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MULTIPLE POSITIVE SYMMETRIC SOLUTIONS
OF A SINGULARLY PERTURBED ELLIPTIC EQUATION

MonNIcA CLAPP — GUSTAVO IZQUIERDO

ABSTRACT. This paper is concerned with the multiplicity of positive solu-
tions of the Dirichlet problem

—&2Au+u=K(x)|uP~2u inQ,

where € is a smooth domain in RN which is either bounded or has bounded
complement (including the case Q = RN), N > 3, K is continuous and p
is subcritical. It is known that critical points of K give rise to multibump
solutions of this type of problems. It is also known that, in general, the pres-
ence of symmetries has the effect of producing many additional solutions.
So, we consider domains §2 which are invariant under the action of a group
G of orthogonal transformations of RV, we assume that K is G-invariant,
and study the combined effect of symmetries and the nonautonomous term
K on the number of positive solutions of this problem. We obtain multi-
plicity results which extend previous results of Benci and Cerami (1994),
Cingolani and Lazzo (1997) and Qiao and Wang (1999).
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18 M. CLAPP G. IZQUIERDO

1. Introduction and statement of results

We consider the singularly perturbed problem
—?Au+u=K(z)|u[P?u inQ,
(Pe.x) u>0 in Q,
u=0 on 0,

where € is a smooth domain in RY which is either bounded or has a bounded
complement (€2 might be all of RY), N >3, 2 < p < 2* :=2N/(N —2), and K
is a Holder continuous function on Q which satisfies

inf K >0 and lim K(z)= Ky < o0.

Q || — o0

Singularly perturbed elliptic equations have attracted much attention in re-
cent years and various interesting existence and multiplicity results have been
obtained, see for example [19] and the references therein.

Here we are interested in studying the effect of the topology of certain subsets
of the domain related to this problem on the number of solutions of it. In
the autonomous case K = 1 Benci and Cerami have shown that, for bounded
domains, there is an influence of the domain topology on the number of single-
bump solutions of this problem for ¢ small enough ([4], [5]). Results of this
kind for more general domains are also known, see for example [6], [7]. In the
nonautonomous case ground state solutions concentrate at maxima of K ase — 0
([25], [28], [29]), and this set of maxima has an effect on the number of single-
bump solutions of this problem ([8], [9], [24]). Similar results for the Neumann
problem are also known ([1], [24], [30]).

It has been shown that critical points of K give rise to multibump solutions
for this type of problems, see for example [17], [19], [13]. On the other hand, it is
well known that the presence of symmetries has usually the effect of producing
additional solutions. Here we shall study the combined effect of both of these
factors. We consider domains §2 which are invariant under the action of a group
G of orthogonal transformations of RY (i.e. gz € Q for all g € G, 2 € Q). We
assume that the function K is G-invariant (i.e. K(gz) = K(z) for all g € G,
z € Q) and look for solutions u which are also G-invariant, that is, we consider
the problem

—&2Au+u=K(x)|uP"2u inQ,

(PC ) u>0 in Q,
oK u=20 on 0%},
u(gz) = u(x) forallg e G, x € Q,

where G is a closed subgroup of O(N), € is a G-invariant smooth domain in RY
which is either bounded or has a bounded complement, N > 3, 2 < p < 2* and
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K is a G-invariant Holder continuous function on  which satisfies

i?sz>O and lim K(z) = Ko < 00.

We shall show that the G-invariant ground-state solutions of this problem tend
to concentrate near G-orbits of the set

M:M(G):{yEQ‘K(#Gy = min #Ge }

y)2/(P*2) z€Q K(m)2/(p*2)

and that the orbit space of M has an effect on the number of solutions of this
problem for € small enough. More precisely, for p > 0, let

M, = M(G), ={y € M |dist(y,00) > p},
N | Jia
M; = M(G)j = {y e RY | dist(y, M) < p}.

We denote by X/G = {Gx | x € X} the G-orbit space of X. Its elements are
the G-orbits Gz := {gz | g € G} of X and it has the quotient space topology.
We write #Gz for the cardinality of Gz. Let p; gnv be the energy of the ground
state solution of the problem

(Poo)

—Au+u=|u|P?2u in RV,
u(z) — 0 as |z| — oo.

We shall prove the following results.

THEOREM 1.1. Assume that Q) is bounded and that it contains a finite G-
orbit. Then, for every p > 0 and every v < (min_ g #Gx/(K(x)z/(pfz))ulyRN
< 72, there exists an € > 0 such that, for every 0 < € < g, problem (PgK) has
at least

cat s+ (M, /G)
solutions u which satisfy

2
=P < s*N/(s2|vu|2 + |uf?) dz <
p—2 Q

2p
2’72-

THEOREM 1.2. Assume  has bounded (possibly empty) complement and
that it contains a finite G-orbit. Assume further that

. — #Gzx . — #Gx
(CG) mmnax € QW < minx € QW

Then, for every p > 0 and every 1 < (minx € ﬁ#Gm/K(m)Q/(p_Q))uLRN < Y2
there exists an € > 0 such that, for every 0 < e < &, problem (PgK) has at least

catyt (M, /G)
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solutions u which satisfy

2
N E*N/(a2|vu|2 +luf?)de <
p—2 Q

2p
— 272-

Here catz(Y) denotes the Lusternik—Schnirelmann category of Y in Z, that
is, the smallest number of open subsets of Z which are contractible in Z and
cover Y.

