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DEPENDENCE ON PARAMETERS
FOR THE DIRICHLET PROBLEM
WITH SUPERLINEAR NONLINEARITIES

ANDRZEJ NOWAKOWSKI — ANDRZEJ ROGOWSKI

ABSTRACT. The nonlinear second order differential equation

%h(t,x'(t)) +g(t,zt) =0, te[0,T]ae 2'(0)=2'(T)=0

with superlinear function g is investigated. Based on dual variational
method the existence of solution is proved. Dependence on parameters
and approximation method are also presented.

1. Introduction

We investigate the nonlinear Hamilton equations:

iLx/ (t,2'(t)) + Vo (t,z(t)) =0, a.e. in [0,T]

(1.1) =

where

(H) T > 0is arbitrary, L,V : RxR"™ — R are convex, Gateaux differentiable

in the second variable and measurable in ¢ functions.

We are looking for solutions of (1.1) being a pair (x,p) of absolutely continuous

functions z,p : [0,7] — R™, with Dirichlet boundary conditions for the second
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146 DEPENDENCE OF PARAMETERS FOR THE DIRICHLET PROBLEM

function i.e. p(0) = 0 = p(T), such that

p(t) + Vit 2(0) =0,
p(t) = Ly (t,2'(t)).

Of course, if L(t,z') = |2'|?/2, then for our solution of (1.1) p = 2’ and thus
x belongs to CHF([0,T],R™) of continuously differentiable functions z whose
derivatives z’ are absolutely continuous. In the sequel we assume that V is
superlinear. It is clear that (1.1) is the Euler-Lagrange equation to the functional

(1.2) J(x):/o (—V (£, 2(t)) + L(t, 2/ (¢))) dt

considered on the space A of absolutely continuous functions z : R — R™.

Equations (1.1) with either Dirichlet or periodic boundary conditions were
studied in eighties by many authors as well in sublinear case as in superlinear one
(see e.g. [6]). We propose to study (1.1) with Dirichlet boundary conditions for
the second function of the solution i.e. we can not look for critical points studying
functional (1.2) directly. We believe that our paper may contribute some new
look at this problem. This is because we propose to study (1.1) by duality
methods in a way, to some extend, analogous to the methods developed for (1.1)
in sublinear cases [6], [7]. Some cases of (1.1) for superlinear V,, were studied by
[5], [6], [2], [9], [1]. It is interesting that the method developed in [5] is based
on the dual variational method for the problem, according to the idea developed
in [6]. Since functional (1.2) is, in general, unbounded in Ap (especially in
superlinear case), therefore it is obvious that we must look for critical points of
J of "minmax” type. The main difficulties which appear here are: what kind of
sets we should choose over which we wish to calculate ”minmax” of J and then
to link this value with critical points of .J. Of course, we have the mountain pass
theorems, the saddle points theorems, the Morse theory, ... (see e.g. [8], [6]) but
all these do not exhaust all critical points of J.

Our aim is to find a nonlinear subspace X of A defined by the type of
nonlinearity of V' (and in fact also L). To be more precise let us set the basic
hypothesis we need:

(H1) there exist 0 < ay,as,2as < 3a; and dy, ds € R such that, for 2’ € L?,
aq T a2
(13) dit Gl < [ Lo Ot < Pl + da,
0
L(t, -) is strictly convex, V,(t, -) is continuous, ¢ € [0,T], there exist
0< B <PBo,q1 >1,q>2, ki,ks € R such that for x € LY

T
(1.4) k1+%nxu%z1 < / V(t2(t)dt < %le\liq s
0
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Having the type of nonlinearities of L and V fixed we are able to define
nonlinear subspaces X, X and X as follows. First we put for a given, arbitrary
ks €R

X = {veA:/OTV(t,v(t))dt< ;/OTL(t,v'(t))dt—i—kg}.

