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POSITIVE PERIODIC SOLUTIONS
OF SUPERLINEAR SYSTEMS OF INTEGRAL EQUATIONS
DEPENDING ON PARAMETERS

SHUGUI KANG — Sul SUN CHENG

ABSTRACT. A class of superlinear system of integral equations depending
on multi parameters is considered. It is shown that there are three mutually
exclusive and exhaustive subsets ©1,I" and ©2 of the parameter space such
that there exist at least two positive periodic solutions associated with
elements in ©1, at least one positive periodic solution associated with T’
and none associated with ©s.

1. Introduction

Coupled differential systems arise in a number of biological, ecological, eco-
nomical and other models which describe interactions. In [3], a coupled differ-
ential system of the form

2'(t) = —a(t)z(t) + k() f (z(t — 71(2)), y(t — 01(1))),
y'(t) = =b(t)y(t) + vh(t)g(x(t — m2(t)), y(t — 02(1))),

is studied and the existence of positive periodic solutions corresponding to dif-
ferent values of the parameters A\ and v are derived by transforming the above
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system into an equivalent coupled system of integral equations

t+w
(L.1) z(t) = A K(t, 8)k(s) f(x(s = 11(s)),y(s — 01(s))) ds,

t
t+w

(1.2) y(t) =v t H{(t, s)h(s)g(x(s — 72(s)), y(s — 02(s))) ds.

This prompts us to study more general coupled systems of integral equations.
For this purpose, we follow some of the ideas developed by the authors in [2] in
setting up our problem: First, RY is the N-dimensional Euclidean space endowed
with componentwise ordering <. For any u,v € R the interval [u, v] is the set
{r e RN uw <z <wv}. Let T = (t1,...,ty) € RV with positive components
and let e = (1,0,...0),...,e™) =(0,...,0,1) be the standard orthonormal
vectors in RY. Let G be a closed subset of RY which has the following “periodic”
structure: for each x € G,

z+te e G,
and for each pair y, z € G,

wly,y +TING) = p(lz,2+TING) > 0,
where p is the Lebesgue measure, and we set
G(z) =[z,z+T]NG.

Examples of nontrivial G can be found in [2].
The system of integral equations of the form

(1.3)  ¢j(z) =, Kj(z,8)fi(s,¢1(5 = 7j1(5))s - - - s w5 — Tjw(s)))ds,

G(x)
forzx € G, j = 1,... ,w, will be considered. Here, the functions Kj, f;, 7j&,
where j,k € {1,... ,w}, satisfy the following ‘periodic’ conditions:

o for j € {1,...,w}, K; € C(G x G,R"), Kj(z + t;e),y + t;e?)) =
K(z,y) for any (z,y) € G x G and i€ {1,...N},

o for j € {1,...,w}, f; € C(G x R¥,R), fj(x—i-tie(i),ul,... JUy) =
filz,ur,...,uy) forie{l,... ,N} and any = € G,

o for j,k € {1,... ,w}, Tj1: G — G is continuous, 7 (z + t;e)) = 75 (z)
forany x € Gand i € {1,... N},

the boundedness conditions:

inf Ki(z,y) >m; >0, M; = sup Ki(z,y) < o0,
el o i(z,y) = my A i(z,y)
for j € {1,... ,w}, and the “superlinear” conditions:
(H1) forj € {1,... ,w}, f(x,0,...,0) >0 forany x € G, f;(z,u1,...,uy,) is
nondecreasing on (u1, ... ,u,) € [0,00) X ... x [0,00) (ie. fj(z,u1,...,

Uy) < filz,v1,...,0,) for 0 <u; <wj;, j€{l,... ,w}, and z € G),
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(H2) for j € {1,...,n}, limy, ¢ 4oy —oo fi(@ ut,. .. uy)/(u1 + ... +uy) =
oo uniformly with respect to all z € G.

The numbers Aq,..., A, will be assumed to be nonnegative and treated as
parameters. Note that when \; = ... = A\, = 0, our system reduces to a system
of decoupled equations. For this reason, the case Ay = ... = A, = 0 will

be avoided in our subsequent discussions. Therefore our system (1.3) may be
regarded as a multi-state interactive model depending on the parameter vector
A= (A1,...,Ay) in the set

E={(,. ) A >0, G =1,...,wh\ {(0,...,0)}.

