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POSITIVE SOLUTIONS
FOR A CLASS OF VOLTERRA INTEGRAL EQUATIONS
VIA A FIXED POINT THEOREM IN FRECHET SPACES

RaAvi P. AGARWAL — DoNAL O’REGAN

ABSTRACT. Motivated by the Emden differential equation we discuss in
this paper the existence of positive solutions to the integral equation

t
y(t):/o k(t,s) f(y(s))ds for t € [0,T).

1. Introduction

In this paper we establish the existence of positive (positive on (0,7)) solu-
tions to the Volterra integral equation

t
(11) o)) = [ Kt.s) fulo)ds forte 0.T)

0
where 0 < T < oo is fixed. Our theory was motivated by the Emden differential
equation
(1.2) y' —tPy?=0, p>0and0<qg<1

which arises in various astrophysical problems, including the study of the density
of stars; of course one is interested only in positive solutions to (1.2). Differential
equations including (1.2) will be discussed as a special case of (1.1) in Section 2.
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We remark also when the kernel k is a convolution kernel (1.1) arises in connec-
tion with nonlinear diffusion and percolation problems (see [3] and the references
therein). The results in Section 2 extend and complement the theory in [3], [5].
For notational purposes in this paper if v € C[0,T) then for every m €
{1,2,...} = N we define the seminorms p,,(u) by
pm(u) = sup |u(t)]
t€[0,tm ]
where ¢, T T. Note C[0,7T) is a locally convex linear topological space. The
topology on C10,T), induced by the seminorms {p,,}men, is the topology of
uniform convergence on every compact interval of [0, 7).

Existence in Section 2 is based on a fixed point theorem of Agarwal and
O’Regan [2] which in turn is based on Krasnoselskii’s fixed point theorem in
a cone. We present the result in [2] (see also [1]) for the convenience of the
reader. First however we state Krasnosel’skii’s result.

THEOREM 1.1. Let B = (B, ||-||) be a Banach space and let C C E be a cone
in B. Assume Qq and Qs are open bounded subsets of B with 0 € 1, Q; C Qy,
and let

S:CN(Q\Y) —C
be a continuous compact map such that either
(a) ||Sul] < ||lu|| for w e CNOQ and ||Sul| > ||u|| for w e C N O, or
(b) ||Sul| > |Ju|| for w e CNOQ and ||Su|| < ||u| for u e C N ON,,

hold. Then S has a fized point in C N (Qg \ Q1).

The result in [2] is based on the fact that a Fréchet space can be viewed
as a projective limit of a sequence of Banach spaces {E, }nen. We now extend
Theorem 1.1 to the Fréchet space setting. Let E = (E,{| - |n}nen) be a Fréchet
space with

2|1 < |zle < x|z < ... forevery x € E.

Assume for each n € N that (F,, |- |,) is a Banach space and suppose
Ei1DE, D ...

with |z|,, < |z|p41 for all @ € E,yq. Also assume E = (°_, E,, where ({° is
the generalized intersection as described in [4, pp. 439] (i.e. F is the projective
limit of {E,, }nen) with the embedding u,: E — E,. Fix n € N and let C,, will
a cone in F,, and for p > 0 we let

Upnp={x€E,:|z|, <p} and V,,=U,,NC,.

Notice
0c, Vo, =08,Un,NC, and V,,=U,,NC,
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(the first closure is with respect to C,, whereas the second is with respect to E,).
We are interested in establishing that F' has a fixed point; here F: B} — Ej.

DEerFINITION 1.2. Fix &k € N. If z, y € Ey then we say x = y in Ej if
|z — y|x = 0.

DEFINITION 1.3. If z, y € F then we say x = y in F if x = y in Ej for each
keN.

THEOREM 1.4. For each n € N, let C,, be a cone in E, and also let
Ci12C; 2032 ...

In addition suppose F:E; — E;. Let v, r, R be constants with 0 < v <r < R
and assume the following conditions are satisfied:

(a) for eachn € N, F:U, r N C,, — C,, is a continuous compact map,

(b) for eachm € N, |F x|, < |2|n, for all x € O, U, N Chy,

(c) for eachm €N, |F x|, > ||n, for all x € 0, U, g N Cyp, and

(d) for every k € N and any subsequence A C {k,k+1,...} if x € Cy s
such that R > |x|, > r for somen € A, then ||, > 7.

Then F has a fized point y € E (in fact pn(y) € (Un,r \ Un,y) N Cy for every
n € N).

REMARK 1.5. Of course there is an obvious analogue of Theorem 1.2 when
Un,r is replaced by U, g in (b) and U, g is replaced by U, , in (c).

