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AN EIGENVALUE SEMICLASSICAL PROBLEM
FOR THE SCHRODINGER OPERATOR
WITH AN ELECTROSTATIC FIELD

TERESA D’APRILE

ABSTRACT. We consider the following system of Schrédinger—Maxwell equa-
tions in the unit ball By of R3

hZ
—— Av+4epv=wv, —A¢=4nev?
2m

with the boundary conditions u = 0, ¢ = g on 9B, where A, m, e, w > 0, v,
¢: B1 — R, g: 9B1 — R. Such system describes the interaction of a particle
constrained to move in Bi with its own electrostatic field. We exhibit
a family of positive solutions (v, ¢ ) corresponding to eigenvalues wy such
that vy concentrates around some points of the boundary 0B; which are
minima for g when A — 0.

1. Introduction

According to the mathematical formalism of Quantum Mechanics the dy-
namical state of a particle constrained to move in a 3-dimensional region € is
completely defined, at a given instant, by a definite (in general complex) function
(x,t): |[P(x,t)]? do gives the probability of finding the particle in the element
dzx at the instant ¢. The function 1 is called the wave function associated to the
particle. In order to make this statistical interpretation consistent, the following
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normalization equation has to be fulfilled at each moment:

/ lo(a, 8)[2 da = 1.
Q

In the case of a charged particle with mass m and charge e in an electromagnetic
field derived from a vector potential A and a scalar potential ¢, the wave ¥
satisfies the following Schrodinger equation:
9 1 (h ?

for x € Q, t € R. In (1.1) ¢ is the imaginary unit while & is the Planck’s
constant and ¢ denotes the velocity of light in vacuo. On the right hand side of
equation (1.1) the operator (AV /i—eA /c)? designates the formal scalar product
of the vector operator hV /i — eA /c by itself, i.e.

eh

ic

h 2 2 h
<.v - eA) b= —RAY + <62|A|2 - e.divA)w — LA vy).

i c c ic
Let us assume that the potentials A and ¢ do not depend on the time and that
the particle is represented by a wave of the type

W(x,t) = v(x) exp ( i % t>

where w € R and v: 2 — R. Such a wave is said to be a stationary wave. With
this ansatz equation (1.1) reduces to the following eigenvalue equation:

2
(1.2) L (hV - eA(x)) v(z) + ep(z)v(z) = wo(z), =€

2m \ 7 c
Many papers are concerned with the eigenvalue problem (1.2) in the case of
assigned external potentials A, ¢. For fixed i > 0 the spectral theory for this
type of operator has been studied in detail, particularly by Avron, Herbst and
Simon ([4]-[5]). The papers [7], [22] and [23] deal with the effect of the magnetic
field on the spectrum of the Schrédinger operator in the semiclassical limit, i.e.
as h — 0, and especially it is studied the influence on the bottom of the essential
spectrum and on the decay of the eigenfunctions.

Following the same idea of [6] (later developed in [11]), in this paper we
consider the case of a charged particle interacting with its own electromagnetic
field. Hence, since we do not assume that the electromagnetic field is assigned, we
have to solve a system whose unknowns are the wave function 1 associated to the
particle and the potentials A and ¢. More precisely, considering the stationary
case, we are reduced to solve equation (1.2) coupled with the following Maxwell
equations:
4me?

mc2

(1.3) ~A¢ =4rev®, VXV xA-= Av?, e
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Let By denote the unit ball on R3:
By ={z e R3||z| < 1}.

We shall investigate the case 2 = B;, A = 0 and non-trivial electric poten-
tial ¢, so that the second equation of (1.3) is identically satisfied and then the
Schrodinger-Maxwell system takes the form:

(1.4) —h?Av + epv = wo in By,
—A¢ =4mev? in By.

(where we have set, for sake of simplicity, 2m = 1) with the boundary and the
normalization conditions

(1.6) v=0 on 0By, ¢ =g ondB, / \v|2da:=1
By

where g: 0B; — R is an assigned function.

The system (1.4)—(1.5) has been studied in [6] in the case in which the charged
particle lies in a bounded space region  and in [8] in all R? where the action of
an external nonzero potential is considered. In both cases, for fixed & > 0, the
authors prove the existence of infinitely many solutions {vg, ¢, wy }. This paper
deals with the semiclassical limit of the system (1.4)—(1.5), i.e. it is concerned
with the problem of finding nontrivial solutions and studying their asymptotic
behaviour when & — 0%; hence such solutions are usually referred to as semi-
classical ones.

The analysis of the spectrum and eigenfunctions of Schrédinger operators in
the semiclassical limit 7 — 0 is not only a challenging mathematical task, but also
of some relevance for the understanding of a wide class of quantum phenomena.
Indeed, according to the correspondence principle, letting A go to zero in the
Schrodinger equation formally describes the transition from Quantum Mechanics
to Classical Mechanics; it is therefore interesting the problem of finding nontrivial
solutions and studying their asymptotic behaviour as & — 0F.

While there is a wide literature concerning semiclassical states for linear and
nonlinear Schrédinger equation in an assigned potential ¢ (we recall, among
many others, [1]-[3], [9], [14]-][17], [20], [21], [24]-[28], [30], [31]), there are few
papers dealing with the case of an unknown potential. The first time the semi-
classical limit for a Schrodinger—Maxwell system has been considered seems to
be in [12], [13], [29]. In such papers a nonlinear perturbation of the system
(1.4)—(1.5) is studied and it is proved that the solutions exhibit some kind of
notable behaviour in the semiclassical limit, a concentration behaviour: their
form consists of very sharp peaks which become highly concentrated when £ is
small. More precisely in [12] and [29] the authors construct a family of radially
symmetric positive waves concentrating around a sphere. In [13] it is shown
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that for any integer K there exists a solution of the system exhibiting exactly K
spikes. However, at our knowledge, except for [10], we are unaware of semiclas-
sical phenomena for the system (1.4)—(1.5); this paper and [10] seem to be the
first results in this line. Notice that the nature of the problem is still nonlinear,
but the nonlinearity is merely internal to the system, being given only by the
coupling, i.e. by the interaction of the particle with its own electrostatic field.

The purpose of this paper is to show the existence of solutions exhibiting
a concentration behaviour at one or more points of the boundary 0B; which are
proved to be minima for g. In order to state the exact result we enumerate the
assumptions on the function g that will be steadily assumed.

