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MULTIPLE INTERIOR LAYERS OF SOLUTIONS
TO PERTURBED ELLIPTIC SINE-GORDON EQUATION
ON AN INTERVAL

TETSUTARO SHIBATA

ABSTRACT. We consider the perturbed elliptic Sine—-Gordon ODE with two
positive parameters p and A, and show the existence of solutions which have
2n multiple interior layers for A > 1. We also determine the location of
multiple interior layers as A — oo.

1. Introduction and results

We consider the perturbed elliptic Sine-Gordon equation on an interval
—u"(t) + Asinu(t) = pf(u(t), wu(t)>0,tel:=(-T,T),

(1) u(£T) =0,

where A, ;1 > 0 are parameters and 7' > 0 is a constant. We assume the following
conditions (A.1)—(A.4):
(A.1) f is locally Lipschitz continuous, odd in w. Furthermore, f(u) > 0 for
u > 0.
(A.2) There exist constants C' > 0 and p > 1 such that |f(u)| < C(1 4+ |u|?)
for v € R.
(A.3) f(u) < Cufor 0 < u < 1, where C' > 0 is a constant.
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(A.4) There exists a constant m > 1 such that for u € R
fwu > mF(u) = m/ f(s)ds.
0
The typical examples of f(u) are as follows:

flu) = [uP~tu for p > 1,
f(w) = |ulP™ u+ Ju|?u for p,q > 1.

The purpose of this paper is to study the layer structure of the solutions to (1.1)
for A > 1 by using variational method. More precisely, we show the existence of
the solutions uy which have 2n multiple interior layers in I for A > 1. We also
determine the location of multiple interior layers of uy as A — oo. Furthermore,
we show the existence of solutions uy with boundary layers.

The equation (1.1) is motivated by the perturbed Sine-Gordon equation

(1.2) Ut = Ugy — sinu + f(u) for 0 <z <,

which was recently studied by Bobenko and Kuksin [1]. They studied small
amplitude solutions of nonlinear Klein—-Gordon equation which was regarded as
a perturbation of (1.2). We note that the solutions uy considered here are not
small amplitude solutions.

For one-parameter singular perturbation problems, the possible layer struc-
ture of the solutions was brought out in O’Malley [3]. For nonlinear two-
parameter problems, it is known that in some cases layers (spike and bound-
ary) appear (cf. [4], [6]). However, the problems of interior transition layers for
nonlinear two-parameter problems do not seem to have been studied. Recently,
Shibata [5] considered the equation (1.1) by means of a constrained minimiza-
tion method, and obtained the existence of solutions uy which has exactly two
interior layers in I as A — oo. The result obtained in [5] is regarded as the first
step to clarify the rich layer structure of the equation (1.1).

We explain the variational framework. We consider the variational prob-
lem (M) subject to the constraint depending on A:

(M) Minimize

(1.3) La(u) = %/J\M(t)ﬁdtﬂ/lu—cosu(t))dt

under the constraint
(1.4) u € M, = {u € Hy(I): K(u) := /IF(u(t)) dt = 2TF(a)},

where a > 0 is a fived constant, Hg(I) is the usual real Sobolev space.
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Then by the Lagrange multiplier theorem, we obtain solution trios (A, u(A), uy) €
R2 x M, of (1.1) (and consequently uy € C?(I) by a standard regularity theorem)
corresponding to the problem (M).

In Shibata [5], the following result was proved.

THEOREM 0 ([5, Theorem]). Assume (A.1)—(A.4). Let 0 < o < 27 satisfy
F(a) < F(2m)/2. Then:
(1) ux — 27 locally uniformly on (—Tw,0,Ta0) as A — oo, where Ty o =
F(a)T/F(2m).
(i) ux — 0 locally uniformly on I\ [~Ty,0,Tw0] as A — oo.
(iil) pu(A) — 0 as A — oo.

Theorem 0 implies that if F'(«) < F'(27)/2, then the location of the interior
layers of uy tends to £7, 9 as A — oo.
We first remove the restriction F(«) < F(27)/2 in Theorem 0. To do this,
we introduce the condition (A.5.n) for a given n € N:
n—1
(A.5.n) H(n) := F(2(n+ 1)7) — 2nF(2n7) +2 Y F(2km) > 0.
k=0

Note that “Assume (A.5.n)” implies that the assumption (A.5.n) holds only for
a given n. The example of f which satisfies (A.1)—(A.5.n) for a fixed n € N is
f(u) = [u[P~u for p > p,,, where p, > 1 is a constant depending on a given n.

THEOREM 1. Assume (A.1)—(A.4) and (A5.1). Let 0 < o < 2w satisfy
F(a) > F(2m)/2. Then the assertions (1)—(iii) in Theorem 0 hold.

Secondly, we show the existence of the solutions uy which have 2(n+1) multi-
ple interior transition layers at t = T4, £(T =T n), £(T 3T n), ... , £(T—
(2n —1)T,.,) as A — oo, where

Ton = (F(a) — F(2nm))T/H(n).
For D C R,let —D :={—t:t € D} C R and |D| be the Lebesgue measure of D.

THEOREM 2. Let n € R be given. Assume (A.1)-(A.4) and (A.5.n). If «
satisfies 2nm < a < 2(n+ 1)7 and

n

(1.5)  F(2nr) < F(a) < ﬁF(?(n +1)m) + ﬁ 3 F(2kn),
k=0

then as X\ — oo:

@) llualloo <2(n+1)7.
(i) ux — 2(n+ 1)m locally uniformly on (—Ton, Tun)-
(iil) un — 2n7 locally uniformly on £(Ta ., T — (2n — 1)Typ).
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(iv) ux — 2km locally uniformly on £(T — (2k + V)Tan, T — (2k — 1)Ty p)
fork=1,... ,n—1.

(v) ux — 0 locally uniformly on £(T — Ty, T].

(vi) There exist constants C1,Cy > 0 such that

(1.6) (A < Cire G2V,

Note that if (A.5.n) is satisfied, then there exists a > 0 which satisfies
2nm < a < 2(n + 1) and (1.5) for n.

The rough idea of the proof of Theorems 2 is as follows. By using the
variational characterization of uy, we find that the shape of uy for A > 1 is like
step function, each height of the steps are 2w. We first establish an estimate
[[ualloo < 2(n 4+ 1)7 for A > 1 by using (A.5.n). Then uy must cross the line
u=2m,...,2nx. By using this fact, we secondly establish that |I) | ~ 2|1 ol for
A> 1, where I, C (0,T) (k=1,...,n—1) are the intervals on which uy — 2kx
locally uniformly as A — co. Finally, by using an estimate ||uy]oo < 2(n + 1),
we prove that |1y o(n41)| ~ [Ix0] for A > 1.

We next consider the case where the condition (1.5) does not hold. Namely,
we consider @ > 0 which satisfies 2nm < @ < 2(n + 1)7 and

1

(17) 2(n+1)

1 n
F2n+1)m)+ —— F(2km) < F(a).
(3o +17) + (o Do (26 < Fle)
In this case, uy has multiple interior layers at ¢t = +(T — (2k — 1)S,,,) for
k=1,...,n+1,as A — 0o, where

(F(2(n+ 1)7) — F(a))T
2n+ DF2(n+ )r) — 251 F(2km)’

THEOREM 3. Letn € R be given. Assume (A.1)-(A.4), (A.5.n) and (A.5.n+
1). Let 2nm < a < 2(n + 1)7 satisfy (1.7). Then as A — oo:

() lurlloe — 20+ D).

(i) ux — 2(n+ 1) locally uniformly on (—(T — (2n+ 1)San), T — (2n +
1)Sa.n)-

(iii) un — 2km locally uniformly on £(T — (2k +1)Sq pn, T — (2k — 1)Sa.n)
fork=1,... n.