For any (ai,...,am) and (by,... ,by) in R™, we will write (a1,...,am) >
(b1,...,by) if aj > bj for j € {1,...,m}. If (a1,... ,am) > (b1,... ,by) and
if ap, > by or some k € {1,...,m}, we will write (a1,...,am) > (b1,... ,bm).

A vector function (¢1, ... , ¢,): G—R¥ is said to be positive if (¢1(z), ... , ¢, (2))
>(0,...,0) forall z € G and (¢1(x0), - - - , Pw(w0)) > (0,... ,0) for some zg € G.
It is said to be T-periodic if ¢1,... , ¢, are T-periodic, that is, ¢;(z + t;e?)) =
¢pj(z) forx e G, je{l,... ,w}andie {1,... ,N}.

By a solution of (1.3) associated with the parameter vector (o ..., ) € Z,
we mean a continuous vector function ¢: G — R* which satisfies (1.3) for A\; = o
for j € {1,... ,w}. Asin [3], we will prove there exists a continuous surface I'
splitting = into disjoint subsets ©1, I' and ©2 such that the system (1.3) has
at least two, at least one, or no positive T-periodic solutions according whether
Ais in ©1,T or Og, respectively. We remark, however, that, the result in [3] is
only good for the coupled system (1.1)—(1.2) which is much less general than our
results below.

2. Some basic lemmas

Let X be the set of all real T-periodic continuous functions defined on G
which is endowed with the usual linear structure as well as the norm

[0l =" sup  |o(z)].

zeG(t), teG
Then X is also a Banach space with the norm
(@1, o)l = llnll + -+ lull-
Furthermore, let ® and €2 be defined respectively by
O ={(¢1,...,0,) EX¥:¢;(x) >0, z€CG, j=1,... ,w},
Q={(¢1,...,00) €2 :91(x) + ... + Pu(2) = &"[(d1,... ,d0)l, v € G},

where o = minj—y  ,{m;/M;}. Then ® and 2 are cones in X*.
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Define, for each ¢ = (¢1,...,0.) € X¢,

Tx(9)(@) = (Ax, (9)(2), ..., Ax,(0)(2)),

where
Ay, (@) (@) = A /G(m) Kj(z,8)fj(s,01(5 = 7j1(8)), -+ , Pu(s — Tju(s))) ds,
for j=1,...,w. Then our system (1.3) can be written as
p(x) = Tx(9) ().
For the sake of convenience, we will set

fi(s,0(%)) := f3(s,01(s = 7j1(s)); - s bu(s = Tjun()))

in the following discussions.
Let ¢ = (¢1,...,¢,) € D. For each j € {1,... ,w},

m=&L@&uw&&wmwg&wLmﬂ@mmw

so that
1
My%mms&é@h@wm@

and

Amwmzaf K5 (2, ) 3 (5, 6(+)) ds

That is, for each A € Z, T\® is contained in €.

Furthermore, by standard arguments, we may also show that T) is com-
pletely continuous. To see this, we may assume for the sake of simplicity that G
is a subset in R?. Recall that the interval [u, v] is the set {z € R*|u < x < v}. Let
A= (z1,11), B = (22,y2) in G. We consider the case where (z1,y1) < (22,92),
while the other cases can similarly be treated. We set C' = (z2,y1), D = (z1, 32
E = (z2,y1+12), F = (z1+t1,y2+12), K = (1 +t,y1+12), H = (21+t1,92
I = (xzo+t1,y1 +t2), J = (2 + t1,y2 + t2), and Gy = [A,B], Gy = [D, E],
Gs =[C,H|, G4 =[B,K],Gs = [E,F|, Ge = [H, I], Gy = [K, J].

