize problem (1.5). Multiplying
(1.5) by ¢ we get

w,(tl) +v- V) —pw-veh 4+ %w(l) — vAw®

(1)
610 + v 2VwVe® 4+ wAcW) + V% = fél) in Q7

w(Tl) =0 on ST,
wfj) = on S7,
wM]—g = w™(0) in Q.

Let us introduce the quantities

ory KO = 10Ol + OO0+
b3(t) = |v]5,0¢-

Employing proofs of Lemmas 6.3.2-6.3.4 from [18] we obtain

LEMMA 3.3. Assume that v is the weak solution to problem (1.1). Assume
that v € Ly(0,T; Leo(2) N Ls(QT), &V € Ly(QT), wD(0) € HYQ). Then
solutions of (3.10) satisfy the following inequality

(312) (OB, + lw? (@)

t
og e [ D@ g df
0
t
< et {e‘t / WM (t)[3 g € dt’
0

+(IVCWZ o + VAW 2, 0)(d3 +B3(1) + X5 (t) ]

PROOF. Multiplying (3.10); by w(!) and integrating over Q. implies

1d
(3.13) iahﬂ(l) 3a. TYVuYE o +rlwB3 g
—/va((l)w(l) dm+/&‘w<1>‘2d$
T
Qe Q.
+ V/(2VwV§(1) + wACWYw® dz = /fél)w(l) dz.
QE QE

The fourth term on the Lh.s. of (3.13) can be treated in the way

3,95 + C|V<(1)|§C,Q|U|§,Q;U-

‘/vaC(l)w(l) dz| < c|w|§o/3,921)\w(1)
Q.
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We estimate the fifth term on the Lh.s. of (3.13) by
(1)2 1 2 (1)2
er|w' 3 1 o, +c(l/en) v lw' M]3 g, -

The last term on the Lh.s. of (3.13) equals —v [, w?|V¢®W|?dz so it is bounded
by ¢|V¢W 2 |w|? - Finally the r.h.s. is estimated by
: Q2

ealw W3 _y o, +e(l/e)|fel3 10,
In view of above considerations (3.13) takes the form

1d
(B.14) - WV, + vV B o + (v —e)lwV o,

< C(|VC(1) |ZO,Q|U|§,%) + \w|?0/379|w(1) |§QE)

1
#o( 1) (ot Bo, + |foBan,) + Ve plu o,

where e, = €1 + €. Multiplying (3.10); by w,(tl) and integrating over (). yields

|w7(t1)|§795 + /11 . Vw(l)wftl) dx — /vaC(l)w,(tl) dx
£ QE

(1)

(1)
+/&w(1)w(t1) dxfu/Aw(l)w(tl) d:chl//%dx
T ' ' r
Qe

€ Qe

+ V/(QVwVC(l) + wAC(l))wftl) dr = /fél)wftl) dx.
Q. Qe
Continuing, we have
vd
2 dt
<clole VB g, +e [vPuTCOR da
Qe
+ C/(lVW|2|VC(1)I2 + [wP|ACD P da + el V15 0,
Q.

1«
(315)  SlwyBo. + 52 (Voo + 0V i)

Adding (3.14) and (3.15) yields

d 1
(316) o, +vofw®)] S, T lwiBo,

?,0795 + vffw® ”%70,95 + V\wfi)

9
— W
dt

< cul alwWT 0. + ellwliosa + vk o)™ o,

+ C|VC(1)|§O,Q|U|§,Q(1) + C|V2C(1)|c2>o,ﬂ|w

+ C|VC(1)|§O,Q|VW|§,QE1) + C|f5;1)|5,95-

2
U
2,9(1)
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Multiplying (3.16) by et=eJo v " and using that [wli0/3,0 < |v]s,0 gives
d . [t ’ L[t ’ ’
(3.17) d7(|w(1)|§ g et cdo It o, dt'y 4 v (||w(1)||1 0.0 etmelolvtt oo di’y
1/|w 1)|2 et=c fo [v()% qdt’

< g et~ OB o, oo g

VDR, oVl gy +IV3COR, glulf g Jei=eh MO ad
+ o fV)2 g et e fy lo(t’ )Iio,n dt’

