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SYMMETRY RESULTS FOR PERTURBED PROBLEMS
AND RELATED QUESTIONS

MASSIMO GROSI — FILOMENA PACELLA — S. L. YADAVA

ABSTRACT. In this paper we prove a symmetry result for positive solutions
of the Dirichlet problem

(0.1)

—Au = f(u) in D,
u=20 on 0D,

when f satisfies suitable assumptions and D is a small symmetric perturba-
tion of a domain 2 for which the Gidas—Ni—Nirenberg symmetry theorem
applies. We consider both the case when f has subcritical growth and
f(s)= s(N+2)/(N=2) 4 X5 N > 3, A suitable positive constant.

1. Introduction

Let us consider the following problem
—Au= f(u) inQ,
(1.1) u>0 in Q,
u=20 on 0F),

where f:R — R is a C'-function and Q is a bounded smooth domain in RY,
N > 2, which contains the origin and is symmetric with respect to the hyperplane
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To = {x = (21,...,2x5) € RY, 21 = 0} and convex in the x;-direction. Under
this hypothesis it is well known that classical C?(Q2) N C*(Q) solutions are even
in 27 and strictly increasing in the zq-variable in the cap Q~ = {z € Q, 21 < 0}.
This is the famous symmetry result of Gidas, Ni and Nirenberg (see [7]) which
is based on the method of moving planes which goes back to Alexandrov and
Serrin in [11].

Now we would like to consider the same problem in some domains €2,, which
are suitable approximations of {2 but are not any more convex in the x;-direction.
The typical example is obtained by making one or more holes in €, i.e. Q, =
Q\ Ule B; where B; are small balls in £ whose radius tends to zero, as n — oo.

The question we address in this paper is whether the symmetry of the solu-
tions of the same problem as in (1.1), but with Q replaced by €, is preserved.
Let us note immediately that the moving planes method cannot be applied in €2,,
if the convexity in the x;-direction is destroyed but can only give information on
the monotonicity of the solutions in 1, in some subsets of £2,,.

Nevertheless in an interesting paper ([3]) Dancer proved, among other results,
that for some subcritical nonlinearities, as for example f(s) = s?, p > 1if N = 2,
1<p< (N+2)/(N—-2)if N > 3, if the solution « is unique and nondegenerate
in €2 then also the approximating problems in §2,, have only one solution which is
necessarily symmetric, if €2, is symmetric. So in this case the symmetry comes
from the uniqueness of the solution. Thus the question is whether the symmetry
is preserved even if the solution is not unique.

Here we answer positively this question in two different cases: first we con-
sider nonlinear terms f(s) with subcritical growth and then we take f(s) =
sINH2)/(N=2) 4 N with \ € (0, A1) if N > 4, )\ being the first eigenvalue of
the Laplace operator with zero Dirichlet boundary condition, or A € (A\*, A1) if
N = 3, for a certain number A* > 0.

In the subcritical case we prove that all solutions of the approximating prob-
lems are symmetric if €2, is sufficiently close to ). In particular they are radial
if Q, is an annulus with a small hole. In the critical case we prove the same
result for least energy solutions which exist by the well-known Brezis—Nirenberg
result ([2]). We also prove that the least energy solution is unique and nonde-
generate if the domains {2, are approximations of {2 which is a ball. This last
result is not contained in the uniqueness theorem of Dancer.

Let us note that in the recent paper [10] it is shown, among other results,
that if f is strictly convex, A is an annulus and v is a solution of (1.1) in A of
index one, then u is axially symmetric. Thus, in the case when €2,, is an annulus
and f is convex our result extend that of [10] because it states that if the hole
is sufficiently small the solution of index one are not only axially symmetric but
actually radially symmetric.
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To prove our result the main idea is to exploit the sign of the first eigenvalue
of the linearized operator L = —A — f’(u)[ at a solution u in the cap Q= =
{x e RN, 21 <0} or QF = {z € RN, z; > 0}. In fact, if f(0) > 0 it was shown
in a lecture by L. Nirenberg (see [6]) that this eigenvalue is indeed positive; in
particular zero is not an eigenvalue of L in Q= or Q7. From this and some results
on the convergence of the solutions, we deduce the symmetry of the solutions w,,
in §2,,, with respect to the x;-variable when €2, is symmetric with respect to the
hyperplane Ty = {x; = 0}.