If G is the trivial group Theorem 1.1 is due to Benci and Cerami [5] for
K = 1, and to Qiang and Wang [24] for arbitrary K. For Q = RY with no
group action, Theorem 1.2 is due to Cingolani and Lazzo [8], [9]. The technics
used there, however, cannot be adapted to our case. In all of these papers
the result is obtained by showing that, for ¢ small enough, the “barycenter” of
low energy functions lies near enough {2 or, respectively, near enough the set
of minima of the potential. But the “barycenter map” on symmetric functions
is trivial, so it is of no use to obtain symmetric results. On the other hand,
as in the non-symmetric case, there is a concentration behavior of G-invariant
ground-state solutions as € — 0. Our results are based on a careful study of this
concentration phenomenon. We show that, as ¢ — 0, low energy G-invariant
functions concentrate near G-orbits of M in an adequate way, that is, low energy
G-invariant functions tend to look as a sum of highly concentrated ground state
solutions of the limiting problem (P, ) centered at each point of a G-orbit of M
(see Theorem 4.3 below). Moreover, we show that, for € small enough, there is
a unique such sum which minimizes the distance to a low energy function (see
Proposition 5.5 below). This way we produce a “baryorbit map” which will yield
the above results.

We would like to point out that, if the action of G is not free, the points
of M are not necessarily local maxima of K. Notice also that, if Q and K are G-
invariant, Theorems 1.1 and 1.2 provide in fact additional (multibump) solutions
to those obtained in [5], [8], [24], namely, the following holds.

COROLLARY 1.3. Assume that Q0 is a bounded G-invariant domain, K is
strictly positive and G-invariant, and that there is a finite sequence of subgroups
{id} =Go C ... C Gy, =G of G such that

min AL < min #Ginz
veq K(2)2/(0=2) = cq K(x)2/(r—2)

< o0

fori=0,... ,m — 1. Then, given p > 0, there ezists an € > 0 such that, for
every 0 < & <&, problem (P. i) has at least

cat g e, (M(Gi), /Gi)
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solutions which are G;-invariant but not G;y1-invariant. In particular, (Pe k)
has at least

m

antM(Gi);ﬁ'/Gi(M(Gi);/Gi)

i=0
solutions.

COROLLARY 1.4. Assume that Q0 has bounded (possibly empty) complement

and that
ing >0 and lim K(z) = Koo < max K(z).

|z| =00 z€Q

Assume further that  and K are G-invariant, and there is a finite sequence of
subgroups {id} = Gg C ... C Gy, = G of G such that

min 7Gx < min #Ginz
zeq K(x)2/(0=2) 7 cq K(x)2/(p=2)

< o0

fori=0,...,m—1. Then, given p > 0, there exists an € > 0 such that, for
every 0 < e < g, problem (P, k) has at least

catyra; e (M(Gi), /Gi)

solutiona which are Gji-invariant but not G;y1-invariant. In particular, (Pe i)
has at least

> catys gt a, (M(Gi), /Gi)
i=0
solutions.

This paper is organized as follows: in Section 2 we describe the variational
setting for problem (Pf ) and in Section 3 we derive some useful properties of
the ground state of this problem. In Section 3 we make a careful analysis of the
concentration behavior of G-invariant “Palais—Smale sequences” of the energy
as € — (. Finally, Section 4 is devoted to the proof of the above results.

2. The variational setting

We shall use the following notation:

(u,v)e 1= / (eVu - eVu 4+ w) dz,
Q

1/2
fulli= ([ @IVaP + uPyac)
Q

1/p
[ulp, i = (/ K(x)|updx> )
Q

The action of G on € induces a G-action on H}(Q) given by

(gu)(z) :=u(g tz) for g€ G, uec Hy(Q), z €.
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This is an orthogonal action on H}(Q) for any of the scalar products (-, - )e,
€ >0, and it preserves the norm | - |, x, that is,

{gu, gv)e = (u,v)e  and  |gulpx = |ulp K
for all u,v € H3(Q), g € G. Therefore, the functional E. x : H}(Q) — R,

1

1 1 1
Fowle) = 3 [ @00l + ) de =5 [ K@l do = 5ll? = Sjul

is G-invariant and, by the Principle of Symmetric Criticality [23], the positive
critical points of its restriction

ESk 1 Hy(2)¢ - R

to the fixed point space H} ()¢ = {u € HL(Q) | gu = u for all g € G} are
precisely the solutions of (Pf K)-

The non-trivial critical points of ESK lie on the Nehari manifold

NEk = {u € Hy ()9 \ {0} | DE x (w)u = 0}
= {u € Hy() | |[ull2 = |ul} ¢, u# 0},

which is a C'"'-manifold, radially dipheomorphic to each of the unit spheres
¢ ={ue Hy() | ul. =1}, =5k ={ue Hy(Q) | |ulpx =1}

The diffeomorphisms are given by

(2.1) x¢ - NSK, U — |u\§’/l((27p)u, ZgK — NSK, U — Hu||§/(p_2)u.

