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ON DETECTING OF CHAOTIC DYNAMICS
VIA ISOLATING CHAINS

LESZEK PIENIAZEK

ABSTRACT. We show in the paper the method of isolating chains in proof
of chaotic dynamics. It is based on the earlier notion of an isolating segment
but gives more powerful tool for exploring dynamics of periodic ODE’s. As
an application we show that the processes generated by the equations in
the complex plane z = z* 4 €*?*Z, where k > 3 is an odd number and ¢ is
close to 0, has chaotic behaviour.

Introduction

The notion of an isolating chain was defined in [5] as the generalization of the
isolating segment. We use some theorems and properties proved there to show
potential power of the method of isolating chains in theory of dynamical systems.
The aim of the paper is to present the general Theorem 2.1 on calculation of
fixed point index of iterations of Poincaré map. As a consequence we obtain
results on the existence chaotic dynamics (Theorem 3.8).

Similar, but simpler, methods are also used to equations on the complex
plane in [6], [3]. However this note seems to be the first dealing with such the
equation and proving chaotic dynamics in a local process generated by equation
5 =7F 4 'tz
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The isolating chain is a generalization of an isolating segment and it becomes
useful in many situations where one can construct isolating segments which time
sections have different Euler—Poincaré characteristic. In particular in [6], [7],
[9], [3] authors use isolating segments to deal with equations 2 = f(¢,|z])Z".
However this approach does not give results of type obtained in the paper.

We prove the chaotic dynamics on more than 2 symbols through the construc-
tion of family of isolating chains which are not related in any way by inclusion.
Our method is essentially different from [9] where authors also obtain dynamics
semiconjugated to the shift on more than 2 symbols. We claim that our approach
is new and gives results that are impossible to obtain using other methods known
to the author.

1. Definitions

1.1. Local processes. Assume that X is a metric space and D C Rx X xR
open subset. For given ¢: D — X we will denote (o, -,t) by @54
Continuous mapping ¢: D — X is called a local process if the following
conditions are satisfied
(a) for any o € R, x € X the set I(,,) = {t € R: (0,2,t) € D} is an open
interval containing 0,
(b) ¢(5,0) =idx for any o € R,
(€) V(o,548)(T) = P(o4s5,4) © P(o,s)(¥), for any x € X, 0,5,t € R such that
s € I(U,m), t e I(g_,,_s,tp(g,s)(@), s+te I(U,m).
Local process ¢ independent of first variable is called a local dynamical system
or local flow on X and we will denote it by ¢ instead of ¢, ). Local process
(local flow) defined on D =R x X x R is called a process (flow).
For a given local process ¢ on X one can define a local flow ¢ on R x X by

G0, 1) = (041, 9(0,1) (2))-
We will call X a phase space and R x X an extended phase space.

REMARK 1.1. The differential equation

z = f(t, )

with f regular enough to guarantee the uniqueness of solutions and continuous
dependence on initial conditions generates local process

Sﬂ(to,r)(fUO) = x(to, x0; 7),

where x(tg, xo; - ) is a solution of Cauchy problem with x(tg, zo; 0) = xo.
An equation with the right-hand side of equation independent of ¢ generates
in the same way a local flow. The local flow ¢ defined above is essentially the
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same as the one generated for equation

(i) = (1, f(t,2))-

In the extended phase space we define time translations 7, (t,2) = (t + o, )
and projections on time and space subspaces m1: Rx X — Rand mo: Rx X — X.
For any set Z C R x X we define intersection of Z in time ¢ by

Zy={zxeX:(t,x) e Z}.

Local process ¢ is T-periodic if (o111 = ©(0,+) for any o,t € R.

The map ¢, 1) is called a Poincaré map. In the T-periodic local process
there is one-to-one correspondence of T-periodic solutions of the process and
fixed points of Poincaré map.

1.2. Isolating sets. Let A be a subset of a space X with a local flow .
We define entry and ezxit sets for A in flow 1) as

Exity A = {x € A | there exists &, > 0: ¢, — 0,9, (z) & A},
Entry,A = {z € A | there exists €, < 0: ¢, — 0,9, (z) & A}.

Maximal invariant set in A is
InvyA={x e A|forallteR:y(z) € A}.

A compact set B C X is called an isolating block if Exity, B and Entry, B
are closed and Exity B U Entry,B = 0B. The set Invy B is then compact and
included in the interior of B.

DEFINITION 1.2. Let 1) = ¢ be a local flow generated by a local process on
R x X. A set W C [a,b] x X is called isolating segment over an interval [a, b] if
it is a compact ENR and there are W=, W+ C W compact ENRs such that

(a) there exists homeomorphism h: [a,b] X X — [a,b] x X such that mjoh =
71 and h([a,b] x W,) = W, h([a,b] x WE) = W*,

(b) oW, = W, U szv

(¢) ExityW =W~ U (b x W) and Entryy,W = W+ U (a x W,,).

Isolating segments are in particular isolating blocks. Later on we will show
examples of the segments. Sets W=, W+ we will call proper ezit and entry sets
of W.

DEFINITION 1.3. Let a < b < ¢, U,V be isolating segments over [a, b] and
[b,c]. Segments U and V are called contiguous if U UV is an isolating block
for .

Useful characterization of contiguity is given by
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PRrROPOSITION 1.4 ([5]). Isolating segments U, V over [a,b] and [b,c] are
contiguous if and only if

(1) Up\ VW UU, )NV, C VT,
(2) I\ Uy uV,HnU, C U,

DEFINITION 1.5. Let N > 0, ag < ... < ay and U’ be isolating segments
over [a;—1,a;] (for i = 1,...,N). If segments U~ U? are contiguous for i =
1,..., N, the set Uf\il U' will be called isolating chain over the interval [ag, ay].