We also get the radial symmetry of the solutions when the domains 2,, are
annuli with a small hole.

The outline of the paper is the following. In Section 2 we prove some pre-
liminary theorems on the convergence of the eigenvalues of linear operators and
we also show the uniform L°°-estimates in the subcritical case, already proved
by Dancer (see [5]). In Section 3 we study the subcritical case while in Section 4
we deal with the critical case.

Finally let us remark that the perturbed domains we consider are obtained
by the initial domain €2 by removing from it a finite number of symmetric sub-
domains, i.e. making finitely many holes whose size tends to zero. It could be
possible analyze other kind of perturbations but, for simplicity, we will not con-
sider them.

Acknowledgements. This research started while the third author was vis-
iting the Department of Mathematics of the University of Roma “La Sapienza”.
He would like to thank the department for the financial support and the warm
hospitality.

2. Preliminary results

Let Q be a bounded domain in RY, N > 2 with smooth C2?-boundary and D?,
i =1,...,k smooth open subsets of 2, star shaped with respect to an interior
point y; and such that D; N D; = 0, for ¢ # j. Then we define the homothetic
domains D! = [¢! (D" — y;)] + y; with respect to y;, with the sequences &,

converging to zero as n — oo. Our approximating domains will be

(2.1) 0, =0\ | Di.

In Q,, we consider the linear operators L, = —A — a,(x)I where A is the
Laplace operator, I is the identity and a,, € L>(£2,,). Analogously we consider
in Q the linear operator L = —A — a(x)I with a € L>®(9Q).

For these operators we would like to prove some results about the convergence
of the first and second eigenvalue.
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PROPOSITION 2.1. Assume that a,, converges to the function a in LN/?(Q),
N > 3. Then the first eigenvalues A1(Ly, Q) in 0y, with zero Dirichlet boundary
conditions, converge to the first eigenvalue \1(L, Q) analogously defined.

PRrROOF. Let us set A1 = M(Ln, ), A1 = A(L,Q) and show that the
sequence {\1 ,} is bounded. By the variational characterization we have that

(2.2) Al,ng/ |V¢|2d9c—/ an¢? dx
Q. Q

n

for a function ¢ € C§°(B), fB ¢*dx = 1, where B is a ball contained in any £,,.
Hence by (2.2)

(2.3) An < /B|V(b2|dx+/B(a—an)¢2dx—/Ba(dex

2/N ) 2/2*
g/ |V¢2|dx+(/ |a—anN/2dx> (/ 42 d:c)
B B B
—|—/ \a|¢2dm§C
B

for a suitable constant C, having denoted by 2* the critical Sobolev exponent,
2* =2N/(N —2). So {A1,,} is bounded from above.

Let ¢, > 0 be a first eigenfunction of L,, in Q,, with an |V¢2|dz = 1. Then,
extending ¢,, by zero to the whole domain Q we get

o |V@Elde — [ ang? da
B fQ ¢7 dx

The sequence ¢,, converges weakly in H{ (2) and strongly in L?(9) to a function

(2.4) AL

s

¢ € Hi(Q) which cannot be zero otherwise from (2.4) and the convergence of a,,
to a in LV/2(Q) we would get that \;, — oo against what we proved. Then,
from (2.4) we deduce

N/2 2/N 2" 2/2"
’ fQ ¢, d

for a suitable constant C'. Hence Ay ,, is bounded from below and thus converges,

up to a subsequence, to a number .
Moreover, from the weak convergence of ¢, to ¢ in H}(Q) we get that ¢ is
nonnegative and solves the problem

{—A¢—a¢—A¢ in Q,

(2.6) $=0 on 99,

Since we already proved that ¢ # 0, by the strong maximum principle we get
that ¢ > 0 and hence is a first eigenfunction of L in Q, i.e. X = A;. O
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In the sequel we shall need to estimate the sign of the second eigenvalue of
L, in Q,,. Therefore, with the same notations as in Proposition 2.1 we prove

PROPOSITION 2.2. If a, converges to a in LN/Q(Q), N > 3 and Ny =
A2(L, ) > 0 then also Mg = Aa(Ly, Q) is positive for n sufficiently large.