(g1) g € C(9B),
(g2) The set Z(g9) = {z € 0By | g(z) = mingp, g} is finite and, setting
Z(g9) ={70,-..,2¢} (£>0), for every i € {0,... ,{}:
(1.7) Av:/ 9W) = 90) 4o o,
oB, |y —zl?

We notice that (1.7) is certainly verified if g is of class C*7 (¢ > 0) in
a neighbourhood of the point z;.
Finally we order the points in Z(g) in such a way that the following holds:

(g3) there exist 0 < ¢/ < ¢ and g € (1, 00] such that

im W =9(0) _ for all i € {0,... ¢},
L T
liminfw € (0,00] forallie{l+1,... 0}
y—z |y — 2|7

In other words we separate the minima having higher order from the others. More
precisely we assume that there is a power function which divides the graphic of

g near a points z; from that around z; for every couple (¢,7) € {0,... ,¢'} x{¢'+
1,...,¢}. For example, this situation occurs z;, for ¢ € {0,...,¢'}, are minima
of order k; > g and z;, for j € {¢' +1,...,¢}, are nondegenerate minima of

order k; < g. Roughly speaking, hypothesis (g3) means that the function g is
“smaller” near the first ¢ + 1 points rather than near the remaining ¢ — ¢'.
Under similar hypotheses on g, concentrated solutions for the system (1.4)—
(1.5) are produced in [10]. However, while in [10] the vertexes of the spikes
are located near those points z; which minimize the numbers A;, in this paper
the location of the peaks is determined by the highest order of the minima.
More precisely the result can be summarized as follows. For small values of
the parameter A, we prove the existence of a positive wave vy and a potential
¢, satisfying schmaxone—schmaxtwo. Furthermore, in the limit when 7 — 0, vy,
concentrates around the points zg, ... , z¢r; roughly speaking, the analysis reveals
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that the limit form of vy resembles the sum of bumps located around the points
20,. .., 2 which become highly concentrated as i — 0. Now we proceed to
provide the exact formulation of our main result.

THEOREM 1.1. Let (gl)—(g3) hold. Then for every h > 0 the system (1.4)—
(1.5) with the conditions (1.6) has a solution (vy, dr,wr) such that

(a) v, ¢n € H'(B1),

(b) wr — eg(z0) as h— 0,

(©) én— (1= [2*)/47) [o5, (9(y)/|z = y[?) dS in L (By).
Furthermore, for each sequence h,, — 0%, possibly passing to a subsequence, there
exrist ag, ... ,ap > 0 such that ag+ ...+ ap =1 and

(d) |vn,[* = aodzy + ...+ apd.,, in the sense of distributions (8., denoting
the Dirac measure on R® giving unit mass to the point z;).

REMARK 1.2. Notice that if ¢ = 0, then all the family v concentrates at
the point zp, i.e. the part iv) of the theorem becomes |v|?> — d,, as A — 0 in
the sense of distributions.

We point out that such concentration phenomena have an interesting phys-
ical interpretation. Indeed the appearance of such type of notable behaviour in
the semiclassical limit for the system (1.4)—(1.5) may be looked at as a model de-
scribing particle-like matter: indeed the existence of solutions exhibiting a “spike-
layer” pattern provides some examples of spatially localised functions which re-
semble as closely as possible classical particles.

The proof of Theorem conc relies on a variational approach and is based
on the study of the behaviour of sequences with bounded energy, in the spirit
of the concentration compactness principle. Since equations (1.4)—(1.5) have a
variational structure, we capture our solutions by a constrained minimization
method; hence v is obtained as a minimum point of a suitable functional .Jj
on the constraint ||v||pz = 1. The constraint causes a Lagrange multiplier w =
wp, to appear. Once we have found the solutions, we want to investigate their
asymptotic behaviour. First we prove that as A — 0 the waves vy vanish outside
the set Z(g), hence their form consists of £+ 1 peaks, each of them converging to
a Dirac delta centered at the points z; having weight «; > 0 and (according to
(1.6)) ap+...+ap = 1. Once we have split the solutions, the crucial step consists
in proving that a; = 0 for j = ¢/ +1, ... ,/; this is the most technical and lengthy
part of this paper. The basic idea, however, is simple. Roughly speaking, if a; #
0, then we could isolate the peak centered at z; and move it near the point z.
Hence we apply a suitable rescalation in the coordinates, and, after this process,
we obtain that the resulting new bump provides a function still lying in the unit
ball of L? which makes the functional Jp, lower than Jj(vp,), in contradiction with



154

T. D’APRILE

the minimizing property of the original vy. We briefly outline the organization

of the contents of this paper. Section 2 is devoted to the description of the

functional setting in which we work. In Section 3 we provide some preliminary

results which will play a key role in the rest of the arguments. In Section 4

we construct the solutions and establish some asymptotic estimates which will

be useful in order to locate their peaks. Finally the proof of Theorem 1.1 is

completed in Section 5.

Notations.

For any Q C R3, 9Q is its boundary and yq denotes the characteristic
function of €.

Given Q C R? and u:  — R, supp u denotes the set {x € Q | u(z) # 0}.
Furthermore we will continue to denote by u the function defined by us-
ing polar coordinates: (r,0, ) — u(z) with = having polar coordinates
(r,6,).

Given 2 C RY a measurable set, LP(f2) is the usual Lebesgue space
endowed with the norm

Hu||§ = / |ulPdx for 1 <p<oo, |ulle=sup|u(z)|
Q e

We will often use the symbols C,Cy, Cs, ... for denoting a positive con-
stant independent on A. Their values are allowed to vary from line to
line (and also in the same formula).

o(1) denotes quantities that tends to zero as h — 07.

Given {ap}r>o and {bp}r>o two family of numbers, we write ap, = o(bp)
(resp. ap = O(by)) to mean that ap/by — 0 (resp. |an| < C|bs|) as
h— 0T,

2. Abstract setting

In order to obtain solutions of (1.4)—(1.5) we choose a suitable functional
setting. For every h > 0 set By, := {x € R? | |z| < 1/h}. Then in the sequel we
will work in the Sobolev space H}(By) endowed with the norm

[43m0) i= IVl Eago, = [ (Vul?da.

h

First we provide the following two propositions.

