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DIFFERENTIAL INCLUSIONS ON CLOSED SETS
IN BANACH SPACES
WITH APPLICATION TO SWEEPING PROCESS

HOUCINE BENABDELLAH

ABSTRACT. This paper deals with the existence of absolutely continuous
solutions of a differential inclusion with state constraint in a separable
Banach space

z(0) = zo, z(t) € C(¥), (t) € F(t,z(¢))

where C:[0,a] — X is a multifunction with closed graph G and F: G — X
is a convex compact valued multifunction which is separately measurable
in ¢ € [0, a] and separately upper semicontinuous in z € X. Application to
a non convex sweeping process is also considered.

1. Introduction

Let X be a Banach space, I = [0,a] C R, t — C(t) a multifunction defined
on I with closed graph G in I x X. Let F:G — 2% \ () be a multifunction
defined on G with nonempty convex compact values on X such that F(¢, ) is
upper semicontinuous (u.s.c.) on C(t) for every t € I. In this paper, we consider
the following problem: to find absolutely continuous solutions for the differential

inclusion
(P) z(0) =z, x(t) € C(t) and 2'(t) € F(t,z(t)) a.e.
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By absolutely continuous function we mean a function x:1 — X such that
x(t) = zo + fot 2'(s)ds, t € I, with 2/ € L% (I). It is well known that prob-
lem (P) has applications in Evolution and Optimal Control Problems. Its origin
comes from the work of Nagumo [35] when the second member of (P) is single-
valued and dim(X) < oco. Most results for (P) concern the case when X is a
finite dimensional space ([3], [23], [37]). Some papers deal with (P) when X is a
general Banach space ([5], [9], [14], [27]) under various assumptions on tangen-
tial conditions and measurability assumption for the multifunction F. In ([10],
[9], [27]), the authors consider the following tangential condition

(Tp) there exists a negligible set N of I such that
(a) ({1} x X)NTg(t,xz) # 0 for all t € N and = € C(¢)
(b) {1} x F(t,z))NTe(t,x) # 0 forallt € I\ N and = € C(t)
and restrictive measurability assumptions.

In the present paper, we prove the existence of solutions to (P) by assuming
the following condition

(T) For every measurable selection o of C(-), the multifunction A, from I
to R x X defined by

t— ({1} x F(t,o(t))) NTa(t,o(t))

is Lebesgue-a.e. nonempty valued and admits at least a measurable se-
lection.

It is clear that condition (T) is weaker than those used in the literature.
Furthermore, it turn out that condition (a) of (Tg), who first appeared in the
work of Bothe ([10], [9]), is a topological/analytical property of the constraint
C rather than a part of a tangential condition. In this work we replace it by the

condition less restrictive
(T¢) For every (t,z) € G (with ¢ < a), liminf,, o+ d(z,C(t + h))/h < co.

Condition (T¢) covers many known class of multifunctions including Lip-
schitzian and absolutely continuous multifunctions. In particular, we prove later
in this paper that results such as those of Frankowska—Plaskacz—Rzeuchowski
([26], [25]) can be deduced from the Lipschitzian case by a simple change of
variables. Moreover, our main result (Theorem 3.1) extends the results of Bothe
([10], [9]) and Gavioli ([27]) and is new even when X is of finite dimensional. Our
work relies on several sophisticated techniques because we deal with a general
Banach space and weaker assumption for both measurability and tangency condi-
tion (T). One of the main ingredient relies on a new extension of Scorza—Dragoni’s
theorem (Theorem 2.4) involving the use of the essential supremum for multi-
functions that appears first in the pioneering work of Castaing—Marques ([13]).
In this framework, consult ([9], [18], [4], [21], [36], [30]) for other related results
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concerning the Scorza—Dragoni property. We finish the paper by giving a sharp
application of Theorem 3.1 to the study of nonconvex sweeping process.

2. Definitions and preliminaries results

Let (T,F,p) be a o-finite complete measure space and let X be a Haus-
dorff topological space. We say that X is a Polish (resp. Suslin) space if it
is metrizable, separable and complete (resp. if there exists a Polish space Y
and a continuous onto mapping s:Y — X). Let ' be a multifunction from T
to 2%. We say that T is weakly measurable if for every open set U in X, the set
I~(U):={teT: :T@t)NU # 0} belongs to F'. The multifunction I is said
to be graph-measurable if the graph graph(T") of T belongs to F ® B(X), where
B(X) denotes the Borel tribe of X. A function 0:T — X is called a selection of
the multifunction T if o(t) € ['(¢) for all t € T. We denote by L the set of all
measurable selections o of I'. For more about measurability of multifunctions,
we refer to Castaing—Valadier [15] and [29]. In the set of all weakly-measurable
(or graph-measurable) multifunctions I" from T' to X, we define a preorder < by
setting: 'y < Ty if and only if T';(¢) C I'y(¢) p-almost everywhere; that is there
exists a p-negligible set N of T" such that I';(¢) C I'y(¢) for all t € T\ N.

We denote by cl(X) (resp. K£(X)) the set of all nonempty closed (resp. com-
pact) subsets of X. Let (A,) be a sequence of subsets of X. The upper limit (in
the sense of Painlevé-Kuratowski) of the sequence (4,,) is defined by:

Ls(Ay) := ﬂ U Ay,

pENk>p

A multifunction F' from a topological space Y to the subsets of X is said
to be upper semicontinuous (shortly u.s.c.) on Y if for every closed subset U
of X, theset F~(U):={y €Y : Fly)NU # 0} is closed in Y. We can easily
check that if X is a metric space, then the upper semicontinuity of F' implies
that for every y € Y and every sequence (y,) of Y converging to y, we have
LsF(yn) C F(y).

Suppose that X is a metric space with distance d. For A C X and =z € X,
we set d(z,A) := inf{d(z,a) : a € A} with the convention d(z,0) := oo. For
C,D C X, the excess of C over D is defined by e(C, D) := sup{d(z, D) : x € C'}.

If E is a Banach space, we denote by ck(E) (resp. cwk(E)) the set of all
nonempty convex compact (resp. convex weakly compact) subsets of X. For
A C E, we denote by co(A) (resp. 6(A); resp. 6*(-; A)) the convex hull (resp.
closed convex hull; resp. the support function) of A. We also set for any A C E,
|A| := sup{||z| : = € A}.

!Note that this imply that the set {t € T : T'(t) = @} is measurable.
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We will need next the following general property of upper semicontinuous
multifunctions (c.f. [8]).

LEMMA 2.1. Let X and Y be two Hausdorff topological spaces, X being first
countable. Let F be a multifunction from X to the subsets of Y. We suppose
that F has a closed graph in X XY and that for every compact subset M of X,
the image set F(M) is relatively compact in Y. Then the multifunction F is
upper semicontinuous on X.

The following result is due to Valadier [40] (see also [13]). For the sake of
completeness, we produce an alternative proof.

PROPOSITION 2.2. Let X be a separable and metrizable space and ¥: T — 2%
be a multifunction from T to the closed subsets of X. Then there exists a largest
weakly measurable multifunction Yo: T — 2% from T to the closed subsets of X
such that Lo (t) C X(t), for allt € T\ N, where N is some negligible subset of T.
The same result remains valid in the case of a Suslin space X ; the multifunction
Yo is then graph-measurable instead of weakly measurable.

PrOOF. (1) We suppose that X is metrizable and separable. Let (z,,)n>1
be a dense sequence in X. Denote by M the set of all weakly measurable
multifunctions C: T — cl(X)U {0} such that C < . We canset M ={T', : a €
A} for some index set A. For o € A and n > 1, we set

2@ i=d(z,, Ta(t), teT.
Thus f7 is a F— measurable function from T to [0, c0]. Let us put
f*i=essinf{f" :a € A}.

Since the measure p is o-finite, there exists a sequence of indices (a})g>1 C A

such that
) = inf fan(t), tel.

Let Yo(t) = clU, x> Tap(t) for t € T. Then obviously Xy is a weakly
measurable multifunction from 7T to the closed subsets of X such that X (t) C
3(t) p-a.e. Let us prove that Xy is the largest member of M. Let I, € M. For
any n we have, f*(t) < f(t) u-a.e. Then let N be a negligible set such that for
every t € T\ N and every n > 1, f(t) < f2(t) = d(xn,To(t)). We shall prove
that for every t € T\ N, T, (t) C 3o(t). Indeed, let us take x € T',(¢) and € > 0.
There exists n. such that d(x,_,z) < €/2. We have

2
So there exist k. > 1 and y. € I'yre(t) such that d(z,.,y.) < €/2. It follows
that d(z,ye) < d(x,xn,) + d(xn,,ye) < €. This proves that, for every ¢ > 0,
B(z,e) N (U, 451 Tap (t)) # 0, thus @ € Eo(t). Our claim is now proved.

fre(t) = it (@, Tope (1) < d(z, Ta(t) < 5.
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(2) Suppose now that X is a Suslin topological space. Let X, be a Polish
space and s: Xg — X be a continuous onto mapping. Set ¥1(t) := s~1(2(t))
for t € T. Then ¥; is a multifunction from 7T to the closed subsets of X,. By
step (1) there exists a largest weakly measurable multifunction T'o:T = X
with closed values such that To(t) C X1(t) p-a.e. Let T'(¢) := s(To(t)) for
t € T. For every open set V of X, we have I (V) =I5 (s7}(V)) € F. SoI'is
weakly measurable and obviously we have I'(¢) C X(¢) u-a.e. Let IV be an other
graph-measurable multifunction with closed values such that I'(¢) C X(¢) u-a.e.
Then I'y(t) := s~ 1(I'(t)), t € T, is a graph-measurable multifunction (in fact
graph(['y) = ¢~ (graph(I'")) where ¢: T x Xg — T x X: (t,z) — (t,s(z)) ) with
closed values satisfying I'1 (t) C 31(¢) p-a.e. Since I' is also weakly measurable
([15, Theorem III1.30]), this implies that I';(¢) C T'g(t) p-a.e. It follows (since s
is onto) that

(2.1) I'(t) = s(s7H(I"(1))) = s(T1(t)) € s(To(t)) =T(t)  p-ae.

