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SOME EXISTENCE RESULTS FOR DYNAMICAL SYSTEMS
ON NON-COMPLETE RIEMANNIAN MANIFOLDS

ELVIRA MIRENGHI — MARIA TuccCI

ABSTRACT. Let M™* be a non-complete Riemannian manifold with bound-
ed topological boundary and V : M — R a C? potential function sub-
quadratic at infinity.

In this paper we look for curves z : [0,7] — M having prescribed
period T or joining two fixed points of M, satisfying the system

Dy (2(t)) = —=VrV(2(t)),

where Dy ((t)) is the covariant derivative of & along the direction of # and
VRV the Riemannian gradient of V.

We assume that V(z) — —oo if d(z,0M) — 0 and, in the periodic
case, suitable hypotheses on the sectional curvature of M at infinity.

We use variational methods in addition with a penalization technique
and Morse index estimates.

1. Introduction and main results

Let (M*,{-, -)Rr) be a finite dimensional Riemannian manifold and consider
M C M*, an open unbounded connected subset such that (M, (-, -)g) is a
Riemannian manifold with bounded topological boundary OM, and V: M — R
a C? potential function.
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164 E. MIRENGHI M. Tucct

In this paper we want to look for curves z : [0,7] — M having prescribed
period T or joining two fixed points of M, satisfying the system

(1.1) Dy(&(t)) = =VRrV (2(1)),

where Dy (%(t)) is the covariant derivative of # along the direction of & and VgV
the Riemannian gradient of V.

Those problems have been studied when V' is subquadratic at infinity and M
is a complete manifold, assuming, if M is non-compact, the existence of a func-
tion convex at infinity on M, (see [10]) or suitable hypothesis on the sectional
curvature at infinity (see [8], [9]).

Moreover, if M is non-complete, existence results of problem (1.1) have been
obtained assuming that M has a convex boudary and V' is bounded (see [1], [2],
7], 1], [17]).

In this paper we consider a potential V' subquadratic at infinity and a non-
complete manifold; the convexity assumptions on the boundary are replaced
by suitable behaviour assumptions of the potential V' nearby M. Moreover in
the study of the periodic orbits we will need suitable assumptions on the sectional
curvature of M at infinity.

Difficulties arise from the non-completeness of M, and we will overcome them
using a penalization technique, in addition to Morse index estimates.

We introduce now some notations and state the main theorems of the paper.
If M is a Riemannian manifold, denote A(M) the free loop space on M and
K(z) (x € M) the supremum of the sectional curvature i.e.

K(z) =sup{K, | # C T, M},

where T, M is the tangent space of M at x and K its sectional curvature with
respect to the plane = C T, M.

Moreover let d( -, -) denote the distance induced by the Riemannian struc-
ture of M and Hy(x) the Hessian of the function d( -,0.M) at z. Analogously if
f € C*(M,R), H¢(z) will denote the Hessian of the function f at = (see [12]).

The main theorems we prove are the following;:

THEOREM 1.1. Let (M, (-, -Yr) be a C*° connected, unbounded, finite di-
mensional Riemannian manifold having smooth topological bounded boundary,
o a fized point of M. Suppose that:

(Vi) (i) i, lim  V(x) = +oo,

zo)—+00
(i) d(m,(lﬁi./I\I/ll)HO Viz) = —oo,
R Hy (z)[v, v]
\% i lim inf sup ————— >0,
( 2) () d(z,z0)—+00 U#IO) <U,U>R

VETy M
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H
(ii) limsup  sup Hv(@)lv, o] < o0,
d(z,z0)—+00 véU;OM <U, v>R
H
(iii) limsup sup Av(@)lv,v] <0,
d(z,0M)—0 v#0 (v, V)R

VETy M
(M;) limsup K(z) <0,
d(z,x0)—+00

(Mz) infinitely many integers q € N exist, such that
(1.2) Hy(AM), K) #0

H,(-,K) being the q-th group of singular homology with coefficients in
a field K.

Moreover, suppose that 6 > 0 exists such that, for any x € M, with d(x,0M) <
5

it results:

(Dy) (Vd(z,0M),VV(x)) >0,

(D2) Hgy(x)[v,v] <0 for any v € T, M.