PROPOSITION 2.1. For every h > 0 the function

fn(z) = L= |hx|2/aB 9Ly) = 9(z0) dS ifx € By,

4 ly — hx|3
fn(x) = g(hz) if x € OB,
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is the unique solution in C*(By) NC(Bp) of
(2.1) —Af(z) =0 in By, f(z) = g(hz) — g(z0) on OB.

See [18, Theorems 5 and 15] for the proof.

REMARK 2.2. Notice that, if we assume g € C(0By) N HY/2(0By), then the
variational method applies and gives that f3 is also the unique weak solution in
HY(By) of (2.1).

Before going on with the second proposition we recall that the Green’s func-
tion Gy, for the ball By, is given by

1 |hiz|
2.2 Gz, y) = _
22) M@ Y) = 5 T el — 4l
) [2f2(1 — [Ae])(1 — [hy)
v = alglel — el(lglfal® 2] + [rally 2]

(see [18, p. 40]). It is immediate that
Gh(xvy) = Gﬁ(y,$)7 Gh(l',y) >0 for every z,y € By, x 7& Y.

PROPOSITION 2.3. For every v € L?(Bp) the function ®p[y] defined by

(2.3) Cnhl(z) = ¢ ; Gn(w,y)v(y) dy

is the unique solution in Hg(By) of

(2.4) —A¢p = 4—7’?7 in By, ¢=0 onJBy.

Furthermore the following properties hold:
(a) if v € C(Bp), then ®]y] € C2(Br) NC(By);
(b) if v is radially symmetric, then ®p[y] is radial too and

1/k

e [ (minfja], v} — |halryy(r) dr;

Pp[y](x) = hal /.

(¢) the functional Fy:u € Hg(Bp) — thu2<I>h[u2] dz is compact and C*
and

Ff(u)[w] = 4/ uw®p[u?)dz  for all u,w € H}(Bp).
By,

PROOF. By Lax-Milgram’s Lemma for every v € L?(By) we get the exis-
tence of a unique ® = ®;[y] € H}(By) which solves (2.4). If v € C(Bp), then by
standard results ®5[y] € C?(By) N C(By) and the representation formula (2.3)
holds; by density (2.3) can be extended to any v € L%(B).
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Now assume that v is radial; it is immediate that ®5[7] is radial too. Then,
by using the spherical coordinates in the space we can write

n[(x) = 2[4]((0,0, |z]))

*E/ ( . - Ui >’y(y)dy
W) \/IyP + 22 = 2[zlys  /TyPlhal* + [2]2 — 2ys|hz]?]2]
1/h

2
el r2y(r) dr

hJo

T sin 0 sin 0 W
' 2 2 _ B 2 2 -2 _ ’
o \\/72+ 22 =2[z|rcosd \/r2|hx2+h 2|z|r cos @

and a direct integration leads to (b). An immediate computation shows that Fy,
is differentiable and

2 2
Fi(u)[w] = —e/ wwdz | Gp(z,y)u® dy + Ry e d;v/ wwGr(z,y) dy
h B Br h Br Br

:4/ uw®p[u?] dz. O
Bp

Let us define the functional Jy: Hi (By) — R given by
1 2 € 2 € 2 2
Jp(w) =< |Vul*de+ = | fululde+ - [ |u|*®p[u”]dz.
2 Bn 2 B 4 Bn

According to Propositions 2.1 and 2.3 Jj, € C1(H}(By),R). Let us consider the

manifold
/ |u|? dex = 1}.
Bp,

Our aim is to capture solutions of schmaxone—-schmaxtwo as critical points of

My = {u € H(By)

the functional Jj constrained on the manifold Mj. Then for every A > 0 we
define the infimum value J} as follows:

p = inf :
T B

3. Preliminaries

In this section we collect some preliminary facts which will be used in the
following for the proof of Theorem 1.1. We begin with the following elementary
lemma.

LEMMA 3.1. Let A C RY a measurable set, {f,}, f C L°(A,R) and g,: A —
R two sequences of functions verifying:

(a) gn is measurable, g,(x) > 0 a.e. in A,
(b) infa f >0, (fn — f)Xsuppg, — 0 uniformly in A as n — oo.
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Then the following holds

/Afngnd$=(1+o(1))/Afgndx.

The proof is an easy computation.

Before going on we fix some notations. In the remaining part of the paper we
assume, for sake of simplicity, zop = (0,0, 1) and we use the spherical coordinates

x=x(r,0,):
(3.1) x1 =rsinfcosp, x9=rsinfsiny, x3=r1rcosd,

forr >0, 6 € [0,7], ¢ € [0,27]. For every i € {1,...,£} let M; denote a rotation
matrix in R3 such that M,zy = z;.

A crucial step in the proof of Theorem 1.1 are next lemmas which describe
the behaviour of the functional J; with respect to suitable sequences of functions
in H}(Bp).

LEMMA 3.2. Consider i € {0,... ¢}, hy, — 0 an arbitrary sequence and let
wy, € L?(Bp,) be such that w, = 0 if |h,x — 2;| > 6, for some &, — 0. Then
the following holds

(a) ifi€{0,...,0'}, then

A
(o) [, do =55 [ w1~ fhal)do
Bh,, 2r Jp

h"L
+ 0( / o (M) [267(2) dx);
B,

(b) ifie{l +1,...,¢} then, for some C >0,

1+ 0(1))/ |wn|2fhn de > C |wn(Mix)\29§(x) dx
Bhn Bhn

If, in addition, if i = 0 and w, € HZ(By,), then
(32) (L+o(1)IVwnl3
1/hy ™ 27 0 2
:/ dr/ d@/ <h2 >d<p.
0 0 0 n
PrOOF. Fix x € By, with |h,z — 2;| < J,. Notice that, since |[a™3 —b73| <

3(min{a,b})"2|a — b| for a,b > 0, then for every y € dB; with |y — 2;| > V/d,, we
have

ow,,

00

ow,, 2+0 2 1 ow,,
or

400

1

’ 1 3 36,
ly—=zl® |y — hnal?