In particular if we take I = T’ (which is a graph-measurable multifunction) we
obtain that I'(¢) = T'(¢) p-a.e. Hence we can consider without loss of gener-
ality that the multifunction I" is closed valued and so it is graph-measurable.

Condition (2.1) shows also that I' is the required multifunction. O

We suppose in what follows that T is a Hausdorff compact topological space,
1 a positive Radon measure on 7" and F = g(T) the p-completion of the Borel
tribe B(T'). Recall the following version of Scorza-Dragoni theorem which is due
to Castaing [11]:

PRrROPOSITION 2.3. Let X be a Polish space. Let p: T x X — R be a function
such that (-, x) is p-measurable for all x € X, and ¢(t, -) is continuous on X
for allt € T. Then for every € > 0, there exists a compact set T, C T with
(T \Tz) < € such that the restriction o7, xx of ¢ to Tz x X is continuous.

Let us denote by 7y the topology of the compact space T. We consider
another topology 7 on T finer than 7y (i.e. 79 C 7) and that is first countable.
When T is equipped with the topology 7, we will denote it by T, (note that this
is not necessarily a compact space).

We are now ready to state the following general multivalued version of
Scorza—Dragoni theorem for upper semicontinuous multifunctions:

THEOREM 2.4. Let X and Y be two Polish topological spaces. Let C:T —
2X\ {0} be a multifunction with measurable graph G in T x X; that is G €

~

B(T)® B(X). Let F:G — K(Y) be a multifunction such that:

(i) For every t € T, graph(F;) = {(z,y) € X xY : 2z € C(t) andy €
F(t,z)} is closed in X x Y.
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(ii) For every o € LY, the multifunction t — F(t,0(t)) admits at least
a p-measurable selection.

(iii) For every € > 0, there exists a compact set J. C T with p(T \ J.) < €
such that for every compact subset M of the set (J. x X) NG, endowed
by the topology inherited from T, x X, the image set F(M) is relatively
compact in'Y.

Then, there exists a multifunction Fo: G — K(X) U {0} such that

(a) The graph of Fy belongs to B(T) @ B(X) ® B(Y).
(b) There exists a p-negligible set N such that

0 G Fo(t,z) C F(t,z) forallt € T\ N and all x € C(t).

(¢) If T — X and v:T — Y are two p-measurable functions such that
(t,u(t)) € G and v(t) € F(t,u(t)) p-a.e. then v(t) € Fo(t,u(t)) p-a-e.

(d) For every e > 0, there exists a compact set K. C T with (T \ K.) < ¢
such that the restriction Foq. of Fo to the set G. = (K. x X)NG,
equipped with the topology inherited from the product space Ty x X, is
upper semicontinuous.

PROOF. For every t € T put ®(t) := graph(F;). Then, by condition (i), ®
is a multifunction from 7" to the closed subsets of X x Y. By Proposition 2.2,
there exists a largest weakly measurable multifunction ®¢: T — cl(X x Y) U {0}
such that ®g(t) C @(¢), for all t € T'\ Ny, for some p-negligible set Ng of T'. By
[15, Proposition II1.13], the multifunction ®q is also graph-measurable. Hence,
putting

Fy(t,z) ={y €Y :(x,y) € Po(t)}, (t,z)€G

we get a multifunction from G to the closed subsets of Y such that graph(Fp) €

~

B(T) ® B(X) ® B(Y). Moreover, we have

(A1) for all t € T\ Ny and for all x € C(t), Fo(t,x) C F(t,x).

(A2) If wT — X and v: T — Y are two pu-measurable functions such that
(t,u(t)) € G, for all t € T and v(t) € F(t,u(t)) p-a.e. then v(t) €
Fo(t,u(t)) p-a.e.

Let {0y, }n>0 be a sequence of y-measurable selections of the multifunction C
such that {0, (t) : n > 0} is dense in C(t) for every ¢ € T ([15, Theorem II1.22]).
By condition (ii), for every n > 0 there exists a y-measurable function v,: T — Y
such that v, (t) € F(t,0,(t)) p-a.e. By (A2), we have also v,(t) € Fy(t,0,(t))
p-a.e. for every n. By modifying the p-negligible set Ny, we may suppose that

(2.2) vp(t) € Fo(t,0,(t)) forallmeNandallt e T\ Np.

In particular, it follows that ®q(t) # 0 for all ¢ € T'\ Ny. By virtue of the
choice of ®p, we may suppose without loss of generality that ®q(t) # () for all
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t € T. Let ¢ > 0. By hypothesis, there exists a compact set J. C T, with
w(T\ Jz) < g, such that compactness condition (iii) holds. Now we define
a function ho:T X (X xY) — [0,00] by setting ho(t, z) := d(z,Po(t)) for all
(t,z) € T x (X xY). It is clear that function hq is separately p-measurable
in ¢t and separately continuous in z. By Proposition 2.3, there exists a compact
set K. C T such that A\(T"\ K.) < € and the restricted function hox_x(xxv) is
continuous. We may suppose without loss of generality that K. C J. \ Np. Let
us put G = (K. x X)NG. Then, from the continuity of hgjx_x(xxy), it follows
easily that the graph of the multifunction Fyq_ is closed in G. x Y. Hence it is
also closed in GT x Y, where GI denotes the set G. equipped with the topology
induced by the product space T, x X. By condition (iii), Fy(M) is relatively
compact in Y for every compact set M of GI. Hence by Lemma 2.1, we deduce

that Fp gr is upper semicontinuous?.

To finish the proof of the theorem, we will prove that
(2.3) Fo(t,z) #0 for all (¢t,z) € Ge.

Let (t,2) € G.. There exists a subsequence (o, (t)); of (0,(t)), converging
to z in X (this follows from the density of (0,(t)) in C(t)). Let us consider
the compact set B’ = {x} U {0,,(t) : 7 > 0}. By the upper semicontinuity
of Fy(t, -) on C(t), the set Fy(t, B') is compact in Y. Furthermore, by ( 2.2),
vn, (t) € Fo(t, B'), for all j > 0. So, we can suppose (along a subsequence) that
there exists y € Y such that v, () — y in Y. Since the multifunction Fyp_ is
closed, we deduce that y € Fy(t,x). Hence claim (2.3) is proved. O

REMARKS. (1) Assertion (b) in Theorem 2.4 is crucial. It relies strongly on
the essential supremum property given in Proposition 2.2.

(2) We can find in the literature several works on multivalued versions of the
Scorza—Dragoni theorem (see for instance [11], [30], [36], [13]). Our result is an
extension of the result given in [13].

(3) Let us choose a sequence (J,,) of compact subsets of T with u(T'\ J,,) <
27" such that compactness condition (iii) holds on G,, = (J,, x X)NG for every n.
Take t in |J,, Jn, and M an arbitrary compact subset of C(t). Then, by (iii) the
image set Fy(M) = F({t} x M) is relatively compact in Y. By Lemma 2.1, it
follows that Fj is u.s.c. on C(t). Hence it is equivalent to replace condition (i)
of the theorem by the following stronger condition:

(iy) For almost every t € T, the multifunction F(t, -) is upper semicontin-
uous on C(t).

2Note that condition (A1) imply that Fp is compact valued in Y.
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Now we will give an interesting application of Theorem 2.4. We suppose that
X =Y is a separable Banach space. We denote by ax the Kuratowski measure
of noncompactness defined on the set of all bounded subsets of X.

Let T = I = [0,a], with a > 0, be a compact interval of R and A the Lebesgue
measure on I. We denote by £(I) the tribe of Lebesgue measurable subsets of I.
The left topology ¢ (resp. right topology 7.) on I is defined as the topology
generated by the basis of open sets {]s,t] NI : s <t} (vesp. {[s,¢[NT:s <{t}).
We denote by I, (resp. I,.) the set I equipped with the left topology (resp. right
topology). Let us denote by 7, the usual topology on I. For ¢t € I, § > 0 and

7 € {7y, 70, 7}, We set
t—06,t+0NI ifT=m,,
ts =14 [t—0,t]NI if =1,
[t,t+d]NT if 7 =1,

We have the following result:

COROLLARY 2.5. Let 7 € {7y, 7e,7r} and I, be the interval I equipped with
topology 7. Let X be a separable Banach space. Let C: I — 2%\ {0} be a multi-
function with measurable graph G in I x X. Let F: G — K(X) be a multifunction
such that:

(1) For every t € I, graph(F;) = {(z,y) € X x X : 2 € C(t) and y €
F(t,z)} is closed in X x X.

(2) For every o € LY, the multifunction t — F(t,o(t)) admits at least a
A-measurable selection.

(3) For every e > 0, there exists a compact set J. C I with A(I \ J.) < ¢
such that for every t € J. and every compact set B of X, we have

inf ax[F((I750 J.) x B)NG)] = 0.

Then, there exists a multifunction Fy: G — K(X) U {0} such that

(a) The graph of Fy belongs to L(I) @ B(X) ®@ B(X).
(b) There exists a A-negligible set N such that

0G Fo(t,x) C F(t,x) forallt € I\ N and all x € C(t).

(¢) If u:I - X and v:I — X are two A-measurable functions such that
(t,u(t)) € G and v(t) € F(t,u(t)) A-a.e. then v(t) € Fy(t, u(t)) A-a.e.

