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ABSTRACT. We prove a new multiplicity result for nodal solutions of the
Dirichlet problem for the singularly perturbed equation —e2Au+u = f(u)
for € > 0 small on a bounded domain Q@ C RY. The nonlinearity f grows
superlinearly and subcritically. We relate the topology of the configuration
space CQ = {(z,y) € Q@ x Q : z # y} of ordered pairs in the domain to
the number of solutions with exactly two nodal domains. More precisely,
we show that there exist at least cupl(C) + 2 nodal solutions, where cupl
denotes the cuplength of a topological space. We furthermore show that
cupl(CQ) + 1 of these solutions have precisely two nodal domains, and the
last one has at most three nodal domains.

1. Introduction

In this paper we are concerned with the singularly perturbed problem
—&2Au+au = f(u) forxe€Q,

P.
(Pe) u=20 on 0f2.

Here Q C RN, N > 2, is a bounded domain, and a > 0 is fixed. The nonlinearity
f € CL(R) grows superlinearly and subcritically, but it does not have to be odd
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in u. A model nonlinearity is

k 1
(L1) flu) =D ealul” 2t 3 dyful 2,
i=1 j=1
where p;,q; € (2,2%), ¢;,d; > 0for 1 <i <k, 1<j<!landu" = max{u,0},
u~ = min{u,0}. Here 2* denotes the critical Sobolev exponent, that is, 2* :=
2N/(N —2) for N > 3, and 2* = oo for N = 2.

There are quite a number of papers on the existence of positive solutions of
(P.) under various hypotheses on the nonlinearity f and the domain €. Fasci-
nating results have been achieved relating the topology of the domain 2 to the
number and location of positive solutions. We refer the reader to [9], [10], [31],
[18], [21] and the references therein where one can also find detailed informa-
tion on the shape of positive solutions, in particular on the number and position
of spikes.

Motivated by segregation phenomena for certain two competing species mod-
els, Dancer and Du [16], [17], as well as recently Conti, Terracini and Verzini [15],
were led to investigate nodal solutions of semilinear Dirichlet problems. More
precisely, they considered a coupled system of two elliptic equations where the
coupling models the competition. If a coupling parameter « increases then cer-
tain solutions u, > 0 and v, > 0 of the system converge as a — oo towards
functions w4, w_, respectively, which have disjoint supports in €2. Moreover, the
difference w4 — w_ is a nodal solution of an associated scalar Dirichlet problem.
On the other hand, given a nodal solution w of the limit problem one can find,
for large competition parameters «, solutions u, > 0, v, > 0 of the system which
converge towards the positive and the negative part of w, respectively. Since the
mid nineties a considerable amount of work has been devoted to investigate the
set of nodal solutions of Dirichlet problems. In addition to the existence of nodal
solutions, estimates on the number of nodal domains and certain localization re-
sults have been obtained; cf. [3], [5]-[7], [11], [12], [19], [27]. These results should
also be seen in the context of a long standing open question whether semilinear
Dirichlet problems on a bounded domain with superlinear and subcritical non-
linearity always have infinitely many solutions. In order to settle the problem
one needs to understand nodal solutions and their properties.

In this paper we show that the topology of the configuration space CS) :=
{(z,y) € Q x Q:x # y} of ordered pairs in the domain plays an important role
when one is interested in nodal solutions which have precisely two nodal domains.
The role of C( is in fact similar to the role of {2 concerning the existence of
positive solutions. A first result has been obtained in [7] where we proved that
for £ > 0 small, (P.) has at least two nodal solutions with precisely two nodal
domains plus a third nodal solution with either two or three nodal domains.
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This result holds true for any bounded domain irrespective of its topology. It
is a special case of our main theorem: If 0N has a tubular neighbourhood then
for ¢ > 0 small, (P.) has at least cupl(C2) + 1 nodal solutions with precisely
two nodal domains plus an additional nodal solution with either two or three
nodal domains. We have a refined result for an arbitrary bounded domain which
essentially involves the shape of 0f).

Our precise assumptions on the nonlinearity are as follows:

(f1) feC'(R), f(0)= f'(0)=0.

(f2) There exists p € (2,2*) such that

If'(t)] < C(A+[t[P~2) forallt € R.

(f3) f'(t) > f(t)/t for all t # 0.
(f4) There exists 6 > 2 such that 0 < 0F(t) < tf(t) for all t € R.

Here F(t) := fot f(s)ds is a primitive of f. These assumptions in particular hold
for the model nonlinearity (1.1).

For r > 0 we set

Q, = {z € Q : dist(x,0Q) > r},
Q" = {2z € RY : dist(z,Q) < r},
Crfyi={(w,y) € A x Qp : [z —y| > 2r},

and we consider the inclusion
ir = i (Q): (Cr- x I&CTQ X 5)[3) — (CQ" x R2,CQ" x (R2 \ {0}))

where Iy := [—1,1] and CQ" is the configuration space of ordered pairs in Q"
that is, CQ" = {(z,y) € Q" x Q" : x # y}.

THEOREM 1.1. Suppose that (f1)—(f4) are satisfied. Then, for any bounded
domain Q@ and any r > 0, there is €, > 0 such that for € € (0,¢,] problem (P.)
has at least cat(i,) + 1 nodal solutions. Moreover, cat(i,) of these solutions have
precisely two nodal domains, and the last one has at most three nodal domains.

Here cat(f) denotes the category of the map f: (A, B) — (A’, B’) as defined
in [14]. This will be recalled in the next section. The category cat(id(4,p)) of
the identity map is just the usual relative category cat(A, B) of the pair (A4, B)
of topological spaces. Here are two lower bounds for cat(i,).

ProrPOSITION 1.2.

(a) For any bounded domain Q and r > 0 small we have cat(i,) > 2.
(b) If 0Q has a C°-tubular neighbourhood then
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cat(i,) > cat(j) > cupl(CQ) + 1 > max{2 + cupl(Q), 2cupl()}

holds for r > 0 small enough, where
G (CUX IZ,CQ x OIF) — (CQ x R* CN x (R?\ {0}))
denotes the inclusion.
By a C°-tubular neighbourhood we mean a continuous embedding
v:0 x (—1,1) - RN

such that v(z,0) = z for all x € 9Q, v™1(Q) = 90 x (—1,0), and v L (RN \ Q) =
002 x (0,1).