ProOOF. We know from Theorem 1.1 (part (a)) that for each n € N, F' has a
fixed point y,, € (Up, g\Un.)NCh. Lets look at {y, }nen. Note y, € m\Ul,'y for
each n € N. To see this notice |y,|, < R and |z|; < |z|, for all x € E,, implies
lyn|lt < R, and so y, € Up g for each n € N. On the other hand |y,|, > 7,
Yn € Cp, together with (d) implies |y,|1 > v. Thus y, € (U \ U1,) N Cy and
yn = Fy, in E, for each n € N and these together with (a) implies that there
exists a subsequence Ny of N and a z; € (U1 g \ U1) N Cy with y, — 21 in Ey
as m — oo in Ny. Notice in particular that v <|z1|; < R.

Let Ny = Ni \ {1}. Now look at {yn }nen,- Again (a) guarantees that there
exists a subsequence N3 of Ny and a 29 € (Uz, g \ Usa,) N Co with y,, — 29 in Ey
asn — oo in Ny and v < |22|]2 < R. Note also |23 — z1|1 = 0 since Ny C N; and
FE1 D Fsy, 80 29 = 21 in Fj.

Proceed inductively to obtain subsequences of integers
N DN D... N C{k,k+1,...}

and zi € (Ug,r \Uk~)NCk with y, — 2i in Ey, asn — oo in N}'. Note zi11 = 2,
in Ey for k € {1,2,...}. Also let N}, = N\ {k}.
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Fix k € N. Let y = z;, in Ej, (i.e. ug(y) = 2). Notice y is well defined and
y € E. Nowy, = Fy, in E, for n € N, and y, — vy in E as n — oo in Ny
(since y = zi in F}) together with (a) implies y = F'y in E. We can do this for
each k € Nsoy = Fyin E. O

REMARK 1.6. From the proof above notice (a) in Theorem 1.4 could be
replaced by the condition:

(a’) for each n € N, F:(Up g \ Uny) NCp, — Cy is a continuous compact
map

and the result of Theorem 1.4 is again true. Also F': E; — E7 in the statement
of Theorem 1.4 could be replaced by F:U; r N C; — Ej.

2. Volterra integral equations

We now use Theorem 1.4 to establish an existence result for (1.2). Notice T
could be oo in Theorem 2.1.

THEOREM 2.1. Suppose the following conditions are satisfied:

(a) for eachn € N, 0 < k(t,s) for allt € (0,t,], a.e. s € [0,t] and k(s) =
k(t,s) € L'0,t] for each t € [0,t,] and sup,c(o 7 fot [k:(s)] ds < o0,
(b) for each n € N, for any t,t' € [0,t,],

"
/ |ke(s) — ke (s)|ds — 0 ast—t
0

where t* = min{t,t'},

(c) for each n € N, k(x1,s) — k(za,s) > 0 for a.e. s € [0, 23] where 0 <
2o < 1 < ty,

(d) f:]0,00) — [0,00) is continuous and nondecreasing with f(y) > 0 for
y >0,

(e) there exists a € C[0,T) such that a(0) =0, 0 < a(t) < 1,t € (0,T),
and for each n € N for any constant R > 0, a satisfies

¢ T
/ k(t,s)f(Ra(s))ds > a(t)f(R)/ k(T,s)ds
0 0

fort €[0,t,],
(f) for each n € N, there exists Ry > 0 (independent of n) with

tn
f(Rl)/O k(tn,s) dS S 1'217

(g) for each n € N, there exists Ry > 0 (independent of n), Ry # Ry with

/0 " k(tn, ) f(Raa(s))ds > Ro.
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Then (1.1) has at least one solution y € C[0,T) and either

(A) for eachn € N, 0 < < |y|ln, < Ry and y(t) > a(t)y fort € [0,t,] if
Ry < Ry (here v = a(t1) Ry),

or

(B) for eachm € N, 0 < v < |yln, < Ry and y(t) > a(t)y fort € [0,t,] if
Ry < Ry (here v = a(t1) Ra).

REMARK 2.2. When T = oo notice by fOT k(T,s)ds in Theorem 2.1(e) we
mean lim;_ o f(f k(t,s) ds.

REMARK 2.3. Notice if (b) in Theorem 2.1 is replaced by

(b’) for each n € N, for any ¢,t' € [0,t,],

$*

/O |kt(s)—kt/(s)|ds+/t* lopee (5)] — 0 as t— ¢

where t* = min{¢, '} and t** = max{t, '},

then automatically

t
sup / [ke(s)] ds < o0
t€(0,t,] JO

in Theorem 2.1(a).
PrOOF OF THEOREM 2.1. Without loss of generality assume R; < Rs. Fix
n € N and let E, = C0,t,], and
C, ={y € C[0,t,] : y(t) = a(t)|y|n for t € [0,t,]}

where |y, = SUP¢e(0,t,,] ly(t)|. Let

Fy(t) = / K(t, )£ (y(s)) ds

and U,, g = {y € C[0,t,] : |y|n < B}; here 8 = Ry or Rs.