PRrROOF. Arguing by contradiction let us assume that for a subsequence that
we still denote in the same way, Ay, < 0. Then, since A1, < Az, and the
sequence {A; ,} is bounded by Proposition 2.1, the same holds for {\s,} and
hence it converges, up to another subsequence, to a number A < 0. Then,
considering a sequence of second eigenfunctions ¢, ,, in Q,, with [, |V¢§,n\ dr =1
and extending them to zero to the whole domain €2, we have that ¢, ,, — (E weakly
in H}(Q). As in the previous proposition, using the variational characterization
of Ao ,, we get that (E # 0 and is a solution of

{—A%—a&?:ﬁ in Q,

@7 5 =0 on Jf).

So qz is an eigenfunction of L corresponding to the eigenvalue X <0. Since, by
hypothesis, Ao > 0, the only possibility is that A = A1 (L, Q) and hence bis a
first eigenfunction of L in Q. If ¢; ,, is a sequence of first eigenfunctions of L,
in Q,, we have the orthogonality condition

(2.8) /Qqﬁl,n(bln dz = 0.

Since, by the previous proposition, we have that also ¢, , — (E weakly in H (),
from (2.8), passing to the limit we get

(2.9) /Q ¢ dr =0

which is impossible. Hence Ay, > 0 for n sufficiently large. O

Now we consider the following semilinear elliptic problem in 2,
—Au= f(u) in Q,,
(2.10) u>0 on Q,,
u=20 on 0%,

where f:R — R is of class C'.

We would like to get some uniform L*-estimates for the solutions of (2.10)
when f is subcritical. This was already shown by Dancer in [5] using the Gidas—
Spruck approach (see [8]). For the reader’s convenience we sketch the proof
here.
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PROPOSITION 2.3. Let u € C%(,) be a classical solution of (2.10) with f
satisfying

lim &

s§—00 8

(2.11) =a>0,

where 1 <p < (N +2)/(N—2)if N >3, p>1if N=2. Then there exists a
number C > 0, independent of u and n such that

(2.12) [ulle @,y < C

PROOF. Arguing by contradiction we assume that for a sequence {u,} of
solutions of (2.10) we have

(2.13) [lunl|Lo= (@) = un(zn) — 00

for some sequence of points x,, € ,,. Let us set

1
vp(z) = un< (x_l)/Q —|—a:n>.
Hunlloo ™\ ||un| |2

These functions satisfy

1 -
—Au= Wf(“unﬂoovn) in €,
(2.14) v, (0) =1 on Q,,
O<v, <1 on aﬁnv

where ﬁn = (Qn — xn)||un||g71)/2 From (211) we get

f(”unHoovn) _ 'Ugf(HunHOO'Un)

Huano B ([lun]loovn )P

<C

(2.15)

for some positive constant C.

Now let us fix any compact set K C ﬁm such that
(2.16) d(K,00,) > a >0

where d(K,d9,,) is the distance of K from 9. Since the right hand side in the
equation (2.14) is uniformly bounded, by the standard regularity theory we have
that v, converges to a function v in C'(K). Therefore, by (2.11) and (2.14) we
get

—Av=avP in D,
(2.17)

0<v<1l inD,
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where D is the “limit” domain whose shape depends on the comparison between

|<(£—1)/2

the rate of divergence of ||uy,| and of convergence to zero of the param-

eters ¢! (which define the size of the holes). As shown in [5] there are four

possibilities

() D=RY,

(i) D=RY ={z=(z1,...,2n5) € RY, 31 > 0},
(2.18) (i) D =RN\ {0},

(iv) D =RN\aD' for some i € {1,2,...,k}

and a = lim & |ju,||®~D/2,
n—oo

The first two cases (i) and (ii) are excluded as in [8] because of the nonexis-
tence of nontrivial solutions of (2.17) in RN or RY.

