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0. Introduction

In the Schrédinger picture, the change in time of the wave function of a
quantum system is governed by the Schrédinger equation

10

gaw + Hy =0,
where H is the Hamiltonian of the system (we choose the units so that i = 1).
If the operator H does not change in time, then, given ¥(0) = 1, we have
P(t) = e~ )y, The fundamental solution of the time-dependent Schrédinger
equation is the distributional kernel of the solution operator e /7.
For a non-relativistic quantum particle of mass 1 moving in the space of n

dimensions in a potential field V(z), the operator H has the form
(1) H=—3A+V(2),

where A is the Laplacian in R™. We will denote the fundamental solution corre-
sponding to H by Eg(t,z,y). In terms of Ex(¢,z,y), the solution of the initial
value problem

(20) O () — LA+ V() =0,
(2b) $(0,2) = Yo(),
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is given, formally, by the integral ¢ (t,2) = [ En(t,z,y)Yo(y) dy. In its turn,
Ey(t,z,y) solves (2) with ¥o(z) = 0(x — y).

In this paper we address again the problem of regularity of Fg (¢, z,y) in the
case of a real, infinitely differentiable potential V' (x) that grows at infinity as a
power function,

3) V(2)] = O(]?) as || — oo,

for some p > 0.

If V(x) and all of its derivatives are bounded, then the only singularity of
Eg(t,z,y)isatt =0, and Egy(t,z,y)is C®int € R\0, xz € R™ and y € R™. This
was proved by [Zelditch, 1983] (see also [Y. Fujiwara & Osborn, 1983], [Kitada,
1988], [Jensen, 1986]). The same regularity property of Ey(t,z,y) in the case
of the potentials with sublinear growth, ¢ < 1, follows from the recent results
of [Craig, Kappeler & Strauss, 1995]. Finally, for the subquadratic (o < 2)
potentials, the regularity of the fundamental solution in ¢ € R\ 0, z € R™ and
y € R™ has been proved independently by [Kapitanski & Rodnianski, 1996] and
[Yajima, 1996]. Yajima has also shown that if the potential grows faster than
quadratically (o > 2), then Ey(¢,x,y) is quite singular everywhere in ¢, x and
y; see [Yajima, 1996] for details.

The potentials that grow quadratically compose a special, borderline class.
In this paper we will be dealing with the quadratic potentials of the form

(4) V(z) = 5l + w(2),

where w(x) is a subquadratic perturbation. If w(z) = 0, the Hamiltonian be-
comes Hy = —% A+ % |z|%, and the corresponding equation (2a) is known as the
Schrodinger equation for the quantum harmonic oscillator. The fundamental
solution in this case is given by the Mehler formula:

e—inu(t)/2

i/ sin (|z|? 2y /2 g.
(5a) By (t,7,y) = We(z/s ) {cos i1+ lyl?) 2-2y).

where u(t) = (2k + 1)n/2 for mk <t < w(k + 1), k integer, and
(5b) En,(nk,z,y) = e *™/25((=1)kz — ).

One observes that Ey, (t,z,y) is smooth for non-resonant ¢, and is singular (a
d-function) for resonant ¢, ¢t € {kmw : k € Z}.

It turns out that such a stratification of regularity is stable under reasonable
perturbations of Hy.

S. Zelditch showed that if the perturbation w(z) is bounded, and all its
derivatives are bounded, then Ey(t,z,y) is smooth when t ¢ {km : k € Z},
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[Zelditch, 1983, Thm. III]. If w(x) satisfies the more restrictive conditions of
being of class S°(R"), i.e.,

02 w(z)] = O(|| 1) as |2| = oo, Va € Zl,

then the singular support of Ex(km,-,y) is just one point, (—1)*y, and
Ey(km,z,y) is rapidly decreasing in x away from the singularity [Zelditch, 1983,
Thm. II]. The latter result was complemented by A. Weinstein, who showed that
the wave front set of Eg(kn,-,y) is (—1) times the wave front set of J(- — ¥)
[A. Weinstein, 1985].

On the other hand, D. Fujiwara studied the structure of Eg (¢, z,y) for qua-
dratic potentials V' (x) more general than (4). He showed that there is always
a small time interval (0,7) such that Fg (¢, z,y) is smooth when t € (0,7) [D.
Fujiwara, 1979, 1980].

Our goal in the present paper is to generalize the results of Zelditch and
Fujiwara. For the class of potentials that Fujiwara works with, one cannot ex-
pect that the singularities of the fundamental solution will appear only at the
moments ¢t = k7. However, if we assume that V(z) is of the form (4) with w(x)
that grows slower than const - |z|?, then we prove that Eg(t,x,y) develops sin-
gularities only at the resonant times {kx : k € Z} and is smooth everywhere else.
In fact, we work with two slightly different classes of subquadratic perturbations
w(z) and use two different techniques, originated in [Kapitanski & Rodnianski,
1996] and [Yajima, 1996], to treat them.

The first technique is based on the estimates for the solutions of the Schrodin-
ger equations in certain Hilbert scales of weighted Sobolev spaces. It relates the
decay of the initial data to the smoothening of the solutions at the non-resonant
times. The results on the fundamental solution then come as a corollary.

With this technique we are able to treat the real-valued, infinitely differen-
tiable perturbations w(z) that satisfy

(6) 10%w(z)| < co(@)1 Va e 7%, ol > 1,

for some v < 1, where, as usual, (z) stands for /|z|> + 1.

We use the scale of Hilbert spaces {Hs : s € R} generated by the powers
of the selfadjoint operator operator A = (—A + |z|> + 1)'/2 in Hy = L*(R").
By definition, H,, for positive s, is the domain of A® equipped with the inner
product (f, g)s = (A®f,A®g), and H; is the dual space to H_s when s is negative.

THEOREM 1. Assume that w satisfies (6) with 0 < v < 1. Let ¢° € Hy, for
some s, and, in addition, (x)4)° € H,_;, forl=1,...,m, some integer m > 1.
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Then for any t > 0 the solution v of the initial value problem
10 1 1

(73“) *.*1/)(75,95) - §A¢(ta$) + §|I‘21/J(t,$)

10t
+w(z)Y(t,z) =0, t>0, zeR",
(Tb)  9(0,2) = (),

has the following regularity properties:

. l
sint
(8&) <<l‘>1_”> w(t,') S Hs+l(1_y), [=0,1,...,m,

and the Hgy y1-,)-valued function (sint/{z)'=")p(t,-) is continuous for t > 0.

Moreover, given T > 0, there exists a constant ¢ = ¢(T,m,V) > 0 such that the

following estimate holds:

o [(g3)" e

<ed M@ Y0m, s Y O<t<T.
1=0

Hoymi—v)
This theorem implies immediately the following result.