We reduce the space X to the set

T
X = {x()—!—cL € X :x € Ay, ¢, € R" is such that / Vo (t, z(t) + ) dt = 0,
0
and p(t) = L,/ (¢,2'(t)), t € [0,T] belongs to AO,O},

where A is the space of absolutely continuous functions x : [0,7] — R™ with
' € L% z(0) = 0, Agp is the space of absolutely continuous functions z :
[0,7] — R™ with 2/ € L2, 2:(0) = 0 = 2(T). Next we reduce the set X to the set
X C X with the property: for each v € X, there exists (possible another) v € X
such that V,(¢,v(t)) = —dL, (t,7'(t))/dt, for a.e. t € [0,T].

It is clear that, in general, the set X is much smaller than X and that it
depends strongly on the type of nonlinearities V' and L. We easily see that X
is not in general a closed set in A. As the dual set to X we shall consider the
following set

Xt={pe Ag:o : there exist v € X such that p(t) = L,/ (¢,0'(t)),t € [0,T] a.e.}

(Ag:o — the space of absolutely continuous functions with p’ € L9 and p(0) =
0 = p(T)). )

The constant ¢, from the specification of X posesses very interesting prop-
erty:

LEMMA 1.1. For any = € X the constant c, from the specification of)? s a
minimizer of the functional

T
(1.5) ¢ / V(L 2(t) + ) dt.
0
PROOF. Since the functional (1.5) is convex on R™, therefore it attains min-
imum in each point ¢, satisfying equality fOT Vo (t, x(t) + ¢;) dt = 0. O

Taking into account the structure of the space X and X¢ we shall study the

functional
T T
Jp(p) = — /0 L* (£, p(t)) dt + /0 V*(t—p/ (1)) dt

on the space X¢.
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We shall look for a “min” of Jp over the set X4 i.e.

s T )

To show that element p € X? realizing “min” is a critical point of J we develop
a duality theory between J and dual to it Jp, described in the next section. Just
because of the duality theory we are able to avoid in our proof of an existence
of critical points the deformation lemmas, the Ekeland variational principle or
PS type conditions. One more advantage of our duality results is obtaining for
the first time in the superlinear case a measure of a duality gap between primal
and dual functional for approximate solutions to (1.1) (for the sublinear case see
7).

The main result of our paper is the following:

MAIN THEOREM. Under hypothesis (H) and (H1) there exists a pair (T,D),
T € X,pe X, being a solution to (1.1) and such that
J(@) = min J(z) = min Jp(p) = Jp(p)-
We see that our hypotheses on L and V' concern only convexity of L(¢, -) or
V(t, -) and that the latter function is of the superquadratic type. We do not
assume that V(¢,x) > 0. However we require that the above set X is nonempty,

which we must check in each concrete type of equation. Some routine how to do
that we show at the end of the paper for the equation

2"+ V,(t,x) = 0.

In Section 5 we consider the question of the continuous dependence on pa-
rameters of the set of critical points of the functional J and the set of solutions
to equation

%Lx/ (t,2/ () + Vit 2(t), u(t) = 0, ac. in R,

where u € U = {w € L*>(0,T) : u(t) € U for a.e. t € [0,T]}. Here U is a given
subset of R™.

2. Duality results

Because of the type of boundary conditions we deal with, we start from the
dual to J functional Jp:

T T
Jp(p) :—/O L*(t,p(t))dt+/0 V*(t,—p'(t)) dt.
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To obtain a duality principle we need a kind of perturbation of Jp. Thus define
for each p € X9 the perturbation of Jp as

T
(2.1) Top(y) = / (L* (£, p(t) + y(t)) — V*(t, /() dt

for y € L2 Of course, Jp,(0) = —Jp(p). For = + ¢, € X and p € X%, we define
a type of conjugate of Jp by