The case (iii) is excluded because if D = R \ {0} only singular solutions at
zero can exist while v is bounded (see [9] and [5]). Hence, the only possibility is
that v = 0 a.e. in R, but, this can be excluded arguing exactly as in [5] (see
Theorem 2 and proof of (ii) of Theorem 1 therein).

Finally, by Theorem 1 of [5], also case (iv) is excluded, since the subdo-
mains D° are star shaped. Hence (2.12) holds. O

REMARK 2.4. The hypothesis that the subdomains D? are star shaped is
only used in the proof of (iv) of the previous proposition. We would like to point
out that it is not needed when p < N/(N — 2) (see Theorem 1 of [5]).

Now we assume that {2 contains the origin and is symmetric with respect
to the hyperplane Ty = {z = (x1,...,7x) € RY, 2y = 0} and convex in the
x1-direction. We also define the caps 2~ = {z € Q, 21 < 0} and Q" = {z €
Q, z1 > 0}. We end this section by recalling the following result.

PROPOSITION 2.5. Let u be a positive solution of the semilinear problem

{ —Au= f(u) inQ,

(2.19)
u=0 on 052,

where f:R — R is a C'-function with f(0) > 0. Then the first eigenvalue of
the linearized operator L, = —A — f'(u)I in Q= (or QT) with zero Dirichlet
boundary conditions is positive.

PROOF. The statement was proved in a lecture by L. Nirenberg (see also [6,
Theorem 2.1]). We recall here the simple proof.

By the symmetry result of [7] any positive solution of (2.19) is symmetric
and Ju/0x; > 0in Q7. Deriving (2.19) we have that the function du/dz; solves
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the linearized equation, i.e.

ou N NP
(2.20) —A((,hl> —f (u)a—x1 =0 inQ

and, by the condition f(0) > 0, the Hopf’s Lemma applied to the solution u
implies that du/dx; £ 0 on 9Q~. Since du/dxy > 0 in O~ this yelds the
validity of the maximum principle in 2~ which, in turns, is equivalent to claim
that the first eigenvalue of L, is positive in Q7. Since u is symmetric the same
holds in Q. O

3. The subcritical case

As at the beginning of the previous section we assume that Q is a smooth
bounded domain containing the origin, symmetric with respect to the hyper-
plane Ty and convex in the x1-direction. We also take the smooth star shaped
subdomains D, i =1,...,k in such a way that the domains 2, = Q\ Ule D,
gl — 0 (see Section 2 for the precise definition) are also symmetric with respect
to Ty, but, of course, they are not any more convex in the zi-direction. Let
f:R — R be a C'-function such that

(3.1) im 18 _ 050,

s—oo SP
where 1 <p < (N+2)/(N—-2)if N>3,p>1if N=2and
(3-2) f0) =0, f(0)# M

where A1 is the first eigenvalue of the Laplace operator, with zero Dirichlet
boundary conditions in €.
With this nonlinearity we consider the following semilinear problem

—Au= f(u) in D,
(3.3) u>0 on D,

u=20 on 0D,
where D is either Q,, or Q.

REMARK 3.1. If f is convex at zero and f(0) = 0 it is easy to see that a nec-
essary condition to have positive solutions of (3.3) in Q is to require f/(0) < Ay
and the same is true in . Since the first eigenvalue A, , of the Laplace oper-
ator in H}(,) converges to A; if we have f/(0) < A; then also f/(0) < Ay, for
sufficiently large n. Hence the requirement f'(0) # A1 in (3.2) is often not a real
hypothesis.

Now we show the convergence of the solutions of (3.3) in ,, to the solution
of (3.3) in Q. This was already proved by Dancer ([3]); since some steps of the
proof will be also used later we give all details here.
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THEOREM 3.2. Let u, be a solution of (3.3) in Q. Then the sequence {uy }
converges weakly in H(Q) to a solution ugy of (3.3) in Q.

