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PERIODIC SOLUTIONS FOR NONAUTONOMOUS SYSTEMS
WITH NONSMOOTH QUADRATIC
OR SUPERQUADRATIC POTENTIAL

DUMITRU MOTREANU — VIORICA V. MOTREANU
NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. We study a semilinear nonautonomous second order periodic
system with a nonsmooth potential function which exhibits a quadratic
or superquadratic growth. We establish the existence of a solution, using
minimax methods of the nonsmooth critical point theory.

1. Introduction

In this paper we study the following second order periodic system with a non-
smooth potential function:

—2"(t) — A(t)x(t) € 9j(t,z(t)) a.e. onT =]0,b],

(1.1)
x(0) = z(b), 2'(0) = z'(b).

Here t — A(t) is a continuous map on T = [0,b], for some b > 0, with values in
the space of symmetric N x N matrices, j(¢, - ) is a nonsmooth locally Lipschitz
function and Jj(¢, -) stands for its subdifferential in the sense of Clarke (see
Section 2).
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When A = 0, the problem has been studied extensively and various existence
results have been proved under the assumption that the potential function j(t, - )
is smooth (i.e. a C'-function). We refer to the works of Berger—Schechter [2],
Mawhin-Willem [13], Long [9], Tang [17], Tang-Wu [18] (semilinear systems)
and Manasevich-Mawhin [10], Mawhin [11], [12], Papageorgiou-Papageorgiou
[15] (nonlinear systems driven by the ordinary vector p-Laplacian). The case
where A(t) = k*w?I, with k € N, w = 2N/b and I the N x N identity matrix,
was considered by Mawhin-Willem [13, p. 61] under the assumption that the
right-hand side nonlinearity has the form VF(¢, z), it is a Carathéodory function
and it is monotone in z € RV (hence F(t, -) is a C!, convex function). Their
approach uses the dual action principle. In Mawhin—Willem [13, p. 88] we also
find the general problem with A(t) a general N x N matrix and the right-hand
side nonlinearity VF(t, z) satisfying

[F(t,2)] <g(t) and [[VF(t )| < g()

for almost all t € T and all € RV, with g € L'(T), . The potential function
F(t, -) is still a C'* but it is no longer convex. Recently, Tang—Wu [19] extended
the work of Mawhin—Willem to systems with subquadratic smooth potential,
that is, they assumed that F(¢, -) € C1(R") and for almost all t € T and all
z € RN, we have

IVE,z)l| < g(t) + f@O)l|l2]
with g, f € LY(T); and 0 < a < 1.

Our work here complements the aforementioned work of Tang—Wu [19] by
considering systems where the potential function is quadratic or superquadratic.
In addition, our potential function is in general nonsmooth.

Our approach is variational based on the nonsmooth critical point theory
as this was initially formulated by Chang [3] and extended more recently by
Motreanu—Panagiotopoulos [14] and Kourogenis—Papageorgiou [8]. This theory
is based on the subdifferential calculus for locally Lipschitz functions due to
Clarke [4]. For the convenience of the reader in the next section we recall the
basic definitions and facts from Clarke’s theory and the nonsmooth critical point
theory, which will be needed in the sequel.

2. Mathematical background

We start with the subdifferential theory for locally Lipschitz functions. For
more details on this subject we refer to Clarke [4] and Denkowski-Migorski-
Papageorgiou [5].

Let X be a Banach space and X* its topological dual. By (-, -) we denote
the duality brackets for the pair (X, X*). A function ¢: X — R is said to be
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locally Lipschitz, if for every x € X, we can find an open set U C X with z € U
and a constant ky > 0 (depending on U) such that

0(2) = p(y)l < kullz =yl forall z,y € U.

From convex analysis we know that a function ¢: X — R = R U {oo},which is
convex, lower semicontinuous and not identically 4o0 is locally Lipschitz in the
interior of its effective domain domy = {x € X : ¥(z) < co}. So a continuous,
convex function ¢¥: X — R is locally Lipschitz. In particular, if X is finite
dimensional, every convex function t: X — R is locally Lipschitz.

Given a locally Lipschitz function ¢: X — R and x,h € X, the generalized
directional derivative of ¢ at € X in the direction h € X is defined by
p(a’ + AR) — p(a’)

3 .

©%(z; h) = limsup
I,HCE
AL0
The function h +— °(x;h) is sublinear, continuous and so it is the support
function of the nonempty, convex and w*-compact set dp(z) defined by

Op(z) = {x* € X* : (x*,h) < ¢°(x;h) for all h € X}.

The multifunction z — dp(x) is known as the generalized (or Clarke) subdiffer-
ential of ¢. This multifunction has a graph which is closed in X x X . (here
by X/ . we denote the Banach space X* furnished with the w*-topology). This
fact follows easily from the upper semicontinuity of the map (z, h) — ¢°(x;h).

If ¢,1: X — R are two locally Lipschitz functions, then
p+9)(x) € dp(x) + 0¢(x) and Adp(x) = dp(Ax)

for all z € X and all A € R. If ¢: X — R is continuous, convex (thus locally Lip-
schitz too), then the generalized subdifferential coincides with the subdifferential
in the sense of convex analysis, given by

Op(x) ={z* € X*: (2", y —x) < p(y) — () for all y € X}.

If p € CY(X) then dp(z) = {¢'(z)}.

A point z € X is a critical point of the locally Lipschitz function ¢: X — R
it 0 € dp(x). Then ¢ = p(z) is a critical value of ¢. It is easy to check that
if z € X is a local extremum (i.e. a local minimum or a local maximum), then
0 € Op(x) (i.e. x is a critical point).

In the smooth critical point theory, a compactness-type condition, known as
the Palais—Smale condition (PS-condition for short) plays a central role. In the
present nonsmooth setting this condition takes the following form. A locally Lip-
schitz function ¢: X — R satisfies the nonsmooth PS-condition if every sequence
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{zn}n>1 C X such that {¢©(z,)}n>1 is bounded and m(z,) — 0 as n — oo,
where

(2.1) m(zy,) = min{||z"| : 2™ € dp(z,)},

has a strongly convergent subsequence.

We will need some basic results from nonsmooth critical point theory, which
can be found in Kandilakis—-Kourogenis—Papageorgiou [7], Kourogenis—Papage-
orgiou [8] and Motreanu—Panagiotopoulos [14].

In all these results X is a reflexive Banach space and ¢: X — R is a Lipschitz
functional satisfying the nonsmooth PS-condition.

The first result is the nonsmooth Mountain Pass Theorem.

THEOREM 2.1. If there exist xo,x1 € X and p > 0 such that ||zg — z1] > p
and

inf{p(2) : [lz] = p} = my, > max{p(zo), p(z1)},
then ¢ has a critical point x € X and p(x) > m,,.