< it — 2] < —20"
< oo e Al S g




158 T. D’APRILE

and, consequently,

‘/ o) —9z0) 45 4,
ly— zl|>\/7 |y h £L'|
1
< (9(y) — 9(20)) - ds
/|y—z,;|2(L/Z ) 0 |y_hnm‘3 |y_2i‘3

+/ g(y) — (3 ) us
ly—zil< ¥, 1y — 7l

30,
ey /8 | (6(0) ~ g(z0)) dS
9(y) — g(zo )dS

+/ :
-zl< e, |y — il

by (1.7); hence we deduce

ly—zi|> V6, ly — hpal

uniformly for |A,x — z;| < d,. Lemma 3.1 gives

1— |hyal? B
[ RIEE N S EI
Bh, Am |5 Y5 1Y — Pn]

A+ ol
_ L()/ o 2(1 = [nz]) dz
27T B

hn

It remains to examine the term

(3.3) / o (1 |hn:c|)2dx/ 9(v) —glz0) g
By, ly—2i| < V/6n |y - hnx|
g(M;y) —

B ly-zol< ¥5n 1Y — hnzl

Then for every x = z(|z[,0, ) € B, consider the rotation matrix

cosfcosp —sing sinfcosgy
M, =] cosfsinp sinf  sinfsiny
—sinf 0 cos 6

It is obvious that M, (0,0, |z|) =  and M,(—siné,0, cos ) = z.

First assume i € {0,...,¢'}. Fix x = z(|z],0, ) € By, with |,z — 20| < dp;
then sin# < §,, and, for every y = y(1,0’, ') € 0By with |M,y — 20| < v/0,, we
have

ly — 20| <|y— M, 20| + |20 — M, ']

§ﬂ+¢2—2cos < /5y + 26, < 2V/6,,
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at least for large n. Then, for such x compute

_ T Moy — 2|T
(3.4) / Jy =zl :/ My =20l
ly—zol< V5, [V — Pn| Myy—zol< 5, | Moy — hnz|
My — 2|7 — M 1z9
< ey =l g5 _ | =Ml
ly—20|<2V/5, ‘sz_hnx‘ ly—z0| <25, |y_ (0,07‘hn$|)‘

sin @’ do’.

< 97/2 /2” dy' /amin(2 V) (1 + sinfsin 6’ cos ¢’ — cos § cos §)3/2
=), (Lt [t l? — 2] cos0)72

Note that for every 0,6’ € (0,7/2) and ¢’ € (0, 27)

(3.5) (1 + sin@sin @’ cos ¢’ — cos 0 cos )7/2
< C(1 — cos B cos 0')7/% 4+ Csin?? hsin?/? ¢
<C(1 —cos0)7% + C(1 — cos0')7/% 4 Csin?? §sin?/2 ¢
<Csin?f+ Csin?é'.

A direct computation shows that

/arcsin(2 Vo) sin 6'do’
0 (1+ [hnz® = 2lhye| cos0')3/2

1 1 1
B (1 — x| (1 + [pz|? = 2|hnz| cosarcsin(2%))1/2>
2
P —
1 — |hna]

for |hpx — 29| < 6,; furthermore, since 1 + 22 — 2z cos@ > sin® @’ for every
x €10,1],

/arcsin(Q %) (SiIl 9/)5-"—1 dg’
o (1 + |hpz|? — 2|hpz| cos §7)3/2
arcsin(2 ¥/35,,) 1
< —_— dal = 1
= /0 (sinf)2-1 o1)

uniformly for |A,xz — 29| < d,. Combining last two inequality with (3.4), and
using (3.5), one deduces that

_ q q
/ Jy=zl" 45 0 @)
ly—z0l< 45, [Y — Pnz| 1 — |yl

uniformly for |,z — zo| < d,,. Since by assumption (g3)

M. _
sup 9(M;y) ngo)
y—zol< ¥3, 1Y — 20l

=o(1),
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using (3.3) we conclude

[ bl payas [ 2206 g
B, ly—zil< ¥, Y — hnzl

= o(l)/B lw,, (M;x)|?0%(z) da + 0(1)/ |w,|?(1 — |Aip|) da

Bp,,

and part (a) of the lemma follows.
Now assume that i € {¢/ +1,...,¢}. Fix x = (|z|,0, ) € By, with |h,z —
20| < p; we have sin @ < d,,; then for every y € 9By with |y — 20| < 1 — |k, x|

|My — 20| <|y — 20| + |20 — Myz0]
<1 —|hApz| + /2(1 — cos ) < &, + 26, < V/6n

at least for large n. Then for such x compute

N M.y — z20l9
(36)(/‘ Jyggzdj§dgzzjf 4L45y4439L§d5
ly—z0| < /3 |y - hnl’| |Myy—20|< /o0 |Mry - hnx|

M, q — M1x9
z/ ey — zol7 ,/ =Ml
ly—z20|<1—|fna| |Mzy — hpo] ly—z20|<1—|hnz| 1Y — (0,0, [hnz])]
> 2(1/2/27r /1 hnel (1 4 sin B sin @’ cos ¢’ — cos B cos §')7/2 ——
(1 + |hpz|? — 2|hpz| cos 6)3/2

We recall the following well known inequality:
la — b|7/% > Cy]a|V? — Co|b|7?  for all a,b € R,

for some positive constants C, Co. Then for every 0,6 € [0,7/2], ¢' € [0, 27],
e > 0 (using Young’s inequality):
|1+ sin @ sin @’ cos ¢’ — cos § cos §'|7/?
> C1(1 — cosf cos 9’)6/2 — Cysin?2 9sin?/? ¢’

Co8 gnrg &2
2

>Ci(1 - COS@)E/Z — in?0 — 2% sin? ¢’

C
> 2%1251 q9—72551nq0—§—§sm(19'

by which, choosing e = C;/29/2C5,
(3.7) |1+ sin @ sin @’ cos ¢’ — cos 0 cos 0|72 > Cysin?0 — Cysin 6.

Taking into account that 1+t2 —2tcos(1—t) > 16(1—1)?/9 as t — 1~, we easily

compute

/1 |n ] sin 6’ d@’
0 (1 + |hpz|? — 2|hpz| cos §7)3/2

1 1 1 1 1
= — > -
[P (1 — |hnx| (1 4+ |hpz|? — 2|ln2| cos(1 — |hnx|))1/2> 41— ||
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for |hpx — 29| < d,,. Proceeding as in the previous case

1— |k, ] (sin 0)7+1 5. 1
da, < T o= d@l = 1
/0 (1+ |hpx|? — 2|hyx| cos )3/2 = /0 (sin0/)2—4 o(1)

uniformly for |A,x — 29| < J,. Combining last two inequality with (3.6) and

using (3.7), one deduces

— 0|7 ind q
/ %dszcm+o(l)zow+o(l)
ly—a: < 5, [Y — In| 1 — [hn| 1 — [hnz|

uniformly for |A,z — zg| < J,,. Since according to assumption (g3)

o IMiy) — g(z0)
ly—zol<y/Mls. 1Y~ 20|

>0,

by (3.3) we conclude

[t ey [ o)~ )
B y—zil<y/1416, Y — P

>C |w,, (M;z)|?0% () do + 0(1)/ |wn|2(1 — |hp|) do
Bﬁ,n Bhn

and part (b) follows. In order to prove (3.2) it is sufficient to compute:

1/hy ™
/ |Vw,|* = / dr/ do
Bn, 0 0
27 2
/ r? sinﬁ(‘aw” >d<p.
0 87’1

Now, since h2r? — 1 and (sin6)/6 — 1 uniformly on supp wy, then Lemma 3.1
gives (3.2). O

2 2

1
r2

ow,,

00

1 Oowy,
e

r2gin? 6

We are now in position to provide the following result.