For u € N the functional EY is simply

p—2 p—2
Ef e (u) = WH“H? = WW\;K,

and the positive critical points of this functional on NSK are precisely the non-
trivial G-invariant solutions of (P% ), (see [5], [31]).
Let
pgK = inf{EgK(u) |u € ./\/EGK} > 0.

Then, following Benci and Cerami [4] (cf. [10]), one can easily show that

PROPOSITION 2.1. If u € N is a critical point of ES such that ES  (u)
< 2u& e then either u >0 oru <0 in Q. Hence |u| is a solution of (PS ).
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3. Properties of ugK
From the diffeomorphisms (2.1) defined above it follows that

p—2 . 2/(2-p) _P—2 . 2p/(p—2)
— f — f p/(p=2)
2p HIE%EG |u|p,K 2p uéggK ||u||5

G
/‘LE,K

With this remark the following properties are easily verified.

PRroOPOSITION 3.1.

(a) If K is a constant function then
Hgk = KQ/(Z_p)Ngr
(b) If0 < Ky < Ky then ,ugKl > ﬂgG,K2~ In particular, if Qg is a G-invariant
subdomain of Q and Ky := K | Qq is the restriction of K to Qq, then

:U'SKO > /U'SK'
(c) If0 <& <&y then /,Lg)K < :LLan,K'
(d) If T is a closed subgroup of G, then UE,K < ugK.

If K =1 on Q we write Mgg for ,ugl, and if G = {Id} is the trivial group we
denote ,ug x simply by pe . Let B(x, p) the open ball of radius p centered at
in RN . It is easy to see that

e Ve Bo,p) = H1,B(0,e-1p) and € N pn = iy g
Using the exponential decay of the ground state solution of the limiting problem
in R Benci and Cerami have shown [4] that
(31) ;EI%)E_N/J'E,B(O,;)) = TILIEO H1,B(0,r) = H1,RN-
Let #Gz be the cardinality of the G-orbit Gz = {gx | g € G} of .

PROPOSITION 3.2. The following inequalities hold:

(a) (sup,eq K ()PP iy pv < e Nuly,
(b) limsup,_,q stugK < (inf, g #Ga /K (x)?/ P~y g

PROOF. (a) Let K = sup, g K(x). By Proposition 3.1,

FQ/@—p)MLRN _ KQ/(Q_p)E_N:U’E,RN < F2/(2—1))€_N'ue 0

= E*N,uef < 57NM8G,§ < afN,uEG’K.

(b) If all orbits Gz are infinite there is nothing to prove. So let z € £ be
such that #Gx < co. For every p > 0 small enough so that B(x,p) C Q and
B(gz,p) N B(x,p) =0 if gz # z, let

U, = U B(gx, p).

geG
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Let K, := K | U, be the restriction of K to U,, and let K, := inf,cp(s,p) K (y).
Then, by Proposition 3.1,

-N G -N, G -N G _ -N, G
€ ,uE,K S € ILLE7KP S € ILLE,EKJ - (Kp)Q/(p_Q)g NJE,U,,
_ #Gz _N
TK, Ve HeBOs)
2
and, by (3.1) above,

#Gx

: -N , G
thupE :u’E,K S W'LLLRN.

e—0

Letting p — 0 we get

: -N, G #Gx
llr;ljélpa per < K ()= PR
for all 2 € Q and, by [10, Lemma 8], also for all z € Q. O

In particular, if K attains its maximum at some fixed point of the action
of G on €, then

lim eV & ;e = (max K (2))* %P g g
e—0 zeQ

We shall show that in fact, under an appropriate compactness condition (Con-
dition 4.2 below),

lim e Np&, = min#ti [ RN
0 e, K ) K(:L,)Q/(p—2) 1,RN .

4. (G-invariant minimizing sequences
Let 0 < ,uf{ = liminf._q 5‘N,ugK < 00.

DEFINITION 4.1. A G-PS-sequence for ESK is sequence (e, u,) such that
(i) e, > 0,e, — 0,
(ii) enVES g(un) — v €R,
(i) enV?|IVES 4 (un)|c, — 0.
If v = u% < oo then (g,,u,) will be called a minimizing G-PS-sequence for

G
ES.

VEg“K denotes the gradient of ngK in the Hilbert space (H(€2), (-, -).).
We wish to describe minimizing G-PS-sequences. We shall need the following

compactness condition.
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CONDITION 4.2. There exists a 8 > 0 such that the set

= #Gy . #Gx
{y < ‘ K2/ = (féf-z K<x>2/<p—2>> +P }

18 compact.