(d) For every e > 0, there exists a compact set I. C I with A(I\ 1) < ¢
such that the restriction Foq. of Fo to the set G. = (I. x X) NG,
equipped with the topology inherited from the product space I, x X, is
upper semicontinuous.
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Moreover, if the multifunction F is convex compact valued in X then so is Fy.

ProoF. Taking T'= I and Y = X, we remark that all conditions of The-
orem 2.4 are satisfied except for the compactness condition (iii). Let us check
it. It is enough to give the proof in the case where 7 = 7, (other cases are simi-
lar). Let € > 0 and J. be the compact subset of I given by condition (3). Take
M an arbitrary compact subset of G¢ (where G denotes the set (J. x X)NG
equipped with the induced topology from I, x X). Let (y,)n>1 be a sequence
in F(M). Then y,, € F(t,,z,) for some (t,,z,) € M, n=1,2,... Since M is
compact, we can suppose (along a subsequence) that (t,,x,) — (¢t,z) in G% for
some (t,x) € G.. Consider the compact subset B := {a} U {z,, : n > 1} of C(¢)
and apply the compactness condition (3) to ¢. Then for every n > 0, there exists
0 > 0 such that

ax[F(((t—6,tJNJ.) x B)NG)] <.
Since t, — t in I, there exists ny = n(n) such that ¢, € [t — d,¢] N J. for all
n > ny. It follows that y,, belongs to F(([t—4,t]NJ.) x BNG) for every n > n;.
Hence
ax[{yn :n>n1}] <n.
Since n > 0 is arbitrary, we deduce that ax[{y, : n > 1}] = 0. This proves that
the set F'(M) is relatively compact in X.

For the last assertion of the theorem, let us preserve notations of the proof
of Theorem 2.4. By construction, ®¢(t) = graphFy(t, -) is the largest weakly
measurable multifunction such that &g < ®. On the other hand, the multifunc-
tion @4 (t) := graphcoFy(t, -) is also weakly measurable and satisfies ®; < P.
Hence ®,(t) = ®y(t) a.e. Modifying Fy on a A-negligible set we can infer that
Fy = co Fyy. This finish the proof of corollary. O

REMARKS. Let us give some explicit examples providing compactness con-
dition (3) of Corollary 2.5.

(1) Suppose X is a finite dimensional space, F': G — K(X) a multifunction
such that |F(t,x)| < g(t)(1+]||z|), for all (¢,z) € G for some measurable function
g: T — RT. Then compactness condition (3) holds (apply Lusin theorem to g).

(2) Suppose X infinite dimensional and F: G — K(X) a multifunction such
that for some k € Ly (I) we have

ax[F(t, B) < k(t)ax(B)
for every bounded subset B of X. Then compactness condition (3) is satisfied.

We shall need in what follows the following lemmas:

LEMMA 2.6. Let c € Ly, (I) and let N be a A-negligible set of I. Then there
exists a lower semicontinuous function ¢:I — 10, 00| such that 0 < c(t) < €(t),
for allt € I, ¢(t) =o0, for allt € N, and anE(s) ds < oo.
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PROOF. Let us set as in Bothe (see [10]):
A, ={tel:n—-1<c¢(t)<n}UN, neN".

Let us choose, for every n € N*, an open set O,, of I such that A, C O, and
AOn \ Ap) < 27™ and set € := ).~ nxo,. It is clear that 0 < ¢ < con I
and that ¢ is lower semicontinuous on I. Moreover, if ¢ € N, we have t € O,
for every n > 1, so ¢(t) = co. Now, from the choice of A, and O,,, we have
nxo, = NX0,\A, T 1nX4, < NX0,\A, T XA, ¢+ Xa,. Hence, l-ae.¢<g+c+1,
where g = 307 nxo,\4,- Sincefy g < 307 n2™" < oo, it follows that € is
A-integrable. O

Let E be a normed space (with norm || -||), K a subset of E and z € K. We
recall that the Bouligand cone of K at x, denoted by Tk (x), is defined by:

|
Tk (x) = {u €EE: I}Lni%)rif Ed(a: + hu, K) = 0}.

We have the following lemma, providing a measurability property of the Bouli-
gand cone.

LEMMA 2.7. Let E be a separable Banach space and K a nonempty subset
of E. Let us endow K with the topology induced by E. Then, there exists a
decreasing sequence (®,,) of weakly measurable multifunctions ®,,: K — cl(E)
such that Ti (§) = ,, ®n(§) for each & € K.

PROOF. By definition, we have T (§) = {v € E : f(§,v) = 0}, where
f(&, v) :=liminf,_, g+ d(+hv; K)/h. Let (g,) be a sequence of positive numbers
such that ¢, | 0. Let us set

1
= inf —d hv; K
fn(g,v) 0<1/¥Ll<6n (§+ U3 )
forn € N, £ € K and v € E. It is clear that every function f, is upper
semicontinuous on K x E and that f,, (&, ) is continuous on F for every ¢ € K.
It follows by Theorem 6.2 of Himmelberg [29] (more exactly see the remark
following this theorem) that the multifunction ®,: K — cl(E) defined by

0 (8) i=cl{v € E: fu(§v) <en}, €K

is weakly measurable. Now we let the reader check that Tr(§) = (), ®n(&) for
every £ € K. O

REMARK. Weak measurability in the statement of Lemma 2.7 is relative to
the measure space (K, B(K)), where the set K is equipped with the separable
metric topology inherited from FE.
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3. The main result

Let us introduce some notations and definitions. Let I = [0,a] (a > 0) be
an interval of R and X a separable Banach space. If G is a subset of I x X, we
set G* :={(t,xz) € G : t < a}. A Kamke function on I x R is a Carathéodory
mapping w: I x R* — RT such that w(¢,0) = 0 for all ¢ € I and that the
unique absolutely continuous function 7: I — R* such that 7(0) = 0 and 7’(t) <
w(t,r(t)) A-a.e. is the function identically equal to zero. Examples of Kamke
functions on I x R* are the functions of type w(t,z) = k(t)z with k € Ly, (I).

We state now the main result of this paper:

THEOREM 3.1. Let I = [0,a] (with a > 0) be an interval of R and X a
separable Banach space. Let C:1 — cl(X) be a multifunction with closed graph
GinlIyx X. Let F:G — ck(X) be a multifunction such that:

(i) There exists ¢ € Ly, (I) such that
|F(t, )| <ct)(1+||z]|) for all (t,z) € G.

(ii) For every t € I, the multifunction F(t, -) is u.s.c. on C(t).
(iii) For every (t,x) € G*,

L]

I}Lniégf 7 d(z,C(t+h)) < 0.

(iv) For every o € LY., the multifunction
Aot s ({1} % F(t,0(t)) N T (t, (1))

is A-a.e. nonempty valued on I and admits at least a measurable selec-
tion.
(v) There exists a Kamke-function w on I x RT such that for every e > 0,

there exists a compact set J. C I, with A(I'\ J.) < &, such that for every
t € J. we have:

gngaX[F((([t —4,tjNJ;) x B)NG)] < w(t,ax(B))

>
for every bounded set B of X.

Then, given xg € C(0), there exists an absolutely continuous function x: I — X
and a function x' € L (I) such that x(t) = x¢ + fot x'(s)ds for allt € I and

{ z(t) € C(t) on I,

2'(t) € F(t,z(t)) a.e. onl.

(P)

ProOOF. By virtue of Corollary 2.5, there exists a multifunction Fy:G —
ck(X) and a A-negligible set Ny such that:

(B1) graph(Fp) € L(I) ® B(X) ® B(X).

(B2) For every ¢ € I\ Ny and every x € C(t) we have § # Fy(t,z) C F(t,x).



126 H. BENABDELLAH

(B3) If w:I — X and v:I — X are two measurable functions such that
uw € LY and v(t) € F(t,u(t)) a.e. then v(t) € Fy(t, u(t)) a.e.

(B4) For every € > 0, there exists a compact set J. C I with A(I'\ J.) < &,
such that if we denote by G% the set G. = (J. x X) N G equipped
with the topology induced by Iy x X, then the restriction Fyg_ of the
multifunction Fy to Ge is u.s.c. on G&.

Before going on with the proof of Theorem 3.1 we will need some preliminaries
lemmas. The first one is the following lemma.

LEMMA 3.2. We preserve the preceding assumptions and notations. Then,
there exists a A-negligible set N of I such that for every t € I \ N and every
x € C(t): 0 7é FO(tvx) - F(tax) and ({1} X FO(t’x)) n TG(t7:L') 7é 0.

PROOF. By virtue of condition (B4), there exists a sequence of compact sets
(Jn)n>1 in I such that for every n, A(I'\ J,) < 27" and the restriction Fp¢, of
Fy to the set G,, = (J,, x X)NG (equipped with the topology induced by I, x X)
is w.s.c. Let us put J :=J,,~, J» and consider the multifunction 7" defined by

T(t) = {z € C(t): ({1} x Fy(t,x)) NTa(t,z) 0}, te

We consider on J the complete tribe £(J) := L£(I) N J (which is actually the
A-completion tribe of the Borel tribe B(J)). We shall prove that graph(7) €
L(J)@B(X). Let G’ denote the Borel subset (J x X)NG of I x X equipped with
the usual topology. We define on G’ a multifunction ® by setting: ®(t,z) :=
{1} x Fo(t,z) for (t,2) € G'. Then ® is a weakly measurable multifunction
from G’ to ck(R x X). Indeed, this follows from the fact that for each n > 1,
Fo(J,xx)nG is us.c. Furthermore, by Lemma 2.7, there exists a sequence of
weakly measurable multifunctions ®,: G’ — cl(R x X) such that Tg(t,z) =
N, ®n(t,x) for every (t,x) € G'. Hence, we have

graph(7) = {(t,x) eG :®(t,z)N <O<I)n(t,z)> # (/)}.