T T
JF (@ +cp) = sup {/ <y(t)7fc'(t)>dt—/ L*(t7p(t)+y(t))dt}
yelL? 0 0
T
+ [ vie-saa
0
By a direct calculation we obtain
T
(2.2) TH(z + o) = / (@(t) + o, P/ (1)) dt
0
T T
+/ L(t,2'(t)) dt +/ V*(t,—p'(t)) dt
0 0
T
= / (x(t) + g, —p'(t)) dt
0
T T
4 / L(t, 2/ (1)) dt + / V*(t, —p (1)) dt.
0 0
Now we take “min” from Jf (7 + ¢,) with respect to p € X and calculate it.
Because X¢ is not a linear space we need some trick to avoid calculation of the
conjugate with respect to a nonlinear space. To this effect we use the special

structure of the set X. First we observe that for each = + ¢, € X there exists
pr € X% such that p/,(-) = —V,(-,2(+) + c,) and therefore

/O<—p;(t),x(t)+ci)dt—/0 V*(t,—p;(t))dt:/o V(t,(t) + c) dt.

Next let us note that
/ a0, 00 + ) di - / "t 00 de
< { [ 0,00 + ) di - / v, () e}
< sup { / 0.2 + 0 > di - / Tv*a,p'(t))dt}

T
:/ V(t,z(t) + ) dt
0
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and actually all inequalities above are equalities. Therefore we can calculate for
r+c, €X

T
(2.3) sup fJf(x +¢z) = sup {/ (2(t) + o, —p/ (1)) dt
peXd peXxd 0

T T
—/O L(t,x(t))dt—/o V*(t, —p (t))dt}
T T
= —/ L(t,x’(t))dt+/ V(t,z(t) + ¢;) dt.
0 0

From (2.3) we infer, for p € X9, that

(2.4) sup —Jf(x+cm) =—J(x+cy).
peXd

We can also define a type of the second conjugate of Jp: for y € L?, z € X,
p € X put

T T
T## () = sup { / (). 2/ (1)) di + / (& (), plt))

zeX
- / "L, 0)) it / R0 p'(t))dt}.

We assert that Jf# (0,0) = —Jp(p). To prove that, we use the special structure
of X?. First we observe that for each p € X¢ there exists z;, € X such that

p(t) = Lo (¢, 2;,(1))

and, by classical convex analysis argument,

a,(t) = Ly (t, p(t)),

where L* is a Fenchel conjugate to L. Therefore

T T T
/()(z%(t),p(t))dt—/o L(t,x;,(t))dtz/ L*(t, p(t)) dt.

0
On the other hand let us note that

/0 (a2 (£), p(t)) dt — / L(t, (1)) dt

0
sjg{/f@’(t),p(t))dt/OTL(t,w’(t»dt}
< sup {/OT<x’(t),p(t)>dt/OTL(t,x'(t))dt} —/OTL*(t,p(t))dt.

Hence we see that, for p € X¢

T
(2.5) T (0) = /O (L*(t,p(t)) = V*(t, —p' (1)) dt = —JTp(p).
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We easily compute (see (2.4))

(2.6) sup J##(O) = sup sup —Jf(m + ¢a)
peXd peXdzeX

= sup sup —Jf(x + ¢;) = sup —J(x).
rzeX pEXd rzeX

Hence, from above and (2.6), we obtain the following duality principle
THEOREM 2.1. For functionals J and Jp we have the duality relation

2. inf = inf .
(2.7) nf J(z) inf, Jp(p)

Denote by 0Jp,(y) the subdifferential of Jp,. In particular,

aﬁbw)z{yezﬂ;ATLWuMwﬁﬂ+1fL@xw»dﬁ:AT@u%f@»ﬁ}
The next result formulates a variational principle for “minmax” arguments.
THEOREM 2.2. Letp € X< be such that
%> Jp(p) = inf Jp(p) >~

and let the set 0Jpp(0) be nonempty. Then there exist T' € 0Jpp(0) with T(t) =
ez + fot/ 7'(s) ds belonging to X, such that T satisfies

J(Z) = inf J(x).

rzeX
Furthermore
(2.8) Jpp(0) + JF (7) =0,
(2.9) J(T) — JZ (%) =0.