(iv) ux — 0 locally uniformly on £(T — Sy pn,T).

(v) The formula (1.6) holds.

San =

To prove Theorem 3, we show that |Iy x| ~ 2|Iy0| for £k = 1,... ,n and
A > 1. We also see from Theorems 2 and 3 that when 2nm < a < 2(n + 1),
there are two types of interior transition layers according to the range of «.

Finally, we show the existence of solutions which have boundary layers.
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THEOREM 4. Let n € N be given. Assume (A.1)-(A.4) and (A.5.n). If
a = 2nm, then ||urlleo < 2(n 4+ 1)7 for A > 1 and ux — 2n7 locally uniformly
on (=T,0)U(0,T) as A — oo.

The remainder of this paper is organized as follows. In Section 2, we intro-
duce the useful Lemmas which were obtained in Shibata [5] under the assump-
tions (A.1)-(A.4). In Section 3, we prove Theorem 2. The proof of the case n = 1
is the main part of this section. In Section 4 through 6, we prove Theorems 1, 3
and 4, respectively. In Section 7, we prove some Lemmas introduced in Section 2
for completeness.

2. Preliminaries

In this section, we assume (A.1)-(A.4). For simplicity, we denote by C' the
various positive constants independent of A. A subsequence of a sequence is often
denoted by the same notation as that of original sequence. We know by [2] that
a solution w of (1.1) satisfies the following properties:

(2.1) u(t) = u(-t) for ¢ € [0, 17,
(2.2) u'(t) <0 for € (0,7,
(2.3) u'(0) =0, u(0) = [|ulloo-

For 0 < r < ||uallco, let ¢, 1 € [0,T] satisty ux(t,,n) = 7, which exists uniquely
by (2.2). The following notation will be used repeatedly. For a fixed 0 < ¢ < 1,
let

Dve i==torx —tamgens Mae :=log—ex —torn, Oxne: =1 —tc .

In what follows, we always fix 0 < € <« 1 first. Then let A — oo. Therefore,
the standard notation o(1) will be used for A > 1. Furthermore, the notation
Ire = 0xec+ O(e) +0(1) (for instance) means that |Iy . — x| < Ce + o(1) for
0 <e<x1fixed and A > 1.

LEMMA 2.1. Assume that (\,p,u) € Ry x R x C?(I) satisfies (1.1). Then
> 0. Further, fort €1,

1 1
(2.4) iu’(t)2 + pF (u(t)) + Acosu(t) = §UI(T)2 + A = puF(||ulloo) + A cos ||t oo-
PROOF. Multiply the equation in (1.1) by «'(¢). Then we have
{u”(t) + pf(u(t)) — Asinu(t) /() =0, tel

This implies

;lt{;u’(t)Q + pF(u(t)) + )\cosu(t)} =0, tel.
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Hence, for t € 1,

(2.5) %u’(t)2 + pF(u(t)) + Acosu(t) = constant.

By putting ¢ = 0, T in (2.5), we obtain (2.4) by (2.3). Then by (2.4), we obtain
(2.6) pF(Juloe) = 30/ (7)° + A1 — cos Jul) > 0.

Since F'(||u]|oo) > 0 by (A.1), u > 0 follows from (2.6). O

LEMMA 2.2. Let « > 0 and A > 0 be fized. Then there exists ((N\),uy) €
Ry x (M, N C?(I)) which satisfies (1.1) and Ly(uy) = B(N) := infyenr, La(u).

LEMMA 2.3. Let a > 0 be fivred. Then Ly(uy) < CAMH2)/20m+1) for X\ > 1,
LEMMA 2.4. Let o> 0 be fivred. Then p(X) = o(A) for A > 1.

Since Lemma 2.2 can be proved easily by choosing a minimizing sequence,
we omit the proof. For the proof of Lemmas 2.3-2.4, see appendix (Section 7).
By Lemma 2.3, we obtain the following (2.7), which will be used later. Put
Inps={tel:2(k—1)mr+0 <ux(t) <2km—3d}for0<éd<1andk e€N. By

Lemma 2.3, as A — oo,

1
2. < 1— £)) dt
(2.7) [Tl € 75 JAM( cosux(t))
A /(2(m+1))
— L < —m m .
=1 " coso ,\(u,\)_C’)\ — 0

LEMMA 2.5. Let a > 0 be fized. Then |u}(T)|?/A — 0 as A — oc.

PROOF. Integrate (2.4) over I. Then
1
(2.8) §||u’)\||% + 2T (N F(a) = Tuh (T)* + )\/I(l —cosuy(t))dt.
This along with Lemmas 2.3 and 2.4 implies that for A > 1
1
Tuy(T)? < A3 + 2T (N F(a) = o().

Thus the proof is complete. 0

LEMMA 2.6. Let a >0 and 0 < ¢ < 1 be fized. Then, for A > 1,
(2.9) uh(T)? < Che eV 7292

PROOF. Since uy € M, we see that u)(0) = ||ux]|eco > «. Therefore, there
exists a unique t. » € [0,7] for 0 < ¢ < 1. Since sinf > (1 —¢)f for 0 < 0 <,
by (1.1), we obtain

(2.10)  uX(t) + p\) f(ur(t)) = Asinur(t) > (1 —e)ur(t) for t € [t x, T).
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Since )\ (t) < 0in [0,7] by (2.2), it follows from (2.10) that
{uX () + pN) f(ua(t)) — (1 —e)Mux(t) yul\(t) <0 for t € [tex,T].
That is,

(2.11) ds%t) = jt{u&(t)Q + (N F(ux(t)) — (1—5)2””“)} <0

for t € [te x, T).

(1 — &) duy(t)?

This implies that Sy 1(t) is non-increasing on [t. x,T]. Hence,
1
2 2

(212) 300 + MOV F(ur (1) -

By (A.3) and Lemma 2.4, we have

> —ul\(T)? fort € [t.,T).

(2.13) EXur(£)? > 2u(N) F(ua (1))
for ¢t € [ten,T] and A > 1. Then, by (2.12) and (2.13), we obtain
(2.14) —u(£) 2 \JUh(T)2 + (1 - 2e)un(1)2 for € [t T)
Therefore, by (2.14),
T

(2.15) Gre =T —top = / 1dt

ts)\

g —uj(t)

dt

= Joon VTP 0 2P 07

© ds
- /0 VUl (T)? + (1 — 22)As?

1 | <|E+ €2+X§)1|>
= (0] s
T X

where X 1 := [u)\(T)|/+/(1 —2¢)\. Since X1 — 0 as A — oo by Lemma 2.5,
(2.15) implies that X 1<V (729X < 3¢ for A >> 1. By this, we obtain (2.9).00

LEMMA 2.7. Let a« > 0 and 0 < ¢ < 1 be fired. Assume that there exists
a subsequence {\;} of {\} (A\j — oo as j — 00) such that |luy,|cc > 27. Then

(2.16) My e = lon—en; —l2mn; 2 v1-— 265)\j75 —o(1) for A > 1

PROOF. Since |uy,|lcc > 27, we see that tor x, € [0,T] exists. Let J;j. :=
[tarx,ston—en,]. Since 1 —cos® < 62/2 for 6 > 0 and cos(2m — uy,(t)) =
cosuy, (t), we obtain by (2.4) that for t € J; .,

(1 = Stk (T)? 4+ A5 (1 = cosun, (1)) — O\ Fu, (1)

1 1
< ius‘f (T)* + 5)\j(27r —uy, (t)2.