Now let y € C,,NUp r,- Then (c) implies Fiy(t) is increasing in ¢. Also there
exists R € [0, Rp] such that |y|, = R so a(t)R < y(t) < R for t € [0,1,] and as
a result

Fy(t) > /0 k(t,s)f(Ra(s))ds, t€][0,t,]
with ,
Fuly = Fy(ts) < [ kb9 (R) ds.
Thus for ¢ € [0,¢,] we have
Jo Kt 9)f(Ra(s)) ds

ft k(i) f(R)d > fot k(t,s)f(Ra(s))ds .
on ln,s S

)
F n — n
£ [ k(T s)f(R) ds £l

Fy(t) >
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and this together with (e) yields
Fy(t) > a(t)|Fyl|, forte[0,t,],

so F: C,,NU,, g, — Cy. A standard argument [5] guarantees that F: C,NU,, g, —
C,, is a continuous, compact map. Next we show

(2.1) |F 2|, <l|z|, forallzedU,gr, NCy
and
(2.2) |F |, > ||, forall x € OU, g, N Cy.

Let x € 0U,, g, NC,,. Then |z|, = Ry and 0 < a(t) Ry < z(t) < Ry for t € [0,¢,].
Also Theorem 2.1(f) guarantees that

tn
Faly = Fat,) < / K(tn,s) f(Ry) ds < Ry = ||,
0

so (2.1) is true.
Let z € OUy g, N Cy. Then |z|, = Ry and 0 < a(t) Ry < z(t) < Ry for
t €10,¢,]. Also Theorem 2.1(g) guarantees that

tn
\Fal, = Fa(t,) > / K(tn5)f(a(s)Ro) ds > Ry = |z,
0

so (2.2) is true.

The result follows immediately from Theorem 1.4 once we show Theorem
1.4(d) holds (with v = a(t1)R1). Fix k € N and any subsequence A C {k,k +
1,...}. Letn € Aand x € C,, with Ry < [z|, < Ra. Then Ry <supyepg,,) [#(t)]
< R5 so

x(t) > a(t)|z]n > a(t)Ry  for t € [0,t,].

Now sincen € A C {k,k+1,...} we have n > k so (note ¢, 1 T')
x(t) > a(t)Ry for t € [0,t].
In particular t; € [0,¢] so z(t1) > a(t1)R; and so

2|k = sup |z(t)] = a(t1)R1 = 1.
te(0,tx]

Thus Theorem 1.4(d) holds, so Theorem 1.4 guarantees that F' has a fixed point
y € C[0,T) with for each n € N,

y<|yln <R and y(t) > a(t)|yl, > alt)y fort e [0,t,];

here v = a(t1)R;. O
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EXAMPLE 2.4. Consider the generalized Emden equation
y' —h(t)y?=0 fortel0,7),
{ y(0) = ¢'(0) =0,
with 0 < ¢ < 1, h:[0,T) — [0,00) continuous with A(t) > t*, p > 0 and

fOT(T — $)h(s)ds < oo; here 0 < T < oo is fixed. We will show (2.3) has
a positive solution (positive on (0,7)); note y = 0 is also a solution of (2.3).

(2.3)

First notice solving (2.3) is equivalent to solving the integral equation

y(t) = /O (t — $)h(s)[y(s)]?ds for t € [0,T).
Let

k(t,s) = (t—s)h(s) and f(y) =y*
in Theorem 2.1. Clearly (a)—(d) hold. Next we show (e) is satisfied with

a(t) — Aret2)/(0-q)

where
(1-q)? 1/(1-q) T
A:{L(p+2)(p+q+1)} and L:/O (T — s)h(s)ds.
First we check a(t) < 1 for ¢t € (0,T). This follows immediately if we show
Al=aTP+2 < 1 and this will be true if
(1—q)?*1T%*
P+2)(p+q+1) ~

(2.4)

Now (2.4) is true since

¢ T T
L:/(T—s)h(s)dszT/ spds—/ sPHds
0 0 0

_ 1 P2 S ™2 (1-9q)?°
(p+1)(p+2) T (p+2) (ptat+l)
since
(1-¢?* _ 1
(p+q+1) —p+1

Thus 0 < a(t) <1 for t € (0,T). Now (e) follows immediately since for n € N,
R >0, and t € [0,t,] we have

Iy k(t.s) f(Ra(s)) ds R Syt — s)s” [a(s)]e ds

F(R) [l k(T,s)ds R [} (T —s)h(s)ds
As AT (1-q)  (1-g)
= t—g)sPt20)/(01=q) gg — = — t(P+2)/(1=q)
L 0( 9)s ST I lptarl pr2
A (1-4q)°

t(P+2)/(1=a) — A¢(P+2)/(1—q) — a(t).