PrOOF. By Theorem 2.1 to prove the first assertion it suffices to show that
J(T) < Jp(p). Let us observe that ' € 9.Jpp(0) means, in fact, that Z'(t) =
L;(t,p(t)), for a.e. t € [0,T] and therefore we have

T
_Ip(p) = / (L (6.P(t) — V*(t, (1)) dt
T T
- / (—V*(t,~7 (1)) — L(t 7 (1)) di + / (@(1), 7 (1)) dt
0 0
T
gA(V@ﬂm—mew»ﬁ:—ﬂ@.

Hence J(Z) < Jp(p) and so J(T) = Jp(P) = infex J(x). The first assertion
will be proved if we show that T € X.
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The second assertion is a simple consequence of two facts: Jpz(0) = —Jp(P)
so Jpp(0)+ Jp(p) = 0 and T’ € 0Jpp(0) i.e. Jpy(0) + J]if (Z) = 0. Then equality
(2.9) implies that

/0 (V= (¢~ (0)) + V(£.7(2))) dt = / (1), 7' (1)) dt

and so p'(t) = —V,(t,%(t)). By the definition of p and Lemma 1.1 we also infer
that 7 € X. O

From equations (2.8), (2.9) we are able to derive a dual to (1.1) Euler—
Lagrange equations.

COROLLARY 2.1. Letp € X% be such that

oo > Jp(@) = inf Jp(p) > —oc.
peXd

Then there exists T € X such that the pair (T,p) satisfies the relations

(2.10) —P'(t) = Va(t, 7(t)),
(2.11) p(t) = Lo (t, 7 (1)),
(2.12) To(p) = inf Jp(p) = inf J(@) = J(@).

PrROOF. By the assumptions on L we see that y — fOT L*(t,y(t)) dt is finite
in L?, convex and lower semicontinuous. Therefore Jpz(y) is continuous in LZ.
Hence 0Jz(0) is nonempty and so the existence of z’ in Theorem 2.2 is now
obvious. Equations (2.8) and (2.9) imply

T T T
| viesoyas [ vie-sena- [ @o. 5w o
T - T » Tﬁ/ - -
| weswas [ rezwa- [ @o.mma-o

and then (2.10), (2.11). Relations (2.12) are a direct consequence of Theorems 2.1
and 2.2. 0

As a direct consequence of the above corollary and definition of X% we have

COROLLARY 2.2. By the same assumptions as in Corollary 2.1 there exists a
pair (T,p) € X x X% satisfying relations (2.12), and the pair (T, p) is a solution
to (1.1). Conversely, each pair (T,p) satisfying relations (2.12) satisfies also
equations (2.10), (2.11).

3. Variational principles and a duality gap for minimizing sequences

In this section we show that a statement similar to Theorem 2.2 is true for

a minimizing sequence of Jp.
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THEOREM 3.1. Let {p;}, p; € X%, j = 1,2,..., be a minimizing sequence
for Jp and let
oo > inf Jp(p;) = a > —oo.
j

/

Then there exist )

€ 0Jpp,(0) with x; € X such that {x;} is a minimizing
sequence for J i.e.

BT = ST @) = o) = B, T )

Furthermore
Ipp; (0) + JF (25) =0, J(x;) = JF () <e,  0<Jp(p;)—J(x;) <e
for a given € > 0 and sufficiently large j.

PROOF. We have that oo > inf, cx« Jp(p;) = a > —oo, and therefore for
a given ¢ > 0 there exists jo such that Jp(p;) —a < ¢, for all j > jo. Further,
the proof is similar to that of Theorem 2.2, so we only sketch it. First, as in the
proof of Corollary 2.1, we observe that d.Jp,, (0) is nonempty for j > jo and take
x’; € 0Jpp,(0). Accordingly to the definition of X let us take as a primitive of

/.

Z;

such z; that z;(0) = ¢,. Therefore, we also have
T
~Iolny) = [V 0) + Ly 0) i
= [ Vs o) - L o) de+ [ Ga0.m0)d
0 0

T
< [ W(tay(o) - Lt (o) de = ~I(a),
0
Hence, due to Theorem 2.1,

a+e>J(xj) >a for j> jo.