Recall that the cuplength cupl(A) of a topological space A is defined to be
the largest integer k such that there exist elements ay,...,a € H*(A) in the
reduced cohomology of A with nontrivial cup product:

a; — - — oy #0€ H(A).

In Proposition 1.2 the cup product is defined using singular cohomology theory
with coefficients in the field Fy of two elements.

Theorem 1.1 and Proposition 1.2 yield three nodal solutions of (P.) on any
bounded domain. This particular result has already been established by the au-
thors in [7]. It would be very interesting to investigate the shape of the solutions
given by Theorem 1.1, and the nodal lines separating the nodal components.
From our proof it will be clear that cat(i,) of the solutions have one positive and
one negative spike. In the special case where 9 is smooth and f(u) = |u[P~2u,
2 < p < 2%, these two-spike solutions have already been found by Dancer and
Yan [19]. Their method depends in an essential way on the non-obvious fact
that the ground state solution of —Au + u = |u|?~2u in H*(RY) is unique and
nondegenerate modulo translations. Such a property is unknown for our general
class of nonlinearities instead of |u[P~2u, and we suspect that it is not true. Very
few is known about the location of the spikes of the nodal solutions. For the
nonlinearity f(u) = |u[P~2u, 2 < p < 2*, Noussair and Wei [30] were able to
localize the spikes of at least one nodal solution, namely the least energy nodal
solution. Even for quite general nonlinearities the shape of the least energy
nodal solution seems to be closely related to the geometry of 2. In particular
we proved in [8] that on a radially symmetric domain this solution is in general
not radial but foliated Schwarz symmetric; see [32] for this notion and [1] for a
proof of the fact that the least energy nodal solution is not radially symmetric.
More symmetry information is available in the special case f(u) = |u|P~2u, see
[34]. Tt would also be interesting to find conditions and examples which yield
the precise number of nodal domains (two or three) of the additional solution
obtained in Theorem 1.1. In fact, on an arbitrary bounded domain 2 there is
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not a single result which guarantees the existence of a solution with three or
more nodal domains.

Throughout this paper, if B is a subset of a topological space A, we write
int 4(B), resp. closa(B) resp. 4B for the interior, closure, boundary of B in A,
respectively. If the ambient space is understood, we suppress the subscript and
just write int(B), clos(B) and 9B.

For 1 < p < oo and a function u € LP(RY), we denote by |u|, the usual

LP-norm of u.

Acknowledgements. Part of this paper was written while the second au-
thor was visiting the Department of Mathematics at the University of Minnesota,
to which he is deeply grateful for its hospitality. The visit was supported by DFG
Grant WE 2821/2-1 (Germany).

2. Preliminaries

In this section we discuss three different invariants for a map f between pairs
of topological spaces. The category cat(f), the excisive category ecat(f) and the
cuplength cupl(f). All these invariants measure the topological complexity of
the map f. ecat(f) is the finest of these measures, and cupl(f) is the easiest to
calculate.

Let B C A and B’ C A’ be topological spaces and f: (A4, B) — (A, B’) be
a continuous map, that is, f: A — A’ is continuous and f(B) C B’. The category
cat(f) of f is the infimum of all integers k > 0 such that there exists a covering
A= AyU...U A of A by open sets A; C A with the following properties:

(1) B C Ap and there is a homotopy h: (4¢ x [0,1], B x [0,1]) — (4’,B’)
satisfying h(x,0) = f(z) and h(z,1) € B’ for all z € Aj.

(2) Fori=1,...,k the restriction f
map A; — A’

A,: A; — A’ is homotopic to a constant

If no such covering exists we define cat(f) = oco.

This definition is due to [14] where a more general equivariant version has
been introduced. If f = id(4 p) is the identity map, then we write cat(A, B) =
cat(id(4,py). Two simple properties of the category of a map are:

LEMMA 2.1.

(a) For any two continuous maps f:(A,B) — (A, B’) and f': (A’,B') —
(A”,B") we have cat(f’ o f) < min{cat(f),cat(f")}. In particular,
cat(f) < min{cat(A4, B),cat(A’, B')}.

(b) If f,g: (A, B) — (A, B") are homotopic (as maps of pairs) then cat(f) =
cat(g).

A proof can be found in [14]. Observe that cata(B) := cat(B — A) is the
usual category of B in A. Hence, cat4(B) is the smallest integer k such that
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B can be covered by k open subsets of A each of which is contractible in A.
We would like to make the reader aware of the fact that many authors define
cat o B by coverings with closed sets. From the topological point of view it is
more convenient to use open coverings. Both definitions coincide for ANRs. The
following properties are immediate consequences of our definition.

LEMMA 2.2. Let B C A be such that every point in B has an open neigh-
bourhood in A which is contractible in A. Then

(a) B contains at least cat4(B) points.
(b) If B C A is compact, then cata(B) < oo, and there is a neighbourhood
U of B such that cat 4 (U) = cat 4(B).

Next we introduce the excisive category ecat(f) of f:(A,B) — (A’,B’).
This number is defined as the smallest integer k such that there exists a covering
A= AyU...UA of A by open sets A; C A with the following properties:

e B C Ag and there is a homotopy h: Ag x [0,1] — A’ satisfying
(a) h(z,0) = f(x) for x € Ap.
(b) If h(z,t) € B’, then h(z,s) = h(x,t) for s > t.
(¢c) h(xz,1) € B’ for all x € Ag
e f(A))NB =0fori=1,...,k, and the restriction f|a,: 4; — A’ \ B’
is homotopic to a constant map A; — A’ \ B’.

Again we write ecat(A, B) = ecat(id(4,p)). In [23] ecat(A, B) is called

strong category. This is however not consistent with the classical strong cat-

~ —

egory Cat(A) which is defined using coverings by sets which are contractible in
itself. We observe two properties of ecat whose proofs are straighforward.

LEMMA 2.3. For any two continuous maps f:(A,B) — (A, B’) and f"
(A, B') — (A", B") we have ecat(f' o f) < ecat(f’). In particular, ecat(f) <
ecat(A’, B’).

LEMMA 2.4. Let B,C C A and B',C’' C A’ be closed subsets such that C U
B=AandC'UB = A'. Let f:(C,CNB) — (C',C'NB’) be a continuous map,
and let f: (A, B) — (4’, B') be an arbitrary continuation of f. Then ecat(f) =
ecat(f).

As a corollary we get the excision property for the pair (A, B) (cf. [23,
Proposition 3.8]).