CoroLLARY II. If w(z) satisfies (6) then the fundamental solution
Eg(t,z,y) is C* for t ¢ wZ. In addition, for any integer m > 0, and any
e > 0, the functions

are continuous functions of t with values in H_, /2_c {m1—v)-

The second technique is based on Fujiwara’s construction of the fundamental
solution for small time intervals. Here we need the following assumptions on
w(z): w(-) is real-valued, infinitely differentiable, and

9) |0gw(x)| = o(1) as|z] = o0, VYaeZl, |a|>2.
THEOREM II1. Suppose w(z) satisfies (9). Then the fundamental solution
Eu(t,x,y) is a C®-function in every slab Iy . = {(t,z,y) : kr +e < t <

(k+1)m—e, z,yeR"}, k€ Z, e € (0,7/2). Moreover, in every layer Iy o, the
fundamental solution can be written in the form

(10) Ep(t,z,y) = a(t,z,y) e?to),
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where the functions a(t,z,y) and ¢(t,z,y) are infinitely differentiable in Il g,
while in the narrower slabs i ., € > 0, they have the following additional prop-

erties:

(1)) sup  [010200a(t, 2, )] < cLas(e), VI=0,1,2,...,Ya,B € 2T,
(t,x,y) €My o

(11b) sup 0050, 6(t, x,y)| < crap(e),
(t,z,y) €l e

Vi=0,1,2,...,Vo, B € Z7, |a+ (| > 2,

for some positive constants ¢ q,5(€) < 0.
In addition, there exists o = o() > 0 such that whenever |z|? + |y|* > 02,
the phase function ¢(t,z,y) is the classical action

(12) S(t,a,y) = /0 ’f (; da(s)

ds
where x(s) is the unique classical trajectory connecting y = x(0) with x = x(t).

2

2

L - w<x<s>>) ds,

More precisely, if |z|>+ |y|? > 0%, then, first, there exists a unique solution z(s)
of the Newton equation

d? ow

@x(s) = —z(s) — %(x(s))v
such that y = x(0) and © = x(t); second, S(t,x,y) is well defined and satisfies
(11b); and finally, the phase function in (10) can be chosen so that ¢(t,x,y) =
S(t,z,y).

REMARK. The class of potentials satisfying (6) nearly includes all potentials
of class (9). But neither of them includes the other. Instructive examples are
the following. The potential

(13a) w(z) = [2[*/In(z)
obeys the conditions (9) but not (6).
The potential
(13b) w(z) = (x)™ sin(z)"?,
with 71, 72 > 0 and r1+7r2 < 2, obeys (6) with any v such that r14+ro—1 < v < 1,
but does not obey (9).

REMARK. Since Ey is smooth inside any slab Il ., we can always write
Ey(t,z,y) in the form (10) with smooth (inside ITj o) amplitude @ and phase ¢.
Note, however, that Corollary IT does not give the boundedness of the sort that
Theorem III does (see (11)).

Once we know that the fundamental solution Eg (¢, z,y) is singular only at
the resonant times, the question arises about the structure of the singularities of
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Eg(km,z,y). At the moment we do not have in any way complete answers, but
a partial result that we have is of interest.

THEOREM IV. Assume that w is of class S for some v < 1, i.e.,
(14) 0%w(z)| < cofz)71o Va ez
Then the singular support of Em(km,-,y) is {(=1)*y}.
REMARK. Thus, the sublinear perturbations do not affect the location of the

singularities of the fundamental solution. It is likely that the wave front set is
not affected either. Note, however, that for linear w(z) = ¢+« we have

(5a/) EH(tvx7y)
minn(t)/2
2w sint|n/2

and the singularity of Eg((2m+ 1), -, y) is now located at © = —y — 2¢ and not

ile[?t/2 i/ sint){cos t-(Jz-+el*+ly+el?) /2= (@-+0)-(u+e)}

at r = —y as it was in the case w = 0.
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1. Estimates in weighted Sobolev spaces
Consider the initial value problem

0
(112)  + o 0(t,) — S AU(2)

+ %|x|2w(t,x) +w(@)Y(t,z) =0, t>0, xR,
(1.1b)  9(0,2) = ¢°(x).

In this section we assume that w(x) is real, infinitely differentiable, and, for some
v < 1, satisfies the conditions

(1.2) 10%w(z)| < el Va ez, |a] > 1.
We study (1.1) in the scale of Hilbert spaces Hy, s € R, defined in the introduc-

tion. Note that A" is an isometry between Hg and H,_,. for any r € R and any
s € R. In particular, the following norms are equivalent:

(1.3) IVFIIEs) + 1K) 1T = 1 1),

where [ - |(5) is the norm in H..



PERTURBED HARMONIC OSCILLATOR 83

A linear operator A : |J, Hs — |J, H, is said to be of order < r if A maps
continuously Hy into Hs_, for every s € R. Of course, A" is of order < r. It is
not hard to show that the operator of multiplication by (z)*, k > 0, is of order
< k, while (z)* with negative k is of order < 0. A little bit harder is the fact
that (multiplication by) w(x) is of order < 1+ v, and the derivatives 02w(x) are
of order < v|a| [Kapitanski & Rodnianski, 1996].

Along with (1.1) we consider a more general inhomogeneous problem

(1.4) e u(t,x) — %Au(t,x) + %|x\2 u(t, ) + w(z)u(t, z) = h(t, x),

The general approach developed in [Kapitanski, 1990], when applied to (1.4),
gives the following existence and uniqueness results.

LEMMA 1.1. For any real v, for any uwy € H, and for any h(-,-z) €

LL (R — H,), there exists a unique solution u(t,z) of (1.4) such that the cor-
responding mapping u : R > t — u(t,-) € H, is (strongly) continuous. Moreover,
for every T > 0, there exists a constant ¢r > 0 such that the following energy

estimate holds:

t
(1.5) l[u(t, M@y < 5T{|u0||<r) +/0 1R(7, )l () dT}v 0<t<T.

This follows from Lemma 2.1 of [Kapitanski, 1990]. The only thing one has
to check is that the commutator [A%* w] is a continuous mapping from Hj, into
H_j, for every real k (see [Kapitanski, 1990], Lemma 2.1). But this is true
because of (1.2).

We now turn to the proof of Theorem I. The scheme of the proof will
be essentially the same as in [Kapitanski & Rodnianski, 1996]. To make the
exposition more transparent, we take here n = 1. The necessary changes in the
case n > 1 are outlined in Remark below.

PrROOF OF THEOREM I. Our assumptions on the initial wave-function are
the following: for some s € R and some integer m > 1,

(1.6) () e Hy_yyy 1=0,1,...,m.

By Lemma 1.1, problem (1.1) has a unique solution ¥ € Cjo.(R — Hy), and, for
any T > 0,

(L.7) sup [|9(t, )l o) < erl¢°lls)-
0<t<T
Define an operator

(1.8) Vi =cost-x+isint - 0,.
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Set
10 1 1
== — A+ |z .
L T3 3 + 2|JJ| + w(z)
It is easy to check that the commutators of £ with the powers of ); can be

written in the form
NN
1.9 L,YN =~ jsint - 0 )" SRR
(1.9 £31= =3 () Gsint- 00wt -
The function ¢, = Y ¢ is the solution of the following inhomogeneous problem:

(1.10) Lopy = —isint - Opw(z) - ¢, ¢1(0,2) = 2¢°(x).

In view of our assumption (1.6), we have 1(0,-) € Hs_,. The operator (of
multiplication by) d,w(z) is of order < v. When it acts on ¢ (t, ) € Hs, the result
lies in Hy_,. Applying Lemma 1.1 to (1.10), we see that ¥; € Cloe(R — Hy_,),
and, for any T > 0,

(1.11) sup [[91(t, )l s—v) < er{llzp®llany + 1905 }-
0<t<T

Here and further on, ¢y and ¢ stand for constants that do not depend on Y,
but may change from estimate to estimate.