In the case of N =1 an isolating chain is in fact isolating segment, but such
an identification will be useful.

We will use notations UV and U'...U" for isolating chains consisting of
segments U,V or U, ... UV,

Assume now, that local process is T-periodic. For every isolating segment
(chain) U over interval [a, b] its time translation 77 (U) also is an isolating segment
(chain) over [a+T,b+T]. T-periodic isolating chains U ...UM, V1... VM over
the same interval [a,a + T are called contiguous if UV, 77(V'1) are contiguous.
Isolating chain U'...U¥ over [a,a + T] is called T-periodic, if it is contiguous
to itself.

In our work we will construct a family of pairwise contiguous isolating chains
over [0,7] and then build of them isolating chains over intervals of the form
[mT,nT], m,n € Z.

Let a = (U',...,U") be a sequence of isolating chains over an interval
[a,a + T] such that U? and U'*! are contiguous for i = 1,...,N. By |a| we
denote the chain U'...U", #a = N is the length of the sequence, and V C «
means that V = U7 for some j.

Let W be an isolating segment for a local process on X. Homeomorphism h
in Definition 1.2(a) induces homeomorphism my of pointed spaces

mw:. (Wa/Wa_’ [Wa_]) - (Wb/Wb_’ [Wb_])

by
mw ([x]) = [m2h(b, moh ™ (a, 2))].
The map myy is called monodromy maps of segment W.

Let U, V be contiguous isolating segments (or chains) over [a,b] and [b, c].
Let us define

nov: (Us/Uy Uy ]) — (V/Vy [V, ])

as
[x] ite e Uy NV,

nyv([x]) = { WV, ] ifxelUy\W.
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The property (1) guarantees correctness of definition, continuity of nyy and
equality nyv ([U, ]) = [V, ]. The map nyv is called a transfer map of contiguous
segments U and V.

The monodromy map myy and the transfer map nyy induces homomor-
phisms in reduced homologies over Q

pw = H(mw): HWa /W, ) — HWy /Wy ),
vov = H(nuy): H(Uy /Uy ) — H(Vy/Vy).

For convenience we will use the notation nyv, vyv instead of ny,.(vy, Vurp(v)
in the situation of contiguous isolating chains U, V' over the [a,a + T1.
In [5] was proved the following

PROPOSITION 1.6. All monodromy maps of a given isolating segment are in
the same pointed homotopy class.

In the paper we will look for periodic solutions of equations, which correspond
to fixed points of the Poincaré map. To proove existence of such points it is
enough to show, that fixed point index of Poincaré map ind(y 4,7y, ) is nonzero
in some set S.

The following theorem showing how to use Lefschetz number in the case
of isolating chains will play the crucial role in the work. For definitions and
properties of fixed point index and Lefschetz number see e.g. [2].

THEOREM 1.7 ([5]). Let X be an ENR and let ¢ be a T-periodic local process
on X. If C =U'...U™ is a T-periodic isolating chain over [a,a + T then the
set Fo ={x € Uy | p(a,m)(x) = x for all t € [0,T] such that ¢, 4)(x) € Caye} is
compact and open subset of the set of fized points of ¢(a,r) and

ind(gﬁ(mT),Fc) = Lef(VUNTT(U1) O UyN O...0Vy2y3 © Uy2 © Vyiy2 © /,LUI).

REMARK 1.8. The theorem will be used not only for 7" being base period of
equation, but also for its multiplicities.

As a consequence we derive following

COROLLARY 1.9. Let C and D, ..., D, be isolating chains over [a,a+ kT
for T-periodic local process on X. Then the set

is compact and open in the set of fived points of Y4 kT)-

PrOOF. From Theorem 1.7 follows closedness and openness of Fg, Fp,.
Thus X \ U,_; _, Fp, is closed and open. But F¢ is compact and open and so
is FOV P8 = Fon (X \ U1 1 Fp.)- O

yees
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With more complicated problem of computing fixed point index we will deal
in next sections.

For a sequence of contiguous isolating chains a = (Uy,...,Uy) we will use
notation

Mo = UyN O...0 V23 © Uy2 O Vyiy2 O Upt.

DEFINITION 1.10. Let A = {U',... ,U*} be a set of pairwise contiguous
isolating chains over [0,7T]. Let a = (U™,..., U™). |a] is an isolating chain of
length pT'. Let

Fa(a) = Flo) \\J{Elg : B= 0™ ...U™), 1< my,... m, <k, |5 G [al}.

The set Fa(a) is a collection of all fixed points of Poincaré map ¢ 7y with
trajectories in |a|, but there is no isolating chain |3| build of the elements of A
containing the trajectory and being proper subset of |a/.

From finiteness of A and Corollary 1.9 one derives compactness and openness
of Fla(a) in the set of fixed points of ¢ (g ).

1.3. Chaotic maps. Let ¥ = {0,...,k — 1}” be the space of bidirectional
sequences with the product topology. The shift map o: ¥, — i is defined as
o(x); = x;41 for any © € Xy,

DEFINITION 1.11. T-periodic local process ¢ on X will be called ¥ -chaotic
if there is a compact set I C dom(p(o, 1)) C X invariant with respect to Poincaré
map ¢(g,7y and continouous suriection g: I — ) such that

(a) 0 og=gopur),ie @or) issemiconjugated on I with shift map,
(b) counterimage by g of any n-periodic sequence x € Xy, contains at least
one n-periodic point for (g, 7)-
Equation 2’ = f(t,x) with T-periodic right-hand side is X-chaotic, if the gen-
erated T-periodic local process is ¥x-chaotic.