1
2
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This implies

—u (1) < \/u’)\j (T)2 + Aj (2 — uy, (t))?

for t € J; .. By this and (2.9), we obtain

(217) Mi;e = t27r75 A T t27r Aj
—uj, (t)

/JE \/uA Aj(2m — uy, (t))2

(8 +/u, (T2 /A; + €2>
log

/ \/ﬁ \F [u (T)I/ /A
> /(1= 2¢)6x,.- —

dt

>

J&MQ% v¢>

Thus the proof is complete. O

3. Proof of Theorem 2

The first aim of this section is to prove Theorem 2(i) for n = 1 in Lemma 3.8.
To do this, we compare |tar—ec x — tar | With Ix ¢, mae, 05 in Lemmas 3.3, 3.5
and 3.7.

LEMMA 3.1. Assume (A.1)—(A.4). Let « > 0 and 0 < € < 1 be fized. Then,
for A > 1,

(3.1) UA(T)? > Cde 200V,
PROOF. By (1.1), we obtain
u () + () fux(t)) = Asinuy(t) < Aup(t) for t € [tre, T).
By this and (2.2), we obtain

{ux(®) + n(N) f(ur(t)) = Mua()}ui(t) = 0 for t € [tre, T).

That is,
dS\ 2(t> d 1, . /\u,\(t)2
? :: —_— —_ - > f .
pr g7 2u)\(t) + p(A) F(ux(?)) 5 >0 fort€ [tre T

This implies that Sy 2(¢) is increasing on [ty ¢, T]. Hence,

)\UA(t)Q < 1
2 2

%u&(t)Q + (N F(ux(t)) —

Then, for ¢t € [t e, T],

uh(T)? forte [tre T).

(382) —uh(1) < \Juh(T)? + M (1) — 2N Fua(6)) < \Juh (T)? + hua (1)2.
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Therefore, by (3.2),

T T /
—uh\ (T
5M:T—tm=/ ldtz/ , ZA() .
te,n te,x \/uA(T) + )\U)\(t)

/s ds L (|€+ 52+X§2>> L ( 2e )
=[] ——m—————==—+=1o —lo ,
0o VU (T2 +As2 VA & X2 VA s X2
where X o := |u}(T)|/v/A. This implies (3.1). O

LEMMA 3.2. Assume (A.1)-(A4). Let o > 0 and 0 < ¢ < 1 be fized.
Suppose that there exists a subsequence {)\j};?‘;l such that A\; — 00 as j — oo
and ||uy,||oc > 4m. Then

(33) Ul/\j (tzm)\j)Q < C)\je_m)\j,fm_
PRrROOF. For convenience, we write A = X;. Put t = T, tox x, tar x in (2.4).

Then we obtain

(3.4) %u’)\(t)2 + (A F(ux(t)) + Acosux(t) = %u&(t4ﬂ,>\)2 + u(N)F(4m) + A

1 1
= 5“&(152#)\)2 +u(N)F@2m)+ A= iu'A(T)2 + A
This implies
1
(3.5) pA(F (47) = F(2m)) < Sul(tor 0)*.
In particular, by this and Lemma 2.4, for A > 1, we obtain
by 2
(3.6) ,u()\) = o(1)p(N) < uh(tarr)?

For ¢ € [tanpen tara], We have, by (1.1),
W) () + p(N) F(ux()) = Asinuy (£) = Asin(ua(t) — 21) > A(1 — &) (ua(t) — 27).
Therefore, by (2.2), for t € [tar 4z, t2r.2], We have
{uX (@) + pN) fur(t)) = ML = ) (ua(t) — 2m) uj (t) < 0.
That is,

Bal) o 5RO O F )~ 5 A - 22 <.

Hence, S 3(t) is decreasing in [tar4e x, t2r 2]. Then we obtain

1—¢

Muy —2m)2 > —ul\(tann)? + (N F(27)

DN | =

SUAL)? + OVF(r () —

for [tar+e ,tar 2]. Then by this, (3.6) and the inequality

(3.7 Fu)—F@2r) <Cl—-¢)(u—2m) for2r <u<2m+e¢,
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for [tar+e, tar.A], we obtain

1 1
5“&(02 > 5“&(152#,/\)2 +

1
5“’/)\(75277,)\)2 +

Y

2

1ulx\(t%,/\)2 + L= E/\{(u/\(t) —27) —
2
> O} (tarn)? + gx{(w) 9m) - CM} |

This implies

tox
(3.8) Iy, = / 1 dt

torte,n

< /tgﬂ —u)\(¢) d
T Jtanien V20UL(t2r2)? + (1 — €)M (ua(t) — 2m) — Cu(N)/A}2

e=Cpu(N)/X 1
- / ds
—Cu(\) /A \/20% (t2r ) + (1 —¢)Ars?
e—=Cpu(N)/ 1

V(L =e)A /cm VELED G

where X 3 = V2C|u}\ (t2x1)|/+/ (1 — €)A. By (3.4), we have

:KXZ dS,

1 1 1
(3.9) SUA(t2r2)? < SuA(tara)? + pOVF(2m) = Sul (T)%

By this and Lemma 2.5, we see that X§73 — 0 as A — oco. By (3.6), for A > 1,
we have

Cu(A) C2p(A)? o X3
DY + 2 + X/\ 3> 5
By this and (3.8), we obtain
(3.10)
1 e—=Cu(N)/X
e <Ky = [log s+ /82 4+ X2 }
: 1-e)X M euoon
1 Cu(X) C2u(N)?
< —11 — 1 — X2,
1
< ———{log 3e — log | X 2
= (175))\{ g g | Xx3l/2}
1_
log ( N .
(L=e)A — |VC/2u)\(tar )|

By this, we obtain (3.3). O
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LEMMA 3.3. Assume (A.1)-(A4). Let « > 0 and 0 < ¢ < 1 be fized.
Suppose that there exists a subsequence {)\j};?‘;l such that A\; — o0 as j — oo
and ||uy, ||oo > 4m. Then

(311) t4ﬂ_57)\j - t47‘-7)\j > vV (1 - E‘)l)\jﬁ - 0(1)

Lemma 3.3 follows from Lemma 3.2 and the same calculation as those used
in Lemma 2.7. Hence we omit the proof.

LEMMA 3.4. Assume (A.1)-(A4). Let o > 0 and 0 < ¢ < 1 be fized.
Suppose that there exists a subsequence {\;} such that A\; — oo as j — oo, and
llux, lloo > 2. Then

(3.12) u/}\j (t271—7/\)2 g C)\jefzmkj,s V (175)/\
PrROOF. We write A = \;, for short. For ¢ € [tor x,t2x—c 2], by (1.1), we
have
(3.13)  uX(t) + pN) f(ur(t)) = Asinuy(t) = —Asin(2m — uy(¢))
< A1 —e)2m —ux(t)) = A1 — &) (ux(t) — 2m).
Then for t € [tax a, tar—e,n], by (2.2) and (3.13), we obtain
{ul (8) + p(N) fur(t)) = A1 — ) (ua(t) — 2m)Fu)(t) > 0.
This implies that for ¢ € [tar x, tar—c.2],

dS/zi,;l(t) — jt{;ui\(t) + (A Fux(t)) — . ;6

(ux(t) — 27r)2} > 0.

So Sy ,4(t) is non-decreasing in [tox x,tox—e,x]. Therefore, for ¢ € [tar x, tar—c 2],
we obtain

L0 + HOVF ) -

This implies

1—¢
2

(ua(t) = 2m)% = Sul(tzn,2)? + (N F(27).

N | =

1 1
(3.14) §u;(t)2 e

By (3.14) and the same calculation as those used in the proof of Lemma 2.6, we

— &

ux(tarn)? + ! (ux(t) — 2m)%

obtain our conclusion. O

LEMMA 3.5. Assume (A.1)-(A4). Let o > 0 and 0 < ¢ < 1 be fized.
Suppose that there exists a subsequence {\;} such that A\; — oo as j — oo, and
llux, |loo > 4m. Then

(315) t4ﬂ-_57)\j - t4ﬂ7)\j >V1-— EMy; e — 0(1) for )\j > 1.