The estimate (1.11) implies that (z)~(=")(sint)y € Hyy(1_,. To see this,
we need the following identity:

(isint)" 1o\ 1 (isint)*Y;¢ x (isint)*¢

(1.12) 8I(<:L,>(k+1)(ll/)> T <x>k(17u§ —cost- ()1 (g)k(—)
(k+1)(1 —v)isint-x (isint)*¢
- (z)3—v ' (z)k(-v)

where k is an arbitrary non-negative constant, and ¢ is an arbitrary temperate
distribution, say. If ¢ =, and k = 0, then the H,_,-norm of the right side of
(1.12) is bounded by

(Vb (t, M (s—v) + 162 D, M 5=y + (2} 2T (2, ) 5-0))
< c([91(t Ml s—v) + 19 ) < er(l@)e sy + [19°s))-

Hence,

(1.13a) sup

< e (@) Y0l s—uy + 8% (s))-
0<t<T

(s—v)

o, (Sin&') ot '))

On the other hand,

(1.13b) H<x> (f;/’“)) < ot My < ex e

(s—v)
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From (1.13), taking into account (1.3), we obtain the estimate

sint - (¢, )

(1.14) sup ()i

0<t<T

< er(Ix) 0l (s—v) + [¥°1l(5)):
(s+1-v)
which proves our theorem in the case m = 1. If m = 2, we proceed as follows.

Define ¥y = Yy 11 = Y?1). Since 9 is the solution of (1.1), 15 is the solution
of the problem (we use (1.9) here)

(1.15)  Lapy = —isint - pw(x) - ¥y +sin?t - Q2w(x) -1h, (0, 2) = 2°9°(2).

By assumption (1.6), ¥2(0,-) € Hs_2,. The right hand side of the differential
equation is a continuous function of ¢ with values in Hy_o,, and its Hs_o,-norm
is bounded by cr(][{2)°||(s—v)+[[¢°[|(5)) on the interval [0, T]. This follows from
(1.2), (1.7) and (1.11). Lemma 1.1 then implies that 13 € Cloc(R — Hs_2,) and

(1.16)  sup [[vo2(t, )l (s—20) < er{I@)* YOl s—20) + @)Y s—uy + [Nl (s)}-
0<t<T

In the same fashion as we obtained (1.14), we use the identity (1.12) with ¢ = v

and k = 0 to show that

sint - (t, )

(117) oy

0<t<T (s+1—-2v)

< er (I6@)* ¥l s—20) + @)Y 5=y + 9% ()

The identity (1.12), with ¢ = and k = 1, reads

isint)? 1 isint)yn isint
(1.18) ax<(<x>2(1)_;fj> = <:c>1—l/ . (<x>l—)’1’/} — cost - <$>1_V . (<x>1_),,¢
_ 21 —v)isint -z (isint)y
@ @

The right side of this equality is in Hg41-92,, with the norm bounded by

o )
(s+1-v)

Therefore, the estimates (1.14) and (1.17) yield

3x<(i sint)2w>

<$>2(1_V) (s+1-2v)

< er (J{®)* %0 || (s—20) + @)Yl 5wy + 19°]1(s))-

sint - Y1 (ta )

@

sint - (¢, )
@

(s+1—2v)

(1.19a)  sup
0<t<T
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At the same time,

(1.19b) H (z) <(<i Si; flzj/’) = H ()" ((i Sinp?)
z)2(1=) (s+1—2v) (x)
sint -
(@ Nl as1-0)
< er({@) 9 (s—vy + 1197 5))-
In view of (1.3), the estimates (1.19) lead to the estimate

(isint)2y(t, )
<x>2(1—u)

(s+1-2v)

(1.20)  sup
0<t<T

(s+2(1—v))
< er(I(=)*9°l (s—2v) + (@)Yl sv) + 19l ()

which proves Theorem I in the case m = 2. If m > 2, then one has to proceed
in the same fashion, improving the regularity of ¢ step by step.

2. On the singular supports of the solutions

In this section we prove a theorem that relates the location and strength of
the point singularities of the wave function at the resonant times t = kw, k # 0,
to the location and strength of the singularity at t = 0. As in Section 1, we use
the scale of weighted Sobolev spaces Hy, the energy estimates, and commutators.

Consider the problem
(2.1) Ly =0, (0) =13’

where £ = ,% — 1A + 1|22 + w(z). In this section we impose stronger re-
strictions on w(x). Namely, we assume that w(z) satisfies the assumption of

Theorem V:
(2.2) 10%w ()| < co(z) ™1, Va e 7, for some v < 1.

To state our main result, we first introduce two sets of operators, which act in
the scale Hg, and which depend on two parameters: the time, ¢, and the point
y=(y',...,y") € R"; the latter may be viewed as the location of the singularity
of 9°. The operators in question are

, . P ,
(2.3a) K{zcostxj—l—z’sint@—yj, j=1,...,n,

0
(2.3b) sz—sint-xk—&—icos#@—yk, k=1,...,n.

We use these operators to state the hypotheses about the initial data and in the
proof later on, as well.

We assume that 1" € H, for some s € R, and make the following hypotheses
on the structure of its singularity.
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HYPOTHESES. There is an integer N > 1 such that for allm=1,... N,
(2.4a) RGKGY® € Ho_(m-typ, 0 <ol <m—1, |a] + || =2m -1,
and
(2.4b) REKGY® € Hymy, 0 < |a| <m, |of + 8] = 2m.

Note that g =z — y, and Ry = 10, — y.

We now turn to the main result of this section.

THEOREM V. Assume that w(z) obeys (2.2), and ° satisfies the above Hy-
potheses with some N > 1. Then, for all t,

(2.5) Kf(t) € Hoyna—v), VYa€Zl,|af=N.
In particular, when t = M7, M € Z, we have
(26) ((_I)Mx - y)aw(Mﬂ-v ) € Hs-‘rN(l—I/)'

Since §(-—y) € H, for any s < —n/2, and K36(z—y) = (27 —y7)d(z—y) = 0,
j=1,...,n, the hypotheses (2.4) are satisfied for ¢°(z) = §(x —y) with arbitrary
N > 1. Theorem V then implies that E(Mm,-,y) is C* everywhere except at
x = (—1)My. Note also that F (M, -, y) must have a singularity at = = (—1)My.
Indeed, E(Mm,-,y) cannot lie in a space better than Us<_n/2 H,, because if it

does, if E(Mm,-,y) € H, with some r > n/2, then, by Lemma 1.1, so does
E(0,-,y) = d(- — y), which is impossible. This proves Theorem IV.

Let us now prove Theorem V. Again, only to make the formulae shorter,
we assume that n = 1. And again, instead of struggling through a meticulous
inductive argument, we show the first two steps which comprise all the essential
features of our approach.

As in the proof of Theorem I, we start with the commutator relations

(2.7)  [L,Ki] = —isint- O,w(x), [L,R¢ = —icost-dyw(x), [Re, K] =1.
Let 1 be the solution of (2.1) with ¢° € H,. We know that 1 € Cjoc(R — Hy).
The functions Ky and (K;)?t are the solutions to the problems (see (1.9))
(2.8a) LIKip = —isint - Opw(x) -, Kithlimo = Kotb®,

and

L(K)?p = —2isint - Qpw(x) - Ketp — (isint)?0%w(z) - 1,
(Ke)*li=0 = (Ko)?*¢°.