Then T* > 0 exists such that, for any prescribed T € ]0,T*[, at least one T-
periodic non-constant solution of problem (1.1) exists in M.

7

REMARK 1.2. Hypothesis (Vy) implies that V is subquadratic at infinity.
Indeed, it is possible to show that, if (ii) of (V1) and (ii) of (Vz) hold and

o Hy (z)[v, v]
v= limsup sup ———————
d(wwo)—too 270 (V)R

then there exist two real constants ¢; and co such that, for any x € M,
(1.3) V(z) < gdz(:mxo) + c1d(z, ) + o

(see Lemma 2.2 of [5]).

REMARK 1.3. From Theorem 1.1 it follows that problem (1.1) admits perio-
dic solutions for any prescribed period T > 0. Indeed, if T' > 0, p € N exists such
that T'/p € 10, T*[ and so the existing solution of period T'/p has also period T'.

THEOREM 1.4. Let (M, (-, -)r) be a C* connected, unbounded, finite di-
mensional Riemannian manifold having bounded boundary, xo and x, two fized
points of M. Assume that (V1)(i) and (V2)(ii), (D1), (D2) and (Ms) hold. Then
there exist T > 0 and at least one solution = : [0,T] — M of (1.1) such that
2(0) = zg and z(T) = ;.

2. Preliminaries and functional framework

Let us introduce now some preliminary notations which will be used in the
following sections.
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Let | - | denote the Euclidean norm in RY and (-, -) its usual inner product.
Moreover, denote S = R/TZ and H' = H'([0,T],RY) the following Sobolev
space

T
H' = {z 20,7 — RY | absolutely continuous,/ (&, %) dt < +oo}
0

endowed with its usual norm.

Let (M, (-, )r) be a finite dimensional Riemannian manifold; the Nash
embedding theorem (see [13]) assures that N large enough exists such that M
can be isometrically embeddable in RY.

Thus, from now on we will identify M with a submanifold of the Euclidean
space RY and the Riemannian product (-, - )z will be simply denoted (-, -).

Moreover, denote

A =AY (M) = {z € H'(SY,RY) | 2(t) € M, x(0) = 2(T)}
and
Q' ="' M, z0,21) ={x € H" | z(t) € M, 2(0) = 29, 2(T) = 21 }.

It is known that Al and Q' are Hilbert manifolds (see [11], [15], [17]) and
their tangent spaces are

T,A' = {¢ € H'(S",RY) | £(t) € T(yM for any t € [0,T]}, ifx € AL,

equipped with the Riemannian product:

T
(21) (€)= / (Dy&, Dy} dt + (€(0),n(0)) for = € AL, €, € T,A!
0
and
T,0" = {¢ € H' | £(0) = &(T) and &(t) € TyyM for any t € [0,T]}, if x € Q,

equipped with the Riemannian product

T
(22) <§777>1 = /0 <Dt§7Dt77> dt x € 917 57"7 € ngl

Both T,A! and T,Q! have a Riemannian structure.
Moreover, let us recall the Palais—Smale condition for a functional on a man-
ifold.

DEFINITION 2.1. Let A be a Riemannian manifold and f : N' — R a C!
functional and b € R; the functional f is said to satisfy the Palais—Smale condi-
tion in f° = {z € N | f(z) < b}, briefly (PS), if and only if any sequence {z,,}
in A such that

flzn) <b foranyneN
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and
f(x,) =0 asmn — +oo,

admits a convergent subsequence in N.

DEFINITION 2.2. Let A/ be a Riemannian manifold, f € C?(N,R) and let
x € N be a critical point of f. The strict Morse index of x (possibly +o0) is
the dimension of the maximal subspace of T, ' where H(z) is negative definite
and will be denoted m(x).

The large Morse index of x (possibly 4+00) is the dimension of the maximal
subspace of T, N where Hy(x) is negative semidefinite and will be denoted m* ().
If m*(xz) = m(x), x is said to be a non-degenerate critical point.

