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1. Introduction

We consider the semilinear Dirichlet problem
(D) —Au=f(u) inQ, u=0 on 0N,

where Q C R" is a bounded domain with Lipschitz boundary and f : R — R
is of class C' with f(0) = 0. Thus up = 0 is a trivial solution of (D) and we
are interested in finding and studying nontrivial solutions. One way of obtaining
these is to compare the behavior of f near the origin and near infinity. We shall
always assume that f grows subcritically at infinity so that variational methods
can be applied and the associated functional satisfies the Palais—Smale condition.

Suppose f'(0) < Ay where 0 < A1 < A2 < A3 < ... are the eigenvalues
(counted with multiplicities) of —A on  with homogeneous Dirichlet boundary
conditions. If f grows superlinearly at infinity then the mountain pass theorem
of Ambrosetti and Rabinowitz [AR], [R] together with the maximum principle
guarantees the existence of a positive solution u4 and a negative solution wu_
of (D). Using linking or Morse type arguments Wang [Wa] obtained a third
nontrivial solution u;. In this paper we shall refine Wang’s result and obtain
more information on u; and on other solutions whose existence is proved via
Morse theory. Let us illustrate this with the following two theorems. More
general results will be stated and proved later.
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116 T. BARTSCH Z. Q. WANG

THEOREM 1. Suppose f'(0) < Ag and f grows superlinearly but subcritically
at infinity. Then there exists a solution u; of (D) which changes sign. If us is
a second nontrivial solution then us > wuy (respectively, us < uq) implies that
ug s positive (respectively, negative). If f'(0) < A1 then there exist a positive
solution uy of (D) and a negative solution u_ such that u; —uy and uy — u_

both change sign.

If f/(0) < A; the existence of three solutions is well known. Observe that
the solution u; exists even in the resonant case f/'(0) = Ay without any further
condition on the behavior of f near 0. This seems to be new. Our main new
observation, however, is that the Morse type arguments which yield the existence
of u1 can be used in combination with the maximum principle to prove that u;
changes sign and to obtain information on the relation of other solutions to u;
and ug = 0. We only know of the paper [CCN] by Castro et al. where the
existence of a sign changing solution is proved using much stronger hypotheses
on f however.

THEOREM 2. Suppose f'(t) — w € R as [t| — oo.

(a) If neither w nor f'(0) are eigenvalues of —A on £ with homogeneous
Dirichlet boundary conditions and if there exists k > 2 such that A\ lies between
w and f'(0) then (D) has a sign changing solution.

(b) If w < A2 < f/(0) then (D) has a sign changing solution uy even if
w =X\ and f'(0) = A, for some k > 3. Moreover, any positive solution is larger
than uy and any negative solution is smaller than wuy.

(c) If w< A1 < A2 < f'(0) then (D) has three nontrivial solutions uy > 0,
u_ < 0 and uy such that u_(z) < ui(x) < uy(x) for every x € Q. Moreover,
any other positive solution is larger than uy and any other negative solution is

smaller than u_.

The existence of the solutions is well known if f/(0) and w are not eigenvalues
of —A. In that case and assuming w < Ay Hofer [H] proved even the existence
of four nontrivial solutions u4,u_, uy,us of (D) using degree theory. Since we
allow f’(0) to be an eigenvalue the degree of the trivial solution may be 0 and
all its critical groups (see below) may vanish.

In order to prove results of this type we develop new variational methods
for functionals ® defined on partially ordered Hilbert spaces whose gradient is
of the form V® = Id — K where K is a compact and order preserving nonlinear
operator. For the application to (D) we have

@(u):%/9|Vu\2d:v—/QF(u)dx

where F(u) = [;' f(t)dt is the primitive of f. That the gradient of ® (with
respect to a properly chosen scalar product on H}(2)) is of the above form is
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a consequence of the maximum principle. We refer the reader to the papers by
Amann [A], Chang [Chl], Hofer [H] or Wysocki [Wy| where this observation is
used to prove the existence of positive solutions of (D) under various hypotheses
on f. Here we show how the maximum principle can be used to prove that certain
solutions change sign. The philosophy of our results is that if the behavior of
the energy functional ® near the origin and near infinity implies the existence of
a critical point u; whose critical group

Cr(P,up) := Hp (2, P° — {u1})

is not trivial for some k > 2 then this critical point can be neither positive nor
negative. Here Hj denotes singular homology theory with arbitrary coefficients,
c=®(uy) and ®° = {u € H}(Q) : ®(u) < ¢} is the sublevel set as usual. We
emphasize that there may be many positive or negative critical points and they
may have nontrivial critical groups in all possible dimensions. Moreover, positive
or negative critical points may accumulate at 0. In other words, there will be no
assumptions at all on the set of positive or negative solutions.

The paper is organized as follows. In Section 2 we develop some abstract
critical point theory for functionals on partially ordered Hilbert spaces which
respect the partial order in the sense mentioned above. The results of this
section will be proved in Section 3. These two sections form the core of the
paper and are of independent interest. Finally, in Section 4 we state and prove
generalizations of Theorems 1 and 2.