2. Main theorems

In the Theorem 2.1 we have set of chains with some technical properties. The
examples of such sets are those in the Figures 1, 5, 6. The theorem says that for
any sequence of such chains we can compute fixed point index of Poincaré map
in the set of points, which have trajectories in set obtained by “gluing” these
chains (in fact it is also an isolating chain). The sets W;; are introduced for
technical reason, as they are used in proof of last case of (3).

THEOREM 2.1. Let A ={U,V1,...,V5} be a collection of T-periodic isolating
chains over [0,T] in T-periodic local process @. Assume, that W;; = V; NV are
isolating chains such that U C Wy; fori,j=1,...,s and

(a) ((Z0)r, (21 )r) = 70((Z2)o, (23 )o) for any Z1, Zy taken from U, Vi, Wi,
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(€) uiy = pvi = pvp =+ = py, =id.
Then for any sequence oo = (Z1,...,ZnN) of chains U, V;, W;; the following equal-
ity holds

(3) 1o = ind(po,nT), Fala))

Lef uy ifa=(U,...,U), N odd,
x(Uo, Uy ) ifa=(U,...,U), N even,
o if Wi; C « for some i # j,

(—1)N(=2)*k~Y(Lef puy — x(Uo, Uy )) in other cases,
where ko = #{i € {1,...,N} | exists j € {1,...,s} : Z; = V;} is the number of

V; in the sequence .

Proor. First notice, that assumptions about the chains V;, W;; imply that
no V; is contained in any other V; or in any Wjy.

The chain U is included in any other chain of A, so if a = (U, ..., U) then we
have F4(a) = Fjo and from Theorem 1.7 we obtain I, = Lefuf;®. This gives
first two cases of the formula (3).

Let W = Wy,j, T . We can assume, that Z; = W. Thus we have |a| =
W,

(4) ind(po,n1)s Flo)) = ind(@(o,n1y: Flws)

= > <1Wﬁ’+ > fwijﬁ’JrfUﬁ’)

181C18] Wi GW
= Z Iwg + Iwg + Z Iy,;p + Z Typ
1B81<18 |B’1CIBl,Wi; GW 1’118l

= Z IWigﬂ’ +IWB +ind((p(O,NT)aﬂUﬁ\)-
18'|C1B], Wi CW
|Wi;B'|#|W B

But ind(¢o,n1), Flug)) = ind(@(0,n7), Flwg|) from assumption (b) and we thus

Iwg=— Y., Tw,s-

18"|CIB], Wi CW

|Wi; B’ 1#|W B
Now we can prove the third part of (3). Every term on right-hand side of
the above equality can be written out using this equality or is equal to 0 if
there is no its proper subchain of the form |W;;3’|. Because of finiteness of the
set {U,V;,W;;} this operation is finite and as a result we will obtain equality
Io =Iwg =0.

Thus we can always omit fixed point indices in chains containing W;; as one

of “subchains”.
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Now let W;; Z a. The proof is inductive with respect to k.. For k, =1 we
have a = (U,...,U,V},U,...,U) for some [, and

ind(p0,n7), Fla) = lu..vviv..v + Z Iy.vwy,u.v+1v. vvu.u
Wi; CV

=1y . .vvu.v+1v. vvu..u.
Hence
Iy vviv..v = ind(eo,nr), Fu. vviv..v) — ind(eo Ny, FU..v)
= (=) (Lef p — x(Uo, Uy))).

Now fix o and assume that for any o' such that k. < k, the formula holds.
Using the third part of formula (3) we obtain

ind(po,n7)s Fla)) = Z Iy
[o/|Clal,WiZa!

Every sequence o/ containing only chains U and V; and such that |o/| C |a| can
be obtain from « by exchanging k., — ko from k, sets V; with U. Thus there
are (kfa_k) = (k,;*) sequences o’ with k. = k. From the inductive assumption
we obtain

ka—1
1 — X k(x i—
ind((0,n7), Flay) = To+ (—1)" (Lef p — x(Uo, Uy ) > (.)(—2)< Dy I

" (2
i=1

But

and inserting this into previous formula we get
(5) ind(¢,nT), Flal)
1 (=1)ke

= I, — (=) (Lef vy — x(Uo, Uy )) (5 T2

- (2)’“&‘1) + Iyw.
Assume that N, k, are even numbers. Notice that
ind(@(o,NT)aF\aO =x(Uo,Uy ) = Iy~
and equation (5) reduces to
0= I — (~1)™ (Lef pur — x(Up, Ug ) (2%

which proves theorem in this case.



CHAOTIC DYNAMICS AND ISOLATING CHAINS 123

If N is even and k,, odd we get ind (o0, n7), Fla)) = x(Uo, Uy ) i Iy~ = Lef
and putting it into (5) produces x(Uo, Uy ) = I —(—1) (Lef uy —x (U, Uy ) (1+
(—2)ka=1) 4 Lef uyr. Rearrangement of the terms again gives the theorem.

In the same way one can prove the formula (3) in the case of odd N. O

COROLLARY 2.2. Under assumptions of Theorem 2.1 suppose, that there are
indices ig,ir and a number eg > 0 such that for any i = 1,...,s, € € [0,¢&g]
inclusions (Vi)e C (Vig)e and (Vi)r—e C (Vip)r—c hold. If in addition 0 #
Lef uy # x(Uo, Uy ) # 0 then local process is Ls+1-chaotic.