Lemma 3.5 can be proved by using Lemma 3.4 and the same arguments as
those in the proof of Lemma 2.7. Therefore, we omit the proof.
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LEMMA 3.6. Assume (A.1)-(A4). Let « > 0 and 0 < ¢ < 1 be fized.
Assume that there exists a subsequence {\;} such that \; — oo as j — oo, and

llu,lloc > 27 +€. Then

(316) l>\j,5 - t27‘r7>\j - t27‘r+€,)\j Z \% 1 - 266)\j,€ - 0(1) fOT )\] > 1

PRrROOF. We abreviate A\; as A\. For t € [taric a,tar 2], by (2.4), we obtain

%u&(t)z < %u;(T)2 + A1 = cosuy(t)) = %u&(T)z + A(1 = cos(ux(t) — 2m))
< %u;(Tﬁ + %)\(u,\(t) o).

This implies

U (t) < (/M@ (E) — 2m)2 + (72

for ¢t € [tante,r, tor,x]- This yields

Irne =tor )y — lomten

> /tZM —() dt = /E S Y
T Jtomien \/)\(u,\(t) —27)? +ul\ (T)? 0 VAsZ+u)\(T)?
By using this and the same calculation as that in the proof of Lemma 2.7, we

obtain (3.16). O

LEMMA 3.7. Assume (A.1)=(A4). Let @« > 0 and 0 < ¢ < 1 be fized.
Assume that there exists a subsequence {\;} such that \; — oo as j — oo, and
lux,lloc > 4m. Then

(317) t4.,r_5,Aj — t4ﬂ-,)\j >V1-— 285%,75 — 0(1) for )\j > 1.

Lemma 3.7 can be proved by exactly the same arguments as those used in
the proof of Lemma 2.7. Hence we omit the proof.

Now we prove Theorem 2(i) for n = 1 in the following Lemma 3.8.

LEMMA 3.8. Assume (A.1)—(A.4) and (A5.1). Let 2n < a < 4m which
satisfies (1.5) for n =1 be fized. Then ||ux|co < 4w for A > 1.

PrROOF. We assume that there exists a subsequence of {A}, denoted by {\}
again, such that A — oo and ||uy|lec > 4w, and derive a contradiction. Let
0 < e < 1 be fixed. By (2.7), we see that as A — oo

(3'18) |t6,)\ - t27r—a,)\|7 |t27r+5,>\ - t47r—5,>\| — 0.
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Then by (3.18), we obtain

(3.19) T=T—tcx+ (tex —tan—ecn) + (far—e.n — t2rn)
+ (tarx — tonten) + (tonter — tam—en) + tar—c 2
=0xe+ e+ mae Ftan—cn + (tex —t2n—c )
+ (torter — tar—c\)
=0xe +Ine +mre +tar—cn+o(1).

Therefore, by (3.19), Lemmas 3.3, 3.5 and 3.7, we have
T < 3(tam—er — tarn) +tar—er + O(e) + 0(1) < 4tyr_cn + O(g) + o(1).
This implies that for A > 1
(3.20) T/4 <tyr—cx+O(e) +o(1).
On the other hand, by Lemmas 2.7, 3.6, (3.19) and (3.20), we have
30xne < Oxne+mae+Ire +0(e)+0o(1)

=T —taz_er+O0(e) +0(1) <3T/4+ O(e) + o(1).
This implies that for A > 1
(3.21) bre < T/4+0(2) + ol1),
We know

4 T/4—Ce tor—c,x
(3.22) TF(a) = ; Bie = /0 F(u,\(t)) dt + A/4_C€ F(U)\(t)) dt

te,x T
+ / Flux(t)) dt + / F(uy(t)) dt.

By (3.18), we obtain that Bs . — 0 as A — oo. It is clear that By ). < Ce.
By (3.20), we see that T/4 — Ce < tyr_c » for A > 1. Then by this, we obtain

TF(4
iﬁ) — Ce.

T
Biae > F(dm —¢) (4 - Cs) >
By (3.18) and (3.21), we obtain

Bane 2 F(2m - 8)(15277_57)\ —T/4+ Ce)
= F(21 —€)((tar—er — ten) + T — 6xc — T/4+ Ce)

TF(2
> é ™) _ e —o(1).
By these inequalities and (3.22), we obtain
F4 F(2
(3.23) Fla)> 2D L FCT) o),

4 2
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Choose ¢ sufficiently small. Then this contradicts (1.5) for n = 1. Thus the
proof is complete. O

In the following Lemmas 3.9-3.10, we estimate [y . and my . by dx. from
above. To do this, the following inequality (3.24) plays an important role:

(3.24) Cu() < )\ (tar )

LEMMA 3.9. Assume (A.1)-(A4). Let2n < ao < 4w and 0 < ¢ < 1 be
fized. Assume that 2m < ||uallee < 47w for A > 1. Suppose that there exists
a subsequence {A;}32, such that A\j — oo as j — oo and satisfies (3.24). Then

forg>1

(3.25) my; e = lar—en; —lonn; < (5)\].,5 + O0(e) + o(1).

PrOOF. We write A = \; for short. By (2.4), for t € [tar x,t2r—c, ], we have

1 1

(3.26) iug\(t)z = iu&(tgﬁf + A1 = cosux(t)) + u(N)(F(2r) — F(uy))

1 1-—

> iu’/\(tgﬁ)2 + %)\(271' —uy(t))%

This implies

tar—e,x
(3.27) Mae = / 1dt

tor A

[ g .
torn VUL(t2r )% + A1 — Ce)(2m — un(t))?

e 1
B /0 VAL = Ce)s + ), (tar )2

ds

B 1 /5 1
- V(@ =Cox o 52+ X3,

ds,

where X 4 = |t} (t2x,2)]// (1 — Ce)A. Then by Lemma 2.5 and (3.9), we see
that X§74 — 0 as A — 00. Then by direct calculation, we have

e+4/e2+ X3,

Xxa

)

1
3.28 Ky = lo
(3.28) A oo *®

__
(1—-Ce)A

(C —log [} (t2rn)| +1og VA).
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By (2.4), (3.24), Lemma 3.1 and Lemma 3.8, we obtain

(3.29) Cu\(tar2)? = p(NF(4m) = p(N)F(||ux o)

up (T)? + (1 = cos [|ux] )

vV
=N =R

UA(T)2 > Code 20neVA,
Consequently, by (3.27)—(3.29), we obtain (3.25). Thus the proof is complete.

LeEMMA 3.10. Assume (A.1)-(A4). Let 2r < oo < 4m and 0 < € < 1 be
fized. Assume that 2m + € < ||ualloo < 47 for A > 1. Suppose that there exists
a subsequence of {\;}32, such that \; — oo as j — oo and satisfies (3.24) for
7 €N. Then forj > 1

(3.30) l,\j75 =tonxn; — torten; < (5,\].75 + 0(6) + 0(1).

PROOF. Since (3.24) is assumed, we have (3.10) and (3.29). By (3.10)
and (3.29), we obtain (3.30). O

Next, we estimate t4r—. » by d) . from below in Lemma 3.12. To do this, we
use the following Lemma 3.11.

LeEMMA 3.11. Assume (A.1)—(A.4). Let o > 0 be fized. Suppose that oy =
4 — Jurlloc — 0 as A — oo. Then

(3.31) o3 < C’# for A > 1.

N

In particular, for 2r < «a < 4w, if (A.1)-(A.4), (A.5.1) and (1.5) for n = 1
are assumed, then ||uxlle — 47 as A — oo, namely, oy — 0 as A — 0.
Furthermore, (3.31) holds.