Acknowledgements. The first named author was supported by the DFG
through a Heisenberg award. The research was done during visits of the first
named author at the Department of Mathematics of Utah State University and
at the Forschungsinstitut fiir Mathematik of the ETH Ziirich. He thanks both
institutions for their kind invitation and hospitality.

2. Critical point theory for functionals
on partially ordered Hilbert spaces

Let E be a Hilbert space and Pr C E a closed cone, that is, P = Pp is
convex, RT - Py C Pg and Pg N (—Pg) = {0}. As usual, this turns E into a
partially ordered space where

u>v:su—vE Py, u>v:eu>vand u#wv.

If u—v ¢ Pg U (—Pg) then v and v are said to be noncomparable. A map
f: E — FE is called order preserving if

u>v= f(u) > f(v) forallu,vekFE.
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Let X C E be a Banach space which is densely embedded into E. We set
P := X N Pg and assume that P has nonempty interior P # (). We also assume
that there exists an element e € P such that (u,e) >0 for all uw € P\ {0}. Here
(—, —) denotes the scalar product of E. Thus X is a partially ordered Banach
space and we define
US>V U—VE ]5

The elements of P are called positive, those of -P negative. A map f: X — X
is said to be strongly order preserving if

u>v= f(u)> f(v) forall u,veX.

Next we consider a function ® : £ — R which satisfies the conditions:

(®1) ® € C?(E,R), ®(0) = 0, '(0) = 0 and the Palais-Smale condition
holds for ®. Any critical point of ® lies in X.

(®2) The gradient of ® is of the form V® = Id — Kg where Kp : F — FE
is a compact (nonlinear) operator. Moreover, Kg(X) C X and the
restriction K := Kg|X : X — X is of class C! and strongly order
preserving.

(®3) Any eigenvector of the (Fréchet) derivative DKg(0) € L(E) lies in X,
the largest eigenvalue of DK g(0) is simple and its eigenspace is spanned
by a positive eigenvector.

These assumptions are slightly weaker than the hypotheses (®®) of [H]. There
it is assumed in addition that Kp and DKg(u) € L(E) are regular in the
following sense: There exists a finite sequence £ = E,, D Fp_1 D ... D E1 D
Ey = X of Banach spaces F; such that K and DK (u), u € X, induce continuous
operators F; — FE; 1 for i = 1,... ,n. Moreover, it is assumed that Kg and
DKpg(u) are order preserving and DK (u) € L(X), u € X, is strongly order
preserving. Then (®3) is a consequence of the Krein—-Rutman theorem.

Finally, we need an assumption on the behavior of ® near infinity. We shall
distinguish between the cases of ® coercive, ® superquadratic, and ® asymptot-
ically quadratic.

(®4) One of the following holds:
(i) @ is bounded below.

(ii) For every u € E — {0} we have ®(tu) — —oo as t — oo. There
exists a < 0 such that ®(u) < a implies @' (u)u < 0.

(iii) There exists a compact self-adjoint linear operator A € L(F) such
that VO(u) = u — Agu + o(||ul|g) as ||ul]|g — oo. All eigenvectors
of Ag lie in X, the largest eigenvalue is simple and its eigenspace
is spanned by a positive eigenvector vy, € P such that (U, Vo) >0
for every u € P\ {0}. Moreover, the restriction A := Ag|x is a
bounded linear operator A € L(X).
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By a result of Kaclovic et al. [KLW], ® must be coercive if ($4)(i) holds and
the Palais-Smale condition is satisfied. Case (ii) in (®4) models the superlin-
ear growth of f in the application to (D) whereas case (iii) corresponds to the
asymptotically linear growth of f near infinity.

Now we define the Morse index j10o € NU {oo} and the nullity v, € N of
® at infinity depending on whether (i), (ii) or (iii) holds in (®4). In case (i) we
set fioo := 0 and in case (ii) we set poo := 00. In both cases the nullity is trivial,
Voo := 0. If (iii) holds then p is the dimension of the negative eigenspace
of Id — Ag, that is, the number of eigenvalues of Ar which are larger than 1,
counted with multiplicities. We do allow that Id — Ag has a kernel, so the
nullity vy, := dimker(Id — Ag) of ® at infinity may be nonzero. Thus even
in the case p = 0 it is possible that ® is not bounded below. Similarly, the
origin may be a degenerate critical point of ® with nullity vy := dim ker ®”(0) =
dim ker(Id — DK (0)) possibly nontrivial.

THEOREM 2.1. Suppose the Morse index po of ® at 0 is at least 2 and
oo + Voo < 1. Then ® has a critical point up € X which is not comparable to
0, that is, uy € PU(—P). Moreover, for any critical point us of ® the following
implications hold: us > 0 implies us > uy, and us < 0 implies ug <K u.

If ® is bounded below then it has a positive critical point uy € X and a
negative critical point u_— € X, hence uy > uy > u_. For any critical point
ug of ® the following implications hold: ug > 0 implies us > uy, and ug < 0
implies ug < u_.

Now we consider a dual situation to 2.1.