We suppose that A is a bounded set of X“. Then there exists constant 7' > 0,
such that ||¢|| < T for any ¢ € A. In view of the theorem of Arzela-Ascoli, we

);
)

)
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only need to show that Ay, (A) is equicontinuous for any j € {1,... ,w}. Indeed,

Ay, (8)(B) — Ay, (¢ {/G /G /G} (B, 5)f;(s, ¢(x)) ds

Yy / K (B s) — Kj(A, )] f;(5 6(+)) ds

s{ [+ [+ [ b o) s

Furthermore, f; € C(G(2)x[~T,T]x...x[~T,T], R) and f;(z+t;e;, us,. .. ,uy)
= fi(z,u1,... ,u,) for any = € G, then there exists constant H, such that

7
fi(s,0()| < H, forse |Gy,

j=1
thus

5 KB 5. 004)) ds| < 2,3 1 = )

A [ KB 0 ds| < MM ol — |,

5 [ KB 00)) ds| < Mt = )

5 KA 85,00 | < MMl il

0 [ KA 5,000 ds| < AN Htafas =,

[ KA 80,0020 ds| < My ey = e~ il
and

A [ G (B.5) = K5 (A,5)) (5. 0(4)) ds
Gy

<NH [ |Kj(B,s) = Kj(A,s)lds < \H | |Kj(B,s) = Kj(A, )| ds.
G4 G(B)

In view of the uniformity of K;(z,y) in G(B), for any ¢ > 0, there is § which

. 9 £ IS
0<6<m1n{t17t27 =~ =~ /\}7
AM;Hty AM;Ht, \| MM H

and for 0 < zo —x1 < 6§, 0 < ys — y1 < J, we have

satisfies

€
K;(B,s)— K;(A,s)| < ———, for s € G(B).
|K;(B, s) — K;(A,s)| W (B)
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Thus

[Ax; (9)(B) — Ax; (#)(A)] <

A /G (B35 (5,00 s

)y /G K;(B, s)f(s, 6(+)) ds| + |\, /G K;(B, 5)f;(s, 6(+))ds|

+ |y /G K (B.s) — K;(A, )] 5(5 6()) ds

+ 1) g K;(A,s)fi(s,¢(x))ds| + |\ g Kj(A,5)fi (s, 0(x)) ds

e [ K900 ds| < 7

for any ¢ € A. This means that Ay, (A) is equicontinuous.

LEMMA 2.1. For any compact subset D of 2, there exists a constant bp > 0
such that any positive T-periodic solution ¢ = (¢1,...,¢,) of (1.3) associated
with A = (A1,..., ) € D will satisfy ||¢] < bp.

PROOF. Suppose to the contrary that there is a sequence

(6™} = {6, ... ¢},

of positive T-periodic solutions of (1.3) associated with (™) = ()\(1"), e ,)\5,"))
such that A(™) € D for all n and lim,, . ||¢™] = occ.
Since ¢ = T (¢™) € Q, thus

(@) 4.+ 0 (@) > ar|¢™)

for n > 1. Since A(™ € D for all n, there is some k such that )\,(Cn) > 0 for all
sufficiently large n. Then in view of (H2), we may choose Ry, > 0, n, and ng > 1
such that fx(x,u1,...,u,) > ng(ur + ... 4+ u,) for all nonnegative uq, ... ,u,
and x € G which satisfy u1 +... +u, > Ry,, a*(||¢§"°)|| +...+ ||¢5Jn°)||) > Ry, ,
and

a*nkmk)\,(cn()) -pG(x) > 1.

Thus, we have

|| > ¢\ ()

A [ K 8) fi(s, 60 (s = 71 (), -, 80 (5 — opu(s))) ds
G(z)

> a e - pG) (|65 + .+ 16571 > ]l

This is a contradiction. The proof is complete. O
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LEmMA 2.2. . If (1.3) has a positive T-periodic solution associated with
A= (A}, ..., AL) > (0,...,0), then for any A = (A1,...,A\,) € E that satisfies
A < X, equation (1.3) also has a positive T-periodic solution associated with
A. The system (1.3) has a positive T-periodic solution associated with some
A= (A, ..., AL) satisfying A >0 forj=1,... ,w

PROOF. Let ¢* = (¢7,...,¢") be a positive T-periodic solution of (1.3)
associated with A*. Since \; < )\;f, we have

¢j(x) = Ax: (¢")(x) = Ay, (¢7) ()
for j € {1,... ,w}. Let o0 = (¢%,... ,¢%) and
(2.1) Y =Ty (¢™), forn=0,1,...
Clearly, we have

¢ O(z) > oM (z) > ... > ¢ (z) > (0,... ,0).