We recall now an abstract theorem on the Morse index that is a variant of
some known theorems (see [8]) and will be used in the proofs of our results.

THEOREM 2.3. Let N be a complete Riemannian manifold of class C? and
f € C*(N,R). Suppose that:

(i) for any critical point x of f, if 0 is an eigenvalue of Hy(x), both it is
isolated and it has finite multiplicity,
(ii) f satisfies the (PS) condition on f°, for any b € R,
(iii) infrr f > —o0,
(iv) ¢ > 0 is an integer such that Hy(N,K) # 0.
Denote T'y = {A C N | i.(Hy(A K)) # 0}, where i : A — N s the inclusion

map. Then there exists a critical point x* of f corresponding to the critical value

2.3 — inf s
(2.3) c Alquzlelgf(w)

and satisfying

(2.4) m(z*) < g <m*(z").

It is well known that the search of periodic solutions of problem (1.1) with
prescribed period T or joining two fixed points of M can be reduced to the search
of the critical points of the action functional

T T
(2.5) f(z) = %/0 (&,4)ds _/0 V(z)ds

defined in A! (respectively, in Q).
Let = be a critical point of the functional f; then the Hessian of f at x is:

Hy(z)[v,v] :/OT (Dsv, Dsv) ds — /OT(RMQ'U,W ds

T
- / Hy (x)[v,v]ds for any v € T,A" (resp. v € T,Q")
0
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where R;, denotes the Riemannian curvature tensor of M at (&, v) whose prop-
erties are: if @(s) and v(s) are not linearly independent then R;(g),s)2(s) = 0
otherwise

(2.6) (Rivi,v) = Kr((#,2)(v,v) — (#,0)?)

where 7 is the plane generated by & and v (see [14]).

3. Periodic case

For any € > 0, let 1. € C?(R™,R™) be such that ¢/ > 0 and

it 0 if < 1/2,
T etVe—1 ift > 1/e.

Denote, for any € > 0,
(3.1) Ue(z) = ¥ (|V(z)]) for any z € M
and consider the following penalized functional f. : A’ — R defined
T
folw) = f@) + | Unta(o) .
0

LEMMA 3.1. Let {z,} C A' be such that

(3.2) { /O T(a'sn,:'cn)dt} is bounded

and let {sp} C [0,T] satisfy

(3.3) lim d(z,(sp), OM) = 0.
Then, up to a subsequence, for any e > 0,
T
(3.4) liTILn Ye(|V (2o (t))]) dt = +o00.
0

ProOF. Fix € > 0. As OM is bounded, from (3.2) and (3.3) it follows that
{zn(s)|neN, s€0,T)}
is bounded. Without loss of generality, we can assume that, for any n € N|

d(zn(s0),0M) = inf d(z,(t),OM).

te[0,T)

Moreover, denote {t,} C [0,T] a sequence such that

d(xn(tn)aaM): sup d(mn(t)vaM)

te[0,T)

(3.5) liminf d(x,,(t,), OM) = 0,

n
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then (3.4) can be easily proved. Indeed, in this case, up to a subsequence,

lim sup d(z,(t),0M) =0
™ t€l0,T]

and then, from (ii) of (Vy), it follows that for any o > 1/ > 0, n* € N exists
such that, for any n € N, n > n*,

[V(z,(t))| >0 >1/e foranyt € [0,T]
and thus
Bel[V(aa(t)]) = AVEOI2 1 for any t € [0,7).

It follows that,

T T
J A A = AC )
0 0

Then
T
tim [ 6oV (o) dt = .
Let us consider now the sase when
limninf d(xp, (ty), 0M) > 0.
Up to a subsequence, we can suppose that
liTILn d(xn(tn),OM) > 0.
We can choose n > 0 such that
(3.6) e~ V@)l 5 for any n € N.
From (3.3) and (ii) of (V1), it follows that
eVl _
and then, if n is large enough
(3.7 e V@l < /9.
From (3.6) and (3.7) it follows that
(3.8) e~ V@ata))l _ o=V (@n(sn))l 5 n—mn/2=n/2>0.