PROOF. Denote V = |J_, Vi.
Let I be the set of points of C which trajectories starting in time 0 stay

in any time interval [mT, (m + 1)T] in the set 7,,7(V). The compactuness of T
follows from closedness of V. Let g: I — Y511 be defined as follows

i ifforallt € [0,7] : po,t4mr)(x) € Vi),
9(T)m = and for all j # i exists ¢ € [0, T] such that ¢ t4mr)(2) € (Vj)e,
0 if there is no i satisfying above conditions.

The map ¢ is continuous if and only if g(-),, are continuous for any m € Z.
Fix m.

If the trajectory of x € I leaves 7,7(V;) for some time in [mT, (m + 1)T]
then any point y closed enough to x also leaves 7,7 (V}).

We will prove, that if the trajectory of « € I stays in 7,7(V;) then trajec-
tories of nearby points do so. Assume, on the contrary, that there is a sequence
of points going to x and such that each of them leaves 7,,,7(V;) for some time in
[mT, (m +1)T]. Thus there is to € [0,T] such that ¢ ) +mr)(z) € O(Vj)s,. But
Tmr(V;) is an isolating block, so it is impossible that to € (0,T).

Suppose, that to = 7. It means, that ¢« rymr)(®) € (V7 )r. From the
assumption (a) of Theorem 2.1 there is ¢(o 7y m7)(z) € (V; )o. But that means,
that there is € € [0, 0] such that ¢ rymrie)(z) & (Viy)e. Assumptions of the
corollary imply that also ¢ 7ymr4e) () € (Vi)e for any other ¢ and finally, that
b0, T+mr+e) (T) & (‘7)5 which contradicts the fact, that trajectory of z stays in
Toms1yr(V) for time in [(m + 1)T, (m + 2)T].

Similarly one can prove that ¢ cannot be 0.

Above facts jusify the continuity of g(-),,. Let z € I.

(1) If g(x)m = k # 0 then the trajectory of x for time in ¢ € [mT, (m+1)T]
stays in 7p,,7(V), but it leaves every other 7,,,7(V;). We proved, that
all nearby points should also stay in 7,7 (Vi) and leave 7,7 (V;) and it
means that g(y)., = k.

(2) If g(z)m = 0 and the trajectory of = in time interval [mT, (m+1)T] lays
in intersection of some 7,,7(Vi), 7mr(V1), then also nearby trajectories
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also stay for this time in that intersection and from the definition of g
there is g(y)m = 0.

(3) If g(x)m = 0 and the trajectory of z leaves every 7,,7(V;) in time
[mT, (m~+1)T] then all close enough points also have trajectories leaving
all 7,,7(V;) and again g(y)m = 0.

The semiconjugacy of g and the shift map follows easily from the definition
of g. Assume, that ¢ = (...,¢1,...,CpCly ey Chy-..), ¢ € {0,...,8} is a k-
periodic sequence in X, y;. Let o = (Vg,,..., V). (For convenience denote U
by V5.) Under the assumptions of corollary we have ind(¢o 1), Fa(a)) # 0, so
the set of fixed points of Poincaré map ¢ 1) With trajectories described by the
sequence ¢ is nonempty and for each such a point there is g(x) = c.

We proved, that the image of g contains all periodic sequences in gy,
dense subspace of ¥s11. If ¢ € Y441 is any sequence, it can be approximated
by periodic sequences {¢"}. There are ™ € I such that g(2™) = ¢ and we can
assume that ™ — z € I. Continuity of g guarantees equality g(x) = c. (|

3. Applications

In this section we will show construction of isolating segments and chains for
the local process generated by equations

(6) 5 =7F 47

for odd k and small enough |¢|. In the case of k =5 it is enough to assure that
|¢| < 0.015.

The period of equation (6) is equal to 27/¢ and by T we will always under-
stand this number.

3.1. Isolating segments Ur[a’b], Dgg’b]. In extended phase space the vector
field generated by equation (6) has a form

(7) F(t,z):( 1 )

zF 4 eiftz

The first isolating segment ia’b] will be a square-based twisted prism. Its

intersection in time ¢ € [a,b] is a square with sides of length 2r, centered in
origin, and rotated at the angle ¢t/2 (see Figure 1, shaded part of boundary is
its exit set). If we have omitted Z* term, that set would be an isolating segment
for small enough |¢|. Thus it is also an isolating segment for small » when we
add Z* term, as near 0 this term is dominated by linear part. Lemma 3.1 shows
conditions on k, ¢, r ensuring U,. is an isolating segment.

Formally we introduce 4 functions

N (t,2) = R(ze’0T19)/2) 5 =0, ... 3.
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Now let

U ={(t,2) eERxC: A (t,z)<r, j=0,...,3},
Ul ={(t,2) €U, : N(t,z) =r},

and U = U, N (Ja,b] x C).

FIGURE 1. Isolating segment U,LO’T]

Next lemma shows conditions under which Ur[a’b] is an isolating segment and

exit and entry sets have a form
U- =U uU?, UF=U'uU2,
(8) Exit, U = (U7 n U U ({b} x (U;)s),
Entry,Ul* = (UF nUl*Y U ({a} x (U,)a).

LEMMA 3.1. Ifk > 2, ¢,7 > 0 satisfy inequality 1 — ¢//2 — ﬁkrkfl >0
then

(9) F(t,z)-VAN(t,z) >0 ((t,2) €Us,j=0,2),
(10) F(t,z) - VA(t,z) <0 ((t,2) €U, j=1,3).

Proor. The vector field orthogonal to the boundary of U, has a form

) — R (ze' T —19)/2) /2
VAI(t,2) = < oilin—t6)/2 .