PROOF. Since oy — 0 as A — oo, we see that ||ur]leoc < C. Then by (2.4),
for A > 1, we obtain

1 o2
iu’,\(T)2 + A1 —cosay) > %.

This implies (3.31). If we assume (A.1)-(A.4), (A.5.1) and (1.5) for n = 1, then
by Lemma 3.8, we have g > 0 for A > 1. Further, 0y, — 0 as A — co. Indeed,

(3.32) HANF(C) = pF(luallec) =

if there exists a subsequence of {\}, denoted by {A} again, such that oy > C,
then by (2.7), we see that uy — 27 or uy — 0 a.e. in [ as A — co. Then

(3.33) 2TF (o) = /F(u)\(t)) dt <2TF(27) +o(1) for A > 1.
I

This contradicts oo > 27. Hence, we also obtain (3.31) in this case. O
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LEMMA 3.12. Assume (A.1)-(A4). Let « > 0 and 0 < ¢ < 1 be fized.
Assume that ||u||eo < 47 and ||u||ec — 47 as X — oo. Then for A > 1

(334) LL4.,1—_E7)\ Z vV 1-— 256A,£ - 0(1)

PROOF. Since ||uy]|oo — 47, we see that t4,_c » exists for A > 1. By (2.4),
for t € [0, t4r—c 5],

1 1
S (07 = SUA(T)? + X1 = cosun(t)) — OV F (u (1))
1
< iu’/\(T)2 + A(1 — cos(4m — ux(t)))
< 1u;(T)2 + 1(47r —uy (1))
2 2
By this, we obtain
tar—e,x tar—e, 2 o
(3.35) tym_cx = / 1dt > / ___ ) (¢) _ar
0 0 VUh(T)? + A(Am — ua(t))
Y S—F
an VUN(T)? + As?

P ey

~log <O’)\+ \/(W)]

By (2.4), we have

up (T)? _ iy (T)? 2F([lualloc)p(A) _ 2F(4m)p(A)

(3.36)

+2(1—cos ||uplloo) =

AT A A - A

By this, Lemma 3.11 and (3.35), we have
1 \ O\ /2
(3.37) tam—e ) > 7 (log 2¢ + log (M) —log C’).
Since p(A\)F(2m) < uh(T)?/2 by (3.4), by this and Lemma 2.6, we obtain
(3.38) Ce2one /A28 o A
ey

By this and (3.37), we obtain (3.34). O

Now we estimate t4r_. » by 05 from above. To do this, we define @ by

1
(3.39) Qx = gl - A/I(l _ cosun (1)) dt.
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LEMMA 3.13. Assume (A.1)—(A.4), (A.5.1). Let 21 < a < 47 satisfy (1.5)
form=1. Then Q) <0 for A> 1.

PROOF. Assume that there exists a subsequence of {A}, which is denoted
by {A} again, such that A — oo and @, > 0. Integrate (3.4) over I to obtain

(3.40) Qx = T (tar)? — 2TH(N)(F(a) — F(2m)) = Ty (T)? — 2Tu(\) F(a).
Since we assume @y > 0 for A > 1, we see from this that for A > 1
(3.41) T (tarp)? > 2T\ (F(a) — F(2m).
This implies (3.24). Then by Lemmas 2.7, 3.6, 3.9 and 3.10, for A > 1, we have
(3.42) Mxe =0+ 0() +0(1), Ire=0re+0()+0(1).
This along with (3.19) and Lemma 3.12 implies that
T =tar—ex+3Ire+0(e) +0(1) > 405 — Ce —o(1).
Then by this, (3.42) and Lemma 3.12, for A > 1, we obtain

TF(a) = F(4m)tar—c ) + 2F(27)0xc + O(e) + o(1)
(4T)(T — 30x,c) + 2F(2m)6x . — Ce — o(1)

F(4m) + (2F(2m) — 3F(47))0x,e — Ce — o(1)

> TF(47) + (2F(27r) — 3F(41))T/4 — Ce — o(1)

T
=1 (4m) + F(27r) Ce —o(1).
This contradicts (1.5) for n = 1. Thus the proof is complete. O

LEMMA 3.14. Assume (A.1)—(A.4). Let 21 < o < 4w be fized. If ||uallcc —
dm as A — o0 and Qx < 0 for A > 1, then there exists a constant C' > 0 such
that for A\ > 1

A
(3.43) %) < Co},
In particular, if (A.1)—(A.4) and (A.5.1) are fulfilled and 27 < « < 47 satis-
fies (1.5) for n =1, then (3.43) holds.

PROOF. Since @y < 0, by (3.40), we have

1
(3.44) ST < HO)F(0).
Then by this and (2.4), we obtain
1 1
(3.45) AT = A1 = cos urlo) = nN F([[ua]lo) = uA(T)?

Z pN(F([[urlloo) = F(a))-
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This implies (3.43). If 27 < a < 4r satisfies (1.5) for n = 1, then by Lem-
mas 3.8, 3.11 and 3.13, the assumptions in this lemma are satisfied. Hence we
obtain (3.43). O

LEMMA 3.15. Assume (A.1)-(A4). Let 27 < a < 4m and 0 < ¢ < 1
be fized. If ||urlloo < 4T, |[ur]]oo — 47 as A — 00 and Qx < 0 for A > 1, then
for A>1

(3.46) tar—ex < 0xe +O(e) +o(1).

In particular, if (A.1)—(A.4) and (A.5.1) are fulfilled and 2w < o < 47 satis-
fies (1.5) for n =1, then (3.46) holds.

PRrROOF. We see that for 47 — e < u < 4w — o)

. 1—-Ce
(3.47) (Jlux]|oo — u)sinoy + (u— ||'LL)\||OO)2 < cos ||ur]|oo — cosu.

Indeed, (3.47) is equvalent to
g(0) = cosoy —cos(d + o) —Osinoy — (1 — Ce)6?/2>0

for 0 < @ < e — o). Then it is easy to see that g(0) = ¢’(0) = 0 and ¢”(0) > 0
for 0 < 0 <e—o0y). Hence g() >0 for 0 < 0 < e — oy, and we obtain (3.47).
Then by (2.4) and the inequality sinoy > (1 — Ce)oy/2, for ¢t € [0, t4r—c 2] and
A > 1, we obtain

%U&(t)2 = Acos [[ualloo = cosux(t)) + p(A) (F([[urlloo) = F(ux(t))

. 1-Ce
2 Asinay(Juxlle —ua(t)) + —5—=A(llurllc — ux(t))?

E D sonunlle —r (1)) + + 5

> Mluallso = ua(t))*.

This implies
ban—c.x 1
@%)M““SA =
—uj(t)

. 4w —eg, X d
/o V(lualloo = un(t))? + ox([[ualloo — ua(t) t

ds

1 T 1
_\/(105))\/0 Vs2+oys
PR 1~/€ L4

y———————— 111 —F as
V= Ce)X =0 )¢ s?2+oys



MULTIPLE INTERIOR LAYERS 347

1 [ t+ 1|V EFToN/E
o 4
(1 —Ce)A t =11\ /iGron/c

‘\/ et+oy)/e+1

V(e +on Ye—1|

/(A =Ce)r
We easily see that /(e + 0y)/e > 1+ C.o for some constant C. > 0. Conse-
quently, by (3.48) and Lemma 3.14, we have
1

3.49 tar—er < ——-—(logo;* +C
(3.49) dm—e,\ (1_08»( goy )

el () o)

By Lemma 3.1 and (3.44), we have A\/u(A) < Ce?.=VX . By this and (3.49),
we obtain (3.46). Finally, if 27 < o < 47 satisfies (1.5) for n = 1, then by
Lemmas 3.8, 3.11 and 3.13, we see that the assumptions in this lemma are
satisfied. Therefore, we obtain (3.46). Thus the proof is complete. O

PROOF OF THEOREM 2(ii)—(vi) FOR n = 1. Let an arbitrary 0 < ¢ < 1 be
fixed. Then by Lemmas 3.12 and 3.15, we see that for A > 1

(3.50) tar—en = Oxe +O(e) +o(1).
By (3.19) and (3.50), for A > 1, we obtain
TF(a) = F(4m)tag—ex + (T — tagr—ex — O c)F(2m) + O(e) + o(1)
=TF(27) 4 0y (F(4m) — 2F(27)) 4+ O(e) + o(1).
This implies that for A > 1,

(3.51) 6ye = F(a) — F(27)

«= Flam —ar(n | T OE) Fo(l) =Tax+0() +o1).