Observe that Condition 4.2 always holds if € is bounded. If © has bounded
complement Condition 4.2 is equivalent to
. #Gx . #Gzx
(Ce) en K(x)2/0-2) = s g2/
which is the one given in Theorem 1.2.

Without loss of generality we assume that K is defined on all of RV,

Let w = *|w| denote either the positive or the negative ground state solution
of the limiting problem

—Au+u=|ulP"2u inRY,
(Poo)

u(z) — 0 as |z| — oo,

which is radially symmetric with respect to the origin.

There is a strong analogy between the behaviour of G-PS-sequences for EgK
and those occuring in problems where invariance under dilations or under tran-
lations produces a lack of compactness [20], [26], [3], [27]. The following theorem
gives a precise description of minimizing G-PS-sequences for Ef K-

We write G, := {g € G | gx = «} for the G-isotropy subgroup of z.

THEOREM 4.3. Assume that Condition 4.2 holds. Then, for every minimiz-
ing G-PS-sequence (e, uy) for EEK, there exist a subsequence, also denoted by
(Ensun), a closed subgroup T' of finite index in G, and a sequence (y,) in 0 such
that

(a) Gy, =T,
(®) yn — y € Q with G, =T and

#Gy . #Gx

K202 ~ e K(z)2/7-2)’

—N/2 _ _
(©) en™?llun = Ygrea e K@) Pwler (- = gyn)lle, — 0,
(d) pf =lim._ge Nuly = (min, 5 #Ga/K(2)*/ @)y .

PROOF. Let %, € H'(RY) and K,, : RN — R be

Un(2) = un(enz), Kn(z):=K(e,z2).
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Then,
S, = Tl = [V +22),
Ml s = 1l 7, o= [ Rl
In the usual way [27], [31] one can show that the sequence &, |lup |2 = ||, ]|?

is bounded and, therefore, that
_ 2p
-N
[inly e, = n lunlppe = =57 > 0.

We apply the Concentration-Compactness Principle [20]. By Lemma 1.21 in [31]
vanishing does not occur. Therefore, there exists an 0 < o < 1 and a subse-
quence (1, ) such that, for every § > 0, there exist R > 0, a sequence (z,,) in RY
and a sequence R, — oo satisfying, for all n large enough.

Hova- [ Ralml| <o
b= B(zn,R)

2 _1—a) - / Rolfin?
p—2 RN\ B(25, R )

We denote now R = V. For a subgroup H of G, we denote by

(4.1)
< 6.

VH ={2ecV]|gz=zforallge H}

the H-fixed point set of V and by 2/ the orthogonal projection of z € V onto V.
We need the following.

LEMMA 4.4. If for some closed subgroup H of G
(4.2) dist(z,, VH) — oo,
then there exists a proper closed subgroup K of H such that |H/K| < oo and a
subsequence, denoted again by (z), such that

(a) H.x = K and

(b) for every r > 0 there is an n(r) € N such that

B(gzn,7) N B(g'zn,7) =0 for all [g] # [¢'] € H/K and n > n(r).

PROOF. Let z- be the orthogonal projection of z, onto the orthogonal com-
plement (V)L of VH in V. Then, up to a subsequence, z- # 0 and
1L

;R U HyL
Z”_|z§-|ﬂz e (VH)~.
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Since H acts on (V)L without non-trivial fixed points, the isotropy subgroup
K = H,, is a proper subgroup of H. For every set of classes [g1],... ,[gm] € H/K
there is a p > 0 such that

B(gi?',p) N B(g;z',p) =0 for i # j.
So, since |z;-| = dist(zp, VH) — oo,
B(gizr,7) N B(gjzr,7) =0 for i # j and n large,
and therefore
B(gizn,r) N B(gjzn,r) =0 for i # j and n large.

Since u,, is G-invariant,

_ _ P
m/ Roliinl? < /Kn\ﬂn|p — o).
B(zn,T) P — 2

Hence, |H/K| < oo. Finally, since (/)% — (2/)X = 2/, the isotropy subgroup

H1yx = H.ryx C K = H/. and therefore H.x = K. O

We go on with the proof of Theorem 4.3. Starting with H = G we apply
Lemma 4.4 inductively as many times as (4.2) is satisfied (maybe none) until we
arrive at a closed subgroup I' of finite index in G and a subsequence (z,) such
that

(4.3) dist(z,,, V') < C < o0,
GZE =T,
B(gzn,7) N B(g' 2n,7) =0 for all [g] # [¢'] € G/T, n>n(r).

(Observe that, if (4.2) does not hold for H = G, then I' := G satisfies these three
conditions). Let ¢, := 2z be the orthogonal projection of z, onto V! and let

Since ||y, || = ||un || is bounded, a subsequence
U, —=u weakly in H'(RY),
U, — U a.e.on ]RN,

(RM).