PRrROOF. Let us extend the functions u,, to the whole domain € giving the
value zero outside of €,,. By Proposition 2.3 we know that the functions {u,}
are uniformly bounded in the L>°-norm and by (3.3) they are bounded in Hg (£2),
so that, up to a subsequence that we still denote by u,,, we have that u, — ug
weakly in H3(Q). Let us show that ug is a weak solution of (3.3) in Q. To
do this, it is enough to use as test functions those belonging to the set V =
{1 € H}(Q) such that ¢ € HE (L), for some n € N}. In fact the set V is dense
in HJ(Q2), because the subdomains Df, reduce to a finite number of points, as
n — 00. So, fixed ¥ € V we have that there exists m € N such that v € HE(Qx)
and hence 1 € H}(Qy,), for any n > n. Then, by (3.3), we have

(3.4) /QVunV¢ dx = /Qf(un)¢ dx for all n > 7.

Since u, — ug in Hg(Q) we have that [, Vu,Vidz — [, VuoVide and
also f(un) — f(ug) ae. in Q. Thus, since the sequence {u,} is uniformly
bounded, using the dominated convergence theorem, we get fQ flup)pde —
Jo f(uo)® dx. By this and (3.4) we deduce that ug is a weak solution of (3.3)
in © and hence, by standard regularity theorems, ug is also a classical C%(Q)
solution.

Obviously ug > 0 so that, by the hypothesis f(0) > 0 we can apply the
strong maximum principle claiming that either uy > 0, as we wanted prove,
or u = 0. In the last case f(0) must be zero. So, considering the functions
Un = Un/||Vtnl||L2(q), We have that v,, > 0 and

(3.5) A, = ( / 1 f’(tun)dt>vn inQ,.
0

Moreover, up to a subsequence, v, — vo in HZ(Q2) while v, — v strongly
in L?(Q). The limit function vy cannot be zero because we have

1
(3.6) 1:/ |W$L|dz:/ (/ f’(tun)dt)vidzgc*l/ v2 dx
Q Q. 0 Q,

where Cy = [|f'(5)||L(jo,c7), C being the constant which appears in (2.12).
Passing to the limit in (3.5), arguing as for (3.4), we get that v is a solution of
—Avg = f'(0)vg in §,

37) 0= /"(0)vo

v9 =0 on Of).
Since vy > 0 and vg # 0, by the strong maximum principle we have vy > 0 which
implies that f/(0) = A1, against the hypothesis. So wg is a positive solution of
(3.3) in . O
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Now we show the symmetry of the solutions of (3.3) when the domains D¢,
are sufficiently small.

THEOREM 3.3. For any nonlinearity f satisfying (3.1) and (3.2) there exists
ng € N such that for any n > ng all solutions of problem (3.3) in Q,, are even in
the x1-variable.

PROOF. Arguing by contradiction let us assume that there exists a sequence
{un} of solutions of (3.3) in €, such that u, are not even in x;. This im-
plies that, denoting by Q. the set {x € ,, such that z; < 0} the functions
wp () = up(21,...,oN) —Un(—2x1,22,...,2y) are not identically zero in 2, and
actually, since they are continuous, they are not zero in a set of positive measure.
Therefore, extending w,, by zero to the whole set Q= = {x € Q, 21 < 0} we
can define in Q™ the functions v, = wy,/||Vwy||12-) which belong to Hj(Q27)
since they are zero on 02~ .

It is easy to see that v, satisfy

(3.8) —Av, = </01 I (tuy(z) + (1 —t)un(—xhxg,...,QTN))dt)vn in O~

and converge weakly in H} (™) to a function vg, while v, — wvg in L2(Q7).
Exactly as in Theorem 3.2 we prove that vg # 0 and v is a solution of

—Avy = f'(ug)vg in £,
(3.9) vy =0 on 95,

vo £ 0 in Q,
where ug is the limit of the solutions u,, that, by Theorem 3.2, is a positive solu-
tion of (3.3) in Q. Then, by Proposition 2.5, we know that the first eigenvalue of
the linearized operator —A — f/(ug)I in 7, with zero Dirichlet boundary condi-

tions, is positive. This contradicts (3.9) which implies that zero is an eigenvalue
of —A — f'(ug)I in Q~. Thus the assertion holds O

We also get the radial symmetry of the solutions when €2,, are annuli and n
is sufficiently large.