COROLLARY 3.3. limy_ 0+ J; =0.

PRrROOF. Fix & € C§°(R) with supp & C (0, 1); for every i > 0 and x € By, set
on(z) = E(VR|z| + 1 —1/v/Rh). Then o € C5°(By) and

1 1
=0 if jz| < - — —.
For every ki > 0 take n € C*°([0, ]) satisfying
m=1 ifO<hr/S,  p,=0 if6>hr"/0+Rp/>, Iy < 27175,

Define
T3

wr () = Apen(@)nr(0(x))  where 8(x) = arctan —
r{ + 5
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(according to (3.1)) and Ap > 0 is such that th|wh\2 dz = 1. More precisely

1/h nt/o
(38) A% = \nh(e(x))goh(x)Fda:ZZ?T/ r2|<ph|2d7“/ sin 0 do
Bp, 0 0
>2n(1 cos(hl/ﬁ))<1 ! )2/1m| | dr
(1 — .1
B b Vh 0 o
1 1
> (1 — cos(h'/© / 2ds
> ( ( ))hQ\/ﬁ ; €l

at least for small A.
Now for every = = z(|z|, 0, ¢) € By, since

2
IV (@) < 2| () (0)]* + W\nwwmw,
we compute

(3.9) |Vwp|? da
Bp

R1/64p1/5 1/h
§47r)\%/ sin@d@/ (2| (1) |2 + B2/ op(r))?) dr
0 0

)\2 1
<42 (1 — cos(hY/® + B/ / "2 4+ |€]?) ds
ﬁ\/ﬁ( ( ) ; (1€ +1£1%)

1 —cos(h'/S +n'/5) (b , Lo -1
<4h / d J 0
< 1 — cos(h/5) /0 (€17 +1€17) s(/o €] 5> =0,

as i — 0, where, in the last inequality, we have used (3.8).

By Lemma 3.2, considering a sequence h,, — 0,

(3.10) (1 +o(1))/B lwn, |2 fr, da
A

2 Bh,,

A
Jon, [P(1 = [hnt]) da + o(Ry/®) < 22 \/ho + o(Iy/°).

Finally by Proposition 2.3, since

min{|z|,7} — Alz|r _ V& 1 1 1
< — f el-——, =
" 2 Sz forlelrel{s-72%)
we get
(3.11) |wh\2®h[w%]dx < \wh|2<1>h[)\%g0%] dx
Bh Bh
\2VE 1/h
< 4re h{/ \wh|2dx/ |goh(r)|2dr
h B 0
T Vi
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as h — 0. Combining (3.9)—(3.11) we achieve the thesis. O

Before going on with the second lemma we need the following result concern-
ing the symmetrization of functions on a ball.

PROPOSITION 3.4. Consider h > 0. For every v € L?(Bp) we can associate
a function v* € L?(By) such that v* is radial and the following properties hold

/ i)y d > / By de, F(lel) de = / F(lel)y de
Bp B

Bp, By,

for every f € L>([0,1/h)). Furthermore the operator v € L?(Bp) — ~v* €
L?(By) is linear and (y o M)* = ~* for every rotation matriz M in R3.

PROOF. First assume v € C(B},). For every z € By, define
Y@= [ wds =g [ llelyas
drlz)? Jap(o,l2)) 47 JaB, '

It is immediate to prove that v* € C(Bp,) and for every f € L°([0,1/h]),

1/h
Flehyde = [ fr)ar / v dS
o0B(0,r)

By, 0

1/h
—an [ pendr= [ fllal)y de
0

By,
Furthermore, since by Proposition 2.3 ®5[y] € C(Bj), we can compute

e

w0l ) = s [ @ [ G aste)

Notice that for every r > 0
dmr .
[ Gutwwds(e) = T (min{r o]}~ brly),
dB(0,r) |y
then the function y € Bj — faB(o " Gr(z,y)dS(x) is radial and belongs to

L*°([0,1/h]), then (3.12) applies and gives

e

Bl ) = g [ 7 [ G astz)

1
= — D,[Y*1dS = Pplv*
s s, 2715 = 210)

by Proposition 2.3(b). Setting f = ®x[y]* = @p[y*] and f = ~*, from (3.12) we
deduce respectively

1) [ =mllde=o [ @b - e =0
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Then, using (3.13) and equation (2.4), we compute

/ YPrlv] dfv*/ vV Py dx
Bh Bh

- / (@] — Bnly"]) da / 2 (Bnly] — Baly"]) da
By, By,

= [ VERIV@n] — aly) da
me Bp

- 4i VOr[y* IV(®n[y] — Puly"]) da
€ JB,,

2
>
47T6/ |Ver[y] = VOi[y*]|* dz > 0.