In order to state (3.4), we need further evaluations. Fix s > s, (similar argu-
ments hold if s < s,,), then
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(3.9) eIV @n()] _ o= IV(@al(sn))| — /S<V(e—|V(x"(T))‘),sbn(T)>dT

Sn

< / 19(e1V @ N[ iy ()] dr

<as-s)( | ' i ()| )

< coVS — Sp.

From (3.9), it follows that, for any s > s,
67|V(zn(s))\ S 02m+ 67|V(zn(sn))|

and, from the inequality (a + b)? < 2(a? + b?), it results that, if ¢, > s,

1/2

b ds
3.10
(310 /sn (cav/5 — 55 + e~ [V(zn(sn)))2

S /t” ds
= )., AGG—sa) e AV
= cgIn(1 + 2 (t,, — sp)e?V@nlsa)ll),

From (3.8) and (3.9), it follows that li7rln(tn — 8p) > 0 and then, from (3.10),
(3.11) liTILnln(l + Bty — sp)2V @Dl = oo,
If it happens that, for an infinite number of integer:
|V (z,(t))] > 1/e for any t € [sp, T
then, for any t € sy, T,
Y|V (@ (D)) = VN7 1

and then, if ¢,, > s,,

tn ds < tn ds
P (02, /S8 — 8, + ef\V(z"(s"))\)Q - on 672\V(:E,,L(s))|
[2%
= [TV aa(o)l) ds -+ Ve
and thus, from (3.10) and (3.11),
T
lim/ Do (|V (@ ()]) dt = +oc.
nJo

If, for infinite integers n, 7, € [sn,T] exists such that

V(@ (a))l < 1/e,
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denote
tr = inf{t € |s,, T] | |V (zn(t))] = 1/e}
and
sp = sup{t € Jsn, t,,[ | [V (zn(t))] = 2/¢}.
Remark that, if ¢ € s, t%[, 1/e < |V(z,(t))] < 2/e.
Up to subsequences, we can suppose that

Sp = So, Sy — S0, tn —t,

where sg, si and t; are distinct.
Let p* > 0 be such that [s§ — p*, s§ + p*] N [t5 — p*,t§ + p*] = 0 and take
Up € [8§+ p*, t5 — p*] N sk, t[. We can assume that

2/e > lim |V(zp(uy))| > 1/e.
n—oo
That implies that a constant ¢* € R exists such that, up to a subsequence,
e VeEnw))l > ¢* for any n € N.

As

lim e~V @ (s —

it follows that, if n is large enough,

67|V(mn(sn))| < C*/2

and then
ef‘v(zn(un)ﬂ _ 67|V(mn(sn))| > c* — C*/Q > 0.

Reasoning as in the previous case with u,, instead of ¢,,, we can obtain (3.9)
and (3.11). Moreover, if ¢ € [s,, u,], then

[V (2n(t))] = 1/e

and thus
wE(‘V(l‘n(t))D = 62‘V(In(t))\—1/5 —1.

Reasoning in the same way, the claim follows. O

LEMMA 3.2. For any b € R and for any ¢ € RT, f. satisfies the (PS)
condition in fP.

PROOF. Let b > 0 and {z,,} C A'be such that

(3.12) fe(zpn) <b for any n € N,

(3.13) dfe(xy) — 0 if n — +oo,

and let us prove that a convergent subsequence exists.
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Indeed, if I = {t € [0,T] | V(z(t)) > 0}, reasoning as in Lemma 3.6 of [9], it
is possible to show that

{~ [veass [vveas)

is bounded from below and then
T T
(3.14) [ [ venass [Fuvenas)
0 0

is bounded from below in Al. From (3.12) and (3.14) it follows that:

T
(3.15) {/ <9'cn,5vn>ds} is bounded,
0

and then { sup d(zo,z,(s))} is bounded too. In fact, if
s€[0,T]

sup. d((o, a(5)) — +o0
s€[0,T]

from (3.15) it follows that

inf d((zo, zn
il A0 70l = 00

and that contradicts (3.12). Then a subsequence exists, such that
z, — = weakly in H' and strongly in L*.
Moreover, § > 0 exists, such that
{zn} C AY(45) = {z € A | d(z(t),OM) > § for any t € [0,T]}.