THEOREM 2.2. Suppose fioc > 2 and po +v9 < 1. Then ® has a critical
point uy € X which is not comparable to 0. Moreover, for any critical point us
of ® the following implications hold: uy < uy implies ug < 0, and uy > uy
implies ug > 0.

If 0 is a possibly degenerate strict local minimum then ® has a positive critical
point uy € X and a negative critical point u— € X. For any critical point us
of ® the following implications hold: us < uy implies us < 0, and ug > u_
implies ug > 0. In particular, u; s not comparable to ui nor u_.

The positive and negative critical points in 2.1 and 2.2 are of a different
nature. In 2.1 they are local minima whereas in 2.2 they are of mountain pass
type. Our last result in this section deals with a situation where both Morse
indices po and po, may be larger than 1. In that case ® need not have a positive
or a negative critical point even if g # peo- There still exists a critical point
which is not comparable to 0. For simplicity we only deal with the nondegenerate
case at 0 and at infinity.
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THEOREM 2.3. Suppose g # oo, Max{lio, hoo} = 2 and vy = Ve = 0.
Then ® has a critical point which is not comparable to 0.

REMARKS 2.4. a) The nondegeneracy assumptions in 2.3 can be avoided. In
that case one has to work with the critical groups Cy(®,0) = H,(®° ®°\{0})
of ® at 0 and the critical groups C.(®,00) = H.(E,®%) of ® at infinity as
discussed in [BL]; here a < 0 is a strict lower bound for the critical values of
®. Essentially a critical point of ® outside of the union of the cones P U (—P)
exists if Cx(P,0) # Ci(P,00) for some k > 2. In other words, positive or
negative critical points can only contribute to the homology in dimensions k = 0
or k = 1. Although there may clearly exist positive (and negative) critical
points with arbitrary Morse indices their homologies have to cancel each other in
dimensions 2 or larger. In [BL] one can find a number of computations of C, (®, 0)
and of C,(®,00) in the degenerate case. In particular, we want to mention
Theorem 3.9 of [BL] which states that Cr(®,00) = 0 for k & [fico, ftoo + Vool
The corresponding result for Cy(®,0) is due to Gromoll and Meyer [GM]. The
nontriviality of Cx(®,0) or Ci(®,00) for some k follows from local or global
linking conditions or the angle conditions in [BL].

b) The existence of the critical points uy,u_ in 2.1 and 2.2 is well known
(cf. [H]). The existence of uy in 2.1 and 2.2 seems to be new in the degenerate
case when the nullities vy or v, are not trivial. In that case the critical groups
Cy(®,0) or Ci(P,00) may all be trivial. We refer the reader to the book by
Chang [Ch2] and the references therein for existence results. The case vy > 0
has been treated in [BL]. The main new information contained in 2.1 to 2.3 is
the localization of u; in relation to the origin and to other critical points. We
believe that the method for proving the existence of w; is also of interest since
it yields automatically the additional information.

¢) If 0 is a nondegenerate critical point with Morse index at least 2 and if ®
is coercive then a simple argument using degree theory or the Morse inequalities
yields the existence of four nontrivial critical points: a positive and a negative
local minimum, a mountain pass type solution and a fourth solution (cf. [H],
Theorem 6). The nondegeneracy assumptions at the origin and at infinity are
essential for this argument.

3. Proof of 2.1 to 2.3

The main ingredient in the proof of the results from Section 2 is the negative
gradient flow ¢! of ® on E, that is,
d
—_ = —v@ [¢] t, 0 = ld.
di 4 4 14
Because of (®3) we have ¢!(u) € X for u € X and ¢! induces a continuous (local)
flow on X which we continue to denote by ¢!. The main order related property of
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" is that the positive cone P and the negative cone —P are positively invariant.
More generally, we have:

LEMMA 3.1. Suppose ®'(ug) = 0, so that ug € X by (®1). Then for every
v € P—{0} and every t > 0 we have ©*(ug £v) € ug+ P. Consequently, ug+ P
and ug = P are positively invariant.

PRrROOF. It suffices to show that for v € P\{0} the vector field —V® points
at ug + v inside the cone ug + P, that is,

ug +v —VO(ug + v) € ug +P forve P\{0}.
This follows easily from (®5):
uo + v — V®(ug +v) = K(ug +v) > K(ug) = uo.

The same argument applies to ug — v. O

PROOF OF 2.1. Since ug > 2 the smallest eigenvalue of ®”(0) = Id— DK g(0)
is negative and the associated eigenspace is spanned by a positive eigenvector.
Therefore there exists a subset S of the unstable set W*(0) C X of 0 which is
homeomorphic to S and intersects P and —P:

ScwW*(0)={ueX:p'(u)—0ast— —oo}
S8l SNP£0#£SN(-P).