Given that Koy® € Hy and (Ko)?*y° € H,_,, we have (apply Lemma 1.1 and
use (2.2))

(2.8b)

(2'9) /CW € C(loc(R - Hs)a (Kt)QT/) € OIOC(R - Hs—z/)-
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Consider now the function R; o/ ztp. The commutator [£, R; o] can be written
as follows:

(2.10) [L,Rio K] = —icost- Opw(x) - Ky + Ry o (—isint - dyw(x))
=icost- Qpw(z) K¢ —isint - Opw(z) - Ry + 5 sin2t - P2w(z)
= —2icost- Opw(x) - Ky
+ [iz - Opw(z) — ivV2cos(t + m/4) - y - Dpw(x)
+ 1 sin 2t9%w(z)],
where we have used the important identity
(2.11) sint- Ry = cost- Ky —x + V2cos(t +m/4) - y.
Thus, R o K1) solves the following problem:
(2.12) LRy o Kyp = —2icost - Opw(z) - Kytp + 1By (w)i,
Ry 0 Kithli—o = Ro o Kot,

where, of course,
Bi(w) = [(z —ivV2cos(t + /4) - y) - 0y + 5 sin 2t - 92| w(a).

In fact, all we need to know about the factor B;(w) is that it is of order < v (the
term x0,w(x) has the highest order). Since, by assumption, Ry o Koy° € H,_,,
we see that

(2.13) Ri oK) € Cloe(R — Hy_y).

The coefficient of the derivative in either (2.3a), or (2.3b), or both, does not

vanish. Hence, having R; o K9)(t) € Hg_,, and K; o Ky)(t) € Hs—,,, we conclude

that Ky(t) € Hsp1-, (see (1.3)). This proves Theorem V in the case N = 1.
In the case N = 2 we have an additional information about 1°:

(2.14a) (Ko)*¥° € Hy,_,,, Roo (Ko)*y° € H,_,,
and
(2.14b) (Ko)*° € Hy_9,, Roo(Ko)3y° € Hy_9,,  (Ro)?0(Ko)?y° € H,_o,.
As before, we use the commutator identities. We have
£, (K,)%] = —3isint - uw(x) - ()2
+ 3(sint)?0%w(x) - Ky + i(sint)302w (),
(L, R0 (K¢)?] = —2isint - Opw(x) - Ry o Ky —icost - Dpw(z) - (Ki)?
+ 3 sin(2t)02w(x) - K¢ — sint - By(d,w(z)).

(2.15)

The first equality follows from (1.9). In deriving the second equality we have
also used (2.11).
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With the help of (2.15), and taking into account (2.9) and (2.13), we see that
both L(K;)3 and L(R; o (K;)?*t) are continuous functions of ¢ with values in
H,_,. Since the initial data are in Hs_, also, Lemma 1.1 says that

(2.16) (K3 e Hy_y, Ryo(Ky)*y € Hy_ .

Next, we calculate

(L, (K = —4isint - Opw(x) - (k) 4 6(sint)20%w(z) - (K;)?
+ 4i(sint)302w(x) - Ky — (sint)*0tw(x),
[L,Rio0 (K)? = —3isint-d,w(z) - Ryo (Ky)? —icost - dpw(x) - (Ki)?

+ 3(sint)20%w(x) - Ry o Ky + gsin(Qt)é‘%w(z) S(Ky)?
+ 4i cos t(sint)203w(x) - IC; — i(sint)? By(02w(x)),

(£, (Ri)?* 0 (K¢)?] = —4icost - dpw(x) - Ry o (Ki)? + 2By (dpw(x)) - Ry 0 Ky
+ 4(cost)?0%w(x) - (KCp)?
—2cost - [O,w(x) + 2B (0, w(x))] - Ky

— i - 3 sin(20)[02w(z) + By(02w(x))].

These identities, together with (2.9), (2.13), (2.16) and (2.14b), lead to the
conclusion that

(217) (K:t)4wa Rt o (K:t)3w7 (Rt>2 o (K:t)2w S CIOC(R - H872l/)'

Since (Ky)*)(t) € Hy_o, and Ry o (K;)39(t) € H,_a,, we have, invoking again
(1.3),

(2.18a) (Ke)3(t) € Hoyq_a,.

On the other hand, since K; o Ry o (K;)%9(t) € Hs_a, (see (2.7) and (2.17)), and
(Re)? o (Ke)*¥(t) € Hy—2,, we have

(2.18b) Rio (Ko)?(t) € Hep 1,

For the same reason as above, (2.18a) and (2.18b) allow to improve the regularity
of (K;)*¥(t), and we obtain

(2.19) (Ke)?(t) € Hyyo o,

This proves the theorem in the case N = 2. To handle the general case, one has
to use induction. However, the justification of the inductive step uses exactly
the same ideas as the ones we have just used to pass from N =1to N = 2. We
skip the formal argument.
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3. Representation of the kernel

In this section we prove Theorem III. We assume that the perturbation,
w(x), is real-valued, infinitely differentiable, and satisfies the conditions

(3.1) |0gw(x)| =o(1) as|z] =00, VYaeZl}, |a|>2.
With the quantum Hamiltonian
(3.2) H=—3A+ J|z]* + w(z),
we associate the classical Hamilton function
H(q,p) = 3lp* + 3laI* +w(q).
Denote by q(t,y,£), p(t,y,&) the solution of the classical Hamiltonian system

&qu,

S p=a- sl
3tp_q dq q),

(3.3a)

subject to the initial conditions

(3.3b) q(0,y,6) =y, p(0,y,&) =&

As shown in [Fujiwara, 1979], under even weaker assumptions on w, there exists
7« > 0 so that, for every ¢t € (0,7.] and every y € R™, the mapping R™ 5 £ —
q(t,y,€) € R™ is a diffeomorphism. Hence, given z,y € R™ and t € (0, 73], there
exists a unique £ such that © = ¢(¢,y,£). One then defines the classical action
as follows:

(34) S(t,z,y) = /O [31p(s,9,6)1> = 3la(s, 9, €)1> — wla(s,y.€))] ds.

Fujiwara also showed that, when 0 < ¢ < 7, the function S(¢,z,y) is smooth
and, moreover,

2
(35) Stta) = 20 vt a,),

where ®(t, x,y) satisfies the estimates
(3.6) 020, @(t, 2,y)| < a5, Vo B, la+ 0] 22,

with constants sz, 5 independent of t € (0, 7.] and z,y. The regularity in ¢ can
be derived from the eikonal equation satisfied by S(t, z,y),

1
+ §|x\2 +w(z) =0,

0 1108

and the above estimates on the spatial derivatives.
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In what follows, we will choose 7, sufficiently small. Then we will have, in
particular, the estimate

3.7 inf
(3.7) ly|I<R

0
— >
(0, 2 el

for all sufficiently large x.
We need the basic result of [Fujiwara, 1980] on the structure of the fun-
damental solution E(t,z,y) of the Schrédinger equation with the Hamiltonian

(3.2).
THEOREM 3.1. Fort € (0,7],
(3:8) E(t,z,y) = a(t,z,y) e5tow),

where a(t,x,y) is a smooth function for which the following estimates hold pro-
vided t stays away from 0:
sup \626565a(t,x,y)| < claple), V1=0,1,2,...,Va,B € Z].
0<e<t <
z,ye€R”

We are now in a position to prove Theorem III. Choose an arbitrary (large)
T > 0 and a sufficiently small € € (0,7/2). Define ¥ = {t : 0 < ¢ < T,
dist(¢,7Z) > €}.

We will construct the fundamental solution E(t,z,y) for ¢ € ¥ by glueing
together Fujiwara’s local representations.

We can always choose the nodal points 0 =t < t; < ... <tprsothatt; € %,
j=1,...,M, and, for every t € T, one has t; <t < t;y; and s =t —t; < 7/2.
(After the proof of Proposition 3.2 below, we discuss in more detail the choice

of t;’s.)
Writing e~®# as a product,
(3.9) e HtH — gilt=t))H . o—ilti—to)H

we see that each of the factors e~ “(ts+1=t)H and e—i(t=t)H ig an integral operator
with a kernel that has Fujiwara’s representation (3.8). To construct E(¢,z,y),
we take the composition of these integral operators and find its kernel. Thus, we
need the following result.