In virtue of Theorem 4.1 of Himmelberg [29], the multifunction H: G’ = R x X
defined by H(t,z) := ®(t,xz) N ([, Pn(t,x)) is weakly measurable (note that ®
is compact valued). Since graph(7) = {(t,xz) € G’ : H(t,x) # 0}, we deduce
that graph(7) € B(G'). Now, by remarking that B(G') C £L(J) ® B(X), we see
that our claim is proved.

To finish the proof of the lemma, we will prove that 7 (¢) = C(¢) a.e. on J.
Indeed, suppose by contradiction that the contrary holds. Then, there exists a set
A € L(J) with A(4) > 0 such that for every t € A, D(t) := C(¢)\7 (t) # 0. Since
the graph of the multifunction D(-) belongs to £(J) ® B(X), selection theorem
of Aumann ([15, Theorem II1.22]) implies that there exists a measurable function
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00: A — X such that o¢(t) € D(t) for all t € A. Tt is clear that we can extend
the function oy to all the set I in such a way that o¢ € LOC. By assumption
(iv) of the Theorem 3.1, there exists a measurable function vo: I — X such that
(Lvg(t)) € Apy(t) a.e. on I. In particular, vo(t) € F(t,00(t)) a.e. So, by (B3),
we have also vy(t) € Fy(t,00(t)) a.e. on I. Hence,

(L,vo(t)) € ({1} x Fo(t,00(t))) NTa(t,00(t)) a.e.on I.

This contradicts the fact that oo(t) € C(t) \ T (t), for all t € A. So T (t) = C(¢)
a.e. on J and the lemma is proved. O

Let us choose, by Lemma 2.6, an integrable and lower semicontinuous func-
tion €I — ]0,00] such that c(t) < ¢(t) for every t € I and ¢(t) = oo, for
every t € N, where N is the negligible set given by Lemma 3.2. Let m :=
(14 ||lzo|l + a) exp( f, ©(s) ds) and consider the integrable function g on I defined
by g(t) :=mé(t) + 1, t € I. For each 7 € I and each function u € L ([0,7]), we
shall associate the absolutely continuous function u: [0, 7] — X defined by

t
u(t) = xo —|—/ u(s)ds, telo,7].
0
Let us prove now the following lemma.

LEMMA 3.3. For every ¢ € |0,1], there exist a compact set J. C I\ N with
AI\ J2) < e, and a function w. € L (I) such that
(a) The compactness condition (v) of Theorem 3.1 is satisfied by J. and
with G. = (J. x X) NG, the restriction Fyge of the multifunction Fy
to G is u.s.c.
(b) Xn\J.we =0 and lwe(t)]] < g(t) A-a.e. on I.
(¢) (t,we(t)) € G for allt € I and we(t) € Fo(t,we(t)) A-a.e. on Je.

PROOF. Let ¢ € ]0,1] and choose a compact set J. C I\ N satisfying the
compactness assumption (v) of Theorem 3.1 and the Scorza-Dragoni condition
(B4). Let us introduce some notations and definitions that we shall need bellow.
For n € ]0,1] and 7 € I, we denote by J,”([0,7]) the set of all nondecreasing
right continuous functions 6:[0,7] — [0, 7] such that 6(0) = 0, () = 7 and
6(t) € [t —n,t], 6(0(t)) = 0(t) for all t € [0, 7]. We denote by P- ([0, 7]) the set
of all pairs (6, u) of functions § € 7,7 ([0,7]) and u € L ([0, 7]) satisfying the
following five conditions:

(C1) (6(t),u(t)) € G for all t € [0, 7].

(C2) u(t) € Fo(8(t),u(6(t))) + nBx for ae. t € [0, 7] N J..
(C3) u(t) =0on[0,7]\ Je.

(C4) For all t if ¢t € [0,7[NJ. then 6(¢) € J.

(C5) Jlu(t)]] <e(t)(1+ ||u(f(t))]) + 1 for all ¢ € [0, 7].

ﬁ

NN NN
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We will consider, in what follows, the set P., = (J{P.,([0,7]) : 7 € I}.
Note that P, , is nonempty. Indeed, at least the set P. ([0, 0]) is nonempty since
it contains the pair (6p,up) where 6y and ug are the identically null functions
0—0.

Let us begin by stating the following property of the elements of P ,:

(C6) For every 7 € I and every (0,u) € P.,([0,7]), we have |u(t)]] < g(2),
for all ¢ € [0, 7].

Indeed, let us set p(t) := 1+ ||u(0(t))| for ¢t € [0, 7]. We have
t

(31) 0<p0) <1+ ol + [ fuo)ds, te 0.7
0

It follows that p € L¥([0,7]). On the other hand, by (C5), condition (3.1)

implies
p(t) <1+ ol +/O [E(s) (1 + [[u(6(s))[1) + 1] ds

t
<1t ool +at [ els)pls)ds
0

Using the Gronwall lemma ([5]), we deduce that

p(t) < (1 + ||zol| + a) exp (/Oac(s) ds) =m, foralltel0,7]

Hence, again by (C5), we obtain that ||u(t)|| < me(t) +1 = g(t), for all ¢ € [0, 7].

Now, we introduce a preorder in P, by setting (61,u1) =< (62,u2) (with
(05, u;) € Pey([0,7]) for i = 1,2) if and ond only if 71 < 7o, Oy)p0,-,) = 01 and
Uz|0,m] = U1 a.€.

Let us prove that the set P., satisfies the conditions of Zorn lemma for
the preorder = (we refer to [24, Chapter I], for related notions). Indeed, let
C = {(Oa,uq) : a € A} be a totally ordered subset of P., with (0o, us) €
Pey([0,74]), for all & € A. Let us set 7 := sup,c 4 7o € I. If there exists ag € A
such that 7,, = 7, then we have (0,, un) = (0ay, Ua,) for every a € A. Suppose
now that 7, < 7 for every @ € A. Then there exists a sequence (c,)n>1 C A
such that 7o, < 7q,,,, for all n and 7 = sup,,>; Ta,. Let us define a function
0:10,7] — [0,7] by setting 0)j9,-,] = 0o for every o € A and 0(7) := 7. It is
clear that we have ¢ € 7, ([0, 7]). Now, we have to define a suitable function u:
[0,7] — X. By hypothesis, for each n > 1 there is a negligible set L,, C [0,7,,,]
such that uq, ., (t) = ua, (t), for all t € [0,74,] \ Lyn. Let us set L :=J,,~; Ln.
We define the function u on [0, 7] by setting u(t) := uq, () if t € [O,To;] \ L
with » > 1, and u(t) := 0 if ¢t € LU {7r}. Then u is a measurable function
from [0, 7] to X such that ujjo r, | = Ua, a.e. for every n. On the other hand,
condition (C6), applied to each u,,, implies that [|u(t)]] < g(t) a.e. on [0, 7].
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So, we can state that u € L% ([0,7]). Moreover, one can easily check that all
conditions (C1)-(C5) are satisfied by the pair (6, u). Hence (0,u) € P. ([0, 7])
and by construction (0, u) is an upper bound for the set C.

By Zorn lemma, the set P ,, admits a maximal element (6*, u*) € P, ([0, 7*]).
Let us prove that 7% = a. Suppose by contradiction that the contrary holds.
Then, we will construct a positive number A* > 0 with 7 + h* € I, a vector
x* € C(t* + h*) and a vector y* € X such that the following four conditions are
satisfied:

(C7) |l —w(r*)/h* = y*|| <.

(C8) lly™ll < @) + [[u*(r™)I]) for every ¢ € [7%, 77 + 7].

(C9) If 7* € I\ N then y* € Fy(r*, u*(7%)).

(C10) If 7* € I\ J. then J. N [T*,7* + h*| = 0.

Indeed, let us distinguish two cases:

(a) If 7* € I\ N then by Lemma 3.2, there exists a vector y* € Fo(7*, u* (7*))
such that (1,y*) € Tg(7*,u*(7*)). Hence, there exists a sequence h,, — 01 with
7* + h,, € I for every n, and a sequence of vectors z,, € C(7* + h,) such that
limy, o0 [|1/hn (2 — u* (7)) — y*|| = 0. We have

ly* || < [Fo(r*, w*(r))] < e(7*) (1 + [[u* (7)) < e(r™) (L + [u*(r)])).
Since function ¢ is lower semicontinuous, there exists an integer ng such that
(3.2) ly*]| <€)+ |u*(=*)|) forall t € [r*, 7% + Png)-

We may also suppose that ng satisfies |1/l (zn, — u*(7*)) — v*|| <.

(b) If 7* € N, by virtue of condition (iii) applied to (7*, u*(7*)), there exists
a constant M > 0, a sequence h,, — 07 with 7% + h, € I, for all n and a
sequence &, € C(7* + hy) such that ||1/hy,(z, — u*(7%))|| < M for all n. We
have M < &(7*)(1 + |Ju* (%)) = co and the function € is lower semicontinuous.
Hence there exists an integer ng such that

M <et)(1+ |u*(79)|]) for all t € [7%, 7" + hp,].

We suppose also that the integer ng is such that J.N[7*, 7%+ h,,| = 0 if 7* & J..
In this case we set y* := 1/hp, (Zn, — u*(7%)).

Now with the integer ny and the vectors z,, and y* constructed as in the
cases (a) or (b), we see that the conditions (C7)—(C10) are satisfied by h* := h,,,,

x*

= Ty, and y*.