U, —Tw in L},

It follows from (4.1) and (4.3) that, for » > R and n large enough,

p—2 B(2n,R) B(Cn,C+r)

~ ~ 2
/ K,|u,|? < / K, |u,|? < 7p'ya + 26.
B(2,2C+) B(2n,Bn) p—2

IN
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Cee 7T P (RN
Since @, — win L], . (R"Y),

/ Kyln|? = / Kultn|? — lim K(en(p) / P
B((n,CHT) B(0,C+r) n—oo B(0,C+r)

as n — oo. Letting first n — oo and then r — oo we obtain

2 2
iva —-6< hm K(enln) /|u|p < 7p'ya + 26
p—2 p—2
for all § > 0 and, therefore,
2
(4.4) lim K (2,(n) / [P = —pzm.
n—oo p —
In particular, @ # 0. Furthermore, since @,, is G-invariant, it follows from (4.3)
that

I Rofu,l? < |G/T| / Ryl P
B(0,C+r) z,L,2C’+T

< /Knmn‘p = m7+0(1)

for n large enough. So letting first n — oo and then r — oo we obtain
(4.5) a < |G/T|7h

Moreover, for 6 < 2p/(p — 2)ya and all n large enough,

0< / Rofiin|? = 5,;N/ Klun|?.
B((n,C+R) B(enCn,en(C+R))

Hence dist(£,(n, ) < €,(C + R). Let

Yn = Enln, K := lim K(yn).

n—oo

Then G, =T If
liminf e, 'dist(y,, 0Q) < oo

n—oo

we may assume that
lim e, 'dist(y,,0Q) = d.

n—oo

It is then easy to verify that, up to a rotation, the sets 2, := {z € RV | g,,2+y, €
0} satisfy
N(Usn)=n
k=1
where HY = {(z1,...,2n) € RY : 2y > —d}. Hence, 7 is a solution of the
limiting problem

—Au+u=KluP72u in HV,

u € Hi(HY),
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in the half-space HY and, by [16], & must be zero. This is a contradiction.
Therefore,

lim &, 'dist(y,, 99Q) = oo

and u is a solution of the limiting problem

—Au+u=KluP2u inRY,
(P )

u(z) — 0 as |z| — oc.
If v = u%, Proposition 3.3 and Equations (4.4) and (4.5) above imply

#Gyn pP— 2 — G . #GJ?
—_— < —_— P < < —_— .
Ttz PRy < |G/ o K [ul” < pk < i ) ) PR
Condition 4.2 implies that (y,,) is bounded. Therefore a subsequence y,, — y € Q,
and the inequalities above imply G, =T, K(y) = K,
|G/ #Gy

46 B . #Gx
(4.6) R2/0-2 K@)  pes K(x)2/@-2)

4 is a ground state solution of (P__ »), that is

(47) W= K(y)'* P,
and
(48) Hr = <I;1€1£ K(x)g/(p_2)>N1,RN-

We now prove (c). Since &, gy, — yn| — oo if g ¢ T, it follows that u(- +
71 (9Yyn — yn)) — 0 weakly in H*(RY). Therefore, for every subset S of G/T
which does not contain the identity class,

2 2

eV lun = D e (- —gyn))|| = [T — Y (- + " (9Yn — yn))
lgles &n lgles
2
= ||Un —u— ZE( +€;1(gyn_yn)) +||HH2+O(1)
lgles
2

=, Mlun =T, (- =) = D T, (- = gyn))

l9]es en

L 2P pr/eep

b2 p1,ry +o(1).
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Choose [go] € S and let S = S\ {[go]}. Then, since || - || is G-invariant and @
is radially symmetric,
2

un = Y e, (- = gyn))

lgles

Since u,, is G-invariant, we may proceed inductively to obtain

En
2

goun — (e, (= goyn)) — Y Ulen (- — gogyn))
lgles’

En

2

eV unl2, =&V fun — D (e (- — gyn))
lgleG/T en
2 ~
H1G/T T R i g+ (1),
and (c) follows from and equations (4.6)—(4.8). O

An immediate consequence is the following.

COROLLARY 4.5. Assume Condition 4.2 holds. Then u$ = oo if and only if
every G-orbit of Q is infinite.

For the critical exponent problem a result similar to Theorem 4.3 was proved
in [10], however without the condition that the isotropy subgroups of the y,’s
coincide with the one of its limit point y. This fact shall be rather useful for
proving Theorems 1.1 and 1.2.

5. Proof of Theorems 1 and 2

The Nehari-manifold N5 is symmetric with respect to the origin and the
functional EEG I /\/'EGK — R is even. So critical points appear in pairs {u, —u}.
According to Proposition 2.1, the number of critical pairs with

EEGK(U) :EgK(_U) < 2M5G,K

is a lower bound for the number solutions of (PSK).
It is well known that, if the functional ES : NS — R satisfies the Palais-
Smale condition in the interval [,ugK, v], that is, if

(PS) Every sequence (uy) € N such that
B¢ (un) — ¢ € [uSg,v] and  [[VESk (un)le — 0

has a convergent subsequence,

then the number of critical antipodal pairs of EgK Y fK — R with values < v
is at least
{Z/2}-cat(ES)=",
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where (ES )< := {u € NF% : ESy(u) < v} and {Z/2}-cat(X) denotes the
equivariant {Z/2}-category of X that is, the smallest number of open subsets
which cover X each of which can be deformed into a pair {z, —z} in X through
a an odd deformation (see for example [2], [12]).