PROPOSITION 3.2. Let £ be an integral operator with kernel
(3.10) E(x,y) = b, y)e'? V),

where b(-,+) is a smooth function, bounded with all its derivatives; o(-,-) is also

smooth, and its derivatives obey the estimates

(3.11a) \8§850(m,y)| <cup, |la+p8>2.
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Let € be given so that
(3.12) 0<e<mindl, 1
. min{ —, ——
4 ’ 471'7'*%0,2 ’

where s 9 is the mazimal of all constants 4 g in (3.6) with a =0 and |G| = 2.
Assume that there exist 0 > 0 and o > 0 such that

1) dist(6,7Z) > ¢,

2) for all x and y with |x|* + |y|* > o2,
(3.11b) o(z,y) =S(0,z,y),

where S(0,x,y) is defined as in (3.4). We assume that o is sufficiently large, the
lower bound on its size is determined by 7., 592, and €, as in Lemma A.5 of

Appendiz. Given s such that

1
cot 6 + —
s

1
(3.13) 0<s <7y, > = dist(s + 0,7Z) > ¢,

the product J = e~ *H & is an integral operator with kernel J(x,y) of the form
(3.14) T (w,y) = bs(w,y) €'Y,

where bs(+,+) is smooth and bounded with all its derivatives, os(-,-) satisfies
(3.11a) (with probably different bounds cq.8), and

(3.15) os(z,y) = S(s+0,2,y), Va,y:|z[>+y]> > o

For all t sufficiently close to s, the function by(x,y) and its derivatives remain
uniformly bounded, and the estimates (3.11a) hold for o¢(x,y) with, perhaps,
larger constants cq 5. Also, by(x,y) and oy (x,y) are infinitely differentiable in t
when t stays within a sufficiently small neighborhood of s.

A critical reader has probably noticed that we use S(0, z,y) without smallness
assumption on 6. It turns out, however, that for large, non-resonant 6, the action
S(0, x,y) is also well defined if |x|2+|y|? is sufficiently large. We establish this in
Appendix, where we study the properties of S(t,z,y). The results of Appendix
are heavily used in the proof below.

PROOF OF PROPOSITION 3.2. Formally, J(z,y) can be written as an inte-
gral,

(3.16) T (z,y) = /a(s, z, Z)eiS(s,z,z)b(Z7y) i (z.y) dz,

where a(s, z, z)e*(>%2) is the kernel of e=** given by Fujiwara’s construction.
Our goal is to show that the integral in (3.16) defines a C*° function that can

be written in the form (3.14).
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By assumption, 6,s + 6 € T. Lemma A.7 assures that S(¢,z,y) is a (well
defined) smooth function on the set T x Bs,, where B>, = {(z,y) € R* :
|z|? + |y|?> > 02}, and o = o(e) is large enough (as in Lemma A.5). Note that
our assumptions (3.12) and (3.13) are needed for Lemma A.7.

Choose a cut-off function xT € C5°(R"™ x R™) so that x5 > 0, x5 (z,y) =1
if |22+ |y|? < 1, and x5 (2,y) = 0 if |22 + |y|? > 2. For r > 0, define x(2,y) =
X7 (2/r,y/r) and X7 (2,y) = 1 — X7 (2,9)-

We write the integral (3.14) as a sum of two integrals, J(z,y) = J<(z,y) +
J” (z,y), where

(317a)  J<(x.y) = / a(s,2,2)e" TS (2, 9)b(z,y)e ") dz,

(3.17b) 7 (z,y) = /a(sw,Z)eis(s’””’z)x>(z,y)b(z,y)e"’(z’y) dz.

4

Because of (3.5)—(3.7), integration by parts shows that J<(z,y) is a rapidly
decreasing function on R™ x R™. We, therefore, may ignore it.
In view of (3.11b), the second integral takes the form

(3.17¢) J7(z,y) = /G(S’w,Z)b(z’?J)XE(%y)ei[s(s’z’z)+s(9’z’y)] dz.
As we show in Lemma A.7(b) of Appendix,
2[S(s x,2) + 500, z,y)]| > i|z|
az ) ) ) 7y — 88 )
for all sufficiently large |z|. Then we can integrate by parts in (3.17¢) and show
that J~ (z,y) is C* in x and y.
Now, we take g1 as defined in Lemma A.7(d), and write J~ (z,y) as a sum of

Xg, (2,9)J7 (x,y) and x5, (z,y)J” (z,y). The first being a Cg°(R"™ xR™) function,
we ignore it and focus on the second. We treat the integral

(3.17d)  J77(z,y) =/Xﬁl(w,y)a(sax,Z)b(%y)x?(&y)ei[s(s7”’z)+s(9’z’y)1 dz

with the stationary phase method developed in [Asada & Fujiwara, 1978]. Since,
on the support of the integrand, |z|? + |y|?> > 07 and |2]? + |y|*> > 0?, Lemma
A.7(d) tells us that there exists a unique stationary point z, of the phase function

Qs 904(2) =5(s,2,2) + 50, 2,v),

and S(s,z,2.) + S(0,2.,y) = S(s + 0,z,y). Part (f) of Lemma A.7 shows
that the Hessian of ®(z) is non-degenerate (see (A.29)). In addition, all partial
derivatives of order two and higher of ®, ¢ , ,(2) with respect to z, y, and z are
bounded. Also, as we prove in Lemma A.7(e), the first derivatives of ®; g 4, (2)
are bounded from below. Thus, all the conditions of Lemma 3.2 of [Asada &
Fujiwara, 1978] are fulfilled. We apply their result to J~~ (z,y) and obtain the
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desired representation for J~~ (z,y) and, hence, for J(z,y). The regularity of
bi(z,y) and o (x,y) in t, for ¢t close to s, also follows from the above arguments
and Proposition 3.1. d

On the choice of the nodal points t;. Let T' > 0 and € be fixed. We assume
that € obeys (3.12) and, in addition, € < 7/2 and

tane 4
3.18 =
(3.18) — <3
To be able to use Proposition 3.2, we must choose the nodal points ¢1,...,tyr € ¥

appropriately. This means that the following conditions must be satisfied:
tivr — 15 < Tx, 7j=0,...,M—1,

and also (see (3.13)),

1
cott; + ——

1
> — iftj<t§tj+1, te®.
t—t;

~ 4e

We claim that they are satisfied if we take as nodal points all § € T of the form
mm + ¢, and, in addition, inside each inteval (mm + ¢,(m + 1)m — ¢), all the
points mm + € + le/2 with integer | > 0. Thus, we have to consider two cases:
a)t—t; <e/2,and b) t =t;41 =t; + 2¢. In the case a) we have

1 2
cott; + ——| > — |cottj| > = —cote >
€

t—tj| = t—t, (3T18) 4
In the case b) we have, for some integer m,
1 1
cott; + = |cot(mm —¢) + >

—| = cote— — —.
t—t; 2¢| (3.18) e T o (3.18) 4€

One final remark to complete the proof of Theorem III: The small variation

of t in e~ **H affects only the leftmost factor on the right side of (3.9). Applying

Proposition 3.2 and taking into account the compactness of the interval [kr +
g, (k4 1) — €], we obtain the estimates (0.11).