Indeed, if {s, } C [0, T] exists such that lim d(x,(s,), 0M) = 0, then, from (3.15)

and from Lemma 3.1, it follows that

T
/0 BV (@n(s))])ds — +oo,

which contradicts (3.12).

As A'(45) is a complete space, arguing as in Lemma 3.2 of [6], it can be
proved that {z,} strongly converges to = € A'(A45) C A' in H' (see also
Lemma 3.2 of [7] and Theorem 1.1 of [8]). O

THEOREM 3.3. Let ¢ € N be such that (1.2) holds. Then, for any e >0, f.
has a critical point x. in A', corresponding to the critical value

(3.16) Ce = Aigq gsclelg fe(z)

and such that

(3.17) m(ze) < g < m*(xe).
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PROOF. Reasoning as in Lemma 3.1 of [9] it is possible to show that, for any
€ > 0, f. satisfies condition (i) of Theorem 2.3. Moreover, from Lemma 3.2 and
from (3.14), it follows that (ii) and (iii) of Theorem 2.3 hold. Furthermore, as
the inclusion of A! in A(M) is a homotopy equivalence, the nontrivial homology
groups of A' and A(M) with respect to a field are the same (see [15], [16]).
Thus also (iv) holds. All the hypotheses of Theorem 2.3 are satisfied, thus (3.16)
and (3.17) follow. O

LEMMA 3.4. Aneg > 0 and Q € N exist, such that for any e € ]0,&9] and,
for any x. critical point of f. satisfying (3.16) and (3.17), the following relation
hold

Z is constant = m*(x.) < Q.

PrOOF. Let € > 0 and x. a constant critical point of f., then the tangent
space Ty, A! is given by

T, A' = {g € H'(S',R") ’ Jv = (vy,...,v,) € HY(SY,RY) s.t. £ = Zviel},

i=1
{e1,...,en} being an orthonormal basis of T,,. M and n = dim M.

From the definition of covariant derivative along a curve, it follows that, for
any & € T, A

n
Dy&(s) =Y tils)ei.
1=i
It means that
T, A'= H'(S", T,. M)
that is, the covariant derivative is equal to the usual derivative and T,_A! is
isometric to H'(S!,R™). Then, the Hessian of f. at x. reduces to

(3.18) Hy, (xc)[v,v] :/0 (0,0) ds—/o Hy (z:)[v,v] d8+/0 Hy_(z:)[v,v] ds,

for any v € T,,,A'. Let us consider the following decomposition of H!(S!, R")
with respect to the metric (2.1):

H'(S,R") =R" & Hy(S",R"),
where R” is identified with the constant loop space and
Hi(SYR™) = {ve H' (S, R") | v(0) = v(T) = 0}.
It is well known that the self-adjoint realization in L?([0, 7], R™)
v — =0

with T-periodic boundary conditions has a sequence (A )ren of eigenvalues, each
one to be counted with its multiplicity.
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Denote (i the eigenvector relative to A\ and let H,. be the space spanned by
{¢1,...,¢r}, then
H)(SY,R")=H, © H-.
From (i) and (ii) of (Vz), it follows that K > 0 and v > 0 exist, such that

H
(3.19) 0< sup Hy @)[v, o] <v forany x € M, d(z,z9) > K,
vEUTf-OM <U’U>

and, from (ii) of (V;) and from (iii) of (Vq) it follows that ¢’ < § exists, such
that, for any x € M, d(z,0M) < ¢,

H
(3.20) V(z) <0 and  sup Av@)lv, ] < 0.
w0 (v,v)
vETy M
Denote

L ={s€[0,T]]d(z(s),x0) > K},
Iy ={s €[0,T] | d(zc(s),0M) < d'},

and Ig = [O,T} — (Il U IQ), then

(3.21) Hy.(ze)[v,v]ds >0
I

and, from (3.19),

(3.22) -/ Hy (z:)[v,v]ds > —V/I (v,v)ds
and, from (3.20),
(3.23) /1 (= Hy (2)[v, 0] + Ho, (2.)[0,]) ds > 0.