If Y is a subspace of Z we denote by catz(Y) the Lusternik—Schnirelmann
category of Y in Z [22], [18], that is, the smallest number of open subsets of Z,
each of them contractible in Z, which cover Y, and we write cat(Z) := catz(Z).

We shall need the following easy lemma:

LEMMA 5.1. Let X be a fized point free Z/2-space and assume there is a
space Z, a subspace Y C Z and maps
y - x 2z
such that f(x) = B(—x) for every x € X, and fouly) =y for ally € Y. Then,
catz(Y) < {Z/2}-cat(X).

PROOF. Since Z/2 acts freely on X, {Z/2}-cat(X) = cat(X) where X is the
quotient space of X obtained by identifying each x with —x. Then § induces a
map B\ : X — Z. If7: Y — X denotes the composition of ¢ with the quotient
map X — )?, then ,@ o2(y) = y for all y € Y and the result follows from
11, 1.3(3)). 0

o ol #Gy . #Gx
M= {y € e ’ K@) 02 ~ pen \K(2)2/—2

Let

and, for p > 0, let
M, :={y e M |dist(y,00) = p},
+ . N H
My = {y e RY | dist(y, M) < p}.

We shall show that, given p > 0 and 2 > N?@ there exist € > 0 and ,u?( <7<
min{vys, 2;1%} with the following property: For every 0 < € < , the inequalities
ug r<elVy < ng x hold, and there exist two continuous functions

— lpe N B €
M; 2% (ES )= 7 25 Mf/G

such that ¢, . is G-invariant, 3,.(u) = Bp(—u) and B, (tp(y)) = Gy.
Lemma 5.1 then yields Theorems 1.1 and 1.2 provided the Palais—Smale con-
dition holds.

We shall assume throughout that  contains a finite G-orbit and that Con-
dition 4.2 is satisfied. This implies, in particular, that M is compact and that
every G-orbit in M is finite. Now, isotropy subgroups satisfy that G, = ¢G.g7',
therefore the set of isotropy subgroups of a GG-space consists of complete conju-

gacy classes [14]. Let {(T'1),...,(I';n)} be the set of conjugacy classes of those
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subgroups of G which occur as isotropy subgroups in M. Fix a subgroup I'; in
each conjugacy class (I';) and let

Then M = GM, U...UGM,, where GM; :={gy | g € G, y € M;} and, since

G/Ts| . #Gx
K2 e-D ~ g K(2)2 -2

for each y € GM;, K is constant on GM;. We denote by K; the value of K on
GM,;.

It follows easily from the definition of M that each M; is compact. So we
may fix a p > 0 such that

(5.1) ly —gyl >2p if gy#ye M,
dist(GM;, GM;) > 2p if i # j.

PRrOPOSITION 5.3. Given p > 0 and ,u%; < v < 2/@2 there exists €1 =
e1(p,7y) > 0 such that, for every 0 < e < &1,
(a) ey < 2uSy and

(b) there exits a G-invariant map 1, : M, — (EgK)SEN'Y.

ProoF. Let w.-1, be the positive ground state solution of the problem

—Au+u=|uP~2u in B(0,e"!p),
u=0 on 0B(0,e71p),

that is, [lw.-1,]|> = |we-1,8 and p — 2/2p||we-1,||* = p1,B(0,e-1)- For p < p, let
lpe: My — NgK be given by

We-1, e~ (. = p 1/2—p )
LP,E(y) = Z ( ( ( gy>) p’K) weflp(g_ ( _gy)) € NSK

weaia, N Iwem1p (e 0 — gn))li2
Then, using (5.2), we obtain

E_NEE,K(LP,E(y))
_ |Ws*1p(€_1( T gy)) g,K 2/(2_11)]) -2
-2 )

E_N”"Jt-:*lp(a_l( T gy)) ”g

[91€G/G, [we-1,(e71(+ —gy))lI2 %
- JEEC) + gy, P\ Pp-2
= > 2 Elwesl

[9]€G/Gy [[we=1, D

|G/Gy|

= WHLRJ\’ +0.(1) = pu% + 0-(1),
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where 0.(1) — 0 uniformily in M. Since E_N,ugK — p& as e — 0 there exists
€1 > 0, depending on p, such that for all 0 <e <e; and all y € M,

e VB k(tpey) <7 <26 Nplg.
Finally, if p > p, we define ¢, . = t5.. 0

The outgoing map S, . requires some more work. For each p < p we consider
the p-neighbourhood

M! = {xz e V; | dist(z, M;) < p}
of M; in the T';-fixed point space V; := {z € RY : gv = x for all g € I';}. Notice

that GM{ U...UGM}, C M and that G,, = T; for every y € M/ if p < 7. Let

Oy = > K PwE' (- —gy)
lgleG/T;

and, for e > 0, p <P, and § > 0, consider the sets

O.p ={0cylye MY U...UML}Y,
@gp = {v e HY(Q)® | e N?|jv — 6., || < J for some b, € O.,}.