Integrating (3.17) with respect to time yields

™ (¢ )I% e fi e dt M (1)[2 ) o et =o 0 1Pl 0

/ WO ()G 0= 1 o ! 1 o

r_ t! 7y12 "
HITHD0) (0B ey, + [l g, Jet = 140 e gy
0

t
c / o) R, e e h P et gy 4 W (0)2 o + vl (0)[2 g g, -

Simplifying we obtain
t
(318) [w M (t)3q, + ViV @) o0, +re / ()0, ¢

t
<ce clvlwm’[ _t/|w(1)(t/)|§§z e dt’

(|VC(1)|O<>Q+|VQC(1 \oon)(|v|5m + |w 7w|29(t +\w|mt)

+felzr + 1w (O0) o, + [0 (0)]12 0 0.

Utilizing (3.6)2 and (3.11) in (3.18) implies (3.12). O
Let
(3.19) ba(t) = |vl3 2,07

To estimate the first term on the r.h.s. of (3.12) we need
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LEMMA 3.4. Assume that v is a weak solution to problem (1.1). Assume that
v € Lo(0,T; Lo () N La(0,T; Ly (), fS) € La(QT), wD(0) € La(Q). Then
solutions of problem (3.10) satisfy
(3:20) [wM ()30, + vilw® @) 0.0,
< cexp(eb? (1) [| V¢V % o(b3(8) + 1)d3 + X3(1)).

PROOF. Multiplying (3.10); by w(!) and integrating over Q. implies

1d
(321) o wDBq +v(Vu Vg +wVE 10,)
= —/&|w(1)|2dﬂc+/Uwvg(l)w(l)das
r
. Qe
—u/(Qvac“) +wAW)yw® de + | fOw® da.
Qe Q.

We estimate the first term on the r.h.s. by
erlw W g, +ec(l/en)onlZ olw g,
The second term on the r.h.s. of (3.21) is bounded by

52\“}(1)%,95 +c(1/e2)| V¢ go,ﬂ|v|£2’),ﬂ’ |w|§Q

’ .
(1) (1)

The third term on the r.h.s. of (3.21) takes the form

v / W VCOP dr < dVEDR, glul
Q

w’
Finally, the last term on the r.h.s. of (3.21) is bounded by

53|w(1)|§,—1,95 + 0(1/53)\f591) 2.

Utilizing the above estimates in (3.21) and assuming that £; — €3 are sufficiently
small we obtain

d
(3.22) %W(I)@,QE + V\Vw(l)@,ﬂs + V|w(1)|§,71,95 < C|UT|20,Q|w(1)|§,QE

+ | v¢ |go,Q(|U|§,Q’(1) |w

2 2 1)2
2.0, |w|2,%)) + o fS 1.

Integrating (3.22) with respect to time yields
(323) [w ()50, +Vilw?|F0q. < cexplelvls 2ar)
IVCV o a0 + Dlwl g + £V 100 + [0 (0)[3 ).

In view of (3.6)2, (3.11)1, (3.19) and the fact v is the weak solution we obtain
(3.20) from (3.23). O
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We estimate the first term under the square brackets on the r.h.s. of (3.12)
by
¢

(3.24) e Sup\w(”(t)lins/et' di’ < sup [w™M(t)[3 o,
t

0 =t
< cexp(eb? (1) |V % o (1 + b3(1)d3 + X3(1)),
where (3.20) was employed. Utilizing (3.24) in (3.12) yields
(325) [ (W) q, + Il (O] o0,
< e [VCW g + IV ) - (5 + 05 + bid3) + X3).