The second result is known as the nonsmooth Generalized Mountain Pass
Theorem.

THEOREM 2.2. If X =Y @V with dmY < oo, R > p > 0, e € V with
llell = p,
C={zx=y+xe:|z|| <R, yeY, A >0},
Co={z=y+Xe:|z]| =R, yeY, A>0or|z| <R, A=0},
D ={veV:|v|=p}
and
i%fgozmp >néa0x<p,
then ¢ has a critical point x € X and o(x) > mp .

The next result is a multiplicity result, known as the nonsmooth Local Link-
ing Theorem.

THEOREM 2.3. If X =Y @V withdimY < oo, ¢ is bounded below, inf ¢ <
0 = ¢(0) and there exists p > 0 such that p(z) < 0 forx €Y, |z|| < p and
e(x) >0 forz eV, ||z|| < p, then ¢ has at least two nontrivial critical points.

The final result is also a multiplicity result known as the nonsmooth Sym-
metric Mountain Pass Theorem.

THEOREM 2.4. If ¢ is even and

(a) there exists a subspace V' of X of finite codimension such that

elop,av 28>0 (B, ={x € X : |zl <r}),
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(b) for any k > 1 there is a k-dimensional subspace Yy, of X such that ¢y,
18 anticoercive, i.e.

p(a) = =00 as[lz]| = o0, x €Yy,

then ¢ has a sequence {(xy,—xn)}n>1 of distinct pairs of nontrivial critical
points.

3. Existence theorems
In this section we prove the existence of solutions for problem (1.1). To do
this we will need the following hypothesis on the mapping A in (1.1).

H(A) A:T — RM*N is a continuous map such that for all t € T, A(t) is
a symmetric N x N matrix.

REMARK 3.1. From Linear Algebra we know that for every ¢t € T, the matrix
A(t) has real eigenvalues A\1(t) > ... > Ay(t) and
Av®)||lz))? < (A@t)z, 2)py < A1 (1)]|z]|?  for all z € RY.
Moreover, for every k € {1,..., N}, the map ¢t — Ag(¢) is continuous on 7'

Let W12((0,0),RY) = {z € W2((0,0),R"Y) : 2(0) = x(b)} which is a Hil-

per

bert space endowed with the norm defined by

2l = |13 + [|l2/[3  for all = € WE((0,0), RY).

per

The space W1:2((0,b),RY) is compactly embedded in C(T,R™). For a later use,

per

denote by C' > 0 a constant satisfying

(3.1) tlloo < Cllul| for all x € WL2((0,b), RY).

per

Because of the continuous embedding of W12((0,b),RY) into C(T,RY), we

see that the pointwise evaluations at ¢ = 0 and ¢ = b make sense. Let A €
L(C(T,RN),C(T,RY)) be defined by

(Az)(t) = A(t)z(t) forallte T and all z € C(T,R").

As in Mawhin-Willem [13, p. 89] and Showalter [16, p. 78], using the spectral
theorem for compact self-adjoint operators in a Hilbert space, for the differen-
tial operator x — —z" — Az we have a sequence of eigenfunctions which is an
orthonormal basis for L?(T,R") and an orthogonal basis for Wk2((0,b),R").
Moreover, we have the orthogonal direct sum decomposition

(3.2) Wi2((0,0),RY) =V_ @ Vy & Vy

per
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where

H_ =span{z € W, 2((0,b),RY) : —a” — Az = Az for some \ < 0},
Hy = ker(—2" — Az),
H, =span{z € W 2((0,b),RY) : —2" — Az = Az for some A > 0}.

per

Remark that dim H_, dim Hy < co. Moreover, dim H_ = 0 if and only if A(¢)
is positive semidefinite for all ¢t € T' (see Mawhin-Willem [13, p. 89]).

We start by proving some useful inequalities satisfied by the elements in the
component subspaces H_ and H .

PROPOSITION 3.2.
(a) There exists a 31 > 0 such that

b
lo/|1% — / (AW)(t), 2(t))gn dt > B2l for all x € H,.

(b) There exists a B2 > 0 such that

b
Hx'||§ — / (A(®)x(t), z(t))rry dt < —ﬁ2||a:H2 forallx € H_.
0

PRrROOF. (a) Let ¢: H, — R be a C'-function defined by

U(a) = [|l2'|I5 ~ /Ob(A(t)w(t%x(t))RN dt.
Evidently if 2 € H,, then 2" € L?>(T,R") and so by Green’s identity we have
2’3 = {(~", )
where by (-, -) we denote the duality brackets for the pair

(Wper ((0,0), RY), W ((0,6), RY)").

per per
So we have
V() = (=2",x) = (A(z),x) > 0
(recall the definition of H ).
If the inequality in part (a) of the statement were not true, then exploiting

the 2-homogeneity of 1, we could find a sequence {z,}n>1 C Hy with ||z,|| =1
such that

b
V() = |2, |15 — / (A()zn(t), xn(t))ry dt | 0 as n — oo.
0
By passing to a subsequence if necessary, we may assume that

T, S in WL2((0,0),RY) and z, — 2z in L*(T,RY)

per
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(recall that W12((0,b), RY) is embedded compactly in L?(T,R")). Because the

per
norm functional in a Banach space is weakly lower semicontinuous, we obtain

b
2|2 — / (A(t)z(t), z(t))an dt <0 with z € H,
0

which implies that

b
I'13 = | (A)e(0).2(0)e dt =0
and thus x = 0. But then 2/, z, — 0 in L*(T,R"), hence

z, — 0 in WL2((0,0),RY) asn — oo,

per

which contradicts the fact that ||z,| =1 for all n > 1.
(b) The proof of the inequality for the elements in H_ is done similarly. O

For the first existence result we need the following hypotheses on the non-

smooth potential j(t,x):

H(j); j: T x RY — R is a function such that j(-,0) € L*(T) and

(a) for all z € RN, t + j(t,z) is measurable,
(b) for almost all t € T, x +— j(¢,z) is locally Lipschitz,
(c) for almost all t € T, all z € RY and all u € 9j(t, ), we have

lull < a(t) + c(®)l|z|P~" with a,c € LY(T)+, 1 <p < oo,

(d) there exist g > 2, M > 0 and ¢g > 0 such that for almost all ¢ € T and
all ||z|| > M, we have

co < pjt,x) < —j0t, x5 —a),

(e) limsup,_,(2j(t,z)/||z||?) < 0 uniformly for almost all t € T,
(f) if A\, < 0 is the biggest nonpositive eigenvalue of x — —z” — Az, then
for almost all t € T and all z € RY | we have \,,||z[|?/2 < j(t, x).