CORROLARY 2.5. Let B,C C A be closed and such that BUC = A. Then
ecat(A, B) = ecat(C,C N B).

We finally introduce the cuplength of f: (A, B) — (A’, B’). References for
the algebraic topology which we use are [22], [28], [33]. Let H* denote either
singular or Alexander—Spanier cohomology with coefficients in the field Fo of
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two elements. We recall that the cup product — turns H*(A) into a ring with
unit 14, and it turns H*(A4, B) into a module over H*(A). A continuous map
f:(A,B) — (A, B’) induces a homomorphism f*: H*(A’) — H*(A) of rings
as well as a homomorphism f*: H*(A’, B") — H*(A, B) of abelian groups. The
number cupl(f) is defined as the largest integer k > 0 such that there exist
elements v, ..., a € H*(A') and 3 € H*(A', B') with

frlag = —ap— ) = f(ar) — - — f"(ax) — [*(B) # 0 € H* (A, B).

It is O if I:T*(A’) = 0nd f* # 0, and it is —1 if f* = 0. Again we write
cupl(A, B) = cupl(id(4,p)). This is consistent with the definition of cupl(A, B)
given in [23]. We have the following,.

LEMMA 2.6.

(a) For any two continuous maps f:(A,B) — (A',B’) and f': (A", B") —
(A", B") we have cupl(f’ o f) < min{cupl(f),cupl(f')}. In particular,
cupl(f) < min{cupl(4, B), cupl(4’, B')}.

(b) If f,g: (A, B) — (A, B') are homotopic then cupl(f) = cupl(g).

(c¢) (Excision property) Let A, A’ be paracompact Hausdor(f spaces, and let
B,C C A and B',C" C A’ be closed subsets such that C U B = A and
C'UB = A" Let f:(C,CNB)— (C",C'NB') be a continuous map,
and let f: (A, B) — (A, B’) be a continuation of f. Then cupl(f) =
cupl(f) if the cuplength is defined with Alexander—Spanier cohomology.

PROOF. (a) Set k := cupl(f’' o f) and let ay,...,qp € ﬁ*(A”), B e H* (A",
B) satisfy (/0 f)*(an — -+ — ag — §) = f*(a1) — -+ — [*(or) — F*(6) #
0 € H*(A,B). Then f*(ag — -+ — ax — ) # 0, so cupl(f’) > k, and
(" (1) — -+ — f"(ar) — f*(B)) # 0 which implies cupl(f) > k.

(b) is trivial because f* = g*.

(c) follows from the strong excision property of Alexander—Spanier cohomol-
ogy which implies that the inclusions (C,C N B) — (A4, B) and (C',C' N B’) —
(A’, B’) induce isomorphisms in cohomology. O

The next lemma shows how ecat, cat and cupl are related.
LEMMA 2.7. ecat(f) > cat(f) > cupl(f) + 1.

PRrROOF. The first inequality is obvious by the definition of ecat and cat.
The proof of the second inequality is a modification of the standard argument
showing cat(A, B) > cupl(4, B) + 1. O

We close this section with a brief discussion of semiflows and invariant sets.
Let ¢: G C [0,00) x X — X denote a continuous semiflow on a metric space X.
Here G = {(t,u) : u € X, 0 <t < T(u)}, where T'(u) is the maximal existence
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time for the trajectory t — o(t,u). We often write ¢ instead of (¢, - ). For a
subset Y C X we set

Inv(Y) :={ucY :p'(u) €Y for 0 <t < T(u)},
AY) :=={u € X : p'(u) €Y for some t € [0,T(u))}.

We say that Y is positively invariant if Inv(Y) =Y. We call Y strictly positively
invariant if the following holds:

if u €Y then ¢'(u) € intx(Y) for 0 <t < T'(u).
Finally we define the Y -entrance time function ey: X — [0, 00] by
inf{t >0:¢'(u) e Y} ifue A®Y),
ey (u) =
00 else.

LEMMA 2.8. Suppose that Y C X is closed and strictly positively invariant,
and that T(u) = oo for all w € Inv(X \'Y). Then:
(a) The map ey: X — [0,00] is continuous.
(b) AY)={ue X :ey(u) < oo} isopen in X, and Inv(X\Y) = X\ A(Y)
is closed in X.
(c) catx\y(Inv(X \Y)) > ecat(X,Y).

PROOF. (a) is straightforward, and (b) follows immediately from (a). (c) Let
k = catx\y(Inv(X \ Y)). Then there are open subsets Ay,..., A, C X \'Y such
that Inv(X \'Y') C J; 4i, and each A; is contractible in X \ Y. Put Ay := A(Y),
and define h: A(Y') x [0,1] — X by h(u,t) = p(tey (u),u). Then h(-,0) =ida,
and h(Ap,1) C Y. Moreover, if h(u,t) € Y for ¢t < 1, then already u € Y and
hence h(u, s) = h(u,t) = u for t <s < 1. We conclude that ecat(X,Y) <k. O

3. Proof of the main theorem
Recall the map
irn =ir(Q): (CrRQ x I2,CrQ x IZ) — (CQF x R?, COT x (R?\ {0}))

from the introduction. We first give an easy estimate for cupl(ig) which we will
need later on in the proof of our main theorem.

LeMMA 3.1. If the bounded domain 2 contains the ball Bsg(0), then
cupl(ir) > 1.

PROOF. Put Soi := {z € RV : |z| = 2R}, and consider the maps
f:(Sar x I, Sop x OI2) — (CrY x I3,CrSY x 0I2),
(¥, 5,8) = (0,9, 5,1)
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and

h: (CQE x R, 001 x (R?\ {0})) — (S2r x R?, Sap x (R?\ {0})),

('r?yDS’t) = <2R y_x ?s7t>'

ly — |

The composition i := hoigo f:(Sar X 12, Sar x I3) — (Sar X R2, Syr x (R2\

{0})) is just the inclusion, and it induces an isomorphism in cohomology. Hence
Lemma 2.6 yields

cupl(ir) > cupl(i) > cupl(Sag x I2, Sop x OI2) > 1. O

For matters of convenience we now restate Theorem 1.1 in a rescaled version
which does not contain the parameter €.