Repeating the considerations leading to (3.25) for the function w®) = w¢®) we
obtain

(326) |w® ()50, + v ()] 00
< e [([VCPZ o + VD2 o) (d3 + b3 + b3d3) + X3,
where X3(t) = [[w®(0)]1.0.0 + [w® (0)]2.0 + | £ |2.0:. From (3.25) and (3.26)

we have

327) > (W OB o, + 0?01 0.0.)

i=1,3

2 .
gw%[23w<|wg+w2”&ﬂm@+@+ﬁ£>n@+xg.
1=1,3

Using that
SUp [[w ()10 2. ) = SuP||w(3)( 10,0
and applying (3.27) in (3.2) we get
t
(3.28) ’X +v / 'qu dt’ < T—CQ|VC(1)|§O7Qb§(t)
2,0, 5 0
+ e[ 3 (IVCDZ o + \VQC“ Ioo,m(d% + b3 + b3d3) + X3 + X3

i=1,3
t
-/WWmeﬂ&W+m%x
0

where bs(t) = [|v]| L. (0,t:2.)) + V] o0, 73w (2))-
Finally, we have to estimate the expression

I= [ W@ ey,
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Using imbedding (2.1) in the form |uls,_(541/4),0 < cllull1,—5,0, we obtain for
0 =1/2+ &g, g9 > 0 arbitrary small,

(1)H1

w4 —jate0).0. <tV 11 2420).0. -

Hence

t
I< 0/ luD EIT — 1 j2e0), 0. A = 11,
0
which is estimated by (3.7) with 6 = 1/2 +&3. Then 1/2 +¢; = 1 — 3/q, so
q=6/(1—3z).
Now, in view of (3.7) and (3.20) we have

I < cexp(eb})[|[VCW 1% od3 (1 4 b5 + b3b3) + b5.X5 + X7).

Utilizing the above estimates in (3.28) yields

2 p (1) (4
t

+V/'VX *)
2,0, ) r

T cexp(ct?) [ ST (VCOR g+ [V Re ) (63 + 83 + B3d3) + X3 + X3
i=1,3

(3.29) 'X(lz(t)

2
c 1)2 4
. dt’ < %WC( )|oo,9b5

IVCWE od3 (1 + b3 + b3b3) + b3X5 + X7 + VY

Now we shall obtain estimates for the vorticity vector. First we localize
problem (1.7),

a£}2 +v- Vagl) —v- Voz,-VC(l) — (aﬁl)vm. + agl)vm)

(1)
(3.30) —vAa) + VC% +v(2Va, V(W + a,ACM) = FY in Q7
D=0 on ST,

S (1) in Q.

(%

;
oy

Next, localizing (1.8) we have

agg +v-ValV) —va, V¢ — (WMo, . + oM, )

—vAa) +v(2Va, V¢ + a, Ac) = FV in 07,
(3.31) al =0 on ST,
0422 =0 on ST,

aM]—g = M (0) in Q.

For solutions of problems (3.30) and (3.31) we obtain
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LEMMA 3.5. Assume that o' =(a,, ), F'=(F., F,), v € L3(0,T; Lo (),
v, € Lo(0,T; L3(2)), FV e Ly(QT), V' (0) € Ly(Q). Then

(3.32) [aW (OB q. +vlal) 3o + a3 g

005 2,600 + €lvl3e 2.0 1A IVCH S ol

2
< cexp(c
3,2,9(1)

+ \VC(1)|<2>O,Q|O/\;QE§) +|FM |§,szg + ot 0)3,0.]-

PrOOF. Multiplying (3.30) by ozgl) and integrating over ). gives

1d
(3.33) 5@@5}) 39 + V|a7(~,1:2:‘§,§25 + V|a£1)|%,71,95
= /vaTVC(l)o&) dx + /(ozgl)vm. + ail)vr,z)agl) dx
Qe Q.
- V/(QVQTVC(D + a, ACW)alY dz + /Fr(l)agl) dzx.
Qe Qe

We estimate the first term on the r.h.s. of (3.33) by

51|04£1)|§,Qs + 0(1/51)|VC(1)|c2>o,sz|”|§,ﬂ|ar|§,%)a

and the second by
ealotV o, + c(1/e2)[valf ala™ .-
The third term on the r.h.s. of (3.33) equals
u/aE|VC(1)|2 dz.
Qe

Finally, we restrict the last term on the r.h.s. of (3.33) by

eslaM3q, +e(l/es)| FV 3 g,

€

Utilizing the above estimates in (3.33), assuming that e; — e3 are sufficiently
small and applying the Poincaré inequality we obtain

U|§,Q|ar|§,ﬂ'

d
(330) la®Ba, + vl o0, < (V¢ g

oV’