EXAMPLE 3.3. The following function satisfies hypotheses H(j)1:
>\77 .
= lzll? if flz]l < 1,

. 2
IED =00y, A al)
9O o 4 2z - )
p p
with a € LY(T), a(t) > ag a.e. t € T, for constants ag > 0 and 2 < p < oo.
Assumptions H(j); are verified taking 2 < p < p in H(j)1(d).

if ||z > 1,

The next lemma shows that hypotheses H(j); imply that the potential j(¢, - )
is strictly superquadratic.
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PROPOSITION 3.4. If hypotheses H(j)1 hold, then there exist c1,co € L' (T) 4
with co/ M* < ¢1(t) a.e. on T such that

cr(t)||z]|* — ca(t) < j(t,x)  for almost allt € T and all x € RY.

PrROOF. Let Ny be the Lebesque-null subset of T" outside of which hypothe-
ses H(j)1(b)—(f) hold. Let t € T\ Ny and z € RY with ||z| > M. Set
B(t,r) = j(t,rx), r > 1. Clearly, S(t, -) is locally Lipschitz. Moreover, from
the nonsmooth chain rule (see [4, p. 45], or [5, p. 610]), we have that

(3.3) —rdf(t,r) C (9j(t,rx), —rT)pN.

Recall that §(¢, -) is differentiable almost everywhere on R and at every point
of differentiability r € R, we have di(t,r)/dr € 98(t,r). So from (3.3) and
hypothesis H(j)1(d), we have
d
T B(t,r) > =%t ra; —rx) > pj(t,re) = pB(t,r) for almost all r > 1,
r
which implies that
dg(t,r)/dr
B(t,r)

Integrating from 1 to r > 1, we obtain

<

L for almost all r > 1.
r

B(t, 1)
and thus we have r#3(¢,1) < B(t,r). So we have shown that for all t € T'\ Ny,
all z € RY with ||z|| > M and all r > 1, we have

Inr* <In

(3.4) rij(t, x) < j(t, ro).

In view of (3.4), for ||z|| > M we have

: A z|[* ./ Mz
J(t, ) J(t,M > gt —
M|z Mr Eal

x|* .
> B injt,) ¢ ol = ) = ex (@),

with ¢; € LY(T) 4, c1(t) > co/M* a.e. on T. On the other hand, if ||z|| < M, from
hypothesis H(j)1(c) and the mean value theorem for locally Lipschitz functions,

we have that
l7(t,z)| < ca(t) for a.a. t € T, with co € LY(T),.
Therefore finally we obtain that

j(t,x) > er(t)||z]|* — ca(t) for a.a. t € T and all z € RV, O

We are ready for the first existence theorem concerning problem (1.1).
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THEOREM 3.5. If hypotheses H(A) and H(j)1 hold, then problem (1.1) has
a nontrivial solution x € C1(T,RN).

PRroOOF. Consider the locally Lipschitz Euler functional

©:WL2((0,0),RY) - R

per

for problem (1.1) defined by

(@) = g1 = 5 | (A0, 20 it = [ jate)

0

for all z € WL2((0,b), RY).

per

Claim 1. ¢ satisfies the nonsmooth PS-condition.

To this end, let {z,,}n>1 C WL2((0,b), RY) be a sequence such that

per

|o(zn)| < My for some My >0, all n > 1 and m(z,) — 0 as n — oo

(see (2.1)). Since dp(x,) € WL2((0,b),RY)* is nonempty, weakly compact

per

and the norm functional in a Banach space is weakly lower semicontinuous, by
Weierstrass theorem we can find x} € 0p(z,) such that m(z,) = ||z%]|, n > 1.
So ||z|| — 0 as m — co. Note that

xy =V(xy,) — A\xn — Uy, n>1,

where V € L(WL2((0,b),RY), WL2((0,b),RN)*) defined by

per per

b
(V(@),y) = / (2 (8), o () dt for all 2,y € WL2((0,0),RY)

and wu,, € LY(T,RY) is such that u,(t) € 9j(t,z,(t)) a.e. on T (see H(j)1(c)).
Evidently V' is monotone, so it is maximal monotone (see [6, p. 37]). Let n €

(2, 11). From the choice of the sequence {x,},>1 C W22((0,b),RY), we have

per

35 FlenlP =3 [ A0 @er de— [ nitea(e)de <ndy

and [(zf, xn)| < epllzn]| with &, | 0. Hence

b

b
—||a:;||§+/0 (A@)zn (1), 20 (1)) ry dt+/ (un (8), 20 () rr dt < enllznll,

0

which implies that
b
(36) — |l |2 + / (A2 (8), 20 (1)) dt
0
b
—/ GOt 2 (t); =2, (1) dt < ep|zn|.
0
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Adding (3.5) and (3.6), we obtain

a0 (Z-1)li- (2-1) [ (AW (1) (1))

b
[ (e @) + 500 (0)) dt < | +
0
Recall that x,, = T, + 20 +7,, with T,, € H_, 20 € Hy and Z,, € Hy (see (3.2)).

Set v, = T, + 29. Exploiting the orthogonality among the component spaces,
from (3.7) we obtain

b
By (2-)[1E - [ 0w 0.5 0m o
b
(3 -1) [ = [ a0 @
b
- / (45t 20 (8)) + 500, 2 (8); —0 (£))] dit
b
() / J(ts 2 (8)) dt < enlln | + 7M.
From Proposition 3.2, we know that
b
3.9) &2 —/O (A)Zn(t), B (t))pn dt > &1[|Fn]2 for all n> 1

with & > 0. Also we have
b
(3.10) lvn 3 —/0 (A®)vn(t), va(t))ry dt = Aifloall3 > —[Aallvnll3,

where \; is the first eigenvalue of x — —z' — Az Moreover, from hypotheses
H(j)1(c) and (d) and the mean value theorem for locally Lipschitz functions, we
have

b
(311) - / [t 2 (8)) + 108, 2 (8); —a(8))]
_ / [t 2 (8)) + 1O, 2 (8); (1)) i
{llzn (t)[|> DM}
- / 0t 2 (1)) + 08, 2 (£); =2 (£))] dt > —By
{llzn (t)|<M}

for some 1 > 0 and all n > 1. Finally Proposition 3.4 implies that

b
(3.12) (1w —m) /0 3t () dt = (n = n)ellzallly — (u = n)lleally
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for some ¢ > 0 and all n > 1. Returning to (3.8) and using (3.9)—(3.12), we
obtain

n ~
(2 - 1) [EallZall® — Ml lonl3] + esllzallf; < Mo + enllzall

for some c3, Mo > 0 and all n > 1. Because H_ & H) is finite dimensional, all
norms are equivalent and so