Let us put o := 7* + h* € I and define two functions ¥ and v on [0,0] a
follows. We set 9(t) := 0*(¢t) if t € [0, 7*[, ¥(t) := 7" if t € [7*, 0] and I(0) :=
We define the function v by v(t) := u*(t) if t € [0, 7*[, v(t) := 1/h* (x* —u*(7* )

t € [r*,0]NJe and v(t) := 0if t € [7%, 0]\ Je. Then, it is clear that ¥ € J, ([0, o])
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and v € LY ([0, 0]). Moreover, by construction of ¥ and v and conditions (C7)—
(C10) above, it is easy to check that (9¥,v) € P.,([0,0]). Now, we remark
that (6*,u*) < (9,v) and (9,v) £ (8*,u*). So we get a contradiction with the
maximal assumption on (6*,u*). Hence, we have proved the following property

(C11) For every n € ]0,1], the set P, ([0, a]) is nonempty.

Let (7,)n>1 be a sequence in ]0,1] such that 5, | 0. By (Cl1), for every
n > 1 there exists 6, € J, ([0,a]) and u,, € L (I) such that with v,, := u,, we
have:

(C12) For every t € I, (0,(t),v,(0,(¢))) €
(C13) For almost all t € J., u,(t) € Fo( ( ),vn(Gn(t))) + n,Bx.
(C14) For every t € I'\ Je, up(t) =

(C15) For every t € J., 0,(t) € J..

(C16) For every t € I, ||un(t)| < g(t).

By virtue of (C16), the set of continuous functions F := {v, : n > 1} is
bounded and equicontinuous in Cx(I). For ¢ € I, let us put A(t) := {v,(¢) :
n > 1} and r(t) := ax(A(t)). In virtue of Ascoli theorem, to prove that F is
relatively compact in Cx () it is sufficient to prove that r(¢) = 0 for every t € I.
For t; <ty in I, we have

to
A(te) C A(tr) + {vn(te) —vn(t1) in > 1} C A(t1) + (/ g(s) ds>BX.
t1
So ax(A(te)) < ax(A(ty)) +2 f s)ds. By symmetry, we deduce that

to

|r(ta) — r(t1)| < 2/ g(s)ds for 0 <t <ty <a.
t1

It follows that function r is absolutely continuous on I. Let 7 := dr/dX\ € L} ()

be the derivative of r with respect to A. Let us choose N’ a A-negligible set of

I such that the condition (C13) is satisfied everywhere on J. \ N’ for all n and

that:

1
(3.3) r(t) = lim =[r(t) —r(t—7)] for every t € I'\ N,
y—0+ 7y
1
(3.4) lim f/ g(s)ds=0 foreveryte J.\ N
Y=0F Y Jit—y NI\ J)

We shall prove that
(C17) For every t € I\ N’ with ¢ # 0, we have 7(t) < w(t, r(t)).

Indeed, let ¢t € I\ N’ with ¢ # 0. For v > 0 so small that [t —v,t] C I, we
put

U(8) = {i(uk(t) (=) k> n} neN.
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Then, we have A(t) C A(t —v) +~.U{ (t) and for every ny € N*,
ax(A(t) < ax(A(t = 7)) + yax (U] () = ax (A(t = 7)) + yax (U5, (1).
Hence r(t) < r(t — ) +yax (U, (t)) and so
1

Sr®) =t =) < ax(Us, (#)-

From (3.3), given § > 0, there exists 7/ = v(4) > 0 such that for every
v €]0,7'] we have

#t) < —[r(t) = r(t — )] + 6.

2~

It follows that
(3.5) 7(t) < ax (U (t) +9
for all ng € N* and all v € ]0,7’]. Let us suppose first that ¢ ¢ J.. Then, we
may assume that [t —+',t] C I\ J.. So, by (C14), we have
1

1
—(v(t) — vt — 7)) = 7/ up(s)ds =0 for all k € N*.
Y T Jtt]

Hence U, (t) = {0} and 7(t) < 6 by (3.5). Since § is arbitrary, we get 7(t) <
0 <wl(t,r(t)) and (C17) is proved in this case.

Suppose now that ¢ € J.. Let h > 0 be too small such that [t — h,t] C I, and
let us consider the bounded set

Bt,h = U A(S)
SE[t—h,t]

By virtue of compactness condition (v) (applied to ¢ and By ) and (3.4), there
exists 7" € ]0,inf(y/, h/2)] such that for every v € ]0,+"”] we have

(3.6) ax[F(((t—2v,t)NJ) x Bep) NG)] < w(t,ax(Bep)) + 96,
1

(3.7) 1 / g(s)ds < 6.
T Sty NI\ Je)

Let us take v € ]0,+"”] and choose ng > 1 (ng depending on ) such that n, <~
for all n > ng. Then, by the mean value theorem, we have the following inclusion

U7 (1) ( U @l{0} Uun(lt — .11 <JE\N'>>1)

n>ngo

1

+{/ un(s)ds:nZnO}.
T =y NI\ L)

It follows by (C16) and (3.7) that

Uy (t) C ( L @0l{0} Uun ([t —7.1] O(JE\N’))]) +6By.

n>ng
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By condition (C13), for every n > ng, we have
un([t_’Yat]ﬂ(JE\N/)) - U FO(en(S)vvn(9n<5>))+nnBX
SE[t—,t]NJ.
Now, recall condition (C15) and note that for every n > ny and every s €
[t—~,t]NJe, we have n, <yand t—2y <t—7vy—g, < O,(t—7) < On(s) < 0,(t),
80 0,(s) € [t —2v,t]NJe. C [t — h,t] N J. and v,(0,,(s)) € By . Hence for all
n > no,

un([t —~, 8] N (Jo \ N")) C Fo((([t — 27v,t] N J.) X Bep) NG) + vBx.
It follows that
U (t) € (eo{{0} U [Fo((([t — 27,8 N Je) X Byp) NG) +vBx]}) + 6Bx.

From the properties of the measure of noncompactness ax and (3.6), we
deduce that

ax (U7, (1) < ax(Fo((([t— 27, )N J) x Bia) N G)) +2y+20
< w(t,ax(Bin)) + h+ 30.

It follows, by (3.5), that
(3.8) 7(t) < w(t,ax(By)) + h+ 44.

Now it is easy to check that

A(t) C Bun C A(t) + (/tihg(s) ds) By.

Applying the measure of noncompactness ax, we get

t

r(t) < ax(Ben) <r(t) +2 /t_hg(s) ds

and hence lim;, g+ ax(Byp) = r(t). Taking h — 0" and § — 0T in the inequal-
ity (3.8), we get 7(t) < w(t,r(t)). Hence condition (C17) is proved.

Now since r(0) = 0 and w is a Kamke function, we deduce from (C17) that
r(t) = 0 for all t € I. This completes the proof of the relative compactness of
the set F = {v, : m > 1} in Cx (I).

Without loss of generality, we can suppose that there exists v € Cx(I) such
that ||v, — v]|eo — 0 as n — 0o. Now we remark from (C16) that

t

mawf%wmmns/ o(s)ds "= 0

en(t)
for every t € I. It follows that v,(0,(t)) — v(t) as n — oo in norm for each
t € I. Since G is closed in I; x X, condition (C12) implies that (¢,v(t)) € G for all
t € I. Consider the set M(t) := {(0,(t), v, (0,(t))) : n > 1} U{(¢,v(¢))} which is
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compact in Iy x X. By condition (C15) for each t € J., M(t) C G. = (J.x X )NG;
hence M (t) is also a compact set in G¥. Since the multifunction Fojge is us.c.,
it follows that for each ¢t € J. the set Fo(M(t)) is compact in X. Let us put

M) = { Fo(M(t) ifte .,

{0} iftel\J..
Then H is a measurable multifunction from I to K(X). By virtue of conditions
(C13) and (C14), we have

un(t) € H(t) + n,Bx A-a.e. on I.

Furthermore, by (C16), the sequence (u,,) is uniformly integrable in L (I). It
follows, by standard arguments (see [1]), that (u,), is relatively weakly com-
pact in LY (I). By Eberlein-Smulian theorem we may suppose without loss of
generality that there exists w € LY (I) such that the sequence (u,), converges
weakly in L (I) to w. It is clear that then w satisfies also (x\ s w)(t) = 0 and
[lw(®)|| < g(t) a.e. on I. On the other hand, by condition (C13), for each n > 1
there exists a measurable function w,,:J. — X such that

(3.9) [lun(t) — wn(®)| <mn and  wn(t) € Fo(Bn(t), vn(0n(t))) M-ae. on Je.

Let us extend w,, to all the set I by setting w,(t) = 0 on I\ J.. Then we
get wy, € LY (I) and w,, — w weakly in L% (I). By Mazur lemma, we have

(3.10) w(t) € ﬂ co{wg(t) : k >n} Maeonl.

n>1

By (C15), (05(t), vn(0n(t))) € Ge, for all t € J;, and Fyjge is u.s.c. hence

(3.11) ()@ [ Fo(0k(t), ve(0k(1))) C Fo(t,v(t)), forallte J..

n>1 k>n

From (3.9)—(3.11), we deduce finally that
(3.12) w(t) € Fo(t,v(t)) A-ae. on J..

Remark now that for each ¢ € I, the sequence v, (t) = zo+ fot un(s) ds converges
weakly in X to w(t) := xg +f(f w(s) ds. We deduce that v(t) = w(t) for all t € I.
Putting w, := w, we see now that Lemma 3.3 is completely proved. g

END OF PROOF OF THEOREM 3.1. Let us now finish the proof of Theo-
rem 3.1. Let (e,)n>1 be a sequence in ]0,1] such that ) -, &, < co. For
every n > 1, let J, := J., and w, = w., be given as in Lemma 3.3 corre-
sponding to ¢ = &,. Let us put v, := w, for n > 1. From the condition
(b) of Lemma 3.3, it follows that the sequence of continuous functions (vy,),
is bounded and equicontinuous in Cx(I). Let us prove that (v,), is relatively
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compact in Cx (I). By Ascoli theorem it suffice to prove that for every ¢ € I the
set V() := {v,(t) : n > 1} is relatively compact in X.