COROLLARY 3.4. Let Q, be annuli. Then for any nonlinearity f satisfy-
ing (3.1) and (3.2) there exists m € N such that for any n > 7 all solutions of
problem (3.3) in Q,, are radial.

PrROOF. Since €, is symmetric with respect to any hyperplane 7T, passing
through the origin and orthogonal to a direction v € SV =1, (SN~ being the unit
sphere in RY), to each T, the previous theorem applies and gives an integer n,
such that, for any n > v, all solutions of (3.3) in Q,, are symmetric with respect
to the hyperplane T,,. To prove the statement we need to show that there exists
a positive integer 7 such that n, <7, for any v € SV—1,
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Arguing by contradiction we construct a sequence of directions vy, such that
n,, — 00 and, up to a subsequence v — 1y € SN=1 This means that we have
a sequence of solutions {uy} in Q, k — oco which are not symmetric with respect
to the hyperplane T,, = {x € RY : z - v}, = 0}. This implies that the functions

(3.10) wi = up(x) —up(ey,), v€Q ={rcQ:z -1 <0}

where x,, is the reflected point of  with respect to 7T, , are not zero in a set of
positive measure.
Hence considering the limit symmetry hyperplane T,,, = {z € RN : 2.1y = 0}
and extending wy by zero to the domain 2 we can define the functions
T V)

which satisfy the equation

~Av = (/01 Fltun(@) + (1 —t)uk(scyk))dt)vk in Q.

Exactly, as in Theorems 3.2 and 3.3, we prove that v;, converges weakly in H{ (€2)
to a function vy # 0 such that

{ —Avg = f'(up)ve in Qp,

(3.11)
vg =0 on 09,

where v is the limit of the solutions wy, which is symmetric with respect to T}, .
Therefore, by Proposition 2.5, we reach the same contradiction as in Theo-
rem 3.3. 0

4. The critical case

Keeping the previous notation we consider a bounded smooth domain 2
containing the origin, symmetric with respect to the hyperplane T and convex
in the z;-direction and denote by €2, the approximating domains as defined in
Sections 2 and 3.

We study the following “critical” semilinear problem

—Au =uN+t/N=2) 4 Ny in D,
(4.1) u>0 in D,

u =0 on 0D,
where D is either Q or Q,,, N >4 and X € (0, A1) where )\, is the first eigenvalue
of the Laplace operator in 2 with Dirichlet boundary conditions. Note that,
by the continuity of this eigenvalue with respect to the domain, we have that

A € (0, A1) for n sufficiently large, having denoted by Ay ,, the first eigenvalue
of —A in Q,, with the same boundary conditions.
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Thus by a famous result of Brezis and Nirenberg, we have that, for every
A € (0,A1), there exists a solution of (4.1), both in Q or €, which, up to
a multiplier, minimizes the functional

(12) Q) = [ va=x [ w2

among the functions u € H}(D) with [, u* = 1 where 2* = 2N/(N —2) =
(N+2)/(N—2)+1and D is either Q or Q,.

If N = 3, the same existence result holds in a suitable neighbourhood of A1,
say (A*, A1), (see [2]). As a consequence for N = 3, it will understood that we
will take A € (A\*, A1). In particular, if 2 is a ball A* = /4.

Let us denote by S* and S the infimum of (4.2) in H}(Q) and HE(Q,)
respectively.

We start by proving the following result.
PROPOSITION 4.1. S} — S* asn — oco.

PRrROOF. Since €,, C Q we have that S* < S;} for any n > 1. So if we prove
that

(4.3) lim S) < S*

n—oo

the claim follows. Let us consider the function #,: B(0,2r) — R defined as

2n72 rn72
(4.4) () = 1_2n_2( 1) if r < |x| < 2r,

0 if x| <.