(727 - 1>51||§n||2 + eallznlll — callvall? < Mo + epl|zn]|

for some ¢4 > 0 and all n > 1. Since v, is the projection of x, on H_ @ H,
and p > 2, we have ||v, |2 < [|zn]2 < ¢s||zn]|y for some ¢; > 0 and all n > 1.
Using once again the fact that H_ @ Hj is finite dimensional, we conclude that
lonlly < csllznll, for some ¢g > 0 and all n > 1. Therefore

(3.13) (727 — 1>§1||§,,||2 + csllon ||t = crllvnllZ, < My foralln >1

for some c¢; > 0, a possibly smaller £ > 0 and a new constant cg > 0. Since
n> 2 and p > 2, from (3.13) we infer that

{Zp n>1 CWE2((0,0),RY) and  {vp}n>1 € LH(T,RY) c L3(T,RY)

per

are both bounded sequences. Due to the finite dimensionality of H_ & Hy, it
follows that
{vp}n>1 € W22((0,0), RY) is bounded,

per
and so

{zp}n>1 € WE2((0,0), RY) is bounded.

per
By passing to a suitable subsequence if necessary, we may assume that

2z in WLA((0,0),RY) and =z, — x in L*(T,RY).

per

Recall that

b b
‘(V(xn),gcn —z) — / (Azp, 2y — z)pn dt — / (Un, Ty, — )pn dt
0 0
< epllen — x|

Note by hypotheses H(A) and H(j)1(c) that
b b
/ (Azp, 2, —x)gy dt — 0 and / (Up, Ty —x)pn dt = 0 asn — oo
0 0

(see also (3.1)). It follows that (V(zy),z,) — (V(z),z), which implies that
llz|l2 — ||2'||l2. Recall that =/, 2" in L?(T,RY) and that Hilbert spaces have
Kadec-Klee property. So we conclude that z/, — z/ in L?(T,RY), therefore
T, — z in WL2((0,b), RV).

per
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Claim 2. There exist p > 0 and 8 > 0 such that p(z) > § for all z € H,,
]l = p.

Because of hypothesis H(j)(e), given € > 0, we can find § = §(¢) such that

(3.14) jtx) < IISCII2

for almost all ¢ € T and all ||z|| < 6. On the other hand by the mean value
theorem for locally Lipschitz functions, we have

it 2) = j(ty)l = (v, 2 — y)r~]|
for almost all t € T, all x,y € RY with ||z|| > ¢ = ||y|| and with u* € 3j(t, 2)
where z € Jz,y[ = {z € RY : 2 = 0z + (1 — )y, 0 < 6 < 1}. So because of
hypothesis H(j)1(c), we have
3t @) < ai(t) +er(@)z]” + 15 )]

for almost all t € T, all z,y € RY with ||z|| > § = ||y|| and with ay,c; € L(T),.
We deduce that

3(t, @) < as(t) + er(d) ]|
for almost all t € T, all ||z|| > 6 = ||y|| and with ay € L*(T);. So we can find
7> 2, 51 € LY(T)4 such that

(3.15) Jt,x) < Bi(t)||z||” for a.a. t € T and all ||z|| > 4.
From (3.14) and (3.15) it follows that
(3.16) jt,z) < ||ac||2 + Bi(®)||x||” for a.a. t € T and all z € RV,

Then, in view of Proposition 3.2 and (3.16), for x € H, we have

b b
o) =5 115 = 5 [ (Ao, o) it = [ sate)
51

b
. 51 ec
Sl — [ttt dt = 5 ol = 5 ol - call”
0
for some ¢, cg > 0. Choosing € > 0 sufficiently small, we obtain ¢(z) > col|x||? —

csl|z||” for some ¢g > 0 and all x € Hy. Because 7 > 2, we can find p > 0 small
such that p(z) > > 0 for all x € H; with ||z|| = p. This proves Claim 2.

Claim 3. o|pg_on, <0.
For v € H_ & Hy, we have by H(j)1(f) that

b
o(0) < 3 11— 3 | (A®uO. 0O dt = ol <0,

which proves Claim 3.
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Now let e € CH(T,RY) be an eigenfunction corresponding to the eigenvalue
Am41 > 0 with |le|| = p. Set w =v +re, v € H_ ® Hp, r > 0. Exploiting the
orthogonality of the component spaces and using Proposition 3.4 and (3.1), we
obtain

plw) =3 1B =5 [ (wwyaw di— [t wie) d
0 0
1
2

1

b
12— 2 / (Av, ) di

<
- 2

T2 112 7,.2 ’ w
+ 5 llellz = 5 [ (Aese)rw dt — crof|wllfy + ezl
0
T2>\ +1
< — llellz = crollwli + llezlls

for some ¢1p > 0. Since g > 2, we conclude that p(w) — —oo as ||w| — oo
(since H_ @ Hy is of finite dimension). Therefore we can find R > p large such
that if ||w|| = R then

(3.17) p(w) <0< B.
We consider the half-ball
Q={w=v+re:ve H_& Hy, |w| <R, r>0}.

Then 0Q ={w=v+re:ve H_® Hy, |lw| =R, r>0or ||w]| <R, r=0}.
Because of Claims 1-3 and relation (3.19) we can use Theorem 2.2 and obtain
x € Wi2((0,b),RY) such that

©(0) <0< B <p(x) and 0 € dp(z).
From the inequality, we see that = # 0. From the inclusion we obtain

(318) V(z)— Az —u=0 withue L' (T,RY), u(t) € dj(t, z(t)) ac. on T

(see Clarke [4, p. 80]). From the representation theorem for the elements of
W=12((0,6),RN) = W, 2((0,0),RN)* (see [5, p. 362]), we know that z” €
W=12((0,b),RY). Let (-, -)o denote the duality brackets for the pair

(Wo'*((0,0), RY), W=2((0, ), RY)).

Then because of (3.18), using as a test function ¢ € C1((0,b), RY) and Green’s
identity, we have that

b b
B19) (== [ AW 0 dt = [ ()00
Since C((0,b), RY) is dense in W, 2((0,b),RN), from (3.19) it follows that

(3.20) —2"(t) — A(t)x(t) = u(t) a.e.on T, z(0) = z(b),
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thus 2" € LY(T,RY), and so x € CH(T,RN) n W21((0,b),RY). Then for y €
WL2((0,b),RY) we have

per

b b
(V(x),y) - / (A(t)e(), y(t) g dt = / (ut), y())gv dt.
We obtain

(' (1), y(B))rw — (2/(0), y(0))g
b b b
- / (2 (), () e dt — / (A@)2(t), y())a di = / (u(t). y() g dt.
0 0 0
By (3.20) we get
($/(0),y(0))RN = (J’J(b)7y(b))]RN for all ye Wliég((07 b)7RN)7

which yields 2/(0) = 2/(b). Therefore z € C*(T,RY) is a nontrivial solution of
problem (1.1). O

We can weaken the hypotheses on the nonsmooth potential j(¢,x) if we as-
sume that dim(H_ @ Hy) = 0. In this case A\; > 0, the linear differential operator
2 — —a' — Az is maximal monotone, coercive and for all ¢ € RN \ {0} we have
fOb(A(t)c, ¢)rnv dt < 0 (hence if A(t) = Aforallt € T, then A is negative definite).