Let us set o(t) := ax(V(t)) for t € I. As in the proof of Lemma 3.3, we
can easily check that the non-negative function p is absolutely continuous on I.
Let then p := dp/d) be its derivative with respect to A. For every n > 1, let us
choose a A-negligible subset N,, of I such that

(D1) For every t € J,, \ Ny, un(t) € Fo(t,v,(t)).

(D2) For every t € I\ Ny, 0(t) = lim, o+ [o(t) — o(t —7)]/7-

Let us set N, :=J,, N,, and J := liminf,, J,. Since Y7 | €, < 0o, we have
A\ J) = 0. Let us prove that

(D3) For every t € J \ N, with ¢ # 0, we have o(t) < w(t, o(t)).

By the properties of the Kamke function w, this will implies that o(t) = 0
for all t € I (notice that o(0) = 0) and hence that the sets V(t) are relatively
compact for every ¢t € I. Let then ¢t € J\ N,, with ¢t # 0, be fixed. Notice that
J=U, 1J}, where J}, := >, Jr for n > 1. Hence, there exists an integer n,
(depending on t) such that ¢ eiJ,’Lt.

Let h > 0 be too small such that [t — h,t] C I and consider the bounded set

Dy p, = U V(s).

sE[t—h,t]

By condition (a) of Lemma 3.3 (applied to € = &, with n = n;) and condition
(D2), given € > 0, there exists 7. € ]0, h] such that for every v € ]0,7%], we have

(3.13) ax[F(((t—7,t1NJdn,) X Dep)NG)] < w(t,ax (D)) + ¢,

)
(3.14) o(t) < %[gu) — ot — ) +e.

Let us take v € ]0,~}] and put for n > 1,

1
W(t) = {W(U;g(t) —v(t—7)) k> n}
As in the proof of Lemma 3.3, we can easily check that for every n > 1,
(3.15) o(t) < ax (Wi (1)) +e.

Moreover, we have W) (t) C A}(t) + B;(t), where

1
Al (t) = {/ ug(s)ds: k> n}
Y Jt—~, )N (I, \N)

and
1

B(t) ::{/ uk(s)ds:k>n}.
T Jt=y.tIn(I\T;)
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Hence
(3.16)  ax(W; (1) < ax(A5(t) + ax (B (1)) = ax (A}, (1)) + ax(B;(t)).

By the mean value theorem, we have

A3, | @l{0} Uun(lt — 7.8 N0 (I, \ M),

k>ny

By (D1) (notice that J;, \ N. C Ji \ Ni for k > ny), we have
uk([t =, ¢ N (Jp,, \ N.)) C Fo[(([t =, ] N Jy,) X Den) NG,
for all £ > n;. Hence
A7, (t) € @o[{0} U Fo[(([t — v, 1] N Tp,) X Den) NGl
It follows that

(3.17) ax(A7,1t)) < ax(Fo[(([t—v.t]NJ,,) x D) NG])
§ w(t,aX(Dt,h)) + €

(the last inequality follows from (3.13)). On the other hand, for every n and
k > 1, we have

1
Hl/ ug(s)ds|| < 7/ g(s) ds.
T Ity INI\T},) T Jt=y NI\ T},)
Hence
2
(3.18) ax(By(®) < = / 9(s) ds.
Y Jt—ry NI\ TL)
We deduce now from (3.16)—(3.18) that
2
ax(W; (1)) < wlt,ax(Dun)) + 2 [ ols)ds +2,
T St—y,n(I\I})
and hence by (3.15), that
2
B19) 0 <wltax(Du)+> [ ols)ds + 2,
T =y NI\ T},)

for every n > 1 and v € ]0,7%]. Passing to the limit in the inequality (3.19) as
n — 0o, with h,e and ~ fixed, we get

(3.20) o(t) <w(t,ax (D)) + 2e.

Moreover, limy, g+ ax (Dyn) = o(t) (see the proof of Lemma 3.3 for B, ). Hence
passing to the limit in the inequality (3.20) as h — 07 and € — 0T, we obtain
0(t) < w(t, o(t)). This finish the proof of assertion (D3).

Applying Ascoli theorem, we can suppose (by passing to a subsequence) that
there exists a function v € Cx(I) such that ||v, — v]|ec — 0 as n — oo. As the



136 H. BENABDELLAH

multifunction C is closed valued, we conclude from condition (c) of Lemma 3.3
that (t,v(t)) € G for all t € I. Let us put

K(t):={v,(t) :n>1}U{v(t)} and P(t):= Fo(t,K(t)), tel.

Remark that for almost every ¢ in I, the multifunction Fy(¢, -) is compact valued
and u.s.c. on C(t). It follows that for almost every ¢ in I, the set ®(t) is compact
in X. Moreover, the multifunction ®: I = X is measurable. By conditions (b)
and (c) of Lemma 3.3, we have for all n, xp\ s, w, = 0 and w,(t) € ®(t) \-a.e.
on J,. Hence

(3.21) wy(t) € () U {0} Mae.on I.

As on the other hand, ||w,(¢)]] < g(t) a.e. we conclude that the sequence (wy, ),
is relatively weakly compact in L (I). We may suppose (by passing to a subse-
quence) that there exists u € L% (I) such that (w,), converges weakly to u in
L (I). By standard arguments, it can be easily shown that v(t) = xo+f()t u(s) ds
fort € I.

It remains to prove that

(3.22) u(t) € Fo(t,v(t)) M-a.e.on I.
By virtue of the inclusion (3.21), a classical result ([1]) implies that
(3.23) u(t) € coLs,{w,(t)} A-a.e on I

Let us choose N* a A-negligible set of I such that N, C N* and the condition
(3.23) is satisfied everywhere on I'\ N*. Let us take t € J\ N*. Then there exists
an integer ny > 1 such that for every n > ny, t € J,,. Hence u,(t) € Fo(t, v, (t))
for all n > n; (recall here the condition (D1)). It follows that

Lsp{un(t)} C Ls,Fo(t, v, (t)) C Fo(t, v(t))

where the last inclusion is due to the upper semicontinuity of the multifunction
Fy(t, -). By (3.23) and since Fy(-) convex closed valued, we deduce that u(t) €
Fy(t,v(t)). This completes the proof of the theorem. O

REMARKS. (1) Assertion (iv) of the theorem is both a tangential condition
and a measurability hypothesis for the multifunction F'. It is weaker than con-
ditions we find usually in the literature ([10], [21], [25]-[27]). Most authors
suppose the multifunction F' globally measurable with respect the product tribe
L(I)®B(X). Let us illustrate a simple case where this measurability assumption
holds.We suppose that C(t) = X is constant on I. Let F': I x X — ck(X) be such
that for almost every ¢, F(t, -) is u.c.s. on X and for every =, F(-,x) admits
at least a measurable selection. Then a routine argument shows that for every
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measurable function o on I the multifunction ¢ — F(¢,0(t)) admits at least a
measurable selection.

(2) In [10] Bothe introduced the condition

(B) For every t € N and every = € C(t), ({1} x X) NTg(t,z) # 0.
The author didn’t give a real interpretation of such property. In fact (B) hides in
the background a topological /analytical property of the constraint C'. Condition
(iii) in the statement of our theorem is the correct extension of (B) to infinite
dimensional spaces. A real meaning of (iii) find its base in a generalization of the
notions of derivability and absolute continuity for multifunctions. Particularly
Lipschitzian and absolutely continuous multifunctions (after a change of variable
for the last) satisfy condition (iii). Moreover, condition (iii) is illustrated by
Example 3.1, p. 29 of [9] which is not covered by (B).

We give an immediate consequence of Theorem 3.1.

COROLLARY 3.4. Let I and C' as in Theorem 3.1. We suppose that F: G —
ck(X) is globally measurable and satisfies the conditions:

a ere exists ¢ € Ly, such that
Th Lﬂlx I h th
F(t,)| < c(t)(1+ |lz]))  for all (t,7) € G.

(b) For every t € I, the multifunction F(t, ) is u.s.c. on C(t).
(¢c) For every (t,z) € G*,

L]

lzrgérif 7 d(z,C(t+ h)) < .

(d) There exists a negligible set N of I such that
({1} x F(t,x))NTa(t,x) #0 forallt € I\ N, z € C(t).

(e) There exists a Kamke-function w on I X Rt such that for every e > 0,
there exists a compact set J. C I, with A(I\ J;) < €, such that for every
t € J. we have:
inf ax[F((([t —6,t]NJ:) x B)NG)] < w(t,ax(B))

>0
for every bounded set B of X.

Then, given xg € C(0), there exists an absolutely continuous function x: I — X
and a function x' € L (I) such that x(t) = x¢ + fot z'(s)ds for allt € I and

{ z(t) € C(t) on I,

(P) )
2'(t) € F(t,xz(t)) a.e. onlI.

PROOF. It is enough to take Fy = F in the proof of Theorem 3.1. Moreover,
as shown in the proof of Lemma 3.2, the multifunction H from G to (R x X)
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defined by:
H:(t,z) — ({1} x F(t,2)) NTg(t, x)

is weakly measurable. So by the measurable selection theorem, condition (d)
implies condition (iv) of Theorem 3.1. O

4. Application to known results. The non convex sweeping process

We will suppose in all what follows that X is a finite dimensional space. Let
K be a nonempty closed subset of X and x € K. We put

projx () := {y € K : d(z, K) = [lz — ||}

the set of projections of x onto K. The prozimal normal cone to K at x is defined
by

NE(z) := {v € X : there exists § > 0 such that d(x + dv, K) = 6|jv[}.