Recalling the definition of D let us consider the smallest number 77, such that
D¢ C B(y;,rt) and set

(4.5)

nei (=) if |z —yi| < 2rt
Cn() = {

1 elsewhere.

Finally we consider the function v,, € Hg(Qy),

CnvO

I e Ea—
" [Gnvol| ey’

where v is the function which minimizes @ (u) in Q. Let us compute Qx(vy,).

By Lebesgue dominated convergence theorem we get

(4.6) / o2 do — Jo Gavg da . Jo vd dx
Q" 1CnvolZoingq)  (fyy o2/ 4D
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Concerning the integral fQ |V, |? dz we have the following estimate
@n [ o= [ [Fufcds
Q Q

+/ |V<5|2ugdx+2/vuo.vgnvogndx
Q Q

k
= / |Vo|? da + O(ZrﬁNz))
Q

=0
The estimates (4.6) and (4.7) imply that

(4.8) Jim Qx(vn) = @x(vo) = Si
which proves (4.3). O

Let v, be a sequence of minima of (4.2) in H}(Q,) corresponding to a fixed
value of A belonging to (0, A1) if N > 4 or to (A\*, A1) if N = 3. We extend v,
by zero to the whole domain €2 and we have

PROPOSITION 4.2. The sequence v, converges strongly in Hg(Q) to a func-
tion v which is a minimizer of (4.2) in HZ(Q).

PROOF. By definition we have that

(4.9) / v2 dr=1 and / |V, |* dz — )\/ v2 =S,
Q Q Q

Since by the previous proposition S — S* we have that {v,,} is a minimizing
sequence for the functional @ defined in (4.2), in the space HE (). By the result
of Brezis and Nirenberg ([2]) we know that for the value of A considered, S* is
smaller than S which is the best Sobolev constant for the imbedding of H{ ()
into L?" (Q). Again by a result of [2] we have that this implies that v, converges
strongly in Hg(£2) to a function vy which is a minimizer of (4.2) in HJ(2). O

The minimizer vy (respectively v,,) of (4.2) are obviously solutions of the

problem

—Av = poWN+2/(N=2) L Ny in D,
(4.10) v>0 in D,

v=20 on 0D,
where D is either 2 or €, and p is a suitable Lagrange multiplier, namely
p = 8" or p = S). Then it is easy to see that the function u = p'/P=Dy,
p=(N+2)/(N —2) is a solution of (4.1). These solutions, obtained through the
minimization procedure, will be called least-energy solutions of (4.1). To prove
the symmetry of these solutions we can either argue as in the subcritical case
or, since the nonlinearity f(s) = s(N+2/(N=2) 1 \s is strictly convex, exploit the
following proposition which is proved in [10].
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PROPOSITION 4.3. Let us denote by A\1(Ly, Q) and A (Ln,0T) the first
eigenvalues of the linearized operators L, = —A — f'(uyn)I in the domains Q,, =
{z € Qp, 21 <0}, QF ={z € Qp, 1 > 0}. If they are both nonnegative then

Uy 1S even in Ty.
PROOF. See Proposition 1.1 in [10]. O

THEOREM 4.4. For every A € (0,A1) ¢f N > 4, (A, A1) if N = 3, there
exists ng € N such that for every n > ng all least-energy solutions of (4.1) in Q,
are even in the x1-variable.

PROOF. Arguing by contradiction let us assume that there is a sequence
{un} of least-energy solutions of (4.1) in €2,, which are not even in ;.

By Proposition 4.2 {u,} converges strongly in HJ(f2) to a least energy so-
lution ug of (4.1) in Q and hence a,(z) = (pul=! + N, p = (N +2)/(N — 2)
converges in the space LV/2(Q) to the function a(z) = (puf~" + \)z. By Propo-
sition 2.1 applied to the linearized operators L, = —A — a,(z)] and L = —A —
a(x)I we have that the eigenvalues A;(L,, Q) — A (L, Q7) and Ay (Ln, Q) —
A1 (L, Q1). By Proposition 2.5 we know that A1 (L, Q) and A, (L, Q") are both
positive so that also A1(Ly, Q) and A (L,,Q}) are positive for n sufficiently
large. This, in turns, implies, by Proposition 4.3, that the functions w,, are even
in z; against what we assumed.