The second assertion is a simple consequence of two facts: Jp,,(0) = —Jp(p;)
s0 Jpp,(0) + Jp(p;) = 0 and z} € 0.Jpy, (0) i.e. Jpy,(0) + ij_ (zj)=0. O
A direct consequence of this theorem is the following corollary.
COROLLARY 3.1. Let {p;}, p; € X%, j=1,2,..., be a minimizing sequence

for Jp and let
oo > inf Jp(p;) = a > —oc.
J

If 2!(t) = Ly(t,p;(t)) then x;(t) = cz; + fot v';(s) ds belongs to X and {z;} is a
minimizing sequence for J i.e.

BT = ST @) = o) = B, T )
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Furthermore

(3.1) J(x5) = T (z;) <, 0<Jp(pj) —J(zj) <¢

for a given € > 0 and sufficiently large j.

4. The existence of a minimum of J

The last problem which we have to solve is to prove the existence of T € X
such that
Jp(p) = min J .
p(p) = min Jp(p)
To obtain this it is enough to use hypothesis (H1), the results of the former
section and known compactness theorems.

THEOREM 4.1. Under hypothesis (H1) there exists p € X¢ such that Jp(p) =

min,e xa Jp(p).

PROOF. Let us observe (see Section 2) that each p € X satisfies the in-
equality

T
. 3
(4.1) / V*(t, —p'(t))dt > . Ipll2: — k3 — da.
0 Q2

Really, each = € X satisfies the inequality
T 1 (T
/0 V(t,z(t))dt < 5/0 L(t,2'(t)) dt + k.
Then it is enough to add to both sides of this inequality the scalar product
fOT (x(t),p'(t)) dt, multiply the obtained inequality by “—” and then take superior
of both sides over X and apply (1.3). Hence and by (H1), Jp(p) is bounded below
on X4, Really, by (1.3), (1.4) and (4.1) we obtain:

T
N 3
@2 o)z [ Lep®)dt+ bl k- da
0 Q2

30&1 - 2a2

2
di — ks —dy >dy — ks — ds.
doma Ipllze + di 3 2 = ay 3 2

From (4.2) we infer the boundedness below of Jp on X< as well as that the
sets Sy = {p € X%, Jp(p) < b}, b € R are nonempty for sufficiently large b and
bounded with respect to the norm ||p|| 2. Next, analogously as above we get that
Sp is bounded with respect to the norm ||p’||; o (1/¢+1/¢' = 1). The last means
that Sy, b € R are relatively weakly compact in Ag:o. It is a well known fact that
the functional Jp is weakly lower semicontinuous in Ag:o. Therefore there exists
a sequence {p,}, p, € X9, such that p, — p weakly in Ag:() with p € A(q):o and
liminf, o J(pn) > J(P). Moreover, we know that {p,} is uniformly convergent
to p. In order to finish the proof we must only show that p € X.
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To prove that we apply the duality results of Section 3. To this effect let us
recall from Corollary 3.1 that for

(4.3) @y, (t) = Lyt pu(t))

xn(t) = ¢z, +fg x,(s) ds belongs to X where ¢, is such that fOT Va(t, 2, (t)) dt =
0 (see Lemma 1.1). Then {z,} is a minimizing sequence for J. We easily
check that {c;, } is a bounded sequence and therefore we may assume (up to a
subsequence) that it is convergent. From (4.3) we infer that {2/} is a bounded
sequence in L? norm and that it is pointwise convergent to

T'(t) = Ly(t, p(t))-

Therefore {z,} is uniformly convergent to T where Z(t) = cz + fot 7'(s)ds and
¢z is such that the equality: fOT V. (t,Z(t)) dt = 0 holds.

By Corollary 3.1 (see (3.1)) we also have (taking into account (4.3)) that for
en — 0 (n — 00)

T T
0< / V(b —py (1)) + V(1 (1)) dt / (n(0), P, (D) dt < e,

and so, taking a limit
T T T
0= / VA -5 () dt+ Tim [V wn(t)) di — / F(t), —F (1)) dt
0 0

n—oo 0

and next, in view of the property of Fenchel inequality,

T T g
0:/0 V(t, —p (t))dt+/o V(tj(t)))dt—/o (@), =P () dt.