+ |U,oc|§,s2 %Q + |VC(1)|?>O,Q|CYT|§,Q'(1) + |Fr(1)|§,95)-
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Next we examine problem (3.31). Multiplying (3.31); by agl) and integrating

over (). yields
1d
2 dt

2

(1))2 (1)
a; |2,QE + V‘az,w 2,0,

= /vaZVC(l)ag) dx + /(agl)vz,r +aWMo, ol do
Qe Qe

—v /(2VaZV{(1) + a. ACM)aM dz + | FVab da.
Q. Q.
Repeating the similar considerations leading to (3.34), with difference
/ (a2, , dz = —2/ agl)ag;vz de =1,
Q. Q.
where
1] < erlall o, +c(1/en)v:% alalV 3 o

sbe

we obtain

2
Oéz|3,sz'(1)

+ 51|a£1)|2)95 + 0(1/51)(\Uz,r|§,9 + |v, c2>o,Q)|a,(zl)|%,QE

+ |VC(1)|§Q,Q|O‘Z|§,QE + |Fz(1)|§,95)-

d
(3.35) %szl)@,ﬂe + VW%@,QE < C(\Vﬁ(l)\go,nwg,ﬂ

Summing up inequalities (3.34) and (3.35) and assuming that ¢ is sufficiently
small yields

d , /
(3.36) %W(l) 5.0, + V|04,(;) 5.0, + V|04£1)|§,—1,95

< C(\V<(1)\§O,Q|U|g,ﬂ|a/

!’
39' + (|U,z|§,ﬂ + |U|§o,ﬂ)|a(1) |§Q

e}
+ ‘VC(1)|207Q 3,9;1) +|FM |§,Q€)'

/
«

Integrating (3.36) with respect to time implies (3.32). O
Utilizing (3.19), (3.6)2 and assuming

Xa(t) = [FOY (1) a0 + 10! (0)]20
we simplify (3.32) to the following form
(3.37) |a(1)/(t)|§,95 + V|04,(;)/|§,Qg + V|a51)|§,71,93

< cexp(e(by + b)) [V % obi (1 + dF) + X1,

Finally, we localize problem (1.6)

rot v = v x V¢ + o in Q,
(3.38) divo® = . v¢® in Q.,

m-vW|g =0 on S..
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For solutions of problem (3.38) we have
(3.39) oM vz ey < eda(t) + [l [lvsar))-

Now we have to find an estimate for the r.h.s. of (3.39). Simplifying (3.29)
yields

2

t
@)y
+1//'VX *)
2.0, ; r

< (b, d1,d2)[

2
dt’
2795

xW(t)
T

(3.40) ’

2
1
= + X7+ X3 +X§} + Yy,
1

b= by + by + b3 + by, and (3.37) takes the form

1

(3.41) a3 0y < (b, dr) [5% + XZ]-

We need an additional estimate for (). Multiplying (3.1)1 by X and inte-
grating over QL we have

2

1
(3.42) §|X(1)|§,QE + V|VX(1)‘§,Q§ +v

2,0t

+ ’ /xv VDD dg ar’
QL

< ’ / (V)2 da dt
o

+v

/ VIV + xACD )W da dt!
Qt

€

+ ' /Fg(,l)x(l) dx dt’
Qt

1
+ ’ / QI”“T())X“) da dt!
Qt

1
+ §|X(1)(0)|§,QE'

We estimate the first term on the r.h.s. of (3.42) by

t t
1)
U
[ at] [ 22 an) < [l Do -
r ™ 13,0
0 A, 0 e
t
1)
< Sup|vr|2,96/|x(1)|6,ﬂs Xolar
t ™ l30
) Q.
t t
1 M2
§51/|X(1)|29 dt,"'C()d%/”X 2 dt'.
J »he €1 J r 1,0.
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The second term on the r.h.s. of (3.42) is bounded by

t
|VC(1)|oo7Q/|XUX(1)\dxdt/ < |VC(1)|oo,QSI§P|U|2,QE/\X|3,QE|X(1)|6,QE dt’
Ot 0

t t
<o [ WOERa a4 o )V g [ IR, ar.
0 0
The third term on the r.h.s. of (3.42) equals
y/ |VCW 22 da dt’.
Qf
Integrating by parts in the fourth term on the r.h.s. of (3.42) yields