Now the hypotheses on the nonsmooth potential j(¢,z) are the following:

H(j)2 j: T x RN — R is a function such that j(-,0) = 0 almost everywhere on T

and

(a) for all z € RN, t + j(t,z) is measurable,
(b) for almost all t € T, x +— j(¢,z) is locally Lipschitz,
(c) for almost all t € T, all z € RY and all u € 9j(t, x), we have

lull < at) + e(t) 2]~ with a,c € L'(T)4, 1< 7 < oo,

d) there exists u > 2 such that for almost all t € T and all x € RN, we
(d) I ,

have
.u](t7 l’) < 7].0(157 €Z; 71")7
(e) there exists § € L*°(T)4 such that 6(t) < A; a.e. on T with strict
inequality on a set of positive measure and

uniformly for almost all t € T

. 2j(t, x)
lim su < 0(t
S e < 0

(f) there exists zo € RY \ {0} such that f;j(t, xo) dt > 0.
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EXAMPLE 3.6. The following function satisfies hypotheses H(j)y. For sim-
plicity we drop the t-dependence:
~— Jal? if o] < 1,
i@ =1, 11
=zl = = =~ if [lzf| > 1,
1 fnop
with p <2 < p.

In the case of H(j)o the hypotheses allow both subquadratic and superqua-
dratic potentials.

THEOREM 3.7. If hypotheses H(A) and H(j)2 hold and dim(H_ & Hy) = 0,
then problem (1.1) has a nontrivial solution x € C*(T,RN).

PRrROOF. Again we consider the locally Lipschitz functional ¢ defined for
z € WL2((0,b),RY) by

per

o) = 5 1013~ 5 | (A®2te)oO)ev it = [ itt.ate) .
Claim 1. ¢ satisfies the nonsmooth PS-condition.

Let a sequence {xy, }n>1 C WiZ((0,b),RY) be such that
|o(xn)| < My for some My >0, alln>1 and m(z,) =0 asn — oo.
As before we can find z, € dp(zy,) such that m(z,) = ||« ||, n > 1. Then

[,

n?

Tn)| < epllzn| with e, | 0.

So we obtain

(g _ 1) %~ (’; - 1) / (A0, 00

b
+/ [(un (@), 20 (8))rr — pj (t, 2 (1))] dt < enllanll + pMy.
0

By Proposition 3.2(a) it follows that

b
(’; - 1)51||xn||2 n (‘; - 1) a0 =20(0) - it n(e)]
< enl|zn| + pM;.

Taking into account hypothesis H(j)2(d) we deduce

(g - 1)§1|xn2 < M, for some My >0, alln>1

and thus {z,},>1 € WL2((0,b),RY) is bounded. From this as in the proof of

per
Theorem 3.5 we conclude that ¢ satisfies the nonsmooth PS-condition.
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Claim 2. There exist p > 0 and 8 > 0 such that p(z) > § for all x €
WE2((0,),RY) with [|a] = p.

per

As in the proof of Theorem 3.5, from hypothesis H(j)z2(e), we see that given
e >0, we can find c¢. € L'(T); such that

(3.21) i(t,x) < %(9(t)+6)Hff||2+cs(t)||wHT

for almost all t € T, all # € RY and with 7 > 2, c. € L(T),. Then for all
r € WL2((0,b),RY) we have

b b
32 ple) =5 I 5 [ (A®O.o0)er it = [ sate)
b
> 51— 5 [ (A a(0)es di

I 2 € 2 T
5 [ o de = 5 el - el
0

for some ¢; > 0 (see (3.21)). For all x € W12((0,b),RY) let

per

b b
= |z'||% - z(t), x ~ dt — x(t)]|? dt.
V(@) = 12’3 /O(A(t) (), z(t))rw dt /09(t)|| )" dt
We will show that

(3.23) Y(x) > &||z||* for some & > 0 and all z € WL2((0,0), RY).

per

By virtue of the hypothesis H(j)2(d) on 6, we have ¢ > 0. Due to the 2-
homogeneity of ¢, arguing by contradiction, we can find a sequence {z, }n>1 C
W12((0,b), RY) such that

per

W(xy) L0 in W22((0,0), RY) with ||z, || = 1 for all n > 1.
We may assume that
T, Sz in WL2((0,0),RY) and z, — a2 in C(T,RY).

per

So in the limit as n — oo, from (z,) | 0, we obtain

b b
12 — z(t), x ~dt — z(t)|]?
(321) |2 / (A()(t), 2(t) )z dt / 0(t)l2(0)]1? dt < 0,
which implies that
b b
/|12 — / (A)(t), 2(t) ) dt < / 08) (D)2 dt < Ay ]2,

and so

b
Hx’H%—/O (A)a(t), 2(t)Jrv dt = M|z][3.
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Hence z € C’]})er(T7 RYM) is an eigenfunction corresponding to the eigenvalue

A1 > 0. This means that z(f) # 0 a.e. on T and so from (3.24) we infer
that

b
l2"113 ~ /0 (A(®)2(t), (t))en dt < Ailz]3.

which is a contradiction. This proves (3.23). Using (3.23) in (3.22) and choosing
€ > 0 sufficiently small we obtain

o@) > Ll — £ 2l — erllol” > ealell? — ealfal
for some co > 0. Because 7 > 2, we can find p > 0 small such that
e(x)>B>0 forallz e Wi2((0,b),RY) with ||z = p.
Claim 8. For almost all t € T, all x € RY and all r > 1 we have
it x) < j(t, ro).

On R, \ {0} the function r +— 1/r* is continuous convex, hence locally
Lipschitz. So for almost all ¢t € T', v+ (1/r*)j(t,rz) is locally Lipschitz and

1 . ‘ 1 ..
0, () ) € =g jra) 4 @it 7). )

(see [4, p. 48], or [5, p. 612]). In the above inclusion by &, we denote the
subdifferential with respect to r > 1. Using the mean value theorem for locally
Lipschitz functions, we can find A € (1,7) (depending in general on t) with r > 1
such that

1 . . r—1 . "
7]@,7‘%) _.](tvx) = W (—,u](t,)\x) + (u a)‘x)]RN)

rH
where u* € 9j(t, \x). Because of hypothesis H(j)2(d) we have that
—pj(t, Ax) + (u*, A\e)py > —pj(t, Ax) — jO(t, Ao —Ax)) >0

for almost all t € T', which implies that j(¢,rz) > r#j(t,z) for almost all ¢ € T,
all z € RN and all » > 1. This proves Claim 3.