Let ¢(x) = lim, o0 ¢ (). In view of the Lebsegue dominated convergence
theorem, we see from (2.1) that ¢ is a nonnegative T-periodic function that
satisfies

p(x) = Tx(0)(2).
It will thus be a solution of (1.3) if we can show it is continuous. To see the
proof, assume for the sake of simplicity that G is a subset of R2. Then we define
A,...,J Gy,...,Gr as in the proof of the complete continuity of T). Then

05(B) - {LSLGLJ (B s)f;(5, 6(+)) ds

+A/mw$ K (A, 5)]f;(5, 6(+) ds

”{L L L} (A,8)f; (5, 6(+)) ds

for j = 1,...,w. Since ¢©O(z) > oM (z) > ... > ¢M™(z) > (0,...,0),
we see that |¢;(x)] < [¢j(x)] < [¢*| for all z € G. Furthermore, f; €
C(G () < [=llo[l lo™ll) < - < [=lle™ [l |97 [l], R) and fj(x + tiei, u, .. uw) =

fi(x,u1,... uy,) for any x € G, thus there exists constant H, such that

m<<H<HseU@,—VM

By estimates similar to those in the proof of the complete continuity of Ty, we
may then arrive at

|p;(B) — ¢;(A)| < Te.
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Now that we have shown ¢ is a solution of (1.3), we need to show it is positive.
Indeed, since ¢* is positive, ¢(x) > 0 for ¢ € G. Since each f;(x,0,...,0) > 0 for
x € G by our assumption, ¢ cannot be the trivial solution. Thus, ¢ is positive.

To show the existence of a positive periodic solution associated with some
A%, let

aj(z) = Kj(z,s)ds, j=1,...,w,
G(x)
and

My, = xeér(lgﬁeafj(x,al(ac —7i1(2), ... yow(r —Tw(2), Jj=1,...,w.

Then clearly My, >0 for j € {1,... ,w}.
Let (Af,...,AY) = (1/My,,...,1/My,). We have

aj(x) = o )Kj(x,s)ds

>\ Kj(w,8) fi(s,01(s = 1j1(8)), -5 (s — ju(s))) ds,
G(z)

for j =1,...,w. Now let ¢(© = (ai(z),...,a(z)) and ¢+ = Ty. (™) (z)
as in (2.1). Then the same argument shows that ¢(z) = lim, . ¢™ () is a
nonnegative T-periodic solution of (1.3) which satisfies ¢(x) > (0,...,0). The
proof is complete. O

Let II be the subset of = such that (1.3) has a positive T' -periodic solution
associated with A = (A1...,A,). Then by Lemma 2.2, IT contains some \* =
(A%, ..., AY) such that (1.3) has a positive T-periodic solution associated it, and
hence it contains the subset

(2.2) Me={(A1,-- 5 A0) (A, 5 A0) > (0,...,0), Ay <A i=1,...,w}
LEMMA 2.3. The subset 11 of 2 is bounded.
PROOF. Suppose to the contrary that there is a sequence
o = {0, o)}
of positive T-periodic solutions of (1.3) associated with A(") = {()\gn), . ,)\c(u"))}

such that lim, o A§") = oo for some k € {1,... ,w}. Then either there exists
a subsequence ¢(") = {((i)gnj), ceey 5,”1))} such that ||¢(")| — oo as j — oo or

there is M > 0 such that ||¢™)| < M for all n. Since (™ € Q, thus
" (@) + o+ 000 () 2 o” 6]

By (H2), we may choose Ry, > 0 such that fi(x,ui,... ,uy) > ne(ur+... +uy)
for all nonnegative numbers uq,...,u, and z € G which satisfy uy + ... +
U, > Ry, and some 1, > 0. In view of (H1), there exists 05 > 0 such that
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fe(z,0,...,0) > 6 My, for any € G. Let B = min{ng, dx}. On the other
hand, there exists a sequence {z(™} C G(t), t € G, such that d),in)(x(”)) =
MAX,eG(t) e ¢§€n) (z) by the periodicity and differentiability of {gzﬁ,(cn) (z)}. Thus,

we have

I8l = 617 (@) = Ay (6) (@) 2 N miBra” 6] - pGia™)
> A miio® 60 uGa™) > 118"

But this is a contradiction. The proof is complete. O

3. Main theorem

We may now show that there exists a continuous surface I' separating =
into two disjoint subsets ©; and O such that (0,...,0) is a boundary point
of ©; and (1.3) has at least one positive T-periodic solution for A € ©; UT
and no positive T-periodic solution for A\ € ©,. First let e, ... ) be the
standard orthonormal vectors in R¥. Let A be the set of all convex combinations
of e ... el that is, A is the (w — 1)-simplex in R¥. For each u € A, the half
ray