The potential V' is bounded on the set
D={zeM|dz,x) <K, dlz,0M) >}
therefore g > 0 exists, such that
[V(z)| < % for any x € D

and so, for any ¢ € ]0,¢¢],

(3.24) Hy. (z:)[v,v]ds = 0.
I3
Denote
H
sup sup ’Wcﬂvv] — Ky,
xED  v#£0 <U7U>

vETy M
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then

‘Hv(xa(S))[U(S),U(S)]
(v(s),v(s))
If we choose € N such that A, > A = max{v, Kp}, from (3.18), (3.21),
(3.22), (3.23) and (3.24), it results that

‘ < Kp for any s € I3, and any € € ]0, g|.

T
Hfs(zs)[v,v]Z/O (0,0)ds—l//l (v,v)ds — ’ Hy (z:)[v,v]ds

T
ZAT/ (v,vyds — A (v,v)ds
0

IZUI;3

Z(AT—)\)/ (v,v)ds >0 for any v € H> .
IZUI;3

Then it follows that

(3.25) m*(z.) < dim H, + dim M = Q. O

Proor OoF THEOREM 1.1. Fix T > 0 and let ¢ > 2dim M be such that
g > @ and (1.2) hold. If x. is a critical point of f. satisfying (3.16) and (3.17)
and € < gg, g9 being the one defined in Lemma 3.4; then z. is a non-costant
solution. In order to prove the theorem it is enough to show that £1 > 0, &1 < g9
and M > 0 exist, such that, for any € € |0,¢;[ and for any s € [0, T,
(3.26) d(z-(s),z0) < M,
(3.27) d(z.(s),0M) > ¢,

where ¢’ is such that (3.20) holds. Indeed, if (3.26) and (3.27) hold, the potential
V' is bounded on the set

{z:(s) e M| s €[0,T], € €]0,e1[},
then we can choose €* € |0, e1[ small enough, such that
1
[V(zes(s))| < K < s for any s € [0,T].

Then
%* (

which implies that z.- is a critical point of f.

V(ze-(s))]) =0 for any s € [0,T]

Let us prove (3.26). Argue by contradiction and suppose there exist &, — 0"
and a sequence {z,} of critical points of f, = f., such that (3.16) and (3.17)
hold and, moreover,

(3.28) sup d(xn(s),xo) — +oo asn — +oo.
s€[0,T
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As the singular homology has compact support, 5 independent of n exists,
such that

fo(zn) < B for any n € N,
and then

(3.29) f(zn) < B for any n € N.
We want to show that

inf d(x,(s),z9) = +o0 asn — +oo.

s€[0,T
T
{ / (o, ) ds}
0

is bounded, the claim is obvious because of (3.28); if

Indeed, if

T
/ (o, &) ds — 400
0

and

inf d(z,(s), is bounded
{sel[%j] (zn(s) xo)} is bounde

then

T 1/2 T
(/ <9'cn,j:n>ds> 2/ (i, )% ds > sup d(xn(s), o).
0 0

s€[0,T]

Then, from (1.3) and (3.29) it follows that
T T v T
(3.30) / (G i) ds §ﬁ+/ Vi(wn)ds < B + 5/ (2, 70) ds
0 0 0

T
—1—01/ d(xpn,x0)ds
0
<B + Yr sup d*(z,(s),z0) + 1T sup d(x,(s), )
s€[0,T] s€[0,T]

1/2
v /

T T
0 0

if n is large enough, and then

T T 1/2
(1 — I;T) A <$n513n> ds — C1T<[) <i3n,5.8n> dS) < ﬁ/'

Suppose T < 2/v, then
T
{ / (s En) ds} is bounded
0
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and it is a contradiction, thus

inf d(z,(s),z9) — 400 asn — +oo.
s€[0,T)

As z, is a critical point of f,,, for any n € N, E,, > 0 exists, such that
1, .
§<xn(s),$n(s)> + V(zn(s)) = En.