Using the definition of ¢ and Claim 3 for » > 1 we have

(325  (ray) < — ; /O (Ao (1), a0 () di— 1 /0 it o) dt.
By H(j)2(f), (3.25) and since u > 2 it follows that

p(rzp) — —oo0 as r — oo.
So for r > 1 large, we will have

o(rzo) < ¢(0) =0 < g < inf{p(z) : |z|| = p}
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(see Claim 2). This and Claim 1 permit the use of Theorem 2.1. So we obtain
x € W2((0,b),RY) such that

p(0)=0< B <¢(x) and 0 € Ip(x).

From the inequality we see that x # 0, while from the inclusion, as in the proof
of Theorem 3.5, we conclude that x € C*(T,R") is a solution of problem (1.1).00

In the case of Theorem 3.7 the kernel of the linear differential operator
z — —a" — Az with periodic boundary conditions is trivial. This convenient
situation allowed us to incorporate in our framework both subquadratic and
superquadratic systems. In the next existence theorem, we still require that
dim H_ = 0, but now dim Hy > 0 (i.e. the linear differential operator x
—2" — Az with periodic boundary conditions has a nontrivial kernel). Now
our hypotheses on j(t, z) incorporate in our setting quadratic or superquadratic
systems.

The hypotheses on the nonsmooth potential are the following:

H(j)s j: T x RY — R is a function such that j(¢,0) = 0 a.e. on T’ and

(a) for all z € RN, ¢+ j(t,z) is measurable,
(b) for almost all t € T, x — j(t,x) is locally Lipschitz,
(c) for almost all t € T, all z € RY and all u € 9j(t, ), we have

lul| < a(t) + c(t)||z|"™" with a,c € LY(T)4, 1 <7 < o0,

(d) there exists @ € L1(T), such that 6(t) < 0 a.e. on T with strict inequal-
ity on a set of positive measure and

lim sup 2)(t,z) <0(t)

Bk uniformly for almost all ¢t € T,
lzl|—co I

(e) there exists zg € Hp such that fobj(t,xo(t)) dt > 0.

ExampPLE 3.8. The following locally Lipschitz function satisfies hypotheses
H(j)s:

1 . .
= ||zl if [lzf] <1,
6@ =1 g o) 1
—_— 277 p— 3
D e~ 20 4 L iy > 1,

with § € LY(T)4 as in hypothesis H(j)3(d) and 1 < r < oco. Here to verify
H(j)s(e) we choose z¢ € Hy with 0 < |lzo|| < 1.
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THEOREM 3.9. If hypotheses H(A) and H(j)s hold and dim H_ = 0, then
problem (1.1) has a nontrivial solution x € C*(T,R™N).

PRrROOF. We consider the locally Lipschitz Euler functional ¢. We claim that
@ is coercive. We argue indirectly. So suppose the claim is not true. Then we
can find {x, }n>1 C W22((0,b), RY) such that

per

o(xn) < My for some My >0, all n > 1 and ||z,|| — oco.

We have z,, = 20 + 7, with 2% € Hy, T,, € Hy, n > 1.
First assume that
%]

—0 asn— oo.
(e

(3.26)

Set y, = xp/||zn|, n > 1. We may assume that

Yn—y in WL2((0,0),RY) and y, —y in C(T,RY), with y € H,.

per

Then we have

ol@n) 1., 1 [° N ) M,y
= sllnllz = 5 [ (Ayn(t), yn(t))r~ dt — dt < ,
[znl? 2 22 * o llzall? |z |2

which implies by passing to the limit that

Lo 1[0 o /bj(t,xn(t))

= - = A <l f "= dt.

511 =5 [ (Avte)pte)es at < timint [ 12 gy
Since ||y'[|3 = fob(A(t)y(t),y(t))RN dt (because y € Hy), we obtain

b .
(3.27) 0 < liminf / Mdt.
n—oo Jooo [l
Claim.

b .
limsup/ Mdt<0.
0

n—o0 [l
From Tang—Wu [18] (see the proof of Lemma 3 in that paper), we know that
given £; > 0, we can find m; = my(e1) > 0 such that

{teT: @) <mullv|}: <& forall ve Hy\ {0}

(by | - |1 we denote the Lebesgue measure on R). In a similar way, we can show
that given €5 > 0, we can find my = ma(g2) > 0 such that

Ht €T : Jlw(t)] > ma|w|}1 <e2 forall we Hy\ {0}
(see also Bartolo-Benci—Fortunato [1]). For every n > 1, we introduce the sets

By ={teT:|lz) )] = malz |},
Eop = {t € T: |Jwu ()| < mafw,l}.

The convergence in (3.26) ensures that 29 # 0 for n sufficiently large.
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Clearly we have |T'\ F1,| < €1 and |T'\ Ea,| < e2. If &1 + €2 < b and because
(T'\ E1n) U (T \ E2,) =T\ (E1, N Eay,), we infer that Ey, N Eo, # 0. For all
n>1and all t € Ey,, N Es,, we have
lzn @I o lza®l  lwn@®l _ mallanll — mallwnl]
lznll — llzall lzall  — llzall |zl

Similarly for all n > 1 and all ¢t € Ey,, N Ea,, using (3.1) it follows

(el < [wa (@)l n 22, @)l < .
(e (e (e (e (e

By virtue of hypothesis H(j)3(c) and (d) and the mean value theorem for locally

(3.28)

0

Lipschitz functions (see [4, p. 41] or [5, p. 609]), given £ > 0 we can find & €
LY(T) such that for almost all t € T and all z € RY, we have

(3.30) (t,2) < 5(000) + ) el + £.(1).