Now Theorem 2(ii)—(v) for n = 1 are direct consequence of (3.50) and (3.51).

Finally, (1.6) follows from (3.38) and (3.51). O

PROOF OF THEOREM 2 FOR n > 2. For n > 2, we can prove Theorem 2 as
follows. Since 2nm < a < 2(n + 1)7, we have ||uy]|s > 2n7. By using (A.5.n)
and the same argument as that in Lemma 3.8, we first obtain ||uy]|c < 2(n+1)7.
Secondly, let an arbitrary 0 < ¢ < 1 be fixed. For 1 < k < n, we put

(3.52) Inek 7= tagmn — Lokmqe s Mrek i= tokm—er — L2k A

Then by replacing 27 with 2kw, we repeat the same calculation as those of
Lemmas 2.7 and 3.6. Then for 1 <k <n —1 and A > 1, we obtain

(3.53) Irneks Mrek > 0xe —Ce—o(l).
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Since [Jup|loo > 2nm, there exists tagr . for 1 <k < n. Then by putting ¢ = 2kn
in (2.4), we obtain that for 1 <k <n -1

1 1 1
§u'>\(t2n7r’,\)2+u()\)F(2mT)—l—)\ = §u',\(t2k,r,>\)2—i—u()\)F(Zlm)—i—)\ = §u;(T)2+A.
This implies that for 1 <k <n—1

(3.54) %u;(TF > %u;(tQkﬂ,A)z > p(\)(F(2n7) — F(2kn)).

(3.54) corresponds with (3.24) for 1 < k < n — 1. Then by repeating the same
arguments as those of Lemmas 3.9 and 3.10, for 1 < k < n—1and A > 1,
we obtain

Inek, Maek <Oxe+0(e) +o(1).
This along with (3.53) implies that for 1 <k <n—1and A > 1

(3.55) Dnek, Mrek =0xe+O(e) +o(1).

Now by using the same arguments as those in Lemmas 3.11-3.15, for A > 1,
we obtain

(3.56) tant1ym—ex = Oxe +O(€) +0(1).

By (2.7), we have

n
(3.57) T =tamitym—er+ D (Inek +mrck) + (e +mac) +0xe + o).
k=2

Then by (3.55)—(3.57), we obtain

TF(0) =tapminyreaF2(n+ D) + (T = topniiyren — (20 — 1)0x o) F(2n7)
n—1

+ Y 2F(2km)dx . + O(e) + o(1)
k=0

=TF(2nr) + {F(Z(n + 1)m) — 2nF(2nm) + 2% F(2k71')}5,\,E
k=0
+0(e) +o(1)

=TF(2n7) + H(n)dx + O(e) + o(1).
This implies that for A > 1
(3.58) Ore =Tan+0(e) +o0(1).

Now Theorem 2(ii)—(v) are direct consequence of (3.55), (3.56) and (3.58). Fi-
nally, (1.6) follows from (3.54), (3.58) and Lemma 2.6. Thus the proof is
complete. O
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4. Proof of Theorem 1
Proof of Theorem 1 is a variant of the proof of Theorem 2.

LeMMA 4.1. Assume (A.1)—(A.4) and (A.5.1). Assume that 0 < a < 27
satisfies 2F (a)) > F(2m). Then ||ux||co < 47 for A > 1.

PROOF. Assume that there exists a subsequence of {A}, which is denoted
by {\} again, such that A — oo and ||u||ec = 47. Then by the same arguments
as those in Lemmas 3.2-3.8, we obtain (3.23) for 0 < ¢ <« 1. This implies

F(2rm) > F(a) > —F(4m) + %F(QTF) —Ce —o(1).

|

Since 0 < & < 1 is arbitrary, this implies that 2F(27) > F(4m). This contra-
dicts (A.5.1). O

By (2.4) and Lemma 4.1, we have

(4.1) AL — cos [lufloo) < AL — cos |ualoo) + %u'/\(T)Q
= PN F(urlloo) < p(A)F (47).

By (4.1) and Lemmas 2.4 and 4.1, we have two possibilities: ||uy|jcc — 47 or

[lualloc — 27 as A — oo.

LeMMA 4.2. Assume (A.1)—(A.4) and (A.5.1). Assume that 0 < a < 27
satisfies 2F (o)) > F(2m). Then |Juy]|co — 27 as A — oo.

PROOF. Assume that there exists a subsequence of {\}, which is denoted
by {A} again, such that ||ux|lcc — 47 as A — o00. Let 0 < ¢ < 1 be fixed. By
Lemma 3.12 and (3.19), we see that for A > 1

TF(a) 2 t47r,57)\F(4’/T - E) + (T - t47r,5’)\ - (5)\75 - 0(1))F(27T - 6)
> TF(2r) + tapr_ex(F(47) — 2F(27)) — Ce — o(1).

This together with (A.5.1) contradicts the assumption o < 2. Thus the proof
is complete. O

By Lemma 4.2, we obtain
TF(a) = F(2m)tar—ex + O(g) + 0o(1)

for A > 1 and 0 < ¢ < 1. This implies tor—-x = Two + O(e) + o(1). This
implies the assertion (i) and (ii). The assertion (iii) is exactly the same as
that of Theorem 0(iii). However, for completeness, the proof will be given in
appendix. Thus the proof is complete. O
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5. Proof of Theorem 3

We begin with the proof of Theorem 3(i) for n = 1.

PROOF OF THEOREM 3(i) FOR n = 1. We assume that there exists a sub-
sequence of {A}, denoted by {A\} again, such that A — oo and |Jux|lec > 67
and derive a contradiction. We have the inequality (3.5), namely, (3.24) in this
case. Therefore, for a fixed 0 < ¢ < 1, Lemma 3.9 and Lemma 3.10 are valid
in this case. So these lemmas together with Lemmas 2.7 and 3.6 imply (3.42).
Furthermore, by the same argument as that used in Lemma 2.7, we obtain that
for A > 1,

(51) t6‘n’—s,>\ > tGTr—E,)\ - t67r,)\ > V (1 - 25)6)\,5 - 0(1)
Then by (A.5.2), (3.42) and (5.1),

(5.2) TF(a) >ter—erF (61 —€) + (T —tor—er —Mre —lre —Orc)F(dm —¢)
+ (mae + ) F(2m — ) — o(1)
>TF(47) + tor—ex(F(6m) — F(47)) — 305  F(47)
+ 205 F(2m) — Ce — o(1)
> TF(4n) + 8y (F(67) — 4F (47) + 2F(27)) — Ce — o(1)
>TF(4m) — Ce — o(1).

Since 0 < € < 1 is arbitrary, this contradicts the assumption a < 47. Thus we
obtain |[uy]lec < 67. If there exists a subsequence of {A}, denoted by {A} again,
such that ||uy||cc — 67, then by the same calculation as that of Lemma 3.12, for
A > 1, we obtain tgr_e x > M(A’E —o(1). By using this and the same
argument as that of (5.2), we can also derive a contradiction in this case. Thus
we obtain that |Juy|lcc — 47 as A — co. O

Now we are ready to prove Theorem 3(ii)—(v) for n = 1.