THEOREM 3.2. Suppose that (f1)—(f4) are satisfied. Then there is R > 0
such that for any bounded domain Q with Bsr(0) C § the problem

{ —Au+au = f(u) in,

3.1
3.1) u=20 on 0f),

has at least cat(ir)+1 nodal solutions. Moreover, cat(ir) of these solutions have

precisely two nodal domains, and the last one has at most three nodal domains.

Theorem 1.1 easily follows from this version. Indeed, consider an arbitrary

domain © and r» > 0. We may assume that 0 € 2. We set

. r dist(0,00)
Er .mm{R,3 },

where R is given by Theorem 3.2. If ¢ < &, then Theorem 3.2 applies to €2, :=
{z/e : € Q} and yields at least cat(ir(f:)) + 1 nodal solutions v; of (3.1)
on Q.. Setting u;j(x) = v;(x/c) we obtain solutions of (P.). Theorem 1.1
follows because r/e > R implies cat(ir(£2)) > cat(i, - () = cat(i,(2)). Here
we used Lemma 2.1.

The remainder of this section is occupied with the proof of Theorem 3.2.
Without loss we assume that a = 1, the general case follows by obvious modifi-
cations. We first look at equation (3.1) on Q = RY, and we fix some notation.
Let | - |2 be the usual norm on L2(RY). For u € L*(RY) and = € RY we define
rxu:=u(- —x) € L2(RY). We fix a continuous map

B: LAH(RY)\ {0} — RY
which is equivariant with respect to translations and rotations, i. e. we have
(32) Blaxu) = Bu) +z, BluoA™) = A(B(w)).

for every z € RNV, A € O(N) and u € L2(RY) \ {0}. Such a map 8 has been
constructed by the authors in [7]. Note that every even function, and therefore
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every radial function u € L*(RY)\ {0} satisfies B(u) = 0. We call 3 a generalized
barycenter map, since it shares property (3.2) with the standard barycenter map
u— [on u?/|ul3 which is not defined on all of L*(RY)\ {0}.

Let ||ull = (]Vul3 + |ul3)'/? be the standard norm on H'(RY). Tt is well
known that, as a consequence of (f;) and (f3), the functional

1 _ 1 2
@ H'(BY) ~ R, ®(u) = | —/RN Flu(z)) dz

is of class C2, and that critical points of ® are solutions of (3.1) with @ = 1 on
Q =RYN. As usual we set

®" ={uc H'(RY): ®(u) <v} forveR.
For u € HY(RY) and A ¢ H'(R") we put

disty (u, A) = grelg |lu—v|| and diste(u, A) = 322 |u — v)a,

and we define the closed neighbourhoods

UNA) = {uec H'(RY) : disty (u, A) < ¢},

€

U2(A) = {u € H'(RY) : disty(u, A) < &}

for € > 0. Consider the Nehari manifold
N ={uec H'RY)\ {0} : ®'(u)u = 0}.

which contains every nontrivial critical point of ®. A is a C'-submanifold of
H(RY) which is radially diffeomorphic to the unit sphere in H(RY) (cf. [10,
Lemma 2.2]). Moreover, for every u € N, there holds

O(u) = max D (tu).
We put
cy =inf{®(u) :u e N, +u>0}.

and

K ={ueN:+u>0, &u)=cs},

KE, ={u € K* : u is radially symmetric}.
It is well known that
ijr\1/f<I> = min{c;,c_} >0,

and that the sets KT, K~ consist of positive resp. negative critical points of
O (see e.g. [10, Lemmas 2.2. and 2.3]). Moreover, every such critical point is
radially symmetric around some point in R ([25]). Therefore we have

KE=RVNxKE, ={z*u:2cRY uec Kk

radJ
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We also note that the sets IC;Zd are compact and nonempty, which essentially
follows from the compactness of the embeddings

H  (RY) := {u € H'(RY) : u radially symmetric} — L*(RY), s (2,2%)
(see e.g. [35]). Consider the set

M={uec H'RY):uT u™ #0, ®(uw)u" =0=(u)u"}
={ue H'RY) :ut,u~ e N},

where ut = max{u,0} and v~ = min{u,0}. M contains all sign changing
critical points of ®. It is easy to see that

Co = + — —lllf‘I).
0 C+ (& M

U. = {uec H'RY) :ut c U2(KT), v~ € UX(K7)},
V(Z-I, 5) = (us \us/Q) n (I)CD-HS

for €, > 0. We need some quantitative results from [7] which we collect in the

following proposition.

PROPOSITION 3.3. There exists € > 0 and § € (0,min{ct,c_}) with the
following properties.

(a) UZ(K*UK™) c HY(RY)\ {0},

(b) Ifu € UX(KT UK™) satisfies u =0 on B1(0), then B(u) # 0.

(c) Aut) # Blu~) for every u € Us

(d) max;—4 |®' (u)ul|/||u|| > 6/ for every u € V(e, ).

(e) MN @0+ C int(U,s).

(1)

There exist radially symmetric functions wy, wy € N with compact sup-
port, and there exists 0 < tg < 1 satisfying:

wy >0, wy <0,
(1+tw, € U2(KT), (1+tywy € U2(K™) for |t| < to,
) §
O (wy) <C++i’ D (we) <c,+1,

@((1 :tto)’wl) S Cy — 25, (p((l + to)wg) S c_ — 26.

PROOF. Assertions (a) and (c)—(f) are quoted from [7, Proposition 3.3].
Moreover, the proof of [7, Proposition 3.3] shows that ¢ > 0 can be chosen
arbitrary small, hence it only remains to prove (b) for € > 0 small. Suppose by
contradiction that there is a sequence of numbers ¢, > 0, ¢, — 0 and functions
u, € U2 (KT UK™) such that u, = 0 on B1(0) and B(u,) = 0 for all n € N.
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Choose z,, € RY such that z, * u, € U2 (K}, UK_,). Passing to a subse-

quence, we have x, x u, — u € IC:rad UK, .4 Hence z,, = B(z, xuy,) — B(u) =0

as n — oo. Hence u, — u as n — oco. Consequently u = 0 on B(0), which
contradicts the fact that u € K UK. O

We also need the following lemma.

LEMMA 3.4. For any w € N there exists a continuous map 7: H'(RY) — R
such that

7(s(xxw)) =5 for every s >0, z € RV,

7(v) =1 if and only if v € N.