Then for all n > 1, we have from (3.30) that

EinnEsn |2l
1 lzn (£)]12

1
< - 0(t) +¢) dt + / &(t)dt
2 /EmE (B 2nll? JErunEs,

1 t)[? t)]|?
L[ O e IO, el
2 Ei1,NEs, H.’L’n” 2 Ei,.NE>, ||an HmnH

Recall that 0(t) < 0 a.e. on T (see hypothesis H(j)3(d)). So using (3.28) and
(3.29), we find

N

A

(¢, 2 (t 1 0 %
[t il Y g
EipnBsn  Tall 2\ @l (B2 E1pOEan
e [ mallw C||z° 2
g (el I g, o B
2\ [zl [2nl |zl

From (3.26) and taking into account that ||20||/||z,] — 1 and [|2,| — oo, we
can find ng = ng(e) > 1 such that for all n > ng we have that

] 1
(3.31) / itxn®) gy L, 5)2/ 0(t)dt + S(C + )2 + e
E1nNEsy, |2 || 2 E1nNE2y 2

Note that

b
(3.32) / 0(t) dt = / o(t) dt — / o(t) dt.
E1nNE2p 0 (T\Eln)U(T\E2n)

Since § € L>=(T), 6(t) < 0 a.e. on T and |(T \ E1n) U (T \ E2,)|1 < &1 + €2, we
have

(3.33) —/ 0(t) dt < [|0]lco [(T\E1n)U(T\E2n)1 < [|0]|oc(e1+22)-
(T\Eln)U(T\EZn)
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Therefore using (3.32) and (3.33) in (3.31), for all n > ng it turns out

. b
(3.34) / w dt < X (my — 5)2/ o(t) dt
E1nNEay, nll 2 0

1
+ 5 (1= 2)?lloe(er +22) + S(C+ )b +e.

On the other hand, for all n > 1 and all ¢t € Es,, \ E1,, we have

malanll | maflwnl|

lzn @I Jen @l Jwn®l
[[n]] [[n]| [[n]| [0l [[n]|

(3.35)

Moreover. by (3.30) we can write for all n > 1

[ mOy el s g O,
RV PN lznl® ¥ 2 Je,nz, Tl

Because of (3.35), we see that

(T, zn (T e (mql|z? me ||wy, 2
[ )y el e i) mllY g,
Ea\Ern 1%l [zall* 2\ |zl [zl

Again from (3.26), ||20||/||z.| — 1 and ||z,|| — oo, we can find ny; = ni(e) > 1

such that for all n > n; we have
| (t, zp (T
(336) / w dt <e+ (m1 + 8)2 E |E2n \ E1n|1
E2n\E1n ||xn|| 2
<e+(m +5)2%\T\E1n|1 <e+(m —&—5)2%51.
Finally for all n > 1, we have from (3.30) and (3.1) that
(¢, zn(t ()]
[ O e e f L,
T\Esn ||l lznll®> 2 gy, %l

0 2 2
clads e [ IAOF O,
T\E2n

I ER ENE
Il | € e Jlwnll3

< + = C?*|IT\ Egn|1 + =
ENER SN PHTE
Il e e, e llwal?

< +-C%e+ :
lzal2 27 72T 2 a2

Because of (3.26), we see that we can find ng = no(e) > 1 such that for all

n > ng > 1 we have

(T, xn (t
(3.37) / Hzn®) gy ooy € 02,
T\ Ea,, (e 2
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From (3.34), (3.36) and (3.37), we see that for n > n3 = max{ni,ns,n3} we
have

Pt aa(t) 1 b )
/0 Wdtﬁi(ﬂu *5)2/0 G(t) dt+§(m1 76)2”9”00(614»52)

+ %(C+g)2b+ (mq +€)22

2
Recall that €,e9 > 0 were arbitrary. So we let €,65 | 0. It follows that

51—1-%02524—35.

b . b
t, o (t 1 1
(3.38) 1mam/Zﬁiiﬁﬁgima/awﬁ+§mﬂwwq
0 0

Because €; > 0 was arbitrary and fé) 6(t) dt < 0, we choose €1 > 0 small enough
so that

b
qWM<—/0@ﬁ
0

Then from (3.38) we conclude that the claim is true when w,, # 0 for n sufficiently
large as admitted.

Comparing the claim with (3.27), we reach a contradiction.

Next assume that

[1Z |

2

—ne(0,1] asn— oo.
Then |y2]|> — 1 —n2. Because of the orthogonality of the component spaces Hy
and Hy and the fact that 8 < 0, we have

1 1

b

~ ~ ~ 9

p(ea) 2 5 IE0E = 5 [ (AOF0.ale)rn dt = 5 el - €]
0

(see (3.30)), which implies that

M, 1 I U £ [1€e 11
Tz 2 T = 5 [ (AOT0. e de = 5 lonl? - o0
Gi—ei~n2 €02 Il
> _Z _

(& is the first positive eigenvalue). Passing to the limit as n — oo, we obtain

§1—e 5 ¢ 2 §1 5 €
0>>—n"—=-(1- =29 —-.
25— A=) =50 =g
Choose € < &2 to reach a contradiction.
Therefore we have proved that ¢ is coercive. Also it is easy to see that it
is weakly lower semicontinuous on W12((0,b),RY). Involving the Weierstrass

per

theorem, we can find x € W12((0,b), RY) such that

per

p(z) =infyp
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and thus 0 € dp(z). From the inclusion we infer that € C*(T,RY) is a solution
of problem (1.1). Moreover, if ¢ € Hy is as in hypothesis H(j)s(e), then

b
¢(wo) = —/O Jj(t,xo(t))dt <0
and so p(z) < p(zg) < 0= ¢(0), hence = # 0. [

Next we pass to multiplicity results. For the first multiplicity result we re-
quire that dim H_ = 0 and we impose the following conditions on the nonsmooth
potential j(¢,x):

H(j)s j: T x RY — R is a function such that j(¢,0) = 0 a.e. on T and

(a) for all z € RY | ¢+ j(t,z) is measurable,
(b) for almost all t € T, x — j(t,x) is locally Lipschitz,
(c) for almost all t € T, all z € RY and all u € 9j(t, ), we have

lull < a(t) +c@®)l|=I"™" with a,c € LY(T)4, 1 <7 < oo,

(d) there exists § € L>°(T) such that 0(¢) < 0 a.e. on T with strict inequality
on a set of positive measure and

9i
lim sup BE < 0(t) uniformly for almost all ¢t € T,

(e) there exists n € L (T such that if A, > 0 is the first positive eigen-
value of z — —a’” — Ax, then n(t) < A\, a.e. on T with strict inequality
on a set of positive measure and

< n(t) uniformly for almost all t € T,
(f) there exists 6 > 0 such that for almost all t € T and all ||z| < §, we
have j(t,z) > 0.

ExAMPLE 3.10. The following nonsmooth locally Lipschitz function satisfies
hypotheses H(j)4:

t
T oy it o] < 1.

0t) 2 0@) 0 .
THQUH T+T if [|zf| > 1,

with 2 < r < oo and with 6, € L*(T) as in hypotheses H(j)4(d) and (e),
respectively.

j(t’x) =

Due to hypothesis H(j)4(d), the next multiplicity result applies to quadratic
or superquadratic systems.
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THEOREM 3.11. If hypotheses H(A) and H(j)4 hold and dim H_ = 0, then
problem (1.1) has at least two nontrivial solutions x1,r2 € C*(T,RY).