Alternatively, arguing as in the proof of Theorem 3.3 we could consider the
functions

wp(z) = up(z1, 22, ..., TN) — Up(—21,22,...,ZN) in O

and then set v, = w, /||Vwy,||2(-). The functions v, satisfy (3.8) in € with
f'(s) = s =2) — X and converge weakly in H(Q7) to a function v. To prove
that vy # 0, in Theorem 3.3 we used the uniform L°°-estimates which are not
known when the nonlinearity has a critical growth. In our case we observe that,
by Proposition 4.2, u,, — uo in H}(Q) and hence in L*N/(N=2)(Q). Therefore

(4.11) ul/ (V=2 /N i LN2(Q)

n

and this implies that vy is a solution of (3.11) and vg # 0. In fact
(4.12) 1= / | Vo2 | de
Q
1
= / (/ (tun(z) + (1 — up(—x1, 29, . . . ,IN))4/(N72) dt) vi dx.
2, \Jo
If vg = 0 then v,, — 0 weakly in H}(Q) and using (4.11) we have that

(4.13) /Q </01(tun(:r) + (1= un(—21, 20, .., 2x5)) Y2 dt)vg dz — 0
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and it gives a contradiction with (4.12). So vy # 0.
After this we can repeat exactly the same proof as in Theorem 3.3 and then
the same contradiction arises. d

COROLLARY 4.5. Let §,, be annuli. Then for every A in the intervals con-
sidered there exists m € N such that for any n >0 all solutions of problem (4.1)
i Q, are radial.

PROOF. It is similar to that of Corollary 3.4, using (4.11) instead of the
uniform L*>-estimates. O

If Q is a ball we know that problem (4.1) has only one solution which is also
non degenerate (see [1] or [12]). We end by showing that the same is true for
the approximating domains €2,,.

THEOREM 4.6. Let Q) be a ball. Then, for every A in the intervals considered
there exists @ € N such that, for any n > 7, problem (4.1) in Q, has only one
least-energy solution which is also nondegenerate.

PrROOF. By contradiction let us assume that there exist two sequences of
least-energy solutions of (4.11) in Q,,, say {u1,n}, {u2n}, with {u1,} # {u2n}
As usual we extend them by zero in 2 and define the functions
Ul,m — U2,

414 v, =
(4.14) N (et — wa ) e

which satisfy

1
—Av,, = p(/ (tur,, + (1 — t)ug,n)p_1 dt) vy + Av,  in Q,,

0
vy, =0 on 0,

(4.15)

where p = (N +2)/(N —2). Since [, |Vv,|?dz = 1 we get that v, — vg in
H (). By Proposition 4.2 both {u; ,,} and {us,} converge strongly in Hg(Q)
to the unique least-energy solution ug of (4.1) in the ball . Using this and
arguing as in the second part of the Proof of Theorem 4.4 we deduce that vy #Z 0.
Then, passing to the limit in (4.15), we get that vg is a solution of the linearized
equation at ug in €2, i.e.

(4.16) { —Auvyg —pugflvo —Avyg =0 in §,

9 =0 on 0f2.

Since ug is a nondegenerate solution of (4.1) (see [1], [12]) we reach a con-
tradiction which shows that {u; ,} = {ua,} for n sufficiently large.

Finally, since ug is a least-energy solution of (4.1) in the ball Q we also
have that it has index one, i.e. the second eigenvalue of the linearized operator
at ug is positive in 2. Therefore, using the strong convergence of the least-energy
solutions u,, of (4.1) in €, and Proposition 2.2, we get that the second eigenvalue
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of the linearized operators at u,, in €2, are also positive. This implies that the
solutions u,, are nondegenerate. O

From the proof of Theorem 4.6 it is obvious that the same result holds if € is
not a ball but any domain where (4.1) has only one non degenerate least-energy
solution.
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