By virtue of (M;) and (2.6) we can choose a sequence 6, — 07 such that
0, F, — 07 and
(Rywv, w)
<U’ U> <w7 w> - <U7 w>2

Then, for any v € W" = {w € T, A* | w(0) = 0},

< Op.

H )l = | " (Dav Dyv) ds - / (R i) ds
- [ Al ds s [ Ao as
> /0 C (Dov. Do) ds
—%{/j (s ) (0,0) ds—/OT (b ds
[ vl ds s [ a i as
> /OT (Dyv, Dyv) ds — 6, /OT (G, ) (0, 0) ds

T
—/ Hy (z,,)[v,v]ds.
0

Denote, for any n € N,

Hy (z,)[v,
M(z,) = sup v(@n)lv v]7
00 (v,v)
VETy, M

then, from (ii) of (V2) and from the inequality

(/OT (v, v) ds)1/2 < 2T(/OT (D.v, Do) ds)l/z,
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it follows that, if n is large enough and v € W™ — {0},
T T
Hy (an)[v,0] > / (Dov, Dyv) ds — o, / 2B, — 2V (2)] (v, v) ds
0 0
T
7/ M(zy){v,v)ds
0
T

1
> /0 [4T2 — 20, E, — M(mn)} (v,v) ds.
Take T* > 0 such that 7 < min{2/v,1/2\/v}, then Hy, (z,)[v,v] > 0 and
m*(z,) < dim(W")* < 2dim M,

which contradicts ¢ > 2 dim M.

Let us prove (3.27). We argue by contradiction and suppose {e,} — 0T,
{sn} € [0,T) and {z,} C A' exist such that z,, is a critical point of f, = f-,,
(3.16) and (3.17) hold and, moreover,

d(zn(85),0M) = inf d(z,(s),0M) <.

s€[0,T)

Denote v, (s) = d(zn(s),0M). Then, it results that
(3.31) v (sn) =0 and v (s,) > 0.
Moreover, as x,, is a critical point,
(3.32) Dyity = =VV(n) + ¢ (IV (2n)))VV (2)sign(V (zn))
and, from (3.31),

0 < Ha(wn(50))on(50)s S (50)] + (V(@n(50), OM), Dy (50))-
Then, from (D;), (D2) and (3.32)

0 < Ha(wn(sn))[@n(sn), n(sn)] + (Vd(zn(sn), OM), =V V(25 (sn)))
+(Vd(zn(s1), OM), VV (20 (50)))05, ([V (20 (s0))]) sign(V (zn(sn)))
S (149 (IV (@n(sn))]) sign(V(@a(sn))(Vd(zn(s0)), OM), VV (2, (50)))
<0.

That is a contradiction, thus the claim follows. O

4. Case of curves joining two points

As in Section 3, for any € > 0, we consider the penalized functional f. : Q! —
R defined,

T
fe(z) :f(x)+/0 U.(z(t)) dt.
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It is possible to show that Lemma 3.1 still holds. The proof is obtained
reasoning as in the case of Aland observing that the inequality

eIV @M — o~ V@l 5

holds also in a neighbourhood I of T and then > 0 and {t,} C I, t, > s,
exist, such that

e IV@n(ta))l 5 n for any n € N,

thus obtaining (3.6).

The functional f. can be proved to satisfy (PS) condition and also all the hy-
potheses of Theorem 2.3 in Q! so z. € Q! exists, such that (3.16) and (3.17)
hold.

PROOF OF THEOREM 1.4. Let us choose ¢ > 2dim M; as in the periodic
case, in order to prove the theorem it is enough to show that g > 0 and M > 0
exist, such that, for any s € [0, 7] and for any e € ]0,&¢[, (3.26) and (3.27) hold.

In order to get (3.26) we argue by contradiction and suppose €, — 07 and
a sequence {zy} of critical points of f, = f., exist, such that (3.16), (3.17)
and (3.28) hold.

Then, as the singular homology has compact support, 8 independent of n
exists such that

flz,) <pB forany n € N.

Thus, as

inf d(z,(s),z is bounded,
{SG[O,T] (Ta(s) O)}
and (3.30) holds, arguing as in Theorem 1.1, it is possible to show that, if n is

large enough,

(4.1) { /0 T(:’rn,:icn>ds} is bounded.