PrOOF. We first define o: H(RY) — [0, ) by
Jo f)v

o(v) = [[v]2
0 ifv=0.

if v#0,

Then o is continuous, as follows easily from (f1), (fz) and Sobolev embeddings.
Moreover,

o(v)=1 ifandonlyif veN.
Note also that the function s — &(s) := o(sw) is strictly increasing on [0, c0) by
virtue of (f3), and £(s) — oo as s — oo. Hence £71 € C([0,00),[0,00)) exists
and is strictly increasing. We define

T HYRY) — [0,00), 7(v) =€ (o(v))
Then 7(s(x * w)) = 7(sw) = s for s > 0, € RY, and 7(v) = 1 if and only if
veN. O

We now start with the proof of Theorem 3.2. For this we choose R > 1
such that Bg/4(0) contains the support of w; and wy from Proposition 3.3(f).
We suppose that Q is a bounded domain containing the ball B3r(0). We regard
H} () as a closed subspace of H*(RY) and consider the functional

1
¥ = By B~ R W) = gl = [ Flu(e) e

It is well known that weak solutions u € HE () of (3.1) (with a = 1) are critical
points of ¥ and that ¥ satisfies the Palais—Smale condition (see [2]). As usual
we set U¢ = {u € H(Q) : ®(u) < ¢} for ¢ € R. Moreover, we denote by
©:G C R x H}(Q) — H}(Q) the negative gradient flow of ¥ defined by

{ %w(t’u) = _V\I/(Lp(t,u)),
(p(o, u) = U.

(3.3)
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Here G := {(t,u) : v € H}(Q), T~ (u) < u < T (u)}, where TF(u) > 0 resp.
T~ (u) < 0 is the maximal existence time of the trajectory t — (¢, w) in positive
resp. negative direction. As in Section 2 we write ¢*(u) = p(t,u). Consider the
convex cone of positive functions

P={uc HQ):u>0}
and the sets
D, = {u € Hy(Q) : dist; (u, P U —P) < a}
for a > 0. We are interested in critical points located in H \ D,, (for some «),

since these are sign changing critical points. We first give an upper bound for
the number of nodal domains.

LEMMA 3.5.

(a) Any critical point u of ¥ with ¥(u) < co+min{cy,c_} has at most two
nodal domains.

(b) Any critical point u of ¥ with ¥(u) < ¢y + 2min{cy,c_} has at most
three nodal domains.

PrROOF. Every critical point u of ¥ is a continuous function on 2. Hence,
if O* is a nodal domain of u, then uyq+ defines an element of H}(Q) by [29,
Lemma 1]; here xq- denotes the characteristic function of Q*. Moreover,

U (uxo )uxo = V' (u)uxgs = 0.

Thus +uyxq« > 0 implies U(uxq+) = P(uxq+) > cx. Now if u has at least three
nodal domains €1, Qo, Q3 such that © > 0 on 7 and u < 0 on 9, then

co + min{cq,c_} < U(uxa,ua,) + Y(uxa;) < U(u).
This proves (a), and (b) is proved by a similar argument. O

LEMMA 3.6. If a > 0 is small enough, then

(a) Do N M =10,
(b) D, is strictly positively invariant under the flow .

PrOOF. (a) For u € M we have by (f2) and Sobolev embeddings
0 < inf |[of* < [lu™|* = / Fufu® < C(lu* 3+ [u™p)
veEN Q
< : 2 _ Py < : o 2 o p
<C inf (ju—vfz+|u—vlp) <C inf ([lu—o["+u—vl|?),

and similarly
inf 2< () inf — |+ ||u—o|P
UleN”U” 11)16F(HU o[ + [lu = v|?),

where C; > 0 is a constant. Hence D, N M = ) for a® + o < Oyt inf,ep [|Jv]2.
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(b) Put D = {u € H}(Q) : dist;(u,£P) < a}. Then the sets D are
closed and convex, and D, = DI U D, . The gradient of ¥ has the form V¥ =
idp (o) — K with K: Hj(Q) — Hj(Q) given by K(u) = (A +1)~" f(u). Now
precisely the same argument as in [4, Lemma 3.1] yields that

(3.4) K(0D%) C int(DZ),

for a > 0 sufficiently small. Since D} is convex, this implies
u+AN=V¥(u))=(1-Nu+AK(u) € DI forue DI 0<A<1.

Hence we infer from [20, Theorem 5.2] that

(3.5) ¢'(w) € DY forue DI, 0<t<T"(u).

We now suppose by contradiction that there is u € DI and 0 < ¢t < T"(u) such
that ¢'(u) € dDF. By Mazur’s separation theorem, there exists a continuous
linear functional £ € (H}(Q))* and 3 > 0 such that £(¢!(u)) = 3 and £(u) > 3
for u € int(DY). Tt follows from (3.4) that

0

55| W) = U=V () = UK (&' (w)) = B> 0.

t
Hence there exists t; < ¢ such that £(¢®(u)) < 3 for t; < s < t. Consequently,
©*(u) ¢ DT for t; < s < t contradicting (3.5). Hence ¢'(u) € int(D]) for
w € DI, t € (0,77 (u)). The same argument shows that '(u) € int(D,) for
u€ DS, t e (0,7 (u)). We conclude that D}, D,

) -, and hence D, are strictly

positively invariant. O

We now fix a > 0 such that the statement of Lemma 3.6 holds, and for 7" > 0
we define

Ep:={uec H:(Q): o' (u) € Dy UT for some 0 <t < T,t < T (u)}.
We note that
(3.6) TH(u) =00 for every u € Inv(H} () \ E7).

This implies in particular that 7 is a closed subset of HE(£). Moreover we
have:

LEMMA 3.7. LetT >0, v € R.
(a) Er is strictly positively invariant.
(b) If U= (v) :={u € H}(Q) : ¥(u) = v} contains no sign changing critical
point, then W” U Er is strictly positively invariant.
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PrROOF. (a) Let u € 8. Then T*(u) > T, and v := T (u) € 9D, U W9,
If v € Dy, then ¢'(v) € int(D,) for 0 <t < T (u) — T, hence ' (u) € int(E7)
for 0 <t < TH(u). If v € QW 9\ D, =U"Y(cyg—6)\ Dg, then v is no critical
point of W, since all sign changing points of ¥ are contained in M N H}(2) and
inf W(M N HY(Q)) > co. Hence ¥(p!(v)) < cog—3d for 0 <t < T (u)— T, and
again we conclude that ¢'(u) € int(Er) for 0 < t < TT(u).