Now fiso + Voo < 1 implies that (®4)(i) or (iii) holds. In case (i) set v :=
e€ ]5, in case (iii) let v € P be the unique positive eigenvector of Id — A with
|lvo|| = 1 which spans the one-dimensional eigenspace of Id— A g belonging to the
largest eigenvalue of Ag. In any case, ® is bounded below on X N (span{ve, })*
which is a codimension one subspace of X. We choose any a < inf®(X N
(span{vs })t). We claim that the w-limit set of S contains a critical point uy
outside of P U (—P). Arguing indirectly we suppose that there are no critical
points in w(S)\(P U (—P)) where

w(S) = {u € X : there exist sequences t,, — oo, u, € S
with o' (u,) — u as n — oo}

is the w-limit set of S. For every u € S there exists 7(u) > 0 such that ¢'(u) €
d UPU (—]%) for all t > 7(u). By continuity of ¢’ and compactness of S there
exists 7 > 0 such that ¢™(S) C > U PuU (—fo’) This is not possible, however,
since by our assumption on e € P oron Voo in (P4) we have

3 UPU(—P) C X\(span{ve )+
and X\ (span{vs.})* = X, U X_ is the topological sum of the two subsets

Xy ={ueX:+(vo,u) >0}
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Clearly SNP # § # SN(—P) implies ¢™(S)NX+ # 0 by Lemma 3.1 contradicting
the fact that S is connected. This shows that there exists a critical point u; €
w(S)NX\(PU(—=P)). Now let us be a critical point of ® with uz > 0. Then
uy € P by (®3), hence 0 € ug — P. Lemma 3.1 then implies that S C ug — p
and therefore u; € w(S) C ug — 13, that is, u; < us.

Finally, if ® is bounded below we choose v4 € SnPandv_ € Sﬂ(—]%). Then
we have w(vy) C P and w(v_) C —P by Lemma 3.1 and w(vy) # O because
® is bounded below and satisfies the Palais—Smale condition. Consequently,
there exist critical points vy € w(vy). The implications ug > 0 = ug > u4 and
ug < 0 = ug < u_ for critical points ug of ® follow as above from uy € w(vy) C
w(S). O

PRrOOF OF 2.2. Let vy € P be the unique normalized positive eigenvector of
®”(0) = Id — DKg(0) which spans the one-dimensional eigenspace belonging to
the largest eigenvalue of DKg(0). Since ug + v < 1, the stable set of 0,

W5(0) ={u€ X :¢'(u) —»0ast— oo}
contains a subset S C X\(P U (—P)) of the form
S = {u+a(u):ue XN (spanfvo})t, |lullx = ¢}

where a : Us.(0) N (span{vp})t — span{vg} is continuous. In fact, if o = 1
and vg = 0 then the graph of « is the local stable manifold of 0, graph(a) =
W=(0) N Use(0). If up = 0 and vy = 1 then ker &”(0) = span{vg}, ®”(0) is
positive definite on (span{wvp})* and the graph of a describes part of the stable
set W*5(0) which need not be a manifold any more in this degenerate case. If
o = 0 and vy = 0 we may choose o = 0.

Since poo > 2 there exist R > 0 and two orthonormal vectors vy, we, € X
such that vs € P and D(u) < 0, D' (u)u < 0 for every u € span{ve, Weo } With
|lw]l > R. This is clear in the case (®4)(ii) when po, = co. If on the other hand,
(®4)(iii) applies, then the negative eigenspace of Id — A has dimension po > 2

and we may choose v, € P and Weo from this negative eigenspace. Then we set
T:={tve : —R <t < R} U{R(voo cOsl + wesinfh) : 0 <0 < 7}

and C := conv(T), the convex hull of T Clearly T is homeomorphic to S* and
C to B?. An easy degree argument shows that (C,T) and S link. By this we
mean that for every continuous deformation h; : C — X with ho(u) = u for
we Cand hy(T)NS = for t € [0,1], we have hy(C)NS # () for ¢ € [0,1]. From
this we deduce that the w-limit set of C' has nonempty intersection with S, so
there exists v € w(C) N S. From the construction of S it follows that ¢'(v) — 0
as t — oo. In addition, v € w(C') implies lim;—, o, P(¢*(v)) < maxP(C). As
a consequence of the Palais—Smale condition there exists a critical point u; in
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the a-limit set of v. This has the required properties. First of all, it cannot be
comparable to 0 because u; € a(v) N (}5 U (—15)) would imply v € PU (—15) by
Lemma 3.1. This is not possible since v € S C X\(P U (—P)). The implications

@/(Ug) =0, ug <up = uzy K0

and
(b/(UQ) =0, ug >uy = uz >0

follow as in the proof of Theorem 2.1.

It remains to prove the existence of a positive critical value u; and a negative
critical value u_ if 0 is a strict local minimum. In fact, the existence of uy and
u_ is a simple mountain pass argument. We leave it to the reader to show that
there even exist vy € P and v_ € —P with o'(ve) — 0 as t — oo and with
nonempty a-limit sets a(vy) C P and afv_) C —P. The proof uses similar ideas
to the above and is simpler. Now we choose critical points uy € a(vy). These
satisfy the required implications as usual. O

PROOF OF 2.3. First we observe that the set of critical values of ® is bounded
below by some a € R. This is obvious if (i) or (ii) of (®4) holds. In case (iii) it
follows easily from the Palais—Smale condition and the nondegeneracy hypothesis
that voo = 0. We fix such a strict lower bound a € R and compute the critical
groups C, (P, 00) = H,.(E, ®%) of ® at infinity.