PrROOF. As in the proof of Theorem 3.9 we can check that ¢ is coercive.
Hence it is bounded below and satisfies the nonsmooth PS-condition. Also be-
cause of hypothesis H(j)4(e), given € > 0, we can find 6 = d(e) such that

(3.39) j(t,z) < 5 (n(t) + &)l

N

for almost all t € T and all ||z|| < §. In addition from hypothesis H(j)4(c) and
the mean value theorem for locally Lipschitz functions, we have

(3.40) it @) < Be (@)=

for almost all t € T, all ||z|| > & and with 8. € LY(T)y, 7 > 2. So from (3.39)
and (3.40) it follows that

(n(t) +e)||lzl|® + B-(t)||z||” for a.a. t € T and all z € RV,

N

(341) j(t,x) <
In view of (4.41), for x € H we have

1

b b
||iﬂ'||§**/0 (A(t)z(t), z(t) ) rw dt*/o J(t, (b)) dt

(342)  pla) = ,

1
5
b
> 51 =5 [ AW a(0)es i

I 2 € 2 T
=5 [ 1@lz@)" dt = 3 llz]lz — ellz]l
0

for some ¢; > 0 (see also (3.1)). As we did for (3.23), we can show that there is
co > 0 such that

b b
[ */O (A@)x(t), z(t))r~ dt*/O n(®)|z(®)]* dt > cox]?
for all # € H;. Using this in (3.42), we obtain

o(x) > = (ca —&)||z||® — er]|z||” for all @ € H,.

DN =

Choose € < ¢o. Because 7 > 2, if we choose p; > 0 small we will have
o(x) >0 foralze Hy, |z|| <p1.

Since Hj is finite dimensional, all norms are equivalent and so we can find 0 <
p < p1 such that if 2° € Hy with ||2°]| < p, then ||2°||o < 6. Thus by virtue of
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hypothesis H(j)4(f) we have j(¢,2°(¢)) > 0 for a.e. t € T. So we have

1Y 2 - = / (A1), 2 (1) dt - / "t aO(0) at

1
oy _1
@(33)—2 5 |

b
= —/ §(t,2°(t))dt <0 for 2° € Hy with 2] < p.
0

If inf ¢ = 0, then all 2° € Hy \ {0} with ||2°| < p are critical points of ¢, hence
solutions of problem (1.1). If infp < 0 = ¢(0), then we can apply Theorem
2.3 and obtain x1, 25 € W)2((0,0), RY) with 1,25 # 0 such that 0 € dp(z;),

1 =1,2. These are two nontrivial solutions of problem (1.1). O

As for the existence theory, if we assume that dim(H_ & Hp) = 0 and we
impose a symmetry condition on the potential j(¢, -), we can strengthen our
conclusion and produce a whole infinite sequence of solutions. The precise hy-
potheses on the nonsmooth potential j(¢,x) are the following:

H(j)s j: T x RY — R is a function such that j(¢,0) = 0 a.e. on T' and

(a) for all z € RN ¢+ j(t,z) is measurable,
(b) for almost all t € T, x — j(t, x) is locally Lipschitz and even,
(c) for almost all t € T, all z € RY and all u € 9j(t, ), we have

lull < at) + c@llall ™" with a,c € LY(T)4, 1< 7 < oo,
(d) there exist g > 2, M >0 and g€ L*(T)4, 8 # 0 a.e. on T such that
B)||z||* < pj(t,xz) < —§°(t,2; —x) for a.a. t € T and all ||z| > M,

(e) there exists # € L>°(T)y such that if A\; > 0 is the first eigenvalue of
x — —z' — Az, we have 6(t) < A\; a.e. on T with strict inequality on

a set of positive measure and

275(t
lim sup L,Qx) <0(t)
lz—o Nl

uniformly for almost all ¢t € T.

EXAMPLE 3.12. Because of hypothesis H(j)5(d), this multiplicity result ap-
plies to strictly superquadratic systems. The following nonsmooth locally Lip-
schitz function j(¢,z) satisfies hypotheses H(j)s:

o(t) ,

- llzll? if ||| <1,
=zl + =7 — = if =] > 1,
Iz 2

where > 2 and 6 € L>°(T); as in hypotheses H(j)s(e) with 6(¢t) < 2/u.

We have the following multiplicity result.
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THEOREM 3.13. If hypotheses H(A) and H(j)s hold and dim(H_ & Hy) =0,
then problem (1.1) has infinitely many distinct pairs (v, —x), v € CYT,RN)
of solutions.

PrOOF. From the proof of Theorem 3.7 we know that the locally Lipschitz
Euler functional ¢ satisfies the nonsmooth PS-condition.
Let Y C W;é%((o,b),RN ) be a finite dimensional subspace and let v > M,

where M > 0 is as in hypothesis H(j)5(d). Set 51 = 8/mu and

@nﬁ{/ ﬁuMywwwnyex|mmv}>u
{lly@®)I>M}

Because Y is finite dimensional, all the norms are equivalent. So for all y € Y

we can write

1 1

b b
643 o) =5 B =5 [ (Au0.ue)sat = [ ity i

b
swmafﬂjwmmm

:wmaf/ ﬂmﬁ»ﬁf/ it y(0) dt
{lly(t)>M ||} {lly(t)<M|}
gmm&—/ Br(0)lly ()2 dt + my

{lly(t)>M ||}

for some i > 0 and 7; > 0 (see hypotheses H(j)5(c) and (d)). Since we will send
ly]] to oo, then |ly|ls Will also go to co and so we may assume that ||y|lc > 7.
So

e Iyl > a2 {rer: oy > a1}

and we have

—/ &@mmwas—/ Bu (1) ly(0)|1* dt
{lly(t)>M||}

(= lu()l1> M}

M ¢ 1 M
_ _IIyHoo/ Bi (" (IIy( )II) it < _ Sollyllss
Y S =l > MY 19lo Ay

llylloo

We use this estimate in (3.43). Hence we obtain

o
o(y) < nllyllZ — 77Hy||éi~, + 1.

Since g > 2 and the norms on Y are equivalent, it follows that

¢(y) = —oco as |yl — o0, y €Y.

On the other hand because of hypothesis H(j)s(e), as in the proof of Theo-
rem 3.5 (Claim 2), we can find p > 0 small such that

p(x) > o >0 forall z € W)2((0,b), RY) with [z] = p.

per
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Therefore we can apply Theorem 2.4 and obtain a sequence {(Zn,—%n)}n>1,

Ty €

WL2((0,b),RY) of distinct critical points of ¢. So 0 € dp(£xy,) for all

per

n > 1 and from this we infer that z,, € C*(T,RY) and the pairs {(z,,, =) }n>1
are solutions of problem (1.1). O
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