In order to conclude we use the density of C(By) in L?(By,). O

Finally we derive an estimates regarding the nonlinear energy term

/ |20 [u2].
Bp,

LEMMA 3.5. Consider N > 100, h,, — 0 an arbitrary sequence, y., ... ,y,
Yo € OBy, v, € LY(By,) such that

1 . .
v =0 for |hyx —yo| > 0, 6, — 0T, 6, < —min|y’ — |
N i#j

Then, considering QL, ... , QN rotation matrizves in R® such that Q' yo = 4% and
setting wy(x) = Zfil v, ((Q) 1), the following holds

/ w2 P, [wilde < 2N [ 02dp, [v2] da.
Bh, B,

PROOF. First note that by construction for i # j the functions v, ((Q%)~'x)
and v, ((Q7)~12) have disjoint supports. Then we compute

2 2
/Bﬁ”wn% dw—zz / |vn ( Idx/ G, (Qn, Q) vn(y)[* dy

i=1 j=1 Bh,,
N
=3 [ oo, 2o
=1 B,
9 o R e[ G (@i Qloa ) dy
i=1 j#i hn

Y / [on( Idx/ G, Qi QL) v ()] dy.

i=1 j#i
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By (2.2) for large n and for every x,y € B(yo/hn, 6rn/hyn) (since hy,|x —y| < 26,
and hy, |y|Anz|? — 2| < |Anz|*hnly — 2| + [Bpz|(1 — |hyx|?) < 45,)

Gh, (2,y) a1 = [hnz)) (1 = |nyl)
T 4853

n

and, if i # j (since Aplx —y| > (N — 2)6, and hy, |y|hnz|? — 2| > |hpz|?hn|y —
2| = | |(1 = [hn[?) = (N = 5)dn),

G, (@2, Qhy) _ [P (1 — [hn])(1 — [ny])
h3 - (N —5)363 '

Hence combining last two inequalities we can write

/ |wn|2q>hn [wi] de < N vTQLCIJhn [vz] dxz
B

hin Bhn,

48e 9 9
— d G d
+ ZZ Fin(N — 5)3 /Br i) G (z, y)vy, dy

48N(N — 1) o s
N[ JonPen, 2] de + BN D / o 2®s, [02] de.
o ™58 Jo,

Since 48N (N —1)/(N —5)3 < N for N > 100 we obtain the thesis. O

4. Asymptotic estimates

The purpose in now to provide some suitable asymptotic estimates which
will be useful for analyzing the behaviour of our solutions in the limit when
h — 07. We begin with the following lemma which establishes the existence
of a minimizer for the infimum J; and proves that its L?-norm is concentrated

around the points z;.

LEMMA 4.1. For every h > 0 the infimum J; is attained in the set My by
a function up > 0. Furthermore there exists 6 — 07 such that

(4.1) lim [un|* dz = 0.
h—0+ Br\U‘¢_, B(zi/h,0r/h)

Proor. Fix i > 0 and consider {u,} C M}, a minimizing sequence. Since
{u} is bounded in the HJ(By)-norm, up to a subsequence we have

Up — up  weakly in Hy(By), U, — up in L?(By) and a.e. as n — oo,

for some up € Mpy. By using the weakly lower semicontinuity and Fatou’s lemma,
we obtain J§ = lim,, Ju(u,) > Ji(up), i.e. up is a minimizing function. Since
Jr(u) = Jr(|ul), we may assume up, > 0. In order to prove (4.1) fix a > 0 and set
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D={ye€dB;||ly—z|>a/2forali=0,...,0}, d=infp(g(y) — g(z0)) > 0.
We compute

1 — |hz|? d
izs [ jnfart = L dS(y)
2 JBu\U’_, B(z:/h,a/h) am p |y — x|

:gd/ lup|* dz
Br\U{_, B(z:/h,a/h)
e/ " 2dﬂjl—|hﬂn|2/ d ds(y)
_¢ . i L e _
2 JB\UL_, B(z:/ha/h) 4m oB\p |y — hx[3

Notice that if z € By, \ Uf:o B(zi/h,a/h) and y € 0B1 \ D, then |y — hx| > a/2,
by which

Ji > Ca |up|? dx
Br\Uj_o B(zi/h,a/h)
1 1 — |hx|?
- 6Zed/ |uh|2£dm.
@B Bai/ha/h) A

Since (1 — |ha|*)/4m < 8n(z)( [y, (9(y) — 9(20)) dS) ™" we get

e 2567d

—d |uh|2da:§J*—|— Jr—0

2 JBp\U‘_y B(i/ha/h) " [, (9(y) — 9(20)) dS 7"
by Corollary 3.1. The arbitrariness of a gives the thesis. O

Next we go further in the analysis of the distance of the minimizers uy from
the boundary dB; and, as a corollary, provide an asymptotic estimate for the
values J}.

LEMMA 4.2. There exist numbers €, — 0T such that

(4.2) lim up|*dr =0
h=0% J | hz|<1—epJ; s

and

(4.3) liminf h=2/3c2/3 1% > 0.

h—0t

PROOF.. In order to prove (4.2), we proceed by contradiction. Taking into
account of Lemma 4.1, assume the existence of ¢ € {0, ... , ¢}, a sequence f,, — 0
and a > 0 such that, setting v, = up, XB(2,/n /hy) and Jp = Jf

'ruéhn

/ |vn|? dz > 0.
|Anz|<l—a J}

In this situation we can choose b,, > a such that

/ |vn|2d$201 >07 / |Un|2d$202 > 0.
|hnx| <1—bp J 1-bpJ: <|hnz|<l—a JX

n—=
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Fix N € N and take N points y1,... ,yn € 0By with y;, # yi for h # k. Denote
by Q a rotation matrix in R? such that Q;z; = yi and consider the sequence

Wy, = \/% Z%(QEIQC)

k=1
By Proposition 3.4 we deduce

N

1 N N
(4.4) (w?)* Nz vnoQk **NZU OQ;.C Z
k k=1

k_

Hence, combining Lemma 3.5 with Proposition 3.4 and (4.4) we obtain
2
N[ e ez [ ude o> / (02) D, [(02)"] de
N By, By, Bp,,
/b 1/hn
= 167 e/ dr/ h (r)(v2)*(p)(min{r, p} — hprp) dp
(1—adz)/hn (A=bnJ3)/Fin
> 1on%c | / <v2> ()W) (0)(1 = ur) dp
(1=bnJ%) /B

(1—aJ)/h (1=bn J; )/hn
> 1652l / dr / r2p2(u2)* (r) (v2)* () dp
(l—an;;)/hn 0

> aeJ;fb/ (v2)* d:z:/ (v2)* dx > aeJ}cica.
a i <l—|hpa|<b, Jx || <1—by, Jx

Last inequality follows from Proposition 3.4 by taking

f(r)= X{aJ; <1—hpr<bnJy } and f(r) = X{hnr<1=bnJy }>

respectively. The arbitrariness of N gives

limsup(J;:)*l/ V20 [v2]da = co.
B

n—oo

On the other hand

e

el < g ) =
Bhn

and the contradiction follows.