The proof of (b) is similar. O

LEMMA 3.8. Let T > 0 and v € R be such that $=1(v) contains no sign
changing critical point. Then the set U \ Er contains at least ecat(V” UET, ET)
critical points.

PrOOF. We only sketch the proof, since the argument is fairly standard.
Note that Lemma 2.8 and (3.6) yield

catg\ g, (Inv(¥” \ 7)) > ecat(V” U Er, Er) =: k.

We define K, := {u € H}(Q)\ Er : ¥(u) = ¢, ¥ (u) = 0} for ¢ € R. Then
K, = () by assumption. Since ¥ satisfies the Palais—-Smale condition, we find
that

o' (Inv(¥” \ 7)) C Inv(¥¥ ™7\ £7)

for some o¢ > 0, t > 0. Hence
catyu\ g, (Inv(WY 770\ Er)) = catgu g, (Inv(T” \ E7)) > k.

Now let ¢ < v so that K, C Inv(¥¢\ &r) C int(¥¥ \ 7). Using Lemma 2.2(b)
and the fact that ¥ satisfies the Palais—Smale condition, we obtain the following.

K. is compact, and there is a neighbourhood U C ¥¥ \ &p
(3.7) of K. and o > 0,t > 0 such that catg.\g,.(U) = catgw g, (Ke)

and @' (Inv(¥T7\ Ep) \ U) C Inv(¥7 \ &7).
Put

¢j = inf{c < v:catgme, (Inv(¥°\ E7)) > 5}, j=1,... k.

Then ¢; < ... < ¢x < v—0g. Moreover, from (3.7) it follows that caty.\ e, (K,)
> 141 whenever ¢; = ... = ¢;4; for some j <k, 0 <1 < k—j. By Lemma 2.2(a)

this implies that K., contains at least | + 1 critical points. We conclude that
U<, K. contains at least k critical points, as claimed. O

The next step is to derive a lower bound for ecat(¥” U &, Er) for suitable
values of T" and v. For this recall the notation introduced in Proposition 3.3,
and recall also that R > 0 was fixed such that

suppw; C Bry4(0) C B3r(0) CQ, i=1,2.



124 T. BARTSCH T. WETH

We set I := [1—tg, 1+to], and we fix a value v1 € (co+0/2,co+9) of ¥ such that
U~1(v1) contains no sign changing critical points. If this does not exist then W
has infinitely many sign changing critical points in W19 These have precisely
two nodal domains by Lemma 3.5. We consider the map

gr: (CrQ x IQ,CRQ X 8[2) — (I U&r,Er),
gr(,y, 81,52) := s1(x * w1) + s2(y * wa).

By Proposition 3.3 the map gr is well defined as a map of pairs. By Lemma 2.3

we have
(3.8) ecat(U" U Ep, Er) > ecat(gr).
The following estimates are the crucial step in the proof of Theorem 3.2.

PRrROPOSITION 3.9. There is T > 0 such that

(a) ecat(gr) > cat(igr),

(b) cupl(gr) > cupl(ir) if the cuplength is defined using Alexander—Spanier
cohomology.

PRrROOF. (a) Note that by Proposition 3.3(e) the map gr factorizes in the

form

gr: (CRQY X I?,CrQ x OI*) 25 (A, AN Ep) — (W U Ep, Ep).
Here A :=U. N¥*, and the second arrow is just the inclusion. We show
(3.9) AUEr =01 U Ep  for some T > 0.

As a consequence, the excision property (see Lemma 2.4) yields that ecat(gr) =
ecat(gr).

In order to prove (3.9), we just have to show that U** \ &y C U, for some
T > 0. For this note that M N H}(Q) contains all sign changing critical points
of W. Hence Proposition 3.3 (e) implies that the closed set U \ int g1 () ([e/2 N
H} ()] U D,) contains no critical point of ¥. Consequently we have

(3.10) g == mf{| ¥ ()] : u € W \ intpyy o) (U2 N HE(Q)]U Dy UTO)} > 0,

because VU satisfies the Palais-Smale condition. We now set T := 3§/03, and we
let u € U1\ Ep. Then c¢o — & < (T (u)) < ¥(u) < o + §, and therefore

T
2> ()~ W (W) = [ V(@) =T it [ w0

Hence there is ¢ € [0, 7] such that || ¥'(p!(u))|| < +/2§/T < o, which by (3.10)
implies that ¢'(u) € U.;5. Now suppose by contradiction that u ¢ U.. Put
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to :=inf{s > 0: p°(u) € U)o} and t; := sup{s € [0, 1] : *(u) ¢ U.}. Then

le™ () — @™ (W) = [¢" (u) — ¢ (w)]2

_ _ 5
= max{|(p" ()" = (" ()2, [(¢" ()™ = (¢ (W) "I} = 5
Moreover, ¢'(u) € (U \U.j2) NP for t; <t < to. Note that Proposition 3.3(d)
implies
P’ i 60
1% ()]} > max ﬁi‘)”“ > = for u€V(e,0) N H(Q) = Ue \Ueso) N geotd,

The definition of ¢ therefore yields

3 <l — gl < [ 1wt ) a
< g5 | IV ) e = et () — (et ).

We conclude that
V(" (u) < W(p"™(u) < V(" (u) — 30 < co — 26,

which contradicts our assumption that w ¢ Er. This proves (3.9).

Next we show
(3.11) cat(gr) > cat(igr)

For this we recall the functions wy, ws € N of Proposition 3.3 (f), and we let
71,72 HY(RY) — R be the associated maps constructed in Lemma 3.4. We
define 7: H3 () — R? by 7(u) = (11(u"), 72(u™)). Note that 7(u) = (1,1) if and
only if u € M N Hg (). We put

he(u) := ("), B(u™), 7(¢" (u)))

for t € [0,7) and u € A. By Proposition 3.3(a) we have B(ut) # B(u~) for all
u € A C U.. Moreover, if z ¢ QF then u|p, ;) = 0, hence B(u™) # & # B(u™)
by Proposition 3.3(b). Thus hi(A) C CQF x R? for t € [0,T]. Since also
hr(ANEr) € COR x (R?\ {(1,1)}) by Lemma 3.6(a) and the definition of 7,
we find that A is a continuous map of pairs

hr: (A, AN Ep) — (CQ x R2, CO x (R?\ {(1,1)})).
Note furthermore that
hi 0 Gr(CrQ x OI%) C hy(U. N T~%) ¢ CQF x (R?\ {(1,1)}) fort € [0,T].
Hence

hr o gr: (CrQY x I?,CrQ x OI?) — (COE x R, COQF x (R*\ {(1,1)}))
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is homotopic to
in = hoogr: (CrQl x I2,CrQ x 9I%) — (COQT x R2,CO% x (R?\ {(1,1)}))

as a map of pairs. Note that ;; is just the inclusion. By Lemma 2.1 this yields

cat(gr) > cat(hy o gr) = cat(ir) = cat(ig).
We conclude that
ecat(gr) = ecat(gr) > cat(gr) > cat(ir),

as claimed.
(b) This is proved precisely as (a), now using the properties of cupl stated in
Lemma 2.6. g

Next we define
vy :=¢o + minf{cy,c_} + %5 > vy,
and we show the following.
ProproOSITION 3.10. U has a sign changing critical point u with
v < ¥(u) < vo.