PROPOSITION 3.2. Suppose (®1)—~(®4) hold and voo = 0. Then for any k € Z
we have

F if k= oo,
{0} ik # peo.

PRrROOF. The isomorphism H(X, X N &%) = H(E,®%) is a simple conse-
quence of a result of Palais [P]. In the case ($4)(i) we have o = 0 and a < inf P,
so ®* = () and Hy(E,®*) = Hy(pt) is as required.

In the case (®4)(ii) the set ®71(a) is radially homeomorphic to the unit

Ho(X, X N 0% = Hy(E, %) = {

sphere of E and ®¢ is radially homotopy equivalent to ®~!(a). Since this sphere
is contractible we obtain Hy(E, ®*) = {0} for all k € Z.

Finally, if (®4)(iii) holds the proposition has been proved in [BL], Theorem
3.9. The assumption (As) in [BL] is slightly different from those considered
here but the proof applies without changes since v, = 0. O

If (®4)(iii) applies and V® —Id + Ag € C}(FE, E) is bounded then a proof of
3.2 can be found in [Ch2].
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PROPOSITION 3.3. Suppose (®1)—~(P4) hold with o, fleo > 1 and vy, Voo = 0.
If all critical points of ® lie in P U (—P) then
Fif k= o,
{ 0 o k# po,
where % ==X N®* ={u e X : (u) < a}.

Hk(X7‘I)g() =

Postponing the proof of Proposition 3.3 we first deduce Theorem 2.3. If
1o = 0 then Theorem 2.1 applies. Similarly, if po, = 0 then 2.3 follows from 2.2.
Finally, if po, tteo > 1 and po # oo the existence of a critical point of ¢ outside
of PU (—P) is a consequence of 3.2 and 3.3. This proves Theorem 2.3. O

The rest of this section provides a proof of Proposition 3.3.

LEMMA 3.4. Under the hypotheses of Proposition 3.3 every u € X satisfies
precisely one of the following conditions.

(i) ue PU(-P)uU .
(ii) ¢'(u) € PU(—=P) for allt >0 and ¢'(u) — 0 as t — co.
(iii) There exists a unique T > 0 such that
O'(u)g PU(=P) for0<t<T, ¢ (u)ePU(=P) and ®(p”(u)) > a.
(iv) There exists a unique T > 0 such that

(p"(u) =a and ¢"(u) g PU(-P).

PRrROOF. The lemma follows from 3.1 and the Palais—Smale condition. O

Since vy = 0 we can apply the Grobman-Hartman theorem to the flow ¢ on
X. This yields a local homeomorphism ¥ : (U, 0) — (X,0) such that ¢! o y(u) =
x o e Ltu. Here L :=1d — DK(0) € £(X), U is a neighborhood of 0 in X and
the conjugacy holds for u,e " u € U. We split X = V @& W into the positive
eigenspace V' and the negative eigenspace W of —L, hence dim V' = py. We also
write u = v + w € V 4+ W according to this decomposition. For ¢ > 0 with
Us-(0) C U we set
A= {xv+w):veV, weW, |vlx, wlx <e},
Bi={x(vtw):veV, weW, [v|x=¢, |wl|x <e}.
By Lemma 3.4 there exists T' > 0 such that
oT(B)c PU(-P)ud* .

This is clear since the case 3.4(ii) does not apply for u € B and since

[lu — K(u)]|x > const - |[u — K(u)||g = const - |V®(u)| g
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is bounded away from 0 uniformly for u € (>, " (B))\(PU(=P)U®*"!). The
last statement follows from the Palais—Smale condition. Now we consider the set

Z:=PU(-P)Up’(A)Ud%.

LEMMA 3.5. Under the hypotheses of Proposition 3.3 the pair (Z,®%) is ho-
motopy equivalent to the pair (X, ®%). In particular, H (X, ®%) = H.(Z, ®%).

PRrOOF. First we observe that Z and Z are positively invariant with respect
to the flow ¢*. This follows from our choice of T’ because an element u € ¢’ (A)
can leave p” (A) only via ¢T (B) which is already contained in PU (—ﬁ) Uyt
Next it follows from 3.1 and 3.4 that for every u € X there exists a time T'(u) > 0
with o7 (u) € Z. We choose e(u) > 0 such that T (v) € 7 provided
that ||v — u|lx < e(u). Then we take a locally finite partition of unity (m,).er
subordinate to the open covering (K.(,)(u) : v € X) of X and choose a family
(u.)cer of points u, € X with supp(m,) C K (y,)(u,). Finally, we define

7:X = [0,00), 7(u):= ZWL(U)T(UL)>

el
and
h:X x[0,1] =X, h(ut) =" @).
This defines a continuous deformation of (X, ®%) into (Z, ®%). O

It is not difficult to see that (Z,®%) is a strong deformation retract of
(X, ®%). To see this one checks that the map

7:X —[0,00), T(u):=inf{t >0:¢"'(u) € Z}

is continuous. Then the map

h(u,t) == @™ (u)

defines a strong deformation retraction of X into Z. Proposition 3.3 is a conse-
quence of 3.5 and the next lemma.