L,={AeZ:Xx=tu, t >0}
has points which belong to II, defined by (2.2) and points outside II (in view of
Lemma 2.3). Thus the set {¢ > 0 : tu € II} is nonempty and bounded above.
Let
ty, = sup{t > 0:tu €I} and AL =t

Then for each u € A, A}, € II. Indeed, let {A(™M120 | be a sequence which satisfies
A < X+ for > 1 and converges to A,- For each n, let ™ be a positive
T-periodic solution of (1.3) associated with A(™). In view of Lemma 2.1, we know
that the set {¢(™} is uniformly bounded in X*. Thus, the sequence {¢(™} has
a subsequence converging to ¢ € X*“. Then we can easily show, by the Lebesgue
dominated convergence theorem, that ¢ is a positive T-periodic solution of (1.3)
at Ay,

Next, we let p: A — (0, 00) be defined by

p(p) =t;, > 0.

Then we may assert that p is continuous. In order to see this, we will assume for
the sake of simplicity that w = 2 and that ¢ = ({1, ¢{2)€ A such that ¢, (s > 0.
Let A = (A1, A2) be a neighbouring vector of ¢ in A such that A1, A2 > 0. Consider
first the case A1 < (1 and Ay > (2. We will compare the vectors t:¢ = ({7, (5)
and t3A = (A}, A5). Since Lemma 2.2 asserts that for each £ inside

{{e=E:¢ <),



396 SH. KANG S. S. CHENG

there is a positive T-periodic solution of (1.3) associated with £, we see that
A1C2 C1A2

P <Al and A5 < 3.
C1)\2Cl - 2= )\1C242
If Ay > (1 and Ay < (o, by similar arguments, we may also show that
G Gz
Al < ¢ oand Ay > >
DY ‘i > MG ©

In either cases, if (A1, \2) — ((1,C2), then (A7, A3) — (¢, (5) as required.
Hence by defining

(3.1) D= {A: A= p(u), ue A},

we see that I" is the desired continuous surface described above.

We intend to show that there are at least one more solution for each A in ©;.
To this end, we first recall the following lemmas for arguments involving the
topological degree. One may refer to Guo and Lakshmikantham [1] for proofs
and further discussion of the topological degree.

LEMMA 3.1. Let X be a Banach space with cone K. Let Q) be a bounded and
open subset in X. Let 0 € Q and T: K NQ — K be condensing (or completely
continuous). Suppose that Tx # Ex for allz € KNOQ and all £ > 1. Then
(T, KNQ,K)=1.

LEMMA 3.2. Let X be a Banach space and K a cone in X. Forr > 0, define
K,={r € K :||z| <r}. Assume that T:K, — K is a compact map such that
Tz # x for x € OK,. If |z|| < | Tz| for z € 0K, then i(T,K,, K) = 0.

Let ¢* be a positive T-periodic solution of (1.3) associated with A* € T.
Then for A < A* and A € E, by the uniform continuity of f; on compact sets,
there exists eg > 0 such that

fi(5,0,...,0)(A] = Aj)
Aj

> fi(s,01(s = 71(s)) + 6., 0L(s — Tju(s)) +€)
— [i(s,01(s = 751(5)), .., 5 (5 — Tjuw(s)))
forje{l,...,w}, s€ G and 0 < e <egy. Thus, we have
)\j/ Kj(z,5)f;(s,01(s = 71(s)) + ..., &L(s — Tjw(s)) +€)ds
G(z)

Y / (2, 8)f(5, 05 (5 = 751(5)). . 055 — Tju(s))) ds
G(x)

= Kj(z,8)[fi(s,01(s = Tj1(s)) + &,. .., 05(5s — Tjw(s)) +¢)
G(x)

— fi(5,01(s = 7j1(5)), - .-, b5 (s — Tjw(s)))] ds
=50 [ 5,61 ()55 = () ds
G(z)
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< [i(5,0,...,0)(A] = X)) o )Kj(:ms) ds
x