Then,

PROPOSITION 5.4. Given 6 > 0 and p > 0 there exist an e = £2(5,p) > 0
and a v = (8, p) > u§ such that, for every 0 < e < &3,

N
(E¢)== 7 cel,.

PROOF. If this were not so, then for some § > 0 and some p > 0 there would
exist a sequence of positive numbers ¢,, — 0 and a sequence (uy,) in NgK such
that e, N E., x(un) < p$ +1/n and u, ¢ @gmp. As in Ekeland’s Variational

Principle [15] we may assume that (e,,u,) is a minimizing PS-sequence. This
contradicts Theorem 4.3. g

We wish to show that

PROPOSITION 5.5. Given 0 < p < p there exist a v = v(p) > u% and an
es = e3(p) > 0 with the property that, for every 0 < & < €3 and every u €
(EgK)SENW, there is exactly one G-orbit Gye ., such that y.,, € M U...UMPE,
and

(5.2) e N2 lu . le = pun e N2|u—]]..

We need the following lemma.
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LEMMA 5.6.

(a) e N0 = 2p/(p —2))uG + 0-(1) where o.(1) — O uniformly in
M{U...UMP,.

(b) Given r > 0 there is an 4 = e4(r) > 0 such that, if 0 < ¢ < €4 and
v,y € MPU...UMP, satisfy

_ 2p
e M |0cy — Oc |12 < mﬂ?@

then dist(Gy, Gy') < r
PROOF. Since |w| and |Vw| decay exponentially as |z| — oo,
(w,w(- +2))] < Me™?"!

where M and a are positive constants independent of z. Therefore, for y € M Zp ,

e N0, 12 =11 Y KPPw(- — e igy)?
l[9]eG/T;
= G/Ti K C w2 +2 Y KPP w,w(- — e gy — g'y))
[9]#[g’]
2p
:ﬁ.uKJrOs(l)

with |o.(1)| < M’e=225"'P_ This proves the first assertion.
Now, if y € M,y € MY and e~ N[0, — 0. (|12 < 2p/(p — 2)u%, then

2 e

p _
2/~Lz< +0e(1) e N ([|0=y 12 + 10 112) — T
< 2€7N<0€ ys ey )e
=2 > Y (KK ww(- — e gy - g'y))

[91€G/T [g']€G/T;

< M//e—ae’ldist(Gy,Gy’)

This implies that dist(Gy, Gy') < Ce and (b) follows. O

)]

and let e5 = £2(6,p/3) > 0 and a v = (8, p/3) > p& be as in Proposition 5.4.

PRrROOF OF PROPOSITION 5.5. Choose
2w
020z,

b

(5.3) 0<od< min{
i,5,k

<NmaxK1/2 P

-2 K’ H 821

Let e4 = €4(p/3) be as in Lemma 5.6. Then, for every 0 < & < min{es, &4} and
u € (ESK)§5N7/ there is a y € M//* such that e=V/2||ju — 6., ||. < 6. Thus, if
7 € M satisfies (5.2), then

(5.4) V= beglle = min e u— 6 <5
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and, therefore,

_ 2p
e N0,y — 052 < mﬂ?(

By Lemma 5.6, dist(Gy, Gy) < p/3. Hence, (5.1) implies that 7 € Mi2p/3. S0
our problem reduces to showing that any two minima of the function

feuly) = 57N||U - 9s,yH§ = |lu - es,yHQ

defined on M/ lie on the same G-orbit. Here we write v(z) := v(ez). The
function f , is twice differentiable and, for every y € M/ and h € V;,

2

S K/PPDw(- — e gy)gh
lg]eG/T;

(- X KVIDAA < aanon) )]

[9]€G/T;

D?fu () (h, ) = 22 [

By (5.2), ly—gy| > 2(p—p) if gy #y, y € M/, so following the argument in the

2 + oe(l)>

where 0.(1) — 0 as ¢ — 0 independently of y € M/. If 5 is a minimum of f. ,, it
follows from (5.2) and (5.3) that there exist 0 < &5 < min{es,e4} and positive
constant C' independent of u, e, 7 and h such that, if 0 < € < €%, then

proof of Lemma 5.6 we obtain

L

1/2—p —1 —
> K*Duw(- — e 'gy)gh 9

2
[Q]EG/Ii

K?/(P—m

_ |G/Ty| _
szs,u(y)(hvh) > 2W5 2|h‘2
%
2 |* +0.(1) = NK}/*7P max O i@ — 0.5 | > Ce?|h)?
021 € ¢ J.k 8zjazk &y - '

It follows that there is an R > 0, independent of 0 < ¢ < ¢ and u € (ESK)SEN'V/,
such that any two minima 7, # g, of f., in M! satisfy

(5:5) U1 — ol = R.