We have also p(t) = L,/ (t,7'(t)). Thus p € X¢ and the proof is completed. [
A direct consequence of Theorem 4.1 and Corollary 2.1 is the following main
theorem.

THEOREM 4.2. Under hypothesis (H) and (H1) there exists a pair (T,p) being
a solution of (1.1) and such that

J(z) = min J(z) = Jin Jp (p=Jp(p).

5. Dependence on parameters

In this section we consider the question of the continuous dependence on
parameters of the set of critical points of the functional J and the set of solutions
to equation

A2/ () + V(b 2(8), u(t) =0,  ae. in R,

(5.1) =
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where u € U = {w € L>®(0,T) : w(t) € U for a.e. t € [0,T]}. Here U is a
given subset of R™. It is clear that (5.1) is the Euler-Lagrange equation to the
functional

(5.2) J(m,u)z/o (=V(t,z(t),u(t)) + L(t,2'(¢))) dt

This problem plays an essential role in applications of differential equations.
In the best knowledge of the authors, the problem of the continuous dependence
on parameters of solutions of superlinear equation (5.1) has not been investigated
up to now. In the seventies, some papers were published which deal with Dirichlet
problem for scalar ordinary differential equations. All these works are based on
direct methods (cf. [3], [4], [10] and references therein). In the pioneering work
[11], sufficient conditions for the continuous dependence on parameters for vector
systems of ODE are given. This work is based on variational methods. We also
apply the variational approach.

From now, we assume that V has a special structure: V (¢, z,u) = W(t,z) +
(g(t,u),x), g:[0,T] x R™ — R, and W and L satisfy conditions from Section 1,
in particular (1.4). The set X is now defined as follows:

T T
_ 1
X - {v €A ;/ W(t, v(t)) < 5/ L(t,v’(t))dt+k3},
0 0
Let us also introduce, for u € U the sets )~(u

)?u:{a:(-)—i—CmGXlﬂfer, ¢z € R" is such that

T
/ Vit 2(t) + o u(t)) dt = 0,
0
and p(t) = L (t,2'(t)), t € [0,T] belongs to AQO},

and sets X,, C X’u with the property that for each v € X, there exists (possible
another) ¥ € X,, such that V,(t,v(t), u(t)) = =% L,/ (t,7(t))', for a.e. t € [0,T].
Moreover, as the dual set to X,, we shall consider the following set

X{f = {p € Ay : there exist v € X, such that
p(t) = Lo (t,0'(1)),t € [0,T] ae.}.

The above settings allow us to apply, for every u € U, Theorem 4.1 and Corol-
lary 2.1. We can always assume that 0 € i and ¢(t,0) = 0.

THEOREM 5.1. Let {u,} be sequence of elements U such that {g(-,u(-))}
is pointwise convergent in [0,T] to g(-,0) and fOT lg(t, un(t))|dt < M for some
M and alln € N. If {z,,pn} are solutions (dependent on u,) to problem (5.1)
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assume also, that J(zp,un) < b for some b and all n € N. Then there exist
7 € Xo and p € X¢ such that

and there exists a subsequence of {xn,pn} (which we still denote by {x,,pn})
uniformly convergent in [0,T] to {T,D}.

PRrROOF. We easily check, since z,, € X, that
a; T T
b2 o) = 2 [ l@P e [ ea@lgttuno)]de - K
0 0

« ~ ~
> S o3 = Mloalis — K 2 Glayf3 - K

for some @ > 0, K, K € R, and therefore there exists a subsequence of {z/,}
(which we still denote by {z/,}) weakly convergent in L? to some ¥ € L2
Since x,(t) = ¢y, + fot x},(s)ds then x,, — T uniformly in [0,7] and Z(t) =
cz+ fot 7'(s) ds belongs to A. From Theorem 4.1 and Corollary 2.1 we also know
that

PL(t) = —Wa(t, 2 (t)) + g(t,un(t)) and

(5.3)
Pr(t) = Ly (t, (1)) for t € [0,7] a.e. n € N.