LEMMA 3.6. Under the hypotheses of Proposition 3.3 we have

F 7/fk:/.LO,
Hi(Z,9%) g{

0 ifk# po.

PROOF. Setting Z; := P U (—P) U ®% we first compute H,(Z1,P%) and
H.(Z,Z,) and apply then the long exact sequence of the triple (Z, Z;, ®%). If
Moo = 00 then by a radial homotopy ®% and Z;\{0} are homotopy equivalent,
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hence H.(Z1\{0}, ®%) = {0}. Now we use the long exact sequence of the triple
(Z1, Z:\{0}, @%) in order to obtain

F ifk=1,

Hi(Z,,9%) =& Hp(Z1, Z:\{0}) = 61 F :=
k(Z1, %) k(Z1, Z1\{0}) = 6x1 {0 Tk

The last isomorphism follows from the excision property and the homotopy in-
variance of homology because H,(Z1, Z1\{0}) = H.(PU(-P),PU(-P)\{0}) =
H, (R, R\{0}).

If oo < 00 (but ps > 1 by assumption) we replace the radial homotopy
from above by the deformation (¢,u) +— e~ *fu where L = Id — A € £(X). Let
Voo € P with ||vs||g = 1 be the unique normalized eigenvector of L belonging to
the smallest eigenvalue of L. Since pio, > 1 this smallest eigenvalue is negative.
For u € P U (—P)\{0} we have (u,v.) # 0, hence |e "t u||p — o0 as t — oo.
This implies

d

(e u) = | Le~Fully + oflleFul?) — —o0 as t - o

and therefore ®(e~*fu) — —o0o as t — oo. This shows that also in the case
1 < poo < 00 the sublevel set % is a (strong) deformation retract of Z;\{0}.
Arguing as above we see that Hy(Z1, %) = 051 F holds provided poo > 1.

Next we compute H,.(Z,Z1). If p19p = 1 then the unstable manifold of 0 for
the flow ¢! is contained in pPu ( —13) U{0}. Therefore Z; is a strong deformation
retract of Z and H.(Z,Z;) = {0}. Now we consider the case up > 1. Here we
first use the excision property again in order to see that

H.(Z,7)) = H. (¢ (A), o7 (A) N Z1).

The version of the excision property which we use is the following: H.(M; U
My, My) = H,(M;, M1NMs). This does not hold for arbitrary topological spaces
but it does in our case where M, My C X are closed subsets of M; U M, and
deformation retracts of open neighborhoods in X. Now we look at the following
part of the long exact sequence of the triple (¢ (A), o7 (A)NZ1, T (A)NZ1\{0}):
Hiy(¢"(A), 0" (A) N Z1\{0}) — Hi(p" (A),¢" (A) N Z1)
— Hi—1 (9" (A) 0 Z1, 9" (A) N Z:\{0}).
Clearly T (A)N Z;\{0} is homotopy equivalent to ¢ (B), because B is the exit
set of A. This yields

H. (0 (A), 9" (4) N Z1\{0}) = Hy (" (4),¢"(B))
>~ Hy(A, B) = Hy(DM0, St~ 1) 2 5, F.
Moreover, again by excision we obtain

Hk_l(goT(A) N2y, <pT(A) N Z1\{0}) 2 Hy_1(PU(—=P),PU (—P)\{0}) = 0y2F.
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Putting these facts together we get in the case pg > 1:
Hy(Z,Z1) = Hy(o7 (A), 0T (A) N Z1) = 61, F @ 2 F
FoF if uyp=2and k=2,
>~ F if up > 2 and k € {2, o},
0 else.
The computation also shows that there is a generator of Ho(Z, Z7) corresponding

to the dxoF summand which maps to a generator of Hq(Z1,Z1\{0}) & 031 F
under the boundary homomorphism Hy(Z, Z1) — H1(Z1,Z1\{0}) of the triple
(Z,Z1, Z1\{0}).

Now we can compute H,(Z,®%). If up = 1 we have H.(Z, Z1) = {0} so the
long exact sequence of (Z, Z1, ®%) yields

Hi(Z,9%) = Hp(Z1,9%) = 01 F = Opp F

as claimed. It remains to consider the case pg > 1. Again we use the long exact

sequence
.. — Hi(Z7,9%) — H(Z,9%) — Hi(Z,Z1) — Hi_1(Z1,9%) — ...