’/ Eu(l)x(l)dmdt’
T

Finally, we estimate the fifth term on the r.h.s. of (3.42) by

w
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Utilizing the above estimates in (3.42) and assuming that £ — &4 are sufficiently
small implies
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In view of (3.7), (3.26) and (3.40) inequality (3.43) takes the form
(3.44) XM (®)3q. + V|VX(1)|§,Q; + V|X(1)/7“\§,Qg
< @(bydy,d2)[1/6F + X7 + X3 + X3] + Y.
Finally, from (3.41) and (3.44) we obtain
(345) [ F0qe) < @b, di, d2)[1/67 + XT + X5 + X3 + X{] + Y7

Since the r.h.s. of (3.45) does not depend on € we can pass with € to 0 in (3.45)
and also in (3.39). Then by applying the properties of the cutoff functions we
obtain from (3.39) and (3.45) the inequality
(3.46) |U(1)|10,szt + |VU(1)|10/3,W < CHU(DHV;(QU

< Qo(b, dl,dg)(1/51 + X1+ Xo+ X35+ X4) + C(dg + Yl)
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4. Estimates in a positive distance from the axis of symmetry

In this section we follow the considerations from [19]. First we examine
problem (1.4). Multiplying (1.4) by (¢(®)? we obtain

()
’ (U3 ’ X
R R e N DAY (A
2 7
(4.1) —v2V(CP)P?Vx +XACP)) + ZwPw?) + FE in Q7
X(Q)/ = O on STa
X 1o = X' (0) inQ,

where X(2) = X(C(2)) F(2)/ = F(C(z))Q’ w(z) = w<(2) Let

(2)
X' (0)
(4.2) Ya(t) = [FP 200 + ‘T ; be(t) = [1v]| Lo 0,6w2 (2))-

2,0

LEMMA 4.1. Assume that v is the weak solution to problem (1.1). Assume
that v € Ly(0,T; W(Q)), F?) € Ly(QT), XD (0) € Ly(R). Then

2)’ 2 ¢ 2) (41 2
(43) )X( iy +u/ XN gy
T l2a J r 1.0
w® 4
<c|VCP 2, o(dF + 1)b3 + c| — + Y2 (t).
4,0t

ProOOF. Multiplying (4.1); by X(z)//r2 and integrating over ) implies
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Now we shall estimate the particular terms on the r.h.s. of (4.4). We restrict the
first term by

72
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1
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6,0



GLOBAL AXIALLY SYMMETRIC SOLUTIONS TO THE NAVIER—STOKES EQUATIONS 323

The second term on the r.h.s. of (4.4) equals

)
V/XQV(C@))QV(C:Q)Q dx

Q
2 (2))2((2))2 2
:y/g|v(<<2>)2|2dx_2y/V<< PP
r
Q

r3
Q

where the second integral is estimated by
@’ 1 (2)
X N C() ‘ V¢ x
2.0 1S5 T

The third term on the r.h.s. of (4.4) equals

(2)]2 @) (2)]2 2
J(558) e 22 e
T > T r r 2
Q ’ Q ’

@'\ |2 4
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r ,212,Q €2

Finally, the last term on the r.h.s. of (4.4) is bounded by

2 2
1\ |F
C( ) ‘ ;
2.0 €4 T

Utilizing the above estimates in (4.4) and assuming that ; — &4 are sufficiently

2
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2,0

Hence,
w®

|| < e3
,

4,0
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small we obtain

INCAE NOQTE
(4.5) 7 v <c ‘VC(2)‘zO,Q|U|§,Q V2130
2,0 1,0
1 w® |* 1
9@ o | 1 pep )
+ (TO — 52)2‘ C |oo,Q|v, |2,Q + T luo + (TO 7 52)2‘ © |2,Q
Integrating (4.5) with respect to time and using (4.2) we get (4.3). O