—(A;-—)\') K (@, 8)f5(s,01(s = 7j1(s)), - - 05 (s = Tj(s))) ds

/ K;(x,s)[f;(s,0 ,0)
= [fi(s, ¢1(8*Tg1( §))s- - 055 — Tjw(s)))] ds <0
and
>\j/ Kj(z,5)f;(s, ¢1(s — mj1(s)) + &,..., 05(s — Tjw(s)) + &) ds
G(z)
S’\;/ Kj(x,s)fi(s,¢1(s = 1j1(5)), ... , 05 (5 — Tju(s))) ds
G(x)
=63 (2) < 6} (a) + <
Let
¢i(x) = ¢j(w) +e, forj=1 ;
and

U= {(¢1,...,0.) € X¥: —£ < ¢;(z) < d5(2), j=1,... ,w, z € G}.

Then ¥ is bounded and open in X“, (0,...,0) € ¥ and T\: QN V¥ — Q is
condensing (since it is completely continuous). Let ¢ = (¢1,... ,¢,) € QN IT.
Then there exists x( such that either ¢y (xg) = (EZ(J;O) for some k € {1,2,... ,w}.
Then, by (H1),

Axe (@) (o) = Ak Ki(20,8) fi(s, 01(s = Th1(s)), - s dr(s = Tho(s))) ds

G (o)

<\ / K (20,8) fi(5, 3 (5 — 1 (), 45 — Th(5))) dis
_ G(zo)
< Pp(x0) = dr(wo) < EPr(o)

for all £ > 1. Thus Tx(¢) # £¢ for ¢ € QN OV and & > 1. In view of the
properties of the fixed point index (see Lemma 3.1), we have ¢(T), QN¥, Q) = 1.

By (H2), we may choose Ry, > 0 such that f(z,u1,... ,u0) > e(ur+...+
u,) for all ug + ... 4+ u,, > Ry, , where ), satisfies

aFnemp Ay - pG(z) > 1

Let Ry, = max{bp, Ry, /a*, (&%, ..., 85|}, where bp is given in Lemma 2.1
with D a closed rectangle in Z containing A. Let Qg, = {¢ € Q : ||¢]| < Ry}
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Then in view of Lemma 2.1, ¢ # T (¢) for ¢ € 0Qp, . Furthermore, if ¢ € 0Qg,,
then ¢1(z) + ... + du(2) > || @] > Ry,. Thus, we have

A (@) () =M o )Kk(l% 8) (s, ¢1(5 = Th1(8))s - -+ Pu(5 — Thw(5))) ds

> oA - pG (@)1 > (||l
Therefore | Tx(P)|| > [|Ax, ()|l > ||¢]] and Lemma 3.2 then implies
i(Tx, Qr,, Q) =0.
Consequently, by the additivity of the fixed point index,
0=1i(Tx, g, Q) =i(Tx, 2N T, Q) +i(Ty, 2, \QNT,Q).

Since i(Tx, Q2NT, Q) =1, i(Txr,, %%, \QN ¥, Q) = —1 and T has a fixed point
in QN ¥ and another in Qg, \Q2 N ¥. Thus, we have the following result.

THEOREM 3.3. There exists a continuous surface T' of the form (3.1) sepa-
rating E into two disjoint subsets ©1 (which is bounded) and O (which is un-
bounded) such that (1.3) has at least two positive T-periodic solutions for A € ©1,
at least one positive T-periodic solution for A € I', and no positive T-periodic
solution for A € Os.

As our final remark, note that the surface I' is defined by the shooting
method. Therefore, numerical methods can be applied to calculate this surface.

REFERENCES
[1] D.J. Guo AND V. LAKSHMIKANTHAM, Nonlinear Problems in Abstract Cones, Academic
Press, 1988.

[2] S. G. KaNG, G. ZHANG AND S. S. CHENG, Periodic solutions of a class of integral
equations, Topol. Methods in Nonlinear Anal. 22 (2003), 245-252.

[3] G. ZuANG AND S. S. CHENG, Positive periodic solutions of coupled delay differential
systems depending on two parameters, Taiwanese J. Math. 8 (2004), 639-652.

Manuscript received September 25, 2004

SHUGUI KANG AND SUI SUN CHENG
Department of Mathematics

Yanbei Normal University

Datong, Shanxi 037009, P.R. CHINA

E-mail address: sscheng@math.nthu.edu.tw

TMNA : VOLUME 27 — 2006 — N° 2