A. Appendix
Consider a Hamiltonian of the form
(A1) H(q,p) = 3lpI* + 3lal* + w(q), a.p €R",
where w(q) is a smooth function satisfying the conditions

(A2) 05w(g) = o(1) s |g| — oo, o] > 2.
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Let q(t,y,7), p(t,y,n) denote the solution of the classical Hamiltonian system

gq =P
o

(A.3a) 9 P
" =" g

subject to the initial conditions

(A.3b) q(0,y,m) =y, p0,y,m) =n.

The assumption (A.2) guarantees the existence and uniqueness of the global
trajectory (q(t,y,n), p(t,y,n)), —00 < t < oo, for any choice of the initial data
(y,m) € R?".

Note that ¢(t,y,n), p(t,y,n) satisfy the following integral equations:

t
q(t,y,m) = cost -y +sint-n — / sin(t — S)ﬁw(Q(S, y,1m)) ds,

t
p(t,y,m) = —sint~y+cost-77—/ COS(t—S)%w((Q(S,y,n))dS-
0

We pick and fix, for the rest of this section, an arbitrary 77 > 0 and a
sufficiently small ¢ > 0. Until Lemma A.7 below, it suffices to have ¢ < /2.
However, for Lemma A.7, we require that (tane)/e < 4/3, and, in addition,
e < min{7,./4, 1/(4n7.5¢ 2)}, where the numbers 7. and s 2 are borrowed from
Fujiwara’s construction of the local-in-time fundamental solution (see [Fujiwara
1979] and Remark A.6 below).

Denote by ¥ the set

T={t:0<t<T, |t—mn|>e, VmeZL}
LEMMA A.1. For every r' > 0 there exists C = C(r") > 0 such that
(A.5) (gl + Y2 [{t € T+ lq(t,y,m)| <"} < C,
where |{...}| stands for the measure of the set {...}.

Before we turn to the proof of this lemma, we mention a few simple properties
of w(q) and H(q,p) that follow from (A.2), which we need here and later on.

LEMMA A.2. For every §, 0 < § < 1/2, there exist rs > 0 and Cs > 0 such
that

(i) |w(q)|+ la| - [ow(q)/dq| < 6lq|* + Cs if |q| > rs;
(ii) [0%w(q)/0q?| < & if |q] > rs;
(iii) (1—0)(5lal* + 3lpI?) < H(q,p) < (1 +6)(5]al* + 31pI?)
lq|? + |p|*> > rs.
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PrROOF OF LEMMA A.1. Due to the conservation of energy and statement
(iii) of Lemma A.2, we may assume in the proof of (A.5) that |y| < r' and, at
the same time, 72 = |y|? + |n|? is sufficiently large.

Consider the quantity u(t) = |q(t,y,n)[?. Tt is easy to check that u(t) satisfies
the equation

2
%u(t) +4u(t) =4H (y,n) — dw(q) — Zq%.
We choose a sufficiently small § > 0 and, assuming that |y|?+|n|? > rZ, estimate
the right hand side from below by 2(1 — §) 73 — 40u(t) — 4C5s (see Lemma A.2).
Thus, we get an inequality

d2
(A.6) @u(t) +4(1+ S)u(t) > 2(1 — §)rE — 4Cs.
Let v(t) be the solution of the equation

d2
(A.7a) ﬁv(t) +4(1+6)v(t) = 2(1 — §)r} — 4Cs,

subject to the same initial conditions as u(t), i.e.,

(ATh) o) =l So(0) =2y

The standard comparison theorem for the solutions of second-order equations
[Kamke, Theorem 24.3] tells that u(t) > v(t) for all ¢ > 0. Now, v(t) is known
explicitly, namely,

o(t) = cos(At) - [yl + %sin()\t) -2y + 1*‘;7";“”[2(1 — 82— 40y,
where A = 2v/1 + §. Hence,
(A.8a) cos(At) - |y|* + %sin()\t) - 2ym + 1_CAi();(’\t)[Q(l —8)ry —4C5]) < u(t).
If u(t) < (r")?, then we should have
(A.8b) cos(At) - |y|* + %sin()\t) - 2yn + 1—%@@[2(1 —0)ri — 4C5] < (r')%

We note that |cos(\t)] - |y|? < (/)% Also,

MY 20 (M
cos | o Jy| - |ysin{ 5 )0

1
‘)\ sin(At) - Qyn‘ =

A
sl
@)

@]
vl\?
N
[\)
N~
o
+
>,

&: .
%
[\v]

&,
5[\')
/N
ol X
N~
=
(V]
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Thus, (A.8b) implies the estimate

4 At 1 8Cs
ﬁbln <2>(1—25) <2+45>( "? +?,
from which (A.5) follows. O

LEMMA A.3. For every e1 > 0 there exists Ry = Ry(e1) > 0 such that the

following estimates hold:

(A.9a) H q(t,y,m) —sint - 1|| < g1, VLETF,
(A.9b) Hayq(t,y,n) —cost-1|| <e, VteZ,
(A.9¢) aanp(t,y,n) —cost-1|| <e, VteZ,

when [y[? + [nf? > R,

ProoF. We will prove the first estimate, the other two are proved similarly.
Differentiating the first of the equations (A.4) with respect to 1 we obtain
82

0 t 0
A.10a) —q(t,y, :sint-l—/ sin(t — s w(q(s,y,m))=—q(s,y,n)ds.
( ) 87761( Y, ) ; ( )aqaq (a( yn))aUQ( Y, 1)

Denoting by K the supremum of |§%w(q)/d¢?|, and applying Gronwall’s inequal-
ity to (A.10a), we get the estimate

0
Hﬁn (tyn)H 5 qsyn)Hd8<em<€KT
Hence,
A.10b —q(t,y,n) —sint-1f| <e / w(q(s,y, H ds.
( ) H&?(I( Y, m) H 1150 (a(s,y,m))

In view of (A.2), there exists 7’ such that

KTTfl

f >,
8q8q or |g| >

By Lemma A.1, there exists Cp such that the time ¢(¢,y,n) spends inside the

H *616

ball of radius 7 is less than Cy(|y|> + |n|>)~ /2. We can now choose R; to
be the maximal of 7 and 2CoKeXTe . Indeed, if |y|? + 5| > R?, then the
interval of integration in (A.10b) breaks into two parts: one consists of those

t for which |q(t,y,m)| > r’, and the other has measure less than 3K~ e 57,
Both integrals turn out to be less than %sle*KT, which results in the desired
estimate (A.9a). O

For t € ¥, consider the mapping

(A.11) Fy: (y,m) = (y,q(t,y,m)).
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Denote by J; the Jacobian of F;, and by A; the matrix

1 0
At: . .
cost-1 sint-1

If we take €1 < sine/(87) and choose R; according to Lemma A.3, then we have
sine

A12 — Al < —

(A.12a) 1t = Aell < ——,

for all t € T and all y and 7 such that |y|> + |n/> > R?. On the other hand,

evidently,

(A.12b) 147 < 2, lAd < V3,
sine
forall t € ¥.

The estimates (A.12) will allow us to show that F; is a diffeomorphism of
the set B> = {|y|? + |n|> > R?} onto its image, for some R > R;y. To this end
we need the following abstract result.

We change the notation so that z, temporarily, is a vector in RY, for some

N > 0. We will make use of the following notation:
Bep={z:|z| <R}, Bsp={z:|z| =R}
LEMMA A.4. Let F be a smooth mapping of RN into itself. Assume that

there exists a non-singular matriz A such that

oF

aw [

(z) - AH < (@A), Ve € Bon.

Then:
(i) F is a diffeomorphism from Bsg to its image.