Now Hy_1(Z1, %) = 6poF, Hyp(Z, Z1) = Oppo F @ 0i2F and the generator of d5oF
in Hy(Z, Z1) maps onto a generator of Hq(Z1, ®%) = H1(Z1, Z1\{0}). Therefore
Hy(Z,9%) = 0k, F holds also in the case pg > 1. O

4. Applications

In this section we apply the results of Section 2 to the Dirichlet problem
(D) —Au=f(u) inQ, u=0 ondf

and prove generalizations of the theorems mentioned in the introduction. The
domain ©Q C RY will always be bounded with Lipschitz boundary, and the
nonlinearity f has to satisfy the condition

(f1) feCR), f(0)=0.
Different growth conditions for f at infinity will be needed depending on the
result. In order to state them let 0 < A\; < Ay < A3 < ... be the eigenvalues of
the problem

(L) —Au=MXu inQ, uwu=0 ondf

For our first result we assume one of the following hypotheses:

(f2) Timsupyy o f(t)/t < A1
(fs) f'(t) = w < Ag as [t] — oo.
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THEOREM 4.1. Suppose (f1) holds and f'(0) > Aq.

(a) If in addition (f2) or (f3) holds then (D) has a solution uy which changes
sign. Any positive solution is larger than wy, any negative solution is smaller
than uy.

(b) If (f2) holds then (D) has a positive solution uy and a negative u_,
hence u_(x) < uy(z) < ug(z) for every x € Q. Any other positive solution is

larger than uy, any other negative solution is less than u_.

Parts (b) and (c) from Theorem 2 are special cases of 4.1(a), (b), respectively.
Next we assume one of the following hypotheses on f for |[t| — oco. As in the
introduction F' denotes the primitive of f.

(f1) f'(t) > w e R as |t| — oo. If w is an eigenvalue of (L) with eigenspace
V={ue Q) : —Au = wu} then
/ F(u(z))de — o0 foru eV, ||u|| — oo,
Q

or

/ F(u(z))de — —oo foru eV, |ul]| — oc.
Q

(f5) There exist constants R > 0 and 6 > 2 such that
0 < O0F(t) <tf(t) for|t| > R.
(fs) There exist constants a > 0, p € (2,2N/(N — 2)) such that
If'(®)] <a(tfP~2+1) forallteR.

(f7) There exists A € R such that f'(t) > X for all t € R.

The next result generalizes Theorem 1 from the introduction.

THEOREM 4.2. Suppose (f1) and (f1) hold with w > A2, or (f1), (f5), (f6)
and (f7) hold.

(a) If f'(0) < A2 then (D) has a solution wy which changes sign. This
solution has the property that any solution us > wy; must be positive and any
solution us < uy must be negative.

(b) If f'(0) < A1 then (D) has a positive solution uy and a negative solution
u_ with the following property. Any solution uy < uy must be negative, and any
solution ug > u_ must be positive.

It is also possible to prove the existence of a positive and/or a negative
solution if f/(0) = A provided F(t) > (A\1/2)t? for t > 0 and/or t < 0, |¢| small.
Now we state a generalization of part (a) of Theorem 2 from the introduction.



SIGN CHANGING SOLUTIONS 129

THEOREM 4.3. Suppose (f1) holds and f'(0) is not an eigenvalue of (L).
Then (D) has a sign changing solution if in addition (fs) and (fs) apply. There
also exists a sign changing solution in the case of (fy) provided w is not an
eigenvalue of (L) and there exists k > 2 such that f'(0) < A < w orw < A, <

f'(0).
The nonresonance conditions on f’(0) and w in 4.3 can be replaced by con-
ditions on higher order terms of f.

REMARK 4.4. As mentioned in the introduction the existence of the solutions
in 4.1 to 4.3 was known, at least in the nonresonance cases; see for instance [AR],
[Ch2], [CLL], [H], [Wa]. The existence of a sign changing solution has been proved
in [CCN] under much stronger assumptions on f than those of 4.2. In [CCN]
it is assumed that f'(0) < Ay, that (f1), (fs) and a variation of (f5) holds.
Moreover, f'(t) > f(t)/t has to hold for all ¢t # 0 and f(¢)/t — oo as [t| — cc.
This implies (f7). In this situation Castro et al. prove the existence of a sign
changing solution u; with precisely two nodal components, that is, Q\u;*(0) has
exactly two components. We do not know whether a similar result is true in the
situation we consider. On the other hand, our results give more information on
the relation between the sign changing solution and the positive and negative
solutions.

PRrROOF OF 4.1. Before introducing the variational setting we need to modify
the nonlinearity f in the case of (f2). In [H], Proof of Theorem 8, it is shown that
there exists a C'-modification ]?of f satisfying f(O) =0, lim supjy ]T(t)/t <
A1, f/(0) > Xy, and in addition |f/(t)] < A for all t € R, and some A € R.
Moreover, solutions of (D) are precisely the solutions of the modified Dirichlet
problem

—Au = f(u) inQ, uwu=0 on .
Thus we may assume that |f/(¢)| < A in addition to (f2). If (f3) holds then f/(¢)
is bounded anyway. We fix A > 0 with |f'(¢)| < X for all t € R.