PROOF. Since ¥ has no sign changing critical points in W~1(1y), the set
Y = U U &p is strictly positively invariant by Lemma 3.7(b). We suppose
by contradiction that ¥*2 \ (¥ U Er) contains no critical point. Then every
u € Y2 U Er has a finite entrance time 0 < ey (u) < oo in Y via the flow ¢.
Consider

h: U2 U gT Py ET; h(u) _ (pey(u) (u)7
Then h is continuous by Lemma 2.8(a). Moreover, the inclusion
i (\I/lll U ET, 5’1“) — (\I/DQ U ST, 5T)
is a homotopy equivalence with homotopy inverse h. Setting
g=1i0gr:(CrQ x I?,CrQ x OI*) — (V"2 U &p, Er),

Lemma 3.1 and Proposition 3.9 yield
(3.12) cupl(g) = cupl(gr) > cupl(ir) > 1.
We fix b > 1+t and put I, := [0,b]%. Then g factorizes in the form
9: (CROAX I?,CROAX AI?) — (Cr x I, CrQ x [IZ \ int(1%)]) & (P2 U&7, E7).

Here the first arrow is the inclusion which is a homotopy equivalence, and gy is
defined by

go(,y,51,82) = s1(x * wy) + s2(y * wa).
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It follows that cupl(g) = cupl(gy) = cupl(gp © jp), where the inclusion
bt (CrQ x I, CrQ x OIf) — (CrQ x I, CrQ x [I} \ int(I?)])

is also a homotopy equivalence. Without loss we assume from now on that
ey < c—. We fix 29 € Q with dist(xg, 0Q) = R/4, and we define

hy: CRQ x I x [0,2] — Hg(Q)
by

s1[t(zo x w1) + (1 — t)@ * wy] + s2(y * wa), t €10,1],
hb(x, Y, S1, 52, t) =
s1(xog *xwy) + s2[(t — Dwa + (2 —t)(y xwa)], t€]1,2]
Recalling that suppw; C Bg/4(0), we find that
ho(CRY x IZ % [0,2]) € W2e+te-+3/40 _ gva
Moreover, if b is chosen large enough, then
hy(CrQ x I x [0,2]) € ¥ U D, C &r.

Indeed, this follows from the well known fact that

lim sup ¥(bw) = —oo  for every compact subset C C Hj () \ {0}.

b—00 e
We conclude that g, o 5, and fp := hy(-, 1) are homotopic as maps
(CrQY X IZ,CrQY x OIF) — (V2 U &p, Er).

Note that f, factorizes in the form
For (CRQ X I2,CRQ x OI2) — (12,012) L (W U &r, E7),

where the first arrow is the canonical projection and fis given by f(sl, S9) =
s1(xo * w1) + saws. Applying Lemma 2.6 we get

cupl(g) = cupl(gy) = cupl(gs © js) = cupl(fy) < cupl(fy, dI;) = 0,
which contradicts (3.12). O

PROOF OF THEOREM 3.2 (completed). Combining Lemma 3.8, (3.8) and
Proposition 3.9, we find that U** \ &r contains at least cat(ig) critical points.
Note that every such critical point u is a continuous sign changing function on 2
with precisely two nodal domains by Lemma 3.5. The critical point obtained in
Proposition 3.10 has two or three nodal domains, again by Lemma 3.5. g
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4. Lower bounds for the category

In this section we prove Proposition 1.2. Part (a) of this proposition just
follows from Lemma 2.7 and Lemma 3.1. We now prove (b) and recall the
inclusions

G (CUXIE,CQ x AIZ) — (C x R CQ x (R*\ {0})),
ip: (CrQ x I3,C,.0 x OI3) — (C™Q x R?,C"Q x (R*\ {0})),

We need to show the inequalities
(4.1) cat(i,) > cat(j) > cupl(CQ) + 1 > max{2 + cupl(2), 2cupl(Q?)},

for r > 0 sufficiently small. In this section we use singular cohomology because
we do not need the strong excision property and because it has better product
structures. First of all, observe that j induces an isomorphism in cohomology
by the 5-lemma. Hence Lemma 2.7 implies

cat(j) > cupl(j) + 1 = cupl(CQ x I§,CQ x OIF) + 1 = cupl(CQ) + 1
The last equality is a consequence of

LEMMA 4.1. cupl(A x I, A x OIF) = cupl(A) for any topological space A
and any n € N.

PROOF. Given two pairs (A, B) and (A’, B’) of topological spaces we write
x:H¥(A,B) x HY(A',B") — H*"'(Ax A/, Ax BUB x A')

for the exterior cohomology (or cross) product. It is defined, for instance, if
B = 0 or B’ = () which is the only case that appears in our argument. Let
1, € H(I}) be the unit and ¢« € H"(I},0I}) = Fy be the generator. The
exterior cohomology product induces an isomorphism

(4.2) H¥(A) =5 HM (A I, Ax OIY), o axu,

by the Kiinneth theorem [22, Proposition VII.7.6]. For ay,...,ax,5 € H*(A)
we have by [22, Proposition VII.8.16]:

(43) (g x1y)— - —(apx1y)—(Bxt)=(ag— - —ap—0) Xt

If cupl(A) = k there exist ay,...,ap € H*(A) with oy — --- — a, # 0. Thus
(4.3) with 8 = 14 and (4.2) imply cupl(A x I}, A x 9I7') > k. If on the other
hand cupl(A x I, A x 0I}) = k then there exist aq,...,ax € H*(A x )
and 3 € H*(A x I?, A x I}) with &1 — -+ — & — 3 # 0. Clearly there
exist a1, ...,a, € H*(A) with &; = a; x 1,,. Moreover, by (4.2) there exists
B € H*(A) with B =% .. Applying (4.3) once more we obtain cupl(A) > k.
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Now it remains to prove

(4.4) cat(i,) > cat(j),

(4.5) cupl(CQ) > max{cupl(Q) + 1, 2cupl(2) — 1}.