(ii) The following inclusion holds: F(Bs>gr) D Bx,, where

(A.14) 0 = 36M(1+ a7 Al M = sup |P(s) — Aal

(iii) In addition, |F(z)| > |z|/(2||A7Y]|) provided |z| > 6 M| A~Y|.
(iv) If F(zo) = 0 for some xo € B>g, then
[F(2)] = 2|A7H) ™z — ol

for all x € B>pg.

PROOF. By assumption, the matrix F(x)/0x is the sum of the non-singular
matrix A and a matrix whose norm is not greater than 7=1||A|| (see (A.13)). The
implicit function theorem then proves part (i).

For z € B>g, set Z = z/|z|. Obviously,

1
F(z) — F(3) = /0 gF(Az + (1= N2)dr- (2 —2).

X
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Therefore,
(A.15) [F(2) = F(2) = A(z = 2)| < (x| A7)z — 21,
Using this estimate and taking into account the definition of M (see (A.14)), we
obtain - 2
z z
F(2) — Az < |F(2) — A7) + <my—_
A A
Since |Az| > || A7 71]2], it follows that
“1y- 2| 2|z| 2]
[P = AT el = M = == > ey — M 2> 5
m AT 3 AT 2 A=

provided |z| > 6[|A=1||M. This proves (iii).

To prove (ii), we modify F(z) inside the ball B<sp/s, where ¢ < 1 will
be chosen later. Take a cut-off function ¢ € C§°(RY) such that ¢(x) = 1 for
lz| > 3R, ¢(x) = 0 for |z| < 3/(2R) and |V¢(z)| < Z5R™. For 0 < 6§ < 1, we
define Fj(x) for all x € RY as follows:

F(z), |z| > 3R/4,
Fs(z) = ¢(0x)F(x) + (1 — ¢(dx))Az, 3R/6 > |x| = 3R/(20),
Az, |z| < 3R/(20).

So defined, Fj(-) is infinitely differentiable. For all z € RY satisfying 3R/(25) <
|z| < 3R/d, we have

- (0t s s

1 21 R |z|
< +5(FxAx+),
(a1s) 7 AY T 30R (&) | || A=

where T = z/|z|. Using the definition of M and replacing |z| by 3R/J, we obtain
the estimate

8F5 31 210M
Al < + )
— 107|| A~ 30R
Note that if

15R 31 1
Al — (1 - —
(A.16) O < i ( 107r> A1)

then
216 M <1 7 ﬂ 1
30R 2 107 J || A1)
and we have

Sk

OFj I
H \ A=,

where € = %(1 + %) < 1. Hence, Fj is a global diffeomorphism of R¥.
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Now, we choose a d which satisfies (A.16) as follows:

R
d=min{ ————— 1.
mm{sswnA—lnM’ }
Then, clearly,
F(Bxg) D F5(Bx3rss) = RN \ F5(Bsrys)-
At the same time, for |z| < 3R/d we have

||
A=

1 3 1
<(ja +>5+M:M{<A +)357r A +1}
(141+ —=7 ) % 41+~ ssela|

< 36M (1 + x| Al - [AH).

|[Fs(2)| < |Az| + ¢(02)|F(z) — Az| < [Az| + M +

This proves (ii).
Finally, if F'(z) = 0 for some xg € B>g, and « € B>g, then we have

Pla) = Atz —z0) = [ 1 (f)fwm) - A) 400,

where () is a semi-circle in B>p of radius |z — ¢|/2, connecting zo = v(0)
with = y(1). Estimating the integral, we obtain

oF

Fla) = A=)l < | |5

(V) — A\ AN

_ _ Tr — X
< (ejat etz

5 = @IATH) e — o
(A113)
Therefore,
IF(@)] > A — 20)| - @IA™H ) e — z0] > 2IA ) e — 0.
The proof of part (iv) and the lemma is complete. O

Returning to the mapping F; : R?® — R2" defined in (A.11), we prove the
following result.
LEMMA A.5. There exists R > 0 such that the following holds true.

(a) For everyt € T, the mapping Fy : (y,n) — (y,q(t,y,n)) is a diffeomor-
phism of the set B>g = {|y|* + |n|*> > R?*} onto Fy(B>Rg).
(b) For everyt € X, F;(B>gr) D B>,, where

(A.17) 0 = 108(1 4 2v27)R/sine.

(c) For every (y,x) € B>, there exists a unique n € R™ such that Fy(y,n) =
y, ), and so the inverse mapping F, ' : B>, — B> C R?" is well
t >0 >
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defined. The corresponding mapping (t,y,x) — (y,n) is smooth on
T x BZQ'
(d) For everyt e ¥,

(A.18) [Fi(y, )| = 7\/ [yl + > if Vyl?+ Inl* = 73

Proor. Take an (arbitrary) e; obeying the conditions

sine 1 sin’ e
A.19 0 < — —_— T .
( a) <€ < . g1 < (471’8 T, %072) 1

REMARK. The second inequality on €7 is not necessary for the proof of the
lemma. We included it here in order to define the radius R that will be admissible
simultaneously here and in the main Lemma A.7 below. The constants 7, and
2 are defined in Remark A.6.

For 1 so chosen, let Ri(e1) be the corresponding radius that Lemma A.3
gives. Denote by Rz the following constant:

(A.19D) Ryi=  sup (laCt. v, m)* + Ip(t, y,m)|*)"/2,

0<t<
lyl®+Inl? <7"1/3
where 7y /3 is the 75 from Lemma A.2, corresponding to d = 1/3.
Define

(A.19¢c) R = R(e1) = max{Ri(e1),71/3, Rz }.

The conservation of energy (H(q,p) = H(y,n)) and inequalities (iii) of Lemma
A.2 with § = 1/3 yield the estimates

(A.19d) sup la(t,y,m)| < V2R(e1),

[y[>+Inl? <R?(e1)
(A1%) M= sup lg(t,y,m) —cost -y —sint - n| < 3R(e1).
ly2+In|2=R2(e1)
The estimates (A.12) and Lemma A.3 then imply (a), (b), and (d).

Finally, to show that for every (y,z) € B>, there is a unique (y,n) € R*"
such that Fi(y,n) = (y,z), we notice that, if the equation Fi(y,n) = (y,x)
had a solution (y,7n) in the ball B.g, then we would have |z|*> > |z|> — |n]? =
lz)% + |y|? — (ly|* + [n|*) > 0* — R* > 16R?, which contradicts (A.19d). Hence,
all the solutions to F;(y,n) = (y,z) must lie in B>g, but there the solution is
unique, as we have already proved in (a). The smoothness of F; ' follows from
the inverse function theorem. O

From now on, we assume that R is the number defined by (A.19¢) with the
help of an £; satisfying (A.19a).
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We are now in a position to define the action function S(¢,x,y) for y and x
fulfilling the condition |y|?> + |x|?> > ¢* with any of the ¢’s provided by Lemma
A.5. As usual,

(A.20)  S(t,z,y) = /Ot (;‘&](Sésyn)

1 2

- ‘Q(Syyﬂ?)

2
=

~wlals o) ) .

where 7 is uniquely determined by the equation Fi(y,n) = (y, ).

REMARK A.6. Recall that there exists 7. > 0 such that for 0 < ¢t < 7, the
action S(t,xz,y) is well defined for all z,y € R™. The function S(¢,z,y) is smooth
and, in addition,

[z —yl?

(A.21) S(t,xz,y) = 5

+tP(t,x,y),
where ®(¢,x,y) satisfies the estimates
(A.22) |8§85<I>(t,x,y)| <48, Yo,B, |a+p]>2,

with constants s, g independent of ¢t € (0, 7.] and x,y. These facts are proved
in [Fujiwara, 1979].