PROOF OF THEOREM 3(ii)—(v) FOR n = 1. We first consider the case where
F(a) > F(47)/4 + F(2mr)/2. Then there are two cases to consider.

Case 1. Assume that there exists a subsequence of {A}, denoted by {A}
again, such that A — oo and ||ux||ec < 4m. We first prove that @y > 0 for
A > 1, where Q) is defined in (3.39). Assume, on the contrary, that there exists
a subsequence of {\} such that A — oo and @y < 0. Let 0 < ¢ < 1 be fixed.
Then by Lemmas 3.12 and 3.15, for A > 1, we obtain (3.50). Then by (3.19),
(3.50), Lemmas 2.7 and 3.6, for A > 1, we obtain

(5.3) T=tar_en+mre+Ire+0ne+ 0(1) > 46y — Ce — 0(1).



MULTIPLE INTERIOR LAYERS 351

Then by (3.50) and (5.3)

(5.4) TF(a) = F(dm)tagr—en + F2m)(T — tar—er — 0xc) + O(e) + 0(1)
=TF(27) 4 0)(F(4m) — 2F(27)) 4+ O(e) + o(1)
< TF(2m) + %(F(zm) —2F(27)) 4+ O(e) + o(1)
T

= Fm) + %F(%) +0(e) +o(1).

This is a contradiction. Thus we obtain that @, > 0 for A > 1, which implies
(3.24) by (3.41). Then by (3.24), Lemmas 2.7, 3.6, 3.9 and 3.10, we obtain (3.42).
This implies that

(5.5) TF(a) = (T — 30y :)F(4rm) + 26, . F(27) + O(e) + o(1).

Hence we see that 0y . = So1 + O(e) + o(1) for A > 1. This along with (3.42)
implies Theorem 3(ii)—(iv). Theorem 3(v) follows from (3.38), Lemma 2.6 and
the fact that dy. = Sa1 + O(e) + o(1) for A > 1. Thus the proof of Case 1
is complete.

Case 2. Assume that there exists a subsequence of {A}, denoted by {A}
again, such that A — oo and ||uxllec > 4m. Then by (3.4), we obtain (3.5),
which implies (3.24). Hence, we find that Lemma 3.9 and Lemma 3.10 are
valid in this case. Namely, we have (3.42). Then by the same argument as
that in Case 1, we also obtain (5.5), which implies Theorem 3(ii)—(iv) in this
case. Finally, Theorem 3(v) follows from (3.38), Lemma 2.6, and the fact that
Ire = Sa,1+0(e)40(1) for A > 1. Thus the proof of the case n = 1 is complete.

Now, we consider the case where F(a) = F(4w)/4+ F(27)/2. There are two
cases to consider.

Case 3. Assume that there exists a subsequence of {A}, denoted by {A}
again, such that A — oo and |Juy|jec > 4m. Let 0 < ¢ <« 1 be fixed. Then
by (3.5), we see that Lemma 3.9 and Lemma 3.10 are valid. By these facts and
Lemmas 2.7 and 3.6, we obtain (3.42), which implies

TF(a) = %F(M) + %F(Qw) (T = 36, ) F(47) + 205 . F(27) + O(2) + o(1).

Hence for A > 1, we obtain
(5.6) Ore =T/4+0(e) +o(1).

This implies Theorem 3(iv). The assertions (ii) and (iii) follow from (3.42)
and (5.6). The assertion (v) follows from (3.38), (5.6) and Lemma 2.6.

Case 4. Assume that there exists a subsequence of {A}, denoted by {A}
again, such that A — oo and |Jux||eo < 4. If there exists a subsequence of {A}
such that @y > 0, then our conclusion follows exactly from the same argument
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as that of Case 3. If there exists a subsequence of {\} such that @, < 0, then
by Lemmas 3.12 and 3.15, we have (3.50). Then
T T
TF(a) = ZF(4T&') + §F(27r) =0xcF(4m) + (T — 205 c)F(2m) + O(e) + o(1).

This implies (5.6). Then by the same argument as that in Case 3, we obtain our
conclusion. Thus the proof for the case n =1 is complete. O

PROOF OF THEOREM 3 FOR n > 2. Let 0 < ¢ < 1 be fixed. We recall
Ineks Maek defined in (3.52) for 1 < k < n. Then by the same arguments as
those in the proof of Theorem 2 for n > 2, for 1 < k < n — 1, we obtain (3.55).
Then by the same argument as that of the proof of Theorem 3 for n = 1, we
obtain |luy|lec — 2(n + 1)7 as A — oo. This implies Theorem 3(i). By the same
calculation as those for the case n = 1, we obtain

(57) l)\,s,ru Mxen = 6/\,6 + O(E) + 0(1)
Therefore, by (3.55) and (5.7), we obtain
TF(o) = (T — (2n+1)8y)F(2(n+ 1)m) + 205 > F(2km) + O(e) + o(1).
k=0
This implies that for A > 1
(58) 5)\,s = Soz,n + 0(5) + 0(1)

This implies Theorem 3(ii)—(iv). Finally, Theorem 3(v) follows from (3.38), (5.8)
and Lemma 2.6. O

6. Proof of Theorem 4
We first prove Theorem 4 for n = 1.

LEMMA 6.1. Assume (A.1)-(A.4) and (A.5.1). Let a = 2m. Then |Jur]|oo <
47 for A > 1.

PROOF. We note that [|uy]|eo > 27, since uy € May,. Assume that there
exists a subsequence of {\}, denoted by {A} again, such that A — oo and
[|lurlloo > 4m. Let 0 < € < 1 be fixed. Then by Lemmas 2.7, 3.3, 3.5, 3.6,
we have
mxe + e

2

2 5)\.,5 - CE - 0(1)

(61) t471'—€,)\ > t47r—s,)\ - t4ﬂ-,)\ 2

mye + l)\,s
2

— C= —o(1),
(6.2)

By (6.1) and (6.2), we obtain

TF(27T) > t47r,€’)\F(47T — E) + (T — t4ﬂ—,57)\ — (5)\’5)F(27T — 5)
> TF(2r) + tap_ox(F(47) — 2F(27)) — Ce — o(1).
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This along with (A.5.1), (6.1) and (6.2) implies that for A > 1

(6.3) bin—en < Ce+0(1), x. < Ce+o(1).

By (3.19) and (6.3), for A > 1, we obtain

(6.4) e +mae >T —Ce—o(1).

This along with (6.1) implies that for A > 1

(6.5) tan—er > T/2 — Ce — o(1).

This contradicts (6.3). Thus, we obtain ||uy || < 47 for A > 1. O
By Lemma 6.1, we have (4.1) in this case. So there are only two possibilities:

|urlloo — 47 or ||urlleo — 27 as A — oco. If ||ur]lco — 27 as A — oo, then uy —

27 as A — oo locally uniformly on (0,7, since uy € Ms,. Hence Theorem 4 is
obtained immediately in this case.

LEMMA 6.2. Assume (A.1)-(A.4) and (A.5.1) and oo = 2mw. Suppose that
[[ualloo — 47 as A — oo. Let 0 < e < 1 be fixred. Then (6.4) holds for A > 1.

PRrROOF. By Lemma 3.12 and (3.19), we obtain

TF(Q’]T) > t4ﬂ-_5’)\F(47T) + (T —tam—en — (s)\’E)F(Qﬂ') —Ce — 0(1)
=TF(27) 4 tan—e x(F(4m) — 2F (27)) — Ce — o(1).