The limiting prozimal normal cone to K at x is defined by

n—oo n—oo

]\AfK(x) = { lim v, : for all n,v, € N]};(xn), r, € K and lim z, = x}

For these notions and related topics we refer to [16] and [17] (see also [6]).

Let us recall some facts about absolutely continuous functions. Let [a, b]
(with a < b) be a compact interval of R. Denote by A the Lebesgue measure on
[a,b]. A function f:[a,b] — X is called absolutely continuous if for every € > 0
there exists § > 0 such that for every finite family of disjoint sub-intervals |s;, ;]
(i=1,...,n) of [a,b], we have

n

Sti—s)<6= () — flsi)ll <e.

=1 i =

It is known that any absolutely continuous function f:[a,b] — X is of bounded
variation on I and that if df denotes the differential measure® of f, then |df| < A
(cf. Moreau—Valadier [34, Section 3, Lemma 1]). Moreover, f is A-a.e. derivable
on I and

df
/

t) =~
for any Radon—Nikodym density df /dA of df with respect to A (cf. [34, Section 3,
Proposition 2]).

(t) M-a.e.

We will need next the following lemma:

31n [24, IT1.5, p. 142] it is called Borel-Stieltjes measure determined by the function f.
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LEMMA 4.1. Let I} = [a1,b1], Io = [ag, bo] be two compact intervals of R
with a1 < by and ay < by. For i € {1,2} let \; denotes the Lebesgue measure
on I;. Let ¢o:1; — Iy be an absolutely continuous function on I such that
v(a1) = az and (b)) = ba. We suppose that dp admits a Radon—Nikodym
density ¢ with respect to Ay such that ¢(t) > 0 for allt € I;. Then we have the
following properties:

(a) For every Borel subset A of I, Aa(p(A)) = dp(A).

(b) If N is a Ai-negligible subset of Iy then p(N) is a Ag-negligible subset
of I.

(c) The inverse function ¢ = o~ of o is strictly increasing and absolutely
continuous on In. Moreover, if ¢ is a Radon—Nikodym density of d¢
with respect to Ao on Iy, then for Ag-a.e. T € I, ¢(1) = 1/p(d(7)).

(d) Let fo: Iy — X be a given absolutely continuous function. Then the
composite function f1 = fo o @: I — X is absolutely continuous on I.
Moreover, if fi (resp. fg) denotes a Radon—Nikodym density of dfy (resp.
dfz) with respect to Ay (resp. Aa), then f1(t) = f2(o(t))p(t) Ai-a.e.

PRrROOF. Notice first that the hypothesis implies that ¢ is a non decreasing
homeomorphism from the interval I; to the interval I5.

(a) Consider the positive measure p defined on B(I1) by p(A) := Aa(p(A)).
Since ¢ is a homeomorphism from I; to I and since the Lebesgue measure Ay
is regular on B(I3), it is easy to check that the measure p is regular on B(I;).
For t <t in I, denote by J = (¢,t') any sub-interval of I; of extremities ¢ and
t'. We have p(J) = (¢(t), p(t')). Hence u(J) = o(t') — p(t) = de(J). Let A be
the field of all finite unions

(4.1) A=JiU...UJ,

of sub-intervals J; = (¢;,t}), i =1,... ,n, of I;. If the intervals J;, i =1,... ,n

in (4.1) are disjoints, then

P(A) = (1) U...Up(Jn)

where ¢(J;) = (¢(t;), ¢(t})), i = 1,... ,n are also disjoints sub-intervals of I5. Tt
follows that

n(A) = Z A2 (p(Ji)) = Z dp(J;) = dp(A).

Hence the regular measures p and dy coincide on the field A. Since B(I7) is
the o-field generated by A, it follows by [24, Theorem I11.5.14], that p = dp
on B(I).

(b) Let ¢ > 0. There exists n. > 0 such that for every A € B(Il1), the
condition Aj(A4) < 7. implies dp(A) < e (this result from the fact that dp < A1).
Since N is Aj-negligible, there exists a Borel subset U of I; containing N such
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that A (U) < n.. Hence A\2(o(U)) = dp(U) < e. Moreover, p(U) is a Borel
subset containing ¢ (V). Since € is arbitrary it follows that \5(¢(N)) = 0.

(c) Let A € B(Iy) such that y(A) = 0. Then [, ¢(s)ds = 0. Since ¢(s) >0
on I;, we deduce that A\;(A) = 0. Hence \; < p = dp. Let f be a Radon—
Nikodym density of A\; with respect to u. We have f € Lg, (I1, ) and

(4.2) /E F($)ulds) = M (B), E e B(I).

Consider the notations Sy 1= I, 31 1= B(l2), p1 := Ag, Sz := I, Xo := B(1Iy),
o := p. By virtue of (a) we have ju1 (¢~ 1(A)) = pa(A) for all A € £5. Moreover,
since ¢ is a homeomorphism we have ¥; = {¢~1(A) : A € $}. Hence we can
apply the “generalized change of variable lemma” [24, Lemma I11.10.8]. We get
that f(¢o(-)) is Ag-integrable and

(4.3) /Ef(s),u(ds) = /¢_1(E) f(o(t))dt for all E € B(Iy).

Let 71 < 72 in I3 and put E = [¢(71), $(72)] = ¢([11,71]). Then, applying (4.2)
and (4.3), we get

/ " F(6() dt = M (B) = d(m) — b(r0).

This proves that ¢ is absolutely continuous on I and that ¢ := flo(+)) is a
Radon—Nikodym density of d¢ with respect to Ay. Since f = dA;/du, by virtue
of Jeffery theorem (cf. e.g. [34, §4, Théoreme 3]) for u-almost every (hence also
Ai-almost every) s € I, we have

3

fo= =)

0t 1([5,5 + €))
It follows easily that f(s) = 1/¢'(s) = 1/4(s) Aj-a.e. on I;. This completes the
proof of assertion (c).

(d) The fact that f; = f2 o ¢ is absolutely continuous follows easily from
application of the ¢ — d-definition of absolute continuity to fo and ¢. For the
second assertion, let N7 be a A\j-negligible subset of I; and N5 be a As-negligible
subset of Iy such that

: . p(ste) —o(s) ; o fa(t+6) — fo(t)
= lim —M——= d t)=1 = =7
o(0) = Jlim, SR and flt) = i, 2
for all s € I; \ Ny and all ¢ € I \ Ny. Let N another Aj-negligible subset of Iy
such that

fi(s) = lim for all s € I \ Ny.

e—0t

fi(s+¢) = fi(s)
€
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Consider the Aj-negligible subset N := Ny U Nj U ¢(N3) of I. Take s € I; \ N.
Then for £ > 0 enough small, we have

Wiy DGTOAE) el )~ lp) elste) —ols)

€ o(s+e)—p(s) £
We have ¢(s) ¢ No and ¢(s+¢€) \, ¢(s) as ¢ — 0F. Hence by passing to the
limit in (4.4) as e — 07 we get fi(s) = fa(o(s))@(s). O

The following theorem is a variant of our main result:

THEOREM 4.2. Let I = [0,a] be a compact interval of R and C:1 — cl(X)
be a multifunction with closed graph G in Iy x X. Let F: G — ck(X) be a globally
measurable multifunction such that:

(a) There exists ¢ € Ly, (I) such that
|F(t, )] <ct)(1+||z]|) for all (t,z) € G.

(b) For every t € I, the multifunction F(t, ) is u.s.c. on C(t).
(c) There exists a function r:I — R strictly increasing and absolutely
continuous such that,
d t+h
lim inf (2, C(t+ 1))

P m < 0 fO’f' all (t,if) c G .

(d) There exists a negligible set N of I such that

({1} x F(t,x)) NTa(t,x) #0  forallt € I\ N, x € C(t).

Then, given xo € C(0), problem (P) has an absolutely continuous solution x: I —
X such that £(0) = xo.

PROOF. Denote by 7’ the derivative of the function r. For ¢ € I, put (t) :=
max{1,c(t),r’(t)} and consider the function

o(t) ::/0 ~v(s)ds, tel.

Then ¢ is a strictly increasing homeomorphism from the interval I to the interval
I, :=[0,a1] where a1 := ¢(a). Denote by A (resp. A1) the Lebesgue measure on
I (resp. on I). By definition ¢ is absolutely continuous on I with do/d\ = ~.
Consider ¢ := ¢! the inverse function of ¢. For t € I, put Cyi(t) := C(¢(t))
and

Fi(t,z) = F(o(t),x) fortely, xe C(t).

1
S (o0)
Then F} is a globally measurable multifunction from G; := graph(Cy) to ck(X)
such that Fy(t, -) is w.s.c. on Cy(¢) for all t € I} and |Fy(t,2)] < 1+ ||z|| for all
(t,x) € Gy. Moreover, we have r(s+h) —r(s) < p(s+h)—¢(s)fors€ I, h >0
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and ¢ is a strictly increasing homeomorphism from I to I;. Hence condition (c)
of the theorem implies

(4.5) lilmérif % d(z,Ci(t+h)) < oo forall (¢,x) € GT.

By Lemma 4.1 the function ¢ is absolutely continuous on I; with d¢/dA(t) =
1/9(4(t)). Choose a A1-negligible subset Ny of I; containing ¢(N) such that for
all t € I; \ Ny the derivative ¢'(t) exists and is equal to 1/v(4(t)). We shall
prove that

(4.6) ({1} x Fi(t,xz))NTg,(t,x) #0 forallt € I; \ Ny and all z € Cy(¢).

Let t € I; \ N1 and x € C4(t) be fixed. Since ¢(t) € I\ N, by virtue of condition
(d) there exists y € F(¢(t),x), a sequence h,, — 0% with ¢(¢) + hy, € I and a
sequence x, € C(¢(t) + hy) such that

Ty —

(4.7) »

—yH—>O as n — oo.