To estimate the second term on the r.h.s. of (4.3) we need the following
localized version of problem (1.5)

w(tz) +v-Vw® —pw-ve® 4+ @ — yAw®
: T
VVC® + wAc®) 40— 42 in Q7
+ v(2VwV ™ + wAl )+V7"2 =fo maes,
1
(4.6) w? = Zw® on Sf,
w(2)|7‘:7‘0—§2 = 07
wfzz) -0 on ST,

w o = w®(0) in .
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LEMMA 4.2. Assume that v is the weak solution to problem (1.1) satisfying
(2.2)~(2.3). Assume thatv € Ly(Q7T), 35,2) € La(0,T5 Ly 3()), w®(0) € Ly(Q).
Then solutions of (4.6) satisfy

@7 WP @i+ vV PR g+ vlw®]] o

< o(d)diT +

s+ vl + el PN 5000 + 10 (0)]f g
2

PROOF. Multiplying (4.6); by w®|w® |2, integrating over Q and utilizing
boundary conditions implies

w® |4

VT i
|w(2)|4dx+/|vaC(2)||w(2)|3dx
Q

1d

3
(48) TR + VPR g +y
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—v /(2VwVC(2) + wACP)w® w2 dz
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Q
1
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Q S1

We estimate the first term on the r.h.s. of (4.8), by the interpolation inequality
(see [6], Section 15), by

a1 VIw® P o + (1 /er, di)Jw® P g,

where estimate (2.2)—(2.3) was utilized and &1 € (0,1). We restrict the second
term on the r.h.s. of (4.8) by

lwv - VC(2)|4/3,Q|U}(2)|%2,Q < 52|w(2)|4112,9 + c(1/e2)|wv - VC(2)|3/3,97

where g5 € (0, 1), the first norm is bounded by ex¢|| [w® |2 [|3 ¢, < ea¢(|V|w® 2|2
(2) 4 (2))4 4 4

+w'?) /\/r|; o) and the second by ¢(1/e2)[V{ \OO,Q|U|27§<1) |w 180"
The third term on the r.h.s. of (4.8) equals

. / (Vu V@@ 4 2 A @) ]2 dg
Q
= V/w2|V§(2)|2|w(2)|2da: + U/MQVC(Q)C(2)V|U)(2)|2dx =1+ I,
Q Q
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2/12
|Ill < (/('LUQVC(Q | 6/5 dl‘) </|w 2)|12 dx)
Q

<53|w()|129+0( )|VC(2)| Q|w|12/59'

where

1 <T@ PR + o 2 ) IV Ealullg |

and e3,e4 € (0,1).
The fourth term on the r.h.s. of (4.8) is estimated, by the Holder and Young
inequalities, by
a5|w(2)|‘1‘2’9 + 0(1/55)|f<§;2)|i/3,97
where €5 € (0,1).
Finally, the boundary term is bounded by

&6l V(w)? 30 + c(1/e0) | lw P} g

where 6 € (0,1).
Utilizing the above inequalities in (4.8) and assuming that €1 — g are suffi-
ciently small we obtain

(49) ol + IV PRg + w
. w 4,0 w 2.0 14
idi VLo
< c(dy)di + C|VCQ)|io,Q(d411|w|i§£1) + |w|‘%7§21) + |w i@(l)) + C|f§;2)|j11/3,(2'

The second term on the r.h.s. of (4.9) is estimated by
54 (1 +d )(|v\isz + |U|1112/5,Q)'

Utilizing this in (4.9) and integrating the result with respect to time implies
(4.7). This concludes the proof. O

Next we consider the elliptic problem

Ur,z — Uzr = X,

(410) Ur,r + Vz,z = ——,

Multiplying (4.10) by (¢®)? yields
v =@ = x® — . (((®)?),,
!’ ! 1 ’7
(411) R R (GURE

’U£2)/|S1 =0, ’U,E;z)/lsz =0, U£2)l‘T:T0*52 =0,
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where v = v(¢®)2, x@" = x(¢(2)2. For solutions of (4.11) we have

412) [0 o) + 10 g, 00w, g0 + 10 oo, z:m200))
< C(HX@)/”LOO(O,T;LQ(Q)) + ||X(2)/||L2(O,T;H1(Q))) + c(dy + d3).

Let us introduce the notation

Y3(t) = \|fé2)|\4/3,4,9t + [w@(0)|4,0.