T AL (pt g+ D(p+2)
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It remains to construct constants Ry > 0, R1 > R so that (f) and (g) hold. Fix
n € N and let R > 0. Then

tn T
f(R)/O k(tn,s)ds < Rq/o (T —s)h(s)ds <R

for R sufficiently large since R'~9 — oo as R — oo. Thus there exists R; > 0 so
that (f) holds. Also

/ " k(tn, ) f(Ra(s)) ds > R / "t — )[a(s))" ds
0 0

> Rq/o 1(zfl —3)[a(s)]?ds > R

for R sufficiently small since R'~? — 0 as R — 01. Thus there exists Ry > 0
with Ry < R; with (g) holding.

Existence of a positive (positive on (0,7)) solution to (2.3) follows from
Theorem 2.1. In fact here one can easily show that the solution lies in C[0,T.

ExAaMPLE 2.5. Consider the integral equation

(2.5) y(t)Z/O (t—5)*"'h(s)f(y(s))ds, te[0,T)

where h:[0,T) — [0, 00) is continuous and

T
/0 (T —8)* 1 h(s)ds < oo,

a>1and 0 <T < oo is fixed. In addition assume (d) of Theorem 2.1 and the
following conditions hold:

(i) f(ab) = F(a)f(b) for a,b > 0, and
(ii) F(1) < oo where F:[0,1] — [0, 00) is defined by

z€[0,1], 3>a>1and chT h(s)ds € dom F~! where

B
[Kr|V8( [ (T — 5)=(a=D/(B=1p(s) ds)(B-1)/6

with Kz = [ (T — 5)*~" h(s) ds.
In addition assume conditions (f) and (g) of Theorem 2.1 hold with k(t,s) =
(t —s)*"th(s) and a € C[0,T) is given by

alt) :F—l(c /0 "hs) ds) for t € [0,T)

where c¢ is defined in (ii). Then (2.5) has a solution y € C[0,T).
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REMARK 2.6. We could define F in (ii) on [0, 00) i.e.

F(z)/oz [fé)r/ﬁ‘is, 2> 0

but in this case we need to assume F~!(c fot h(s)ds) < 1; here c is defined in (ii).

To see that (2.5) has a solution we will apply Theorem 2.1 with k(¢,s) =
(t — 5)* 1 h(s). Clearly (a)-(d) are satisfied. Notice in this case (e) can be
rewritten (see (i)) as

(") there exists a € C[0,T) such that a(0) =0, 0 < a(t) <1, ¢ € (0,7T),
and for each n € N for any constant R > 0, a satisfies

t
/ (t —5)*"h(s)f(a(s))ds > a(t)Kp fort € [0,t,].
0
Consider the initial value problem

a'(t) = cat=1/ )/ or
(2.6) { (t) Pr(®)[f(a)]*/?  for t € [0,T),

a(0) =0,

and notice (2.6) has a solution a € C[0,T) given by

a(t)=F! <c/0t h(s) ds) for t € [0,7).

From (ii) (see also Remark 2.6) notice 0 < a(t) < 1fort¢ € (0,7). Fix n € N and
notice

a'at’P=t = ch[f(a)]Y/P  for t € [0,t,]

SO
t B
8 ate) = ([ wo)lra 7 as)
0
and this together with Holder’s inequality implies
-1

o <5 (/ (t— 5)* 'h(s) als) as)< ([ (1= 5)- @D/ (s) ds)ﬁ

< / (t— )2 Wh(s) f(a(s)) ds

from the definition of ¢ in (ii). Thus (i’) (and so Theorem 2.1(e)) is satisfied.
The result now follows from Theorem 2.1.

REMARK 2.7. Tt is also possible to construct “a” in Theorem 2.1(e) if the
kernel is not of the form (¢ — s)* h(s); see for example Theorem 3.1 in [5].
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ExaAMPLE 2.8. Consider
(2.7) ) = [ @) s tor b€ p.cc)

with ¢:[0,00) — [0,00) continuous and [;* ¢(s)ds < co and 0 < 3 < 1. Now
(2.3) has a positive solution (positive on (0,7)); note y = 0 is also a solution
of (2.7).

Let k(t,s) = q(s) and f(y) = y°. Clearly (a)—(d) of Theorem 2.1 holds and

it is easy to see that (e) is satisfied with
Mﬂ:(ﬂ—ﬁkﬁd$w>mkm
Jo als)ds

Finally (f) and (g) of Theorem 2.1 hold since R*™# — oo as R — oo and
R'“8 - 0 as R — 0%. The result now follows from Theorem 2.1.
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