Set ky, := @(¢(t) +hyp) —t > 0. Then k,, — 0T, t+k,, € I and ¢(t+ k) — ¢(t) =
hy. Moreover, (4.7) is equivalent to
Tp — T kn, H

. —yll —0 asn— o0

kn d)(t + kn) - ¢(t)

and
kr,

It follows easily that

—7(¢(t)) asn — oo

Tp —T 1
kn 7(¢(t

Hence the point y; := (1/v(é(t))) - y belongs to ({1} x Fi(t,x)) NTg, (t,x).
We can now apply Corollary 3.4 to F; and C;. There exists an absolutely

-yl =0 asn — oo.
51

continuous function z1:I; — X such that x1(0) = zo, z1(t) € Ci(t), for all
t € I; and z)(t) € Fi(t,z1(t)) a.e. on I1. Set z(s) := z1(p(s)) for s € I. By
Lemma 4.1(d) the function z is absolutely continuous on I and for almost every
sin I, 2'(s) = 1 (p(s)) - v(s). On the other hand A-a.e.

v(s) - 21 ((s)) € v(s)Fi(e(s), 21(9(s))) = F(s, (s))-
Hence z is a solution of the problem (P). O

Now we provide a measurable characterization of the tangential condition (d)
in the light of results given in [2, Proposition 7.1] and [17, Theorem 2.10, p. 193].
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PROPOSITION 4.3. Let C: I — cl(X) be a multifunction with closed graph G
inIxX. Let F:G — ck(X) be a globally measurable multifunction such that
F(t, ) is upper semicontinuous on C(t) for everyt € I. We suppose that

|F(t,2)| <c(t)(L+||x|) forall (t,x) € G
for some measurable function c:I — RT. Then the following assertions are

equivalent:

(T1) For almost everyt €I,
({1} x F(t,z)) NTa(t,x) # 0  for all x € C(t).
(T2) For almost everyt € I,
({1} x F(t,z))NcoTg(t,x) #D  for all z € C(¢).
(T3) For almost every t € I,
—a+0"(—p,F(t,z)) >0 forall x € C(t) and all (o,p) € (Ta(t, ).
(T4) For almost everyt € I,

—a+ 6 (—p,F(t,x)) >0 forallx € C(t) and all (o, p) € NE(t,z).

PrOOF. The proof of the implications (T1)=-(T2)=-(T3)=-(T4) follows from
arguments similar to those given in [2, Proposition 7.1]. It remains to prove
(T4)=(T1).

Assume that (T4) is satisfied. Let ¢ > 0 and find by Corollary 2.5(d) a
compact set J. C I with A(I'\ J.) < ¢ such that Fj_ is upper semicontinuous
where G, := (J. x X)NG. We may suppose also that condition (T4) is satisfied by
each point ¢ of J.. Now using a special multivalued version of Dugundji theorem,
we shall extend Fjg, to an upper semicontinuous multifunction F defined on all
the space E := R x X. Indeed, by [7, Théoreme 2.2], there exists a locally
finite open cover (Uy)rex of E\ G., a partition of unity (¢)rex subordinate
to (Ug)kex and a family (¢, 2k )rex of points of G such that the multifunction
F defined by

Ft.a) = { F(t, z) if (¢t,z) € G,
T S o) Pt zi) it (t2) € B\ G,

is upper semicontinuous on F and has nonempty convex compact values. We
shall prove that

(48) —a+6*(—p,F(t,z)) >0 forall (t,z) € G and all (a,p) € N& (¢, ).

Let (t,z) € G. If (t,z) € G. then (4.8) holds since ﬁIGE = Flg. and (T4) is
satisfied by each point of J..
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Now suppose that t € R\ J. and take («,p) in N (t,x). The set {k € K :
Yr(t, z) # 0} is finite, say equal to {k1,...,k,}. Foreachi =1,... ,n choose y;
in F(tk,,xk,) such that §*(—p, F(tk,,zr,)) = (—p, y:). By virtue of (T4) we have

—a+(-p,y;) >0 fori=1,...,n.

Consider the vector y := Y1 | ¢y, (¢, z)y; which belongs to F(t,z). We have

—a+ <7pa y> = Z wki (tv LE)(*OL + <7p’ y1>) = 0.
i=1
It follows that —a + 6*(—p, F(t,z)) > 0. Hence (4.8) is proved.
We conclude from (4.8) that the upper semicontinuous multifunction (¢, z) —
{1} x F(t,z) satisfies condition (iv) of [2, Proposition 7.1], with respect to the
closed set G. Applying implication (iv)=-(i) of that proposition, we get

({1} x F(t,z)) N Tg(t,z) #0 for all (t,2) € G.
In particular, we have
(4.9) ({1} x F(t,x)) NTg(t,x) #0 for all t € J. and all x € C(t).

Now let e = 27™ and find a sequence of compact sets J,, C I with A(I\J,,) < 27"
such that (4.9) holds true for each J. = J,. Since |J,, J,, is a set of full measure,
it is obvious that condition (T1) is satisfied. O

REMARK. The equivalences (T1)<(T2)<(T3) can be found in the works
[26], [25] in a different context, namely, the constraint C' there is assumed to
be absolutely continuous with respect to p-Hausdorff distances. Here we don’t
assume any analytic property on the multifunction C' except that it’s graph is
closed.

To end this paper, we give an application to non convex sweeping pro-
cess which arises from Mechanics [31]-[33] and Mathematical Economics [19],
[20], [28].

Let I = [0,a] with a > 0. Let C:I — cl(X) be a given multifunction and
xg € C(0). The sweeping process by the moving set C(t) consists on finding
absolutely continuous solutions x : I — X of the differential inclusion

x(0) = o,
(Sw) z(t) € C(t) fortel,
2'(t) € =Newy(z(t)) ae. onl,
where N¢ ) (2(t)) denotes the Clarke cone of C(t) at x(t).
Intuitively, the problem (Sw) can be described as follows: at the initial time
a point belongs to C(0); during the time this point is possibly caught up by
the boundary of C(t) so that it can only proceed in an inward normal direction
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of C(t) as if pushed by this boundary. For an exclusive study of the sweeping
process in the convex case we refer to [33], [31] and [41]. Recently problem (Sw)
was extended to the case where the moving sets C(t) are not necessarily convex
(14], (18], [38]).

We will assume the following hypothesis on the multifunction C"

(H1) C is a multifunction from I to cl(X) with closed graph G in I, x X.
(H2) There exists a nondecreasing absolutely continuous function r: I — R*
such that

e(C(t),C)) <r(t')—r(t) foralt<t inI.
Without loss of generality we may suppose that the derivative 7 of r satisfies
7(t) > 0 almost everywhere on I. Set

(4.10) F(t,z) := co|~Now (z) N#(t)Bx] for (t,z) € G

where NC(t) () denotes the limiting proximal normal cone to C(t) at x. Then
F' is a multifunction from G to ck(X) such that

\F(t,2)| < #(t) for all (t,2) € G.

For ¢t € I fixed, the multifunction z ]\Afc(t)(x) has a closed graph in
C(t) x X, hence obviously the multifunction F(t, -) is upper semicontinuous
on C(t). Moreover, in virtue of Lemma 2.2 in [4] and Theorem II1.40 in [15], the
multifunction F' has a measurable graph.

THEOREM 4.4. Assume that C satisfies the hypothesis (H1), (H2) and F
is the multifunction defined by (4.10). Then for every xo € C(0) there exists
an absolutely continuous function x(-) such that x(0) = xo, x(t) € C(t) for
allt € I and (t) € F(t,x(t)) a.e. on I. Consequently the sweeping process
problem (Sw) admits at least an absolutely continuous solution x(-) such that
()] < 7(t) almost everywhere.

PROOF. By virtue of the preceding considerations, conditions (a)—(c) of The-
orem 4.2 are satisfied by the multifunction F' and the constraint C'. We shall
prove that condition (d) is also satisfied. Let ¢ = 27" and choose by Corol-
lary 2.5 a compact set I,, C I with A(I \ I,,) < 27" such that the restriction
of F to Gy, := (I, x X) N G is upper semicontinuous. We suppose also that
r is derivable on each point ¢ of I, with derivative equal to 7(¢). For each n
choose a compact set J, C I, with A\(I \ J,,) < 27" such that each point ¢ of
Jy, is a density point of I,,. Consider the negligible subset N := I\ |J,, J» of I.
Take t € I\ N and = € C(t). There exists an integer ng such that ¢t € J,,.
Since t is a density point for I,,, there exists a sequence (hy) of strictly positive
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numbers such that ¢t + hy € I,,, and hy — 0t as k — oo. For each k choose
Tk € Projo(t4+h,)(z). By virtue of (H2) we have

r—ap | d(z,C(t+ hy)) < r(t+ hi) — r(t)
hi || hy, - hy, ’
Since r is derivable on t, we deduce that the sequence yj := (zr — x)/hi is

bounded in X. Hence a subsequence (again denoted by) yj converges to some
point y € X. Now by construction of z;, we have 6(z) —x) € —N&Hhk)(xk) for
all § > 0. In particular, putting

7 (t)

) =) )
we get
lzell <7(t) and 2z € =N pp, (@n)-
Hence
(4.11) zi € F(t + hy,xy) for all k.

Furthermore, since 7(¢) is the derivative of r at ¢, it is easy to check that z;, — y as
k — oo. Now remark that (t+ hy, zi) € G, and Fg,, is upper semicontinuous.
Hence condition (4.11) implies that y € F(t,2). We have thus proved that the
point (1,y) lies in ({1} x F(t,z)) N Te(t,x). Now we complete the proof by
applying the conclusion of Theorem 4.2. O
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