As mentioned at the beginning of this section, ¢ is chosen so that

tane 4
A.23 <=
(A.23a) 6 3
and
Ta 1
A.23b i _— .
(A.23b) O<5<mm{4,4ﬂ_7_*%0’2}

We list below the additional properties of S(¢, x,y) that we used in the main
body of the paper.
LEMMA A.7.

(a) S(t,z,y) is a smooth function on T X B>,.
(b) Assume that s and 8§ are such that 0 < s <7,,0 €%, s+0€ %, and

1 1
A.24 t0+—| > —.
( ) cor+ s‘ T 4e
Then, for all x,y € R™, there erxists a constant R = R(z,y,s,@) >0
such that
(A.25) D 1S(s,2,2) + S0, 29| > 2|2l when |2 > R
* 82 ) b b 7y e 86 — .

(¢) Let s and 0 be as in part (b). Then

2

1
[S(s,z,2) + S(0,2,9)] = (cot9 + S) 1+ 9(s,0,2,y,2),
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where ¥ is an n X n matriz with the following estimate on its norm:

(A.26b) [W(s,0,z,y,2)| < %

1
cot9+‘
s

for all z such that |z| > o, where ¢ is related to R by (A.17), and R is
defined by (A.19c).
(d) Let s and 0 be as in part (b). Define

01 = 432(1 + 2v/2n)(sine) 2.

Given x and y with |x|?+|y|? > 03}, there exists a unique z. (stationary
point) such that

(A.27a) %[S(s,x, 2)+ 500, z,9)] =0,

2=Zx

and |y|? + |2.|? > 02. This stationary point z,. is nothing but the point
q(0,y,n) on the trajectory connecting y and x in time s+ 60, and

(A.27b) S(s,2,2¢) +5(0, 24, y) = S(s+ 0, z,y).

(e) Under the assumptions of part (d),
(A.28) S18(s,,2) + 50, 5,0)]| 2 Jz - =]
. PR CICE 2yl 2 olz =l

(f) Under the assumptions of part (d), if |z| > o, then

02 dre \ 7"
> .
et 5 5(0,.2) 4 806,200 = (275

(g) Under the assumptions of part (d), all the derivatives of S(s,z,z) +
S(0,z,y) of order two and higher with respect to x, y, and z, are
bounded:

(A.30) ‘ (;;) " <88y> ’ <§Z> U[S(s, z,z)+ 50, z, y)]‘

<Capos | +16l+ o] = 2.

PROOF. Part (a) is obvious: use (A.20), Lemma A.5, and the inverse function
theorem. We postpone the proof of (b) and turn to the proof of (c). Note that

1o}
(A.31a) 5,500,2,y) =p(0,y,m),
z2=q(0,y,m)
and
o2 o 0 !
(A.31D) —=—-5(0,2,y) = ——p(0,y,m)- <q(9,y,77)> :
02° 2=q(0,y,m) I on
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By assumption, |y|? +|z|> > 02, and Lemma A.5 guarantees the uniqueness of 7
such that ¢(6,y,n) = z. From Lemma A.3, it follows that

(A.32a) ;nq(ﬁ, y,m) =sint-1+9,(0,y,n),
(A.32b) 5op0.) = cost 14 0,(6,3.).
where

(A.32c) [94(0, .l < €1, [194(6,y,m)| < e

Since, by assumption, €1 < sine and ¢ € ¥, the matrix dg/0n is invertible. We
have

(cost-1+9,(0,y,m)) - (sint-1+9,(0,y,m))" " —cott-1
1o\ 1o\t
=cott- |1+ —4 —, 1+ —10 —cott-1
«© ( +sint q> +sint P < +sint q> «©

1 1 -1 1 1 -1
i (1= (1 20) ) o (1 0) et
1

sint sint sin sint

1 cost 1 -t
(o, - Sy ) (1 —0,) .
(sint P sin?¢ q) ( T q)

The norm of this matrix, for ¢t € ¥, is bounded by
[sint| + |cost] 1 4ey
€1 ) : A S . 2
sin” t 1—¢1/sine ~ sine
because of (A.19a). Now, using the representation (A.21), (A.31b), (A.22) and

the above estimate, we obtain

2
a—[S(s,az,z) +5(0,2,y)] — <c0t9—|— i) 1=V(s,0,z,y, 2),

0z
where the right hand side has the norm bounded by

481 1 1
—— +sxp2 < — < —
sin” e (A19a) 4mE (A20) T

1
cot 6 + —
s

)

and part (c) is proved. Part (b) follows from (¢) and Lemma A.4 applied to
F(z) =0[S(s,x,2) + S(0, z,9)]/0z.

To prove (d), we notice that if |x|? + |y|?> > o?, then, by Lemma A.5, there
exists a unique 7 such that = = ¢(s+6,y,n). We also know that |n|? +|y|> > R3,
where R; is related to g1 by (A.17). Taking into account the relation between
o1 and p, we see that
sin? , sin’e 9

16 — 116 9

(Inl* + ly?)
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On the other hand,

2
Sin- €
w1 + (0, y. 0> = [Fo(y, > > (|77|2+\y|2)716 ,
(A.18)

and we conclude that |y|? + |q(0,y,7m)]> > 0?. Set z. = q(0,y,n). Then

(A.27b) holds, and (A.27a) holds as well, since 9S(s,x,z.)/0z = —p(6,y,n)
and 05(s, z«,y)/0z = +p(0,y,n). To show that z,. is the unique solution to
(A.27a) with the property |y|> + |2.|? > 07, we assume that there exists another
solution, say, z’, and

(A.33) ly|2 + |2'|? > 02

By (A.33), there is a unique Hamiltonian trajectory ¢(t,y,n’) connecting y =
q(0,y,n") with 2’ = ¢(0,y,7") (Lemma A.5(c)). We also know that

0 / o /
%S(eaz 7y) _p<97y777 )

On the other hand, since s is small, there is a unique Hamiltonian trajectory
q(t,2',€) connecting 2’ = ¢(0, 2/, &) with x = ¢(s, 2’, &) (Remark A.6), and

0
@S(Sv‘xazl) = 7p(072/a€) = 75

If 2/ is a solution of (A.27a), then we must have p(6,y,n') = £, and, hence, two
trajectories, from y to 2’, and from 2’ to x, are two pieces of one Hamiltonian
trajectory q(t,y,n’) connecting y with z in time s+6. However, since |z|*>+|y[? >
02 > 0?, such a trajectory is unique by Lemma A.5(c). Thus, ' = 5 and,
consequently, 2/ = z,.

The estimate (A.28) follows from (d) and Lemma A.4(iv) applied to F(z) =
0[S(s,x,z) + S0, z,y)]/0z.

The estimate (A.29) is a simple corollary of (A.26) and (A.24). Indeed, for

each vector £ € R”, we have
2, (-3)
(A.26) ™
and (A.29) follows.
To prove (A.30), one can estimate separately the derivatives of S(s,z, z)

and S(0, z,y). The boundedness of the high-order derivatives of S(s,z, z) with
small s is a consequence of Fujiwara’s result. The estimates on the derivatives

32
@[S(Sama Z) + S(G,Z,y)]f

1 -1
cotd + — il
s

i€l >

(A.24) 4me

€,

of S(0, z,y) can be obtained in the spirit of the proof of part (b). But we rather
skip the proof not willing to bore the reader with more of lengthy and repetitious
argument. O
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