Let (t,z) € UJ. Then
(11) F(t,2z)-VA(t,2) = —g%(zei(j”7t¢)/2) + R((Z* + e¥tz)elimt9)/2)
— _OR(aellimt9)/2) 4 R(zhiUT—10)/2) | o((—1)iZei(91I7) cilim—10)/2)
2
_ _gmzei(w—tw/fz‘) L R TD/2) 4 (1) Rz im0 /2.

The modulus of two first summands can be estimated by, respectively ¢|z|/2 <
#rv/2/2 and |z|* < (rv/2)* and from the definition of UJ we obtain

R(ze " UT—10)/2) = Rze!0T10)/2) = .
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Hence
F(t,z) - VA (t,z) >r— %r\/_ —(rV2)*  for (t,2) € UJ, j=0,2,
F(t,z) - VAN (t,z) < —r+ %r\/?+ (rvV2)F for (t,z) e UJ, j=1,3.

This and the assumption of the lemma give needed inequalities. O

FIGURE 2. Isolating segment Dgg’b]

The second isolating segment D%’b] is a prism with base of regular polygon
with 2(k + 1) sides circumscribed on the circle of radius R. It is an isolating
segment for equation G(t,z) = (;k) with any R. The Lemma 3.2 will show that
it remains the segment for equation (7) for large enough R.

Let the following 2k + 2 functions be given

TI(t,2) = R(ze 9T/ RADY 5= 0, 2k + 1.
Define
Drp ={(t,2) ERxC:Z(t,2) <R, j=0,...,2k + 1},
D}, ={(t,z) € Dp: Z(t,2) = R},
D% — Dy ([a,b] x C).

]

Next lemma shows conditions under which DLa’b is an isolating segment and

exit and entry sets have a form
Dy = LJ{D}2 : j even},
Df; = J{D% : j odd},
Exit, Djy" = (D n Dy u ({b} x (D"
Xitp DR (Dr N D) U ({b} x (D)),
Entry, D" = (D% n DI**y U ({a} x (DI&"),).

On the Figure 2 one can see isolating segment Dgg’b] and its exit set (shaded part
of boundary) for k = 5.
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LEMMA 3.2. Ifk>2, R> /[k—1]2(k +1)/3 then

(12) F(t,2)-VE(t,z) >0 for (t,2) € D}, j even,
(13) F(t,2)-VE(t,z) <0 for (t,2) € D}, j odd.

PRrOOF. Fix even j and let (t,z) € Dj. Then VE/(t,2) = (0,elm/(k+1))

and z = pe'®, where a € [jr/(k+1) — 7/2(k+1),jn/(k+ 1) + 7/2(k + 1)],
p € [R, R/cos(m/2(k + 1))]. Thus

F(t,z) - VEI(t, 2) = R((F" + e¥z)e 9/ (k1)
(pFei(—homim/(k+1) | pei(dt—a—jr/(k+1))y

R
R

Y

(pkei(—ka—in/(s1))y i(gt—a—jn/(+1))|

— |pe

But —ka —jn/(k+1) € [—jm — krn/2(k+1),—jm + kn/2(k 4+ 1)] and j is even,
s0

14 i(—ka—jm/(k+1)) > cog 0
(14) R(e )_cos2<k+1)

and

- km km
15) Fu(t VI (¢ > F = k-1 — 1.
(15) Fit,z,y) - VE'(t:2,9) 2 o7 cos gy = p p<p okt 1) )

The function p*~! cos(km/2(k + 1)) — 1 is increasing for positive p, so

k k
pFLcos 2771- —1>RF1lco T

k+1) - Sern) -

In addition the inequality

holds for | > 6, so substituting [ = 2(k + 1) we derive

cos km i T S 3
—  =gin
2(k+1) 2(k+1) — 2(k+1)
and thus
km 3
k—1 k—1
- —1>R\‘" " — — 1.
Py T T 2(k + 1)

Assumptions of lemma imply that 3R¥~1/2(k + 1) — 1 > 0 and thus right-hand
side of (15) is positive.
For odd j the proof is, up to change of signs, the same. O
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3.2. Isolating segments Py, QQg. In this section we show the construction
of some segments for the local process generated by equation (6) for odd &k > 3.
First we will construct one of them, Py and then the rest will be obtained as
images of Py in some isometries.

Let f(t, z) be the right-hand side of equation (6), and fo(t,z) = f(0,2) =
ZF +Z. Firstly we construct an isolating segment for that autonomous equation.
It will be also the the segment for f.

In some neighbourhood of the origin the linear part of that equation dom-
inates the nonlinear part, and origin is a saddle point with axes as stable and
unstable manifolds. There is also neighbourhood of z-axis such that any solution
starting in it goes to infinity closing to z-axis (see vector field). Thus we can
find the value r such that if |yo| < r, then absolute value of y-coordinate of the
solution starting from (zg,yo) does not exceed r. Moreover if |zg| > r, then
solutions goes in x-coordinate in direction opposite to origin.

Thus we can construct an isolating segment (see Figure 4) with “horizontal”
proper entrance set and “vertical” proper exit set (in the sense that time sections
of the entrance (exit) set are horizontal (vertical) segments).

We give detailed description of the construction below.

Choose p such that p*~1 < 1/\/§k As k > 3 we get 1/\/§k < tan(w/2k),
and also p*~! < tan(r/2k).

Let r = ptan(rw/2k), s = v/ tan(w/k) = ptan(w/2k) /tan(n/k) (see Figure 3).

<

=N

FIGURE 3. Rectangle IT4,

Firstly we will show transversality of the vector field fy to the boundary of
the rectangle Il = {z € C: [Rz| < ¢, [3z| < r} for ¢ > r and that fy points
outward of its vertical edges and inward horizontal ones. Let zg = (z,y) € 0l .
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(1) |z| = gq. Assume, that © = ¢ (for negative x proof is similar). To show
that the vector field is directed in this point outward of Il;. we should
prove that R fo(¢, z0) > 0.