Then (4.7) takes the form
c

(4.13) [P o0+ |Vw® Pl0 +w® ]y < e(d)T + 5a

(1+d1)‘1}|47ﬂt +C}/3(t).

Utilizing (4.13) in (4.3) yields
&

5 (1+d)vls,+e(d)T +c(Ya(t) +Y3(t)).

¢
(414) Il < £ 0+t
Employing (4.14) in (4.12) gives

(415) (o™ || 0,0m1 ) + 0 I 210/s 0,3 5 (2) + [0 Lo 0,202

é(l +dy + dg)(bﬁ + ‘U‘479t> + C(dl)T + C(d1 + dg) + C(Yg(t) + }/;),(t))

<
Next we need

LEMMA 4.3. Assume that w®(0) € HY(Q), £ € Ly(QT), FYY € Ly(Q7),
XH(0) € Ly(Q). Assume the v is a weak solution to problem (1.1) such that
v € Lo(0, T; W) N Ly(QT). Then solutions to problem (4.6) satisfy

(416) [w®|l2,00 < (Z(t))d

1
+ c<62|v|im +do+ [fP 20 + |w(2)(0)||179> = Z,(t),

where t < T, Z(t) is defined by (4.18) and ¢ is a power function because it
follows from interpolation inequalities.

PRrROOF. For solutions of problem (4.6) we obtain

Urw®

(4.17) ||w(2)H2,Qt < c(|v’ . V'w(2)|279t + \v’wV'C(2)|2,Qt +

2,0t
+ [2VwVe® + wAC(2)|2,Qf + |w(2)|2,9t

Ol 4 [0 [y jasy + [ <o>||m).

Now we estimate the particular terms from the r.h.s. of (4.17). To estimate the
first term we need (4.15) for v@’ where v® = (¥ Therefore, repeating the
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considerations leading to (4.13)—(4.15) in the case where ¢(?) is replaced by ¢4
we obtain

C
w10 + [VIw® a0 + [w® g0 < e(d)T + g(l + d1)lvlaqr + cYs5(t),

where
Y5(t) = 15 lass.a.00 + [0 (0)]10.
Next, instead of (4.14) we have

C
Xy @y < 5*2(1 +di +da)(be + |v|a,0t) + c(d)T + c(Ya(t) + Y5(t)),

where

(0
Y4(t) = |F£4)‘279t + ’X T( )

2,0
Finally, (4.15) takes the form

[ Lo otsmr (2)) + [ HL10/3(07t;W110/3(Q)) + [lo® 0,622 02))

< é(l +dy + da) (b + [0]a0e) + e(di)T + c(dy + do) + c(Ya(t) + Ys(t)).
The above inequality implies
(418)  [o®W 10,00 + [V 103,00 < 5(1 +dy + do) (b6 + [v],00)
+c(d)T + c(dy +do) + c(Ya(t) + Y5(2)) = Z(¢),

where t < T
Applying the Holder inequality we estimate the first term on the r.h.s. of
(4.17) by

W VP <lgg VWP s < 0@ o0 V0P 500
TOo—0o2
<erJw® |aqe + o(1/e1, [V 10.00) WP |20 = 1,

where in the last inequality some interpolation inequality is used (see [6, Chap-
ter 3, Section 10]) and ¢ is a positive increasing function.
In view of the energy estimate (2.2)—(2.3) and (4.18) we have

L < er||w® a0 + o(1/e1, Z(t))ds.
By the Holder inequality the second term on the r.h.s. of (4.17) is estimated by
c c
$|U'|4,Qt\w|4,ﬂt < $|U|Z,Q"

Applying the Holder inequality and some interpolation inequality (see [6, Chap-
ter 3, Section 10]) the third term on the r.h.s. of (4.17) is bounded by

C\Ur\lo@t s |w(2)|5/2,m SC\U(4)/|10,Qt\w(2)|5/2,9t
7092

< €2||w(2)||2,9t + (1 /e, |U(4)/|1O,Qt)‘w(2)|2,52t =1I.
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Utilizing the energy estimate (2.2)—(2.3) and (4.18) we obtain
I < eo]|w@||a.r + ©(1/ea, Z(t))da.