Hence p,(t) = fot pl,(s)ds belongs to X¢ . From (5.3) {p,'} is bounded in L?
and pointwise convergent a.e. to
(5.4) P(t) = —Wa(t, T(1)).

Hence p,, — P uniformly in [0, 7], where p(t) = fot P'(s)ds. Since p,, satisfies
(5.3) therefore

0= / L* (¢, pa(t)) dt + / L(t, 2%, (1))) dt — / (& (1), p(1)) dt

and after taking a limit we get

T T T
0= /O LA p() dt + tim [ L(ta,(8) dt — /0 @ (1), (1)) dt

n—oo 0

and by Fenchel inequality and Fatou Lemma

T T T
o= [ rese)as [ Leaond- [ @o.m)de
0 0 0
This means that p(t) = L,/ (¢, Z(t)), which together with (5.4) ends the proof.

An obvious consequence of the above theorem is the following
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COROLLARY 5.1. Under assumptions of Theorem 5.1 there exists T € Xg
and p € X¢ satisfying
d _ _ .
%p(t) + W, (t,z(t)) =0, a.e. inRR,
p(t) = L (t,7'(t)), a.e. in R.

6. Example
Consider the problem
2 (t) + Wy (t,z(t)) =0, a.e.in [0,1],
2'(0) =0 = 2/(1),

where W (-, ) is a measurable function in [0,T], W(¢, -), t € [0,1], is a con-

(6.1)

vex, continuously Frechet differentiable function satisfying the following growth
condition:

e there exist 0 < 81 < B2, 1 > 1, ¢ > 2, k1 > 0, ko > 0 such that for
re Ld

bt %nxum <W(ta) < %nwuq k.

In the notation of the paper we have L(t,z') = |2/|?/2, and V (¢, z) = W (¢, z).
It is easily seen that assumptions (H) and (H1) are satisfied. Therefore what we
have to do is to construct a nonempty set X defined in Section 1. To this effect
let us take any k£ > 0 and let X denote the same as in Section 1 with the new L
and V. We assume the following hypothesis:
(H1)" k3 > (B2/q)k? + k2,
ks > k((aBy"" /(g = D)k + kz = k) + 1071 + [ W (8,0 dt,
(005" /(g = D)k + bz = k1) + )71 < k3,
(g1 /)" (k/3)1/ 0 + ((ky — k1)q1) Y9 < k/3.
We shall show that the set X = {v € X : 0 < ||v|[p~ < k}, where

X:{x(-)+cxeX:xeA0, ¢, € R™ is such that

1
/ W (t,2(t) + c2)dt = 0,

0
and p(t) = v'(t), t € [0,1] belongs to Ao,o}

is a set X which we are looking for. That means: we must prove that for each
function z € X the primitive of the function

(6.2) t— /o W (r,z(7)) dr = w'(t),
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belongs to X i.e. w(t) = cmrfOt w'(s) ds with ¢,, such that fol W (7, w(T))dr = 0.
It is obvious that w’ € Ag. Thus what we have to show is that ||w|p~ < k
because then, by the second of assumptions (H1)” we shall get the inequality
[y W(tw(t)dt < (1/2) fy L(t,w'(t)) dt + ks. If we take p(t) = w'(t) (w'(t)
defined by (6.2)) then, by known theorem (taking into account the first of as-
sumptions (H1)’),

1P | < (qB3" D /(g — 1)) (k + ko — ky) +1)77"

and next applying the estimation for the function by its derivative (for functions
with zero at the ends) we have

1
oz < [l

Next using the estimations on W (¢, z) and the last two assumptions of (H1)’ we
obtain

el < k.
Therefore w belongs to X. It is clear that the set X is nonempty. Thus all

assumptions of Theorem 4.2 are satisfied, so we come to the following theorem
with L = |2/]|?/2.

THEOREM 6.1. There exists a pair (T,p) being a solution of (6.1) and such
that

J(T) = min J(x) = ;2;2 Jp(p) = Jp(P).
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