(a) ¢ > p. One has RZ5" > 0, so Rfo(t,20) > Rz = ¢ > 0.
(b) ¢ < p. Rfo(t, 20) =z + RZ* >z — |20/F. But |z > |yl, so
k
Riolt, ) > — (2v3)* = 2(1 — VZ'2h1)
k k
=q(1-v2¢" ) > 1 = vV2p" ) > 0.

(2) |yl =r. Assume, that y = r. We should prove that S fo(t, z9) < 0.
(a) |z| > 5. Sfo(t, 20) = —y + IZF. There is arg(zo) € (0, 7/k] so

Sfo(t, 20) < —y < 0.

(b) |z| < s.

S folt, 20)

k

~y+ [zl = —y+ Va? +y?
k k
< —r4V/s2 412 < —r /52 + (V3s)?

= —r+(25)" < —r+p" = p(p*~" — tan(r/2k)) < 0.

IN

o

2R

—
2W

FIGURE 4. Isolating segments Py, QT

Now let Py be a polyhedron contained in [0, 7] x C for some 7 > 0 such that
its intersections have a form (FPy)¢ = Hg)rr), where ¢,7 : R — R are affine
functions (Figure 4). One can assume, that additionally

(1) R = q(7) satisfies assumptions of Lemma 3.2,
(2) p < R is such that p*~! < 1/\/§k,

(3) r(r) = ptan(r/2k),

(4) 0 < q(0) =7r(0) =1y <r(r).
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One can check, that Iy, for ¢t € [0,7] satisfies conditions guaranteeing
transversality of fo on the boundary of Il;y,;). Taking large enough 7 will
assure also that fo is transversal to the boundary of Py and. (Fy): = {2z €
yyr(e) : IRz = q(t)}. The difference f(t,z) — fo(t, z) = (e*** — 1)z for bounded
z and t € [0,7] can be arbitrarily small taking small enough |¢|. In particular
for |¢| € [0, ¢o] the transversality conditions for Py are kept for equation (6) and
thus Fp is an isolating segment.

Conditions (1), (3) mean, that Py is contiguous to D%’b]. From (2)—(4)
we conclude that, possibly taking smaller ¢g, 7o will satisfy assumptions of

Lemma 3.1. As a result Ur[ﬁ’o] will be an isolating segment contiguous to Fp.

Last conditions we need is an inclusion UT[S’T] C Py and the technical inequal-
ity 7 < T/2(k 4 1). This again can be obtained by taking smaller ¢.

Now we can show construction of the rest of segments Py and Qy. Next
lemma is a consequence of some symmetries of equation (6). Namely changes of
variables (a)—(c) do not change vector field (or reverse it) and in the same time
sets U, and Dpg are not altered and their exit and entry sets are exchanged in

the case of reversed process.

LEMMA 3.3. Suppose, that equation i = Z* + e'*'Z for odd k > 3 and some

¢ admits an isolating segment Py over [0,7], 7 < T/2(k+ 1) such that Uig’ol

]

is contiguous to Py and Py contiguous to Dg’b. Then there exist for integer

n isolating segments Poyp)py1y over 2nT/(k+1),2nT/(k +1) 4 7] contigu-
ous to U,[Z’%T/(kﬂ)] and DgnT/(kHHT’b]. There are also Q1 /(k+1), isolating
segments over [mT/(k+1) — 7,mT/(k+ 1)] contiguous to Dgg’mT]H_l_T] and
ylmT /K1)

T0 .

k € 4N + 3.

Here m are even numbers if k € 4N + 1 and odd numbers if

PROOF. Choose § = 2nT/(k 4+ 1). Changing coordinates by formulas
(a) s=t—0, (=e 0/2;
we obtain equation

fl_C _ €—i¢>9/2(zk + eiqﬁtz) _ e—i¢9/2((e—i¢0/2z)k + eiqssewee—we/zz)
S

_ (e—i¢nT/(k+1))k+1zk +ei*T = Zk + 5.

It is identical to (6) so the construction of an isolating segment Py can be done.

But in coordinates (¢, z) this segment is a segment over [#, 6 +7]. Denote it by Py.

In addition, contiguous to Py segments UT[‘;/’O] and Dg’b/]
have a form UL*? and D£+T’b]. Obviously, they are contiguous to Py.

in primary coordinates
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Having defined segments Pa,7/(x+1) We can construct isolating segments
Qnr/(k+1)- Let k € AN + 1. We change coordinates in phase space

(b) s=T—t, (=e™?z

In this coordinates we obtain
d . . . —k . ) -
d_g _ 76”/2(216 + e—wﬁtz) _ 7(ez7r/2)k+1< - ezqﬁse—zd)Te—wrC

_ 76i(k+1)7r/22k _ eiqbsefi(qSTJr'n')Z.

But e!(k+1)7/2 = ¢=i(¢T+7) — _] and again we have primary equation. The seg-
ment Pp_s,7/(k+1) in coordinates (s, () will be denoted in (t, z) coordinates by
Q2nT/(k+1)- Similarly, contiguous segments Uy, and Dg will remain contiguous
in changed coordinates.

Notice, that here change of variables changes the direction of motion along
trajectories and also exchanges exit points with entry points.

Similarly for & € 4N + 3 we introduce

kT (/24T /2(k+1))=

(c) S:k—ﬂ_t’ ¢ = i(m/2HeT/2(k+1)) 7.