To prove (4.3) consider £ € C§°(Bp) and for every x = z(r,0,¢p) € By

compute
1/h 8€ 2 1 l/h 85
= — < — _>
’/r gy (P20 p)dp| < (h T>/r gy (P2 0:9)

2
dp,
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by which

27 T 1/h 1
/ €)% dx < / d<p/ sin 6 df r? ( - 7“)
|ha|>1—enJ} 0 0 (A=enJy)/h h

1/h 6§ 2

5000 dpar
27 T 1/h 1

§/ d<p/ sin 6 df ( —7")

0 0 (1—entz)/m \ Tt
Uho¢ 2 end;)?

/ P*| 5 (p,0,)| dpdr = ( Zh'}) /B VE|? da.
T h

By density we deduce

2

J*)2 (€hJ*)2 c (J*)3
2 Jl < (ehih/ 2 d < 7EJ _ex(Jy .
/hxz1_shJ; |uh| r= 2h2 Bn| cuh| > B2 h(uh) = 2

Using (4.2) we obtain (4.3). O

5. Proof of Theorem 1.1

We are now in position to complete the proof of Theorem 1.1. In what
follows we will always assume zg = (0,0, 1) and we will make use of the spherical
coordinates (1,6, ¢) defined in (3.1). We begin with the following elementary
lemma.

LEMMA 5.1. Consider the function P:[0,7]? x [0,27]?> — R defined by
P0,0,0,¢") =1 —sinfsinb’ cos(p — ¢') — cosfcosd'.

Then P(0,0,p,¢") > 0 and for every x = (r,0,¢), y = (r',0',¢') € By, the
following holds
le —y|? = |r— o' |> + 2" P(0,0",0,¢).

The proof is an easy computation.

Next we give a result showing the behaviour of the Green function Gy with
respect to suitable dilatations in the directions (r, ).

LEMMA 5.2. Fiz A > 1, r € (A ((A+1)h),1/h), 0,0 € [0,7/(2))], ¢,¢ €
[0,27]. Then, setting rx = A(r — 1/h) + 1/h and r\ = X(r' — 1/h) + 1/h, the
following holds

G((rx, M, 0), (15, A0, ©)) < ABG((r,0, ), (1,6, ¢")).

ProoF. We begin by proving that, choosing A, 6,6’ ¢, ©’ as in the statement
of the lemma,

(5.1) PN, 0") = P(0,0",0,¢).
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Setting a(A\) = P(A0, M0’ p, ¢’), an easy computation shows that
a'(N) = (—=0cos A0 sin A" — 6’ sin A0 cos A\0') cos(p — ¢')
+ 0sin A0 cos A0’ + 6’ cos \@sin \9'.
If cos(p — ¢') < 0, then all the terms in the sum of a’(\) are positive. Assume
cos(p — ') > 0; then
(a(N)) > — O cos A0sin A0’ — 6’ sin A0 cos \O' + 0 sin A0 cos A0’ + 0’ cos A0 sin \¢’
=0sin(A0 — \0’) + 6 sin(A0' — \0) = sin(A(0 — 6'))(6 — 0") > 0.

Hence (5.1) holds.

Now denote by z,x,yx, y the points of B; having spherical coordinates

z=(r,0,0), zx = (rx, M, ), y = (,0',¢'), y» = (ry, A0',¢’). Then, from the
choice of r we have |z|/A < |zx| < |z|; using (2.2), compute
(5.2) Glar,yn) = N *(1 — [ha])(1 — |hyl)
lyan — zallyalhizal? — za|(yalhza|? — za] + [hzal|lya — za])
< A lz?(1 = |hx|) (1 — |hy])
= |yx — aallyalhaal? — za|(Jyalheal? — zal + [hx|lyn — 2a])

Now we analyze separately the terms |z) — yx| and |yx|hza|?> — xA|. By using
Lemma 5.1 and (5.1) we get
(5.3) |23 = ya|? = N2 = '[2 + 2rar  P(A, A, 0, ¢)
>N — 7|2 4 2rarA P(0,6, 0, )
rr!
2 /\2|T - T’/|2 + QFP(97 9/3 P <Pl)

1 1
> F(hﬂ - T/|2 + 2TT/P(979/5 ®, 90/)) = §|x - y|2;

(5.4)  |yalizal?> — ox|? > r3|R3rirs — 1% + 2|hrs | 2rira P(0, 6, ¢, &)

r2 1
> F|h2r/r — 12+ F2|hr|2r’rp(t9, 0,0, ¢)

| —

> (17 |hr? = + 2B Pr'eP(6, 0, 0, ¢"))

4

>

= slolhal? — o

Combining (5.2)—(5.4) we obtain the thesis. O
The object is now to analyse the asymptotic behaviour of the minimizers
{up} when I — 0. From now on we focus on a generic sequence A, — 0T. For

sake of simplicity we set u,, = up,, M, = My, , ... According to Lemma 4.1,
up to a subsequence we may assume

¢
(5.5) / |un|2 = a;, a; — «;, Zai =1.
‘hnw_z'ilgfsn i=0
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We divide the remaining part into 4 steps.

Step 1. There exists a constant 7 > 0 such that for every i € {¢/ +1,... ,(}
with a; # 0

. Q;
hmsup/ |un(Mix)XB(ZO/hm(;n/hn)|2dx < 5
n—400 JO(x)>(rJx)HT

Assume by contradiction the existence of i € {¢' +1,...,¢} and a sequence
T, — 00 such that, up to a subsequence,

a;
/ Nun (Mi) X Bzo/h 50 1) | de > 7 >0
9(£)2(7nt]n*,)l/q
We apply (b) of Lemma 3.2 and obtain
(T4 o(1)J: = (14 o(1))Jpn(un)

* Q; *
> CTan/ |un(Mil')XB(zo/hn,(;n/hn)|2 dx > CZTan
0(x)>(rn I}V
and the contradiction follows.

For every n € N consider n,, € C*[0, 7, &, € C*°[0,1/h] such that

m=1 if0< (rJ)YT, =0 if 0> 2(7 )Y,
0<n, <1, |n,|< 2

1— e 1-2/E0J%
Gl dftz Y g =0 g SVt

2h
0<¢,<1 < —
_€7L_ ) |£7L|—\/57J;;

Then for every ¢ € {¢/ +1,... ,¢} set

%

() = 1 (0(2))&n () un (Miz).