This along with (A.5.1) and Lemma 3.12 implies (6.3). Then by (3.19) and (6.3),
we obtain (6.4). Thus the proof is complete. O

(6.4) implies that uy — 27 on any compact subset in (0,7"). Now we obtain
Theorem 4 for n = 1 by Lemmas 6.1-6.2.

PROOF OF THEOREM 4 FOR n > 2. Let a« = 2nmw for n > 2. We first
prove |[uxlleo < 2(n 4+ 1) for A > 1. To this end, we assume that there exists
a subsequence of {\}, denoted by {A} again, such that ||ux|lec > 2(n + 1)7 for

A > 1 and derive a contradiction. Let 0 < ¢ <« 1 be fixed. By the same argument
as that of Lemma 2.7, for A > 1, we obtain

(6.6) tatntD)m—en = ta(nsl)m—er — Lo(ni)mr = Oae — Ce —o(1).
Then by (3.55) and (6.6), we obtain

(6.7) TF(2nm) =topmirysenF(2(n + 1)m)
+ {T — tz(n+1)ﬂ.,5)\ — (2n — 1)(5)\75}F(2n71')

+ 20y ¢ Ti F(2km) + O(e) + o(1)
k=0
> TF(n) + togu s yr—ea {F(2(0 + D) — F(2nm))
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n—1
— 0y F(2nm) = 205 Y (F(2nm) — F(2km)) — Ce — o(1)
k=1
>TF@2nm) +ty(ni1ym—erH(n) — Ce —o(1).

By (A.5.n), (6.6) and (6.7), for A > 1, we obtain
(6.8) to(na)m—er < Ce + o(1), Oxre < Ce+ o(1).

Since we assume |[ux]|oo > 2(n+1)7 for A > 1, by the argument of Lemmas 2.7,
3.6, 3.9 and 3.10, we have (5.7). Then it follows from (3.55) for 1 < k < n, (3.57)
and (6.8) that

totngyr—er =1 — (2n+1)0xc — O(e) —o(1) > T — Ce — o(1).
This implies that
TF(2nm) > to(ni1ym-eF' 2+ 1) —€) > TF(2(n+ 1)) — Ce — o(1).

This is a contradiction. Hence we obtain [Juy||cc < 2(n 4 1) for A > 1. Then
by this and (4.1), we have

AL = cos [luafloc) < p(A)F(2(n + 1)7).

Since uy € May,, by this and Lemma 2.4, we have only two possibilities:
lualloe — 2(n + )7 or |Jurlleo — 2n7m as A — oco. Firstly, if ||ur]|ec — 2n7 as
A — 00, then uy — 2n7 locally uniformly on (0,7) as A — oo, since uy € Mayx.
So we obtain Theorem 4. Secondly, consider the case where ||ux]|oo — 2(n+ 1)7
as A — oo. Then by the same argument as those of Lemma 3.12, we have (6.6)
for A > 1. By this and (3.55) for 1 < k < n — 1, we also obtain (6.7), which
implies (6.8). Then by (3.55) for 1 <k <n —1, (3.57) and (6.8), we obtain

(6.9) Doem +Mmyen>T —Ce — 0(1).

This implies that uy — 2n7 locally uniformly on (0,7) as A — oo. Thus the

proof is complete. O
7. Appendix

In this section we prove Lemmas 2.3, 2.4 and Theorem 1(iii) for completeness.
PrOOF OF LEMMA 2.3. We put
—AV2|t] 4 A/ @) g < ¢ < AT/ RemAD),
wy(t) = { 0 A~/ QmAD) < < T

For a fixed A > 0, we put g(vy) := K(ywy) for v > 0. Then clearly, g(0) = 0
and g(y) — oo as v — oo. Hence there exists ¢y > 0 such that g(cy) = 2TF(«).
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This implies V) := chwy € M,. By (A.4), there exist constants C5,Cy > 0 such
that for s >0

(71) F(S) Z CgSm — 04.
By this, we have
2
2TF(a) = K(Vy) = /F(V,\(t)) dt > /(OgV)\(t)m —Cy)ds = m%lc;” —2C4T.
I I

This implies that ¢y < C for A > 1. Then by direct calculation, we obtain
V2 = 22 A(m+/20m+1) -y / (1 — cos Va (1)) dt < 4A(m+2)/2m+D).
I

By this, we obtain our conclusion, since S(A\) = Ly (ux) < La(V)). O
ProOF oF LEMMA 2.4. By Lemma 2.3, we have

(7.2) [ I3 < CAlmH2)/Glmtn),
(7.3) / (1 — cosuy(t))dt < CA~™/(2(m+1)
I

Multiply (1.1) by uy and integrate it over I. Then integration by parts along
with (A.4) yields

(7.4) 2mTF(a)u(A) = p(A) /I mE (ux(t)) dt < p(\) /1 Fux(t))ux(t) dt
= \|U/>\||§+)\/IUA(1€) sinuy (t) dt.

To obtain our conclusion, we estimate [} ux(t)sinuy(t) dt. By (7.1), we have

m 1 _ ymo. i a
/Iu,\(t) it < CB{/IF(uA(t))deT} — O3 = - (2TF(a) +2047).

By this and Hélder’s inequality, we obtain

(75) f)\ = /I’U,)\(t) sinuk(t) dt

< (/I|sinu)\(t)|th>1/q</lu>\(t)m dt)l/m
:c</lsinw<t)|0dt>l/q,

where 1/g+1/m =1. Let 0 < e < 1 be fixed. Then

T e/2
(7.6) 2TF(a) = 2/0 F(ux(t))dt > 2/0 F(ux(t)) dt > eF(ux(/2)).

By (7.1) and (7.6), we see that uy(e/2) < C; for A > 1. We choose k. € N
such that C. < 2k.m. For 0 < § < 1 and k € N, we put Jy s = {t € I :
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2(k—1)m+0 < ux(t) < 2km—0}. We choose § > 0 so small that | sinwuy(t)| < €/2
fort € (¢/2,T)\ (Zﬁ;l JIxks). Then for A > 1, by (2.7), we obtain

T €/2
/|sinuA(t)|th§2/ |sinu>\(t)|dt:2/ | sinwy (t)] dt
I 0 0

+2/ | sinuy(t)| dt
(6/21T)\(225=1 J%,k“,rs)

+2/ | sinux (£)] dt
(E/Q,T)ﬁ(zllzil J)\,k},é)

k

<e+Te+ ZJ,\JW; < CEe.
k=1
This along with (7.5) implies that {x — 0 as A — oo. From this, (7.2) and (7.4),
our conclusion follows. O

PROOF OF THEOREM 1(iii). If ||urlleo > 27 for A > 1, then the assertion
follows from (3.38) and Theorem 1(ii). Assume that there exists a subsequence of
{ux}, denoted by {uy} again, such that [Juy||oc < 27. Let J := [t1,t2] C (0, Ta,0)
be fixed (t1 < t2). We choose 0 < ¢ <« 1 sufficiently small. Then to < tor_. x
for A > 1. Note that sinuy(¢) < 0 for ¢ € [0,t2]. By the equation in (1.1) and
Lemma 2.1, we see that —u¥(t) = p(X) f(ux(t)) — Asinux(t) > 0. Hence —u) (t)
is increasing on J. Then

£ > up(tr) — un(ta) = / (b () dt > (t2 — )l (1)

ty
This implies that |u) (¢1)| < Ce for A > 1. Now, by this and the equation (1.1),
for A > 1, we obtain

t1
Ce > [u(t)] = (1) = / —u(s) ds
0

= u() 1 flux(t)) dt — )\/0 1 sinuy(t)dt > p(A)( min_ f(u))t;.

0 2r—e<u<2m

Thus the proof is complete. O
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