In this coordinates differential equation transforms into

A iern)m/2r0T/2FE _ igs —ioTHmT,

ds
But T = 27/¢ and thus ¢ ((k+1)7/2+9T/2) — ¢=i(¢T+m) — _1 and again we have
equation (6). The same as above reasoning completes the proof. O

REMARK 3.4. In case k = 5 it can be checked, that choice of 7 = 7,
R = r(r) = 1.6, q(r) = 1l.6tan(n/12), r(0) = ¢(0) = ro = 0.4 and any
¢ € (0,0.015] ensures all conditions listed above for sets U,,, Dr, Py, Qg to
be isolating segments. We will not present here detailed calculations.

3.3. Isolatin chains.

yd

FIGURE 5. Isolating chain Vi = Ypa
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/

r
@%/7

FIGURE 6. Isolating chain Vo = Yag

DEFINITION 3.5. For odd k, 7, R, r and ¢ such that above constructions are
valid define the isolating chains

(16) Yi; = Uio,iT/(kH)]PiT/(kH)D%T/(k+1)+r,j:r/(k+1)—T]QjT/(kH)UT[jT/(kH),T]

fori=0,2,...,k—1, 7 >ieven for k € 4N+ 1, and odd for k € 4N + 3.

Examples of chains Y;; for k = 5 are drawn on Figures 5-7. Now we will
show how to compute transfer maps for chains Y;;. One can look at Figure 8 as
an illustration of the proof in the case of k = 5.

/>
@%7/ C—

~

FIGURE 7. Isolating chain W =V NVa = You

LEMMA 3.6. Let k =4n+ 1,

}/7,_] _ UT[O,iT/(4n+2)]PiT/(4n+2)

D%T/(4n+2)+r,jT/(4n+2) —7] QjT/(4n+2) U?[jT/(4n+2),T] 7



CHAOTIC DYNAMICS AND ISOLATING CHAINS 133

and assume, that V, = Yap_2 9,10, are isolating chains for p = 1,...,n+ 1,
Wi =VinV; and let U = UT[O’T]. Then

(Z)71,(Z])1) = (Z2)0,(Z3 )o) for any Z1, Zs taken from U, V;, Wi;,

pu = pw,; = —id fori,j=0,...,n,
pE = py, = id fori=20,...,n,
Lequ:L

X(Uo,UO_) =—1.

PRrROOF. Equality of starting and ending faces of chains is obvious. Only the
first homology group of ((Z)o, (Z)o) is nontrivial, so it is enough to study the
maps on this level. Later on by id,, we denote the identity map on p-dimensional
vector space.

Monodromy map my is homotopic to rotation at angle 7, so (uy )1 = —idy.
Thus (ufy)r = idi, Lef (uy) = ~tr(uv)r = 1, x(Uo, Uy ) = x(Uo) — x(Uy ) =
1-2=-1.

XN % |
t=0 t=T/3 t=T/3+7 t=2T/3-7 t=2T/3 t=T

FIGURE 8. Transfer maps for k =5

Let basis vector of each Hy((Ur):, (U7 )e) = Hi((Ur)e/(U e, (U7 )e]) be
such that monodromy map of segment Uio’t] is identity map. Take basis in
Hi((DR)t, (DR)¢) in the way as on the Figure 8 for k =5 (1 pie1.121)1 = idg).

R

Take also basis in the spaces

Hi((Po)o, (Py )o)s Hy((Po)o+r, (Py )otr)s
Hi((Qo)o—r,(Qg )o-7),  Hi((Qa)a, (Qy )o)

in such a way, that monodromy maps of segments Py, QQp in homology are identity

and transfer maps Vylo.ol p, = idq, Vo,ule ™) = id;.
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In that situation we have from the Theorem 1.7
(17) (‘lly2p’2q)1 = (7id1) o (VDng/(4n+2)+7’,2qT/(4n+2)77']Q2qT/(4n+2))1

o (v - .
( P2PT/(4TL+2)Dng/(4n+2)+7',2qT/(4n+2) T])l

The map —id; must be used to correct the fact, that we chose basis of

Hi((Y2p,2)0, (Y2;,zq)0) and Hl((Y2p,2q)T7(Y2;,2q)T)

reversely oriented. Now we only need to find transfer maps

(VD[R?pT/(4n+2)+T,2qT/(4n+2)77'] Q2qT/(4n+2))1’ (szpT/(4n’+2)D[R?PT/(4H+2)+T,2L1T/(4TL+2)71’] )1

- O -
0

-1
(szpT/<4n+z>D[sz/(‘*"*?HT’?qT/<4n+2J—r])1 =1 : }2n+17

R
0
}271—1)
L 0

and their compositions.
We have equalities

and

14 n T, n+2)—r
( Dng/(4 +2)+7,29T /(4n+2) ]quT/(4n+2))1

[0...0-10...010...0] forq<mn,
—— M ——
n+gq 2n n—gq—1
_J[0...0-10...0] for ¢ = n,
- ~—— ~——
2n 2n
0...010...0-10...0] forg>n.
—_— ——
q—n—1 2n 3n—q

We are interested in sets of the form V,, = Y5, 2 9p4+2, and their intersections,
that is Yap 04, p=0,...,n,¢=n+1,...,2n + 1. From equality (17) we obtain

_O_
0

~1
(1¥sp2)1 = [~1]0[0...0 1 0...0 =1 0...0]0 | }2n+1.