Let E be the Sobolev space Hg(£2) equipped with the inner product

(u,v) ::/Vu-Vvdx—i—)\/uvdx.
Q Q

The ordering on F is given by the closed cone Pg := {u € E : u > 0 almost
everywhere}. Let X be the Banach space C}(€) with the usual norm. It is well
known that X is dense in E and that P := X N Pg = {u € C}() : u > 0} has
nonempty interior P. The element e € P such that (u,e) >0 for all w € P\ {0}
is the unique normalized positive eigenfunction of —A on  with homogeneous
Dirichlet boundary conditions. Since f’(t) is bounded the energy

®(u) ::%/Q|Vu|2dx—/QF(u) dz
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defines a C?-functional ® : E — R. The Palais-Smale condition is satisfied in
case (fz2) because then @ is coercive, so Palais-Smale sequences are bounded
and have a convergent subsequence since V® is a compact perturbation of the
identity. If (fs) holds with w # A; then the Palais—Smale condition can be
deduced similarly. If w = A; then the associated eigenspace is one-dimensional
and spanned by the positive eigenfunction e. It follows that [, F'(te) dx — oo as
|t| — oo, again by (fs). This is the Landesman-Lazer condition which implies the
Palais—Smale condition. It follows from standard regularity theory that critical
points of ® lie in X. Therefore (1) from Section 2 is satisfied.
Setting g(t) := f(t) + At and G(t) := fotg(s) ds we can write ® as

Bu) = 5l — | Gl

Since ¢'(t) > 0 by our choice of A it follows that ® satisfies ($3) and (P3) from
Section 2; see [H]. Moreover, ® is bounded below and coercive if (f;) holds. In
the case of (f3) it is easy to see that ® is asymptotically linear and (®4)(iii) is
satisfied. Now Theorem 4.1 follows from Theorem 2.1. The Morse index pg of
® at 0 is at least 2 because f'(0) > Ag. Moreover, in the case of (f2) we have
loo = 0 = Vo because @ is bounded below. Finally, if (f3) applies then

(0,0) if w < Ay,
(loos Voo) = & (0,1) if w = Aq,
(1,0) if M <w < Aa.
Therefore fioo + Voo < 1 as required. O

For the proof of 4.2 we can apply Theorem 2.2 as above. We leave it to the
reader to check that the hypotheses (1) to (®4) hold. In fact, (f4) corresponds

to (®4)(iil), and (f5)-(f7) to (4)(il).
Finally, 4.3 follows from 2.3. U

REFERENCES

[A] H. AMANN, Fized point equations and nonlinear eigenvalue problems in ordered Ba-
nach spaces, STAM Rev. 18 (1976), 620-709.
[AR] A. AMBROSETTI AND P. H. RABINOWITZ, Dual variational methods in critical point
theory and applications, J. Funct. Anal. 14 (1973), 349-381.
[BL] T.BARTSCH AND S. L1, Critical point theory for asymptotically quadratic functionals
and applications to problems with resonance, Nonlinear Anal. (to appear).
[CCN] A. CasTrO, J. Cossio AND J. M. NEUBERGER, A sign changing solution for a
superlinear Dirichlet problem, Rocky Mountain J. Math. (to appear).
[Chl] K. C. CHANG, A variant mountain pass lemma, Sci. Sinica Ser. A 26 (1983), 1241—
1255.
[Ch2] , Infinite Dimensional Morse Theory and Multiple Solution Problems, Birk-
hiuser, Boston, 1993.




SIGN CHANGING SOLUTIONS 131

[CLL] K. C. CHANG, S. L1 AND J. L1u, Remarks on multiple solutions for asymptotically
linear elliptic boundary value problem, Topol. Methods Nonlinear Anal. 3 (1994),
179-187.

[GM] D. GromMOLL AND W. MEYER, On differentiable functions with isolated critical
points, Topology 8 (1969), 361-369.

[H] H. HOFER, Variational and topological methods in partially ordered Hilbert spaces,
Math. Ann. 261 (1982), 493-514.

[KLW] L. KacLovic, S. Lt AND M. WILLEM, A note on Palais—Smale conditon and coer-
civity, Differential Integral Equations 8 (1990), 799-800.

[P] R.S. Pavais, Homotopy theory of infinite dimensional manifolds, Topology 5 (1966),
1-16.

[R] P. H. RABINOWITZ, Minimaz Methods in Critical Point Theory with Applications
to Differential Equations, CBMS Regional Conf. Ser. in Math., vol. 65, Amer. Math.
Soc., Providence, R.I., 1986.

[Wa] Z. Q. WANG, On a superlinear elliptic equation, Ann. Inst. H. Poincaré Anal. Non
Linéaire 8 (1991), 43-57.

[Wy] K. Wysockl, Multiple critical points for variational problems on partially ordered
Hilbert spaces, Ann. Inst. H. Poincaré Anal. Non Linéaire 7 (1990), 287-304.

Manuscript received February 2, 1996

T. BARTSCH

Mathematisches Institut

Universitat Heidelberg

Im Neuenheimer Feld 288

69120 Heidelberg, DEUTSCHLAND

ZHI-QIANG WANG

Department of Mathematics and Statistics
Utah State University

Logan, UT 84322-3900, USA

TMNA : VOLUME 7 — 1996 — N° 1