From (4.1) and (3.28) we obtain a contradiction, so (3.26) follows. The in-
equality (3.27) is obtained as in the periodic case. O

REFERENCES

[1] R. BARTOLO, Periodic orbits on Riemannian manifolds with boundary, Discrete Contin.
Dynam. Systems 3 (1997), 439-450.

[2] R. BARTOLO AND A. MASIELLO, Morse theory for trajectories of Lagrangian systems
on Riemannian manifolds with conver boundary, Adv. Differential Equations 2 (1997),
593-618.

[3] V. BENCI, Periodic solutions of Lagrangian systems on a compact manifold, J. Differ-
ential Equations 63 (1986), 135-161.



180

[4]

[5]
[6]

7]

(8]

[9]

[10]
[11]
[12
[13]
[14]
[15]

(16]
(17]

(18]

E. MIRENGHI M. Tucct

, A mew approach to the Morse—Conley theory, Proceedings, International Con-
ference, Recent Advances in Hamiltonian Systems 1986 (Dell’Antonio and B. D’Onofrio,
eds.), Word Scientific, Singapore, L’Aquila, 1987, pp. 1-52.

. A new approach to the Morse—Conley Theory and some applications, Ann.
Mat. Pura Appl. (4) 158 (1991), 231-305.

V. BENCI AND D. FORTUNATO, On the existence of infinitely many geodesics on space-
time manifolds, Adv. Math. 105 (1994), 1-25.

V. BENCI, D. FORTUNATO AND F. GIANNONI, On the existence of trajectories in static
Lorentz manifolds with singular boundary, Nonlinear Analysis, a tribute in honour of
G. Prodi (A. Ambrosetti and A. Marino Editors, eds.), Quaderni della Scuola Normale
Superiore di Pisa, Pisa, 1991, pp. 109-133.

V. BENCI AND F. GIANNONI, On the ezistence of closed geodesics on non-compact Rie-
mannian manifolds, Duke Math. J. 68 (1992), 195-215.

S. CINGOLANI, E. MIRENGHI AND M.Tuccl, Periodic orbits and subharmonics of dy-
namical systems on non-compact Riemannian manifolds, J. Differential Equations 130,
(1996), 142-161.

E. MIRENGHI AND M. Tuccl, Periodic solutions on mon-compact Riemannian mani-
folds, Ann. Univ. Ferrara Sez. VII XXXVIII (1992), 65-75.

, Periodic solutions with prescribed energy on non-complete Riemannian mani-
folds, J. Math. Anal. Appl. 199 (1996), 334-348.

J. MILNOR, Morse Theory; Ann. of Math. Stud., vol. 51, Princeton Univ. Press, Prince-
ton, 1963.

J. NasH, The imbedding problem for Riemannian manifolds, Ann. Math. 63 (1956),
20-63.

B. O’NEIL, Semi-Riemannian Geometry with Applications to Relativity; Pure Appl.
Math., vol. 103, Academic Press, New York, 1983.

R. S. PaLAIs, Homotopy theory of infinite dimensional manifolds, Topology 5 (1966),
1-16.

__, Morse theory on Hilbert manifolds, Topology 2 (1963), 299-340.

A. SALVATORE, On the existence of infinitely many periodic solutions on non-complete
Riemannian manifolds, J. Differential Equations 120 (1995), 198-214.

J. T. SCHWARTZ, Nonlinear Functional Analysis, Gordon and Breach, New York, 1969.

Manuscript received June 6, 1998

ELVIRA MIRENGHI

Dipartimento Interuniversitario di Matematica,
Universita degli Studi di Bari

Via E. Orabona, 4

70125 Bari, ITALY

E-mail address: mirenghi@pascal.dm.uniba.it

Maria Tuccr

Dipartimento Interuniversitario di Matematica,
Universita degli Studi di Bari

Via E. Orabona, 4

70125 Bari, ITALY

E-mail address: tucci@pascal.dm.uniba.it

TMNA : VOLUME 13 — 1999 — N° 1