For this let v: 9 x (—=1,1) — RY be a C’-tubular neighbourhood of 92 and set
D :=Q\v(0Q x [-1/2,0)), U:=QUvr(0Qx (-1,1)).

Then there exist homeomorphisms hq: Q) — D and ho: U — Q) which are homo-
topy inverse to the inclusions D — €2 resp. Q — U. Indeed, h; is induced from
a homeomorphism (—1,0) — (=1, —1/2) which is homotopy inverse to the inclu-
sion (—1,—1/2) < (—1,0), and similarly hs is induced from a homeomorphism
(—=1,1) — (—1,0) which is homotopy inverse to the inclusion (—1,0) — (—1,1).
This implies that the induced inclusions CD — C€) and CQ2 — CU between
the configuration spaces are homotopy equivalences (with homotopy inverses
Chy1:CQ — CD and Chs: CU — O induced by hy, hs, respectively). For r > 0
small we have
DcCQCccCcQ clU.

We fix r with this property and we first complete the proof of (4.5). Consider
the maps

gD x SNt 0, g(z,0) = (x,x+ ),
and

h:CQ— Qx SN h(x,y) = (z, “)
ly — x|

These maps are well defined and continuous. Since the composition h o g: D x
SN=1 — Q x S¥~1 is just the inclusion and D is a deformation retract of €,
h o g is a homotopy equivalence. Therefore the induced homomorphism h* on
cohomology level is injective. Hence the definition of cupl implies

cupl(CQ) > cupl(h) = cupl(Q x SN~1) = cupl() + 1.

In order to see cupl(C€Q) > 2cupl(2) — 1 let A C Q x Q be the diagonal and
A ={(z,y) € A xQ: |z —y| <e}. We consider the following commutative
diagram:

H QX QA) — H(QxQ) ——  H*(A.)

H*(CQ,A\NA) —— H*(CQ) —— H*(A:\A)
Here all homomorphisms are induced by inclusions, the first vertical arrow is an
excision isomorphism. Given an inclusion i: (C, D) — (A, B) and ¢ € H*(A, B)
we use the notation (|c p) := i*(¢) € H*(C,D). For k := cupl(Q) there exist
€1,...,6 € H*(Q) so that £ := & — .-+ — & # 0 € H*(Q). We define
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2 =& X1 e H(QAxQ),y, =1x& € H(QAxQ),i=1,...,k and 2z :=
7}, — yg. Here 1 € H°(Q) denotes the unit with respect to the cup product. Let
5:Q — Q x Q be the diagonal map. Then §*(xg) =& — 1 =1 — & = 6*(yx),
hence §*(z;) = 0 and therefore zx|a = 0. Since the inclusion A — A, is a
homotopy equivalence for £ small enough we obtain zx|a, = 0. This implies that
there exists z € H*(2 x Q, A.) with z|(oxq) = 2x. The multiplicativity formula
[22, VIL.8.16] yields
Ly~ T~ Y1~ - Yk—1 " 2k

=T — T — Y1 — = Y= —EXEFD

in H*(Q x ) because &1 — -+ — xp — x; = 0. As a consequence we obtain
Tl — e T Yl — = Y1 — 2 £ 0 € H (X Q,A,)
and hence
(1= —ap =y — = yk—1 = 2)|(cn,a0a) #F 0 € H(CQA N\ A)

by excision. Using the naturality property [22, VII.8.6] of the cup product we
deduce that

(z1lca) — - — (zkloa) — (yilca) — -+ — (Yk-1|ca)
=(@1— - — T — Y1 — = Yk—1)|ca

is nontrivial in H*(CQ) and thus cupl(CQ) > 2k — 1 = 2cupl(2) — 1, as desired.
Thus we have proved (4.5).

Finally we prove (4.4). For this we consider the commutative diagram
(C,QxI2,C.Qx 0I2) —=— (CO" x R2,CQ" x (R2\ {0}))

e | g

(CQxR?,CAx (R*\{0})) —— (CU xR*,CU x (R*\ {0}))

~

where all maps are inclusions. The lower horizontal map is a homotopy equiv-
alence since the inclusion C) — CU is a homotopy equivalence. Lemma 2.1
yields

(4.6) cat(i,) > cat(l, oi,) = cat(k,).

Hence it remains to prove

(4.7 cat(ky) > cat(y).

Recall that by our preceding considerations there exists a homotopy

hy:CQ—-CQ, 0<t<1,
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with hg = id and h,(CQ) C CD. We define a homotopy
g:CD — CQ, 0<t<1,

with go being the inclusion and ¢ (CD) C C,Q as follows. For (z,y) € CD and
0<t<1 weset

= (1 —t)x—i—t(x;y + T(j__j)) ye = (1 —t)y+t<x;y — T|(;__j)),

and define

(z,y) if |z —y[ = 2r,

gt(x’ ):: .

(@i, ye) i |z —y[ < 2r
One easily checks that this map is well defined and continuous. Observe that
xe,yr € Qp because D C Qo and |x — a4, |y — ye| < r. Clearly |21 — y1| > 2r
for all (x,y) € CD, hence ¢g1(CD) C C,.. It follows that the identity on CS is
homotopic to the map ¢ o hy. Let

Hy: (CQ X I3,0Q x 0IF) — (CQ x IZ,CAx 9IF), 0<t<1,

be the induced homotopy keeping the IZ-component fixed. Then Hj is the
identity, and Hi(z,y,s,t) = (g1 © h1(z,y), s,t). Thus H; maps the pair (CQ x
I3,C0 x 012) into (C,Q x I3,C.Q x 9I2), and

ky o Hy: (CQ x I2,CQ x OI3) — (CQ x R%,CQ x R*\ {0})
is homotopic to the inclusion j. Applying Lemma 2.1 once more we obtain (4.7):
cat(k,) > cat(k, o Hy) = cat(j).

Now (4.4) follows from (4.6) and (4.7). The proof is finished. O
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