We now argue by contradiction: Assume there are sequences vy, — ,uf(, en — 0
N . . — — .
and u,, € (Egl 5 )S5n 7 such that f., . has at least two minima %, 1,7, » in M/

with G7,, , # G, 5. Then Theorem 4.3 asserts that &, N|ju, — 0z, 5 .12 — 0
for ¢ = 1,2 and therefore 7
2
KON (@~ e glnn) =@ = 5" 0n,2)
lg]eG/T;
=y V005, — Oenignallz, =0
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as n — oo. But (5.5) says that dist(Ge,,'7,, 1, Ge,, ¥, 2) > R for all n sufficiently
large. This is a contradiction. O

COROLLARY 5.7. Given 0 < p < p and 2 > u$ there exist a p$ < v <
min{2u%,v2} and an € > 0 with the property that, for every 0 < ¢ < g,
(a) Ny <2u8p,
(b) there exist two continuous functions
— N N
Lpe: My — (ESK)SE T oand e (EgK)SE L MPJF/G
such that v, - is G-invariant, B, - (u) = Bp(—u) and By (tp.(y)) = Gy.

PrROOF. Let v(p) > p§ and e3 = e3(p) > 0 be as in Proposition 5.5, let
v := min{2u%, v2,v(p)}, let €1 = 1(p,y) > 0 be as in Proposition 5.3 and let
€ := min{ey, e2}. Then, for every 0 < e < ¢, (a) holds. We take ¢, . : M —
(ESK)SEN7 as in Proposition 5.3 and define

Bpe (Egc,K)SE T M;/G, ﬂp,e(u) = GYe,u,

with y. . as in Proposition 5.5. It is easy to check that ¢, . and §,. has the
desired properties. O

PrROOF OF THEOREMS 1.1 AND 1.2. We may assume that p < p. Let
p$ < v < min{2u%,v2} and € > 0 be as in Corollary 5.7 above. According
to the discussion at the beginning of this section, Lemma 5.1 and Corollary 5.7
imply that, if 0 < € < &, then EEGK :NSK — R has at least

CatM;/G(M;; /G)

critical points u with B (u) < 2#21{ and such that

2p _ el _ 2 _ el 2p
Nl < [ @90+ uf?) = LV B (w) < L

Y2
provided it satisfies the Palais-Smale condition (PS) in [uS -, eV~]. Moreover,
Theorem 4.3(d) says there is an 0 < £ < £ such that E_NugK > v for all
0 < € < &. Soin order to complete the proof of Theorems 1.1 and 1.2 all we need
to show is that EgK satisfies (PS) in [uf,eN4]. This is true and well known
if © is bounded, so Theorem 1.1 follows immediately.

If Q has bounded complement then Condition 4.2 is equivalent to

) #Gx < mi #Gx
N K@) /D < R e
We choose v so that it also satisfies

G . #Gx
Y < P = <Ixn€18 KgQ/@_Q))/”’l,RN-
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Let (un) € NZ be a Palais-Smale sequence for EY - such that Ey (u,) — ¢ €
[,ugK, eNq). Let @y (2) := up(e2) and K(2) := K(2). Then (i,) is a G-invariant
Palais—Smale sequence for
1 1 [~ _
BCr )= [(VeP +1oP) — 5 [R@IP, e HiE0°

with Elcf((ﬂn) — e Ne<uf, and e71Q = {7y | y € Q} has bounded com-
plement. By Benci and Cerami’s Compactness Lemma [3] (%, ) has a convergent
subsequence. So EEG K NEC,"K — R satisfies the Palais-Smale condition (PS) in
[ug o, €Nq] for every 0 < & < & and Theorem 1.2 follows. O

The existence of a G-invariant ground state solution under the hypotheses of
Theorem 1.2 was shown in [21]. We would like to point out that our Theorem 1.2
does not include the autonomous case because Condition 4.2 does not hold for
constant K on unbounded domains. But using the “baryorbit map” 3,. one
should be able to obtain similar results to those of [7] for the G-equivariant case.

PROOF OF COROLLARIES 1.3 AND 1.4. Assume first Q2 is bounded. It follows
from Theorems 1.1 and 4.3(d) that there is an € > 0 such that, for every 0 <
€ < g, problem (P, ) has at least

caty gt /a,(M(Gi), /Gi)
G;-invariant solutions v with

E. g(u) = —— [ (&®|Vul*> + |[u]*) < uJ 3"
2p Ja ’
Therefore these solutions are not G;-invariant. This proves Corollary 1.3. The
proof of Corollary 1.4 is completely analogous. Just observe that, since K, <

max, g K (), Condition (Cg,) in Theorem 1.2 holds for all i =0,... ,m. O
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