Step 2. For every i € {0/ +1,... 0}: J,(ul) < J* + o(J}).
First compute

2
IV [€n(nn 0 0)]]* < Wln;((’)lgfi +21, 20 ()2

h2 h2 h2
<C n C n < n
=Yz TU I S Y a e
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at least for large n. By using Holder’s inequality we obtain

/|Vuib|2dx§/ |Vu,|? de
B B,

h2
+ C / un|? / Vg, |ty dz

h2 1/2
< |vun\2dx+c +C </ IVuanx)
/, ro e vz
K2 h
Vu,|?de + C—2— + C—=—.
/B Vunlda+ O+ C g

Since by (4.3) h? < Ce?(J;)?, we deduce

(5.6) /|vu;|2da;g/ Vun|2 dz + o(J7).
B,

n

It is immediate that

(5.7) /B i Py [l 2] d < / (M) By 1 (M) 2]

n n

— [ JunP @ ffunf?)
B

n

Finally, by Lemma 3.2(a),
58  (1+ / fuis P do = 52 [ b (1= ) do -+ o(7)
7T

A
< @sz +o(J7) = o(J;)-

Combining (5.6)—(5.8) we achieve the thesis of the step.

Step 3. a; =0 forevery i € {¢' +1,... ,¢}.

This is the most technical and lengthy part of this paper. Assume by con-
tradiction that there exists j € {¢' +1,...,¢} such that «; # 0. Taking into
account of (4.2), (5.5) and Step 1, letting 3, > 0 be such that an |ud |2dx = B,
up to a subsequence '

Bn - ﬁ > aj/2-
Roughly speaking, we will make a suitable dilatation of the functions /, in the
direction p and 6 in such a way to construct a new sequence w, € M, which

makes the functional J,, lower then J,(u,), which contradicts the minimizing
property of u,. Fix N > 100 and take y},... ,y € 9By such that

Yk — 20l SANZ(TT)VE, Jyh — k| 2 AN(7 ;)T for h# k.
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Denote by QF a rotation matrix in R? such that Q2 = y* and consider the

new sequence
N
= J k
- \/N 2, (@)

By construction at least for large n w have ul = 0 for |h,x — 20| > 4(7.J)M4;

hence Lemma 3.5 applies and gives
) _ A
[ witalutlde < 3 [ Pe ) de < G ol)
B, N g, N

where, in the last equality, we have used Step 2. In particular the functions
ud ((Q%)~1z) have disjoint support, by which we compute

J = NZ/WFm—m

Analogously, using again Step 2,

(5.10) / |Vw, |* de = / |Vl |2 do < 2% + o(JF).

n n

Next fix A > 1 arbitrarily and set

Y <(hnrl)//\+l 1 )
Wn, NP

AV I, A

where 7, > 0 is such that w,, € M,,. Since A,r — 1 and (sinf)/0 — 1 as n — oo

uniformly on supp w,, and supp w,, by using Lemma 3.1, we compute

l/hn 27
1 */ \@n\zdxf— / dga/ 0|w,|? do + o(1)
1/hy, 27
/ dr/ dgo/ O|lw,|* dh + o(1)

2 [l o) = o)

B,

'[En('ra 0, 90) =

i.e. v, — 7Y% By (3.2) and (5.10),

(5.11)  (L+o(1)[Vwnl3

2 2

1/hn T T [ |ow Jw ow, |*
i dr [ do R i B i e AR
0 T/o /0 (h%‘ or " ‘ 90 9‘890 7
Loll) o 1 1toll) .

By Lemma 3.2(a), since @, = 0 for |h,z| < 1 —2\/EnJ;: or 6 > 2\(7J)Y/4, we
get

(5.12) (1+ o(l))/B | Wy |? fr d < %/\\/QJ; +o(J}) = o(J}).
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Finally by using Lemmas 3.1 and 5.2

(5.13) (1+o(1))/B wi/B ®,,[w?] dx

1/h, s 27

e 0

= d de —wid
hn/o /o /o pz Y

1/hn T 2m 9/
/ dr’/ da'/ =G (r,0,0,7.0, ¢ )2 dy’
0 0 o hn

e /l/fbn T ) 27 0 )
=—" dr/ d / —w,, dp
T ™™ Jo 0 o hi

1/h, ™ 27 o’
[ [ [ G0 e 0 g
0 0 0 hn

1 1
<eyiaB(1+ 0(1))/ wi/ @, [w2]dr < 8A13+270()J;;,
B, B, BN
where in the last inequality we have used (5.9). Now choose A > 1 and N € N

such that
2 1 8AL3
- <= d 1.
N3 < 5 an BN <
Then, combining (5.11)—(5.13) we achieve J,,(w,) < J/2+o0(J}) which is a con-

tradiction since w,, € M,, and consequently J,,(w,) > J.

Step 4. End of the proof of Theorem 1.1.
According to Propositions 2.1 and 2.3 and Lemma 4.1, by applying the La-
grange multiplier rule, for every i > 0 there exists A € R such that uy solves

—Aup, + efhuh + e@h[u%]uh = A\pUp.
By multiplying both members by uy and integrating by parts we deduce
0 < Ap < 4Jp(un),

by which, using Corollary 3.1, Ay — 0 as h — 0. Now put

X

nte) =2 (1) and ona) = (3 ) + @l () + oG

then an easy computation shows that [, |vs|[*dz = 1 and (vp, ¢n) solves the
system (1.4)—(1.5) with the conditions (1.6) and

w=uwp = A +eg(z0) — eg(20)

as i — 0. Furthermore Theorem 1.1(d) follows directly from Lemma 4.1, (5.5)
and Step 3. Notice that by (2.2) (since |y|z|?> — x| > |z|(1 — |z|)) we obtain
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Gl(x,
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y) < (1—y))/(ly — x|?). Now, fixed € > 0,

/ Oy lui] <x> dx = / V3 dy Gi(z,y)dx
Bl h Bl Bl
1 1yl
< v3(y) dy/ daj—l—/ v (y) dy/ dx
/|y§1—5 g B ly — z| ly|>1—¢ g B ly — z|?
) 1 1 1
= vidy —dzr +¢ T dr=o(l)+e¢ Tz dT
ly|<1—e |z|<2 || |z|<2 7| |z|<2 ||

Furthermore an immediate computation shows that

z\ 1|z 9(y)
fﬁ<h> — An /831 |y — SC|3 as — g(zo)a

then Theorem 1.1(c) is proved. O
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