In view of (2.2)—(2.3) we estimate the fourth and fifth terms on the r.h.s. of
(4.17) by cds.

By some interpolation inequality (see [6, Chapter 3, Section 10]) the seventh
term on the r.h.s. of (4.17) is bounded by

53||w(2)||279t + c(1/e3)ds.

Utilizing the above estimates in (4.17) and assuming that £ — e3 are sufficiently
small we obtain (4.16). O

From (4.16) we have
(4.19) |w(2)|1o,m + |Vw(2)|10/3,m <cZy(t), t<T.
Inequalities (4.15) and (4.19) imply

(4.20) [v® 110,00 + |V'U(2)|10/3,Qt <cZyi(t), t<T.

5. Local existence

To prove local existence of solutions to problem (1.1) we apply the Leray—
Schauder fixed point theorem. Let

6
m(QT) = { S UBAT) < 0] maoms sy + 1ol e
=1

vl o.r5za(2)) + 10l Laomwy @) < 00,

3<q=———, €9 > 0 arbitrary small number ;.
1-— 360
Let ) ) )
— = —4+ —+X(T
5* 61 + 52 + ( )’
where
4
ZXi(T) SC(lfg(al) 2,-5,Q7 T |f$;3)|2,QT +|FW 5 qr
i=1

+ [P (0)]2,—s.0 + [[w®(0)[1,0.0 + [ (0)]2,0) = X (1),

and 6 = 1/2+¢g. Let Y(T') be defined by

6
Y YD) el FP nao,rna 1) + IXP O, 0

=1
FIE |y @ry + X O0) | 0) + 1SS (0,78 ()
+ @ O za@) + £ 1 patry + 0P (0)[|1()) = €Y (T).
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In view of the above notation inequalities (3.46) and (4.20) imply

1
(5.1) |vllmry = [vlio,r + [Vuligs.ar < ¢ <5||v||fm(QT)ad17d27Y> +aY,

where @, is an increasing positive function. Therefore (5.1) implies the transfor-

mation
oM7) — nQh).

Next we introduce the transformation

0: M(QT) — WZ,(Q7)
defined by the problem

vy —divT(v,p) = —M\o-Vo+ f in QF,

dive =10 in QT
(5.2) v-m=0 on ST,

n-T(v,p) Ta =0, a=1,2 on ST,

Vlt=0 = v(0) in €2,

where A € [0,1] and 7 € M(QT). Solving (5.2) implies

W25(Q7) 3 v =35(3,\).

Therefore a fixed point of the transformation & = ®50®, is a solution of problem
(1.1).
Now we check the assumptions of the Leray—Schauder fixed point theorem.
We have that
o:M(QT) x [0, 1] — W2, (QF) C m(@"),
where the last imbedding is compact and continuous. Therefore, the mapping

O M(QT) x [0,1] — M(QT)

is compact and uniformly continuous. For A = 0 problem (5.2) has a unique
solution.

Now we shall find an estimate for a fixed point of mapping ®.

LEMMA 5.1. Assume that v is a weak solution to problem (1.1) described by
Lemma 2.1. Assume that X < oo, Y < 00 and 6. is so large that there exists
a constant A such that

1
63 oo (gAY )+ ellflzar + 0Olassa) < A

where @q is described below. Then

(5-4) [v]l2,5/2,0m < A.
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PrOOF. Utilizing (5.1) we obtain for solutions of (5.2) the inequality (see [1])

2
65 Iolaspar Selo(Flolsaar i) +ev]
+c(|fls/2,0m + [[v(0)]l6/5,5/2.0)
=0 (i”vnzs/z,m, dy,ds, Y)
+c(|fls/2,0r + 1v(0)ll6/5,5/2,2)-
Hence if (5.3) holds then (5.5) implies (5.4). O
In view of the above considerations we have

THEOREM 5.2. Assume that v is a weak solution determined by Lemma 2.1.

Assume that X < 00, Y < oo, f € L5;»(7), v(0) € W§/25(Q) Assume that the

quantity . is so large that (5.3) holds. Then there exists at least one solution

to problem (1.1) such that v € W;;(QT), Vp € L5;2(F) and estimate (5.4) is

valid.
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