0
2n—p
L 0 .
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Therefore
( ) 1] ifg>n+p+1,
v _
H¥ap 21 [-1] ifg<n+p,

and in particular for the sets V, = Yap_2 2p12n, Wpr = Yor_2.9p40n (p < 1) that
gives the thesis of lemma. |

LEMMA 3.7. Let k =4n+ 3,

Yy = U0 B gy

D%T/4(n+l)+r,jT/4(n+1) —7] QjT/4(n+1 U7[jT/4(n+1) , T ,

)

Vo = Yop_9oprong1 be for p = 1,...,n + 1 isolating chains, Wi; = V; NV,
U =U". Then

((Zl)T, (Zf)T) = TT((ZQ)O, (Z;)o) f07“ any Zl, Z2 taken from U, V;, Wij,

/JLU:/JLW7,J:71d fOT’i,j:O,...,’ﬂ+1,
,uzU:uVi:id fori=0,...,n+1,
Lequ :1,

PRrROOF. Like in the proof of the previous lemma we choose basis of homology

to obtain

(18) (MY2P,2Q+1)1 = (—idy) o (VDng/4(n+1)+r,<2q+1)T/4(n+1Jfr]Q(qu)Tﬂ(nﬂ) 1

o

VPZPTM(HUDng/4<n+1>+r,<2q+1>T/4<n+1>—r] )15

where

_O_
0

-1
(VPZPTM(M)D[2pT/4<n+1>+r,<2q+1>T/<4n+2>—r])1= : }2n+2 )

R
0
}2n—p+1
L 0
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)it

Vo [2pT/4(n+1)+7,(2¢+1)T/4(n+1)—7
( D%P /4( )+, (29+1)T/4( ) ]Q(2q+1)T/4(n+1)

[0...0-10...010...0] for ¢ <n,
e T
n+q+1 2n+l n—q—1
0...0-10...0] for ¢ = n,
= N—— N——
2n+1 2n+1
0...010...0—-10...0] for g >n.
—_— ——
qg—n—1 2n+1 3n—qg+1

For interesting sets V,, = Yop_2 9p1+0on+1 and their intersections Yop 0441, p =
0,....,n,g=n+1,...,2n+1, from (18) we have
— O -
0

-1
(tyay 2y )1 = [~1]0[0...010...0-10...0] 0 H }%+2
qg—n—1 2n+1 3n—q+1 -

0
}2np+1
L 0

what gives the proof. |

] ifg>n+p+1,
-1 ifg<n+p,

3.4. Chaotic dynamics in equation z = z¥ 4 ¢''Z. As a consequence of
Corollary 2.2 and Lemmas 3.6, 3.7 we obtain the following

THEOREM 3.8. Equation 3 = Z* + '%*Z for odd k > 3, |¢| small enough is
2[(k+7)/4j -chaotic.

PROOF. Assume, that |¢| is small enough to admit isolating chains from
Definition 3.5. In Lemmas 3.6, 3.7 we proved that if k =4n+ 1 or k = 4n + 3,
then there are n + 1 isolating chains V; and a chain U satisfying assumption of
Corollary 2.2. The Corollary gives X, 2-chaotic dynamics. But |(k+7)/4] =
n + 2 in both cases, so theorem holds. O

From Remark 3.4 it follows that for k = 5 any ¢ € (0,0.015] are good for the
theorem.

4. Further results

Change of variables can generalise obtained results on wider class of equa-
tions. The following lemma deals with more general situation then previous

sections.
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LEMMA 4.1. Equation = az® + be'®*z™ for nonzero a,b € C and k # m
can be rewritten in distinct system of coordinates as 3 = ZF + e'?*z™.

PROOF. First assume that v**'/a™*! € R. Denote v = (a/b)*/*=™) and
let ¢ =7%z. We have

¢ =5 =7(ay "¢ + by e
pe\ Yl=m) ki
=7<a—m) (" +eC) = + €.

Under our assumptions « is nonzero real number. Now let £(¢t) = ((t/a).
k m
: 1./ (1 ; (1 - o
&) = —C(—) = C(_) + ewﬁt/ac(_) _ f(t)k + €Z¢t§(t)m,
a’\« « a

where ¢ = o/
If in contrast b**1/a™*! & R then there exists to € R such that

(bei¢to)k+1/am+1 cR.

Changing time variable by formula 7 = ¢ — to the coefficient of e**Z™ is equal to
b = be'®' and the second one remains unchanged, so the conditon b¥+! /a™+! € R
is satisfied. In the first part of the proof we showed, that it implies the thesis of
the lemma. ]

Notice, that constructed isolating segments and chains for small enough per-
turbation of right-hand side of equation remains isolating sets. (By small pertur-
bation we mean such a function g, that ||g||, = sup{|f(z)| : |z| < p} is small and
p is such a number, that for every point (¢, z) of any isolating set the inequality
|z| < p holds. In our situation we can choose p = R/ cos(n/2(k + 1)).)

Using this fact we proove following

LEMMA 4.2. Equation 3 = €'%'z" + % is Y| (k+7)/4) -chaotic for odd k and |¢|
small enough.

PROOF. Change variables in equation Z = e!**z* + Z by the formula ((t) =
e 10t/ (1) (). We get

(19) ( — it/ (k+1) 5 i%6—1¢t/(k+1)z
_ it/ () gk | it/ (1) _ P it/ (k1)
+1

_ R 2igt/(kt1)F ¢ _ 7k by _ @
¢ +e ¢ z—k+1C ¢ +e'?C zk+1(.

. —k i
We constructed isolating chains for the equation ¢ = ¢ + €**( with small
¢, and they remain isolating chains for small perturbation, in particular for
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z%@‘/(k + 1) with small enough ¢. Thus the equation from lemma is | (k47 /4)
chaotic. ]

REMARK 4.3. It is possible to prove the same results as in Theorem 3.8 and
Lemma 4.2 for even k. However the construction of isolating chains is more
complicated and proofs are slightly different.
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