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MULTIPLICITY OF SOLUTIONS FOR
QUASILINEAR ELLIPTIC EQUATIONS

ANNAMARIA CANINO

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

Introduction

The semilinear elliptic equation
—Au = g(z,u)

has been the object of several studies in the last twenty years. For instance, let
us mention the well-known result proved by Ambrosetti and Rabinowitz (cf. [1]):
if g is superlinear and odd with respect to the second variable, then the above
equation has a sequence of solutions uj, € H}(Q) with HuhHHg — 00.

In order to get such a result, a variational technique has been employed. In
fact, the above equation is the Euler equation associated with the functional

f(u):%/Q|Du\2dzf/QG(z,u)d:c,

where G(z,s) = [ g(,t) dt.
Now, let us deal with the quasilinear elliptic equation

n

. 1 dai
(1) - Z Dj(a;;j(z,u)D;u) + 3 Z g; (z,u)DjuDju = g(z,u),

i,j=1 1,5=1
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358 A. CANINO

where a;;(z,s) = aj;(x,s). Classical critical point theory fails in this case. In
fact, consider the associated functional f : H}(2) — R defined by

flu) = %/Q i aij(w,u)DiuDju dx —/QG(x,u) dz.

1,7=1
Under reasonable assumptions on a;; and g, it is possible to prove that f is

continuous and that for every u € H}(Q) and v € C§°(Q),

() (v) o= Tim L) = F()

t—0 t

:/ Zaij(x,u)DiuDjvdm
Q.

4,j=1

1 n i
+ 5 /Q igz:l 5;; (z,u)D;uDjuv dx — /QQ(SE,U)U do.

Under natural hypotheses, it is also possible to have a;j(z,u) € L>(Q),
(0a;j/0s)(z,u) € L>=(Q), and g(x,u) € Li (Q) N H1(Q) for every u € H} ().

loc

Now, if f is locally lipschitzian, we must have, for every u € H}(Q),

n
Z 8;5 (z,u)DsuDju € L () N H Q).
ij=1

This seems to be possible only if a;; is independent of s or n = 1.

From now on, let us concentrate our attention on the case n > 2.

Quasilinear elliptic equations like (1) have been studied, by means of differ-
ent techniques, in [4], [5], [7]-[9], [13], [17]. However, a hypothesis is assumed,
which implies an a priori bound on the solutions with respect to the Hg-norm.
Therefore, the superlinear case seems not to be treatable by that approach. On
the contrary, there are few applications of techniques of critical point theory to
(1). We are only aware of [18], where a nonlinear eigenvalue problem is treated®.

The aim of our paper is to prove the existence of infinitely many solutions
for (1) under suitable symmetry assumptions. The main tool for the proof is
the nonsmooth critical point theory as developed in [11] and [12]. In fact, we
reduce the problem to finding “critical” (in a suitable sense) points of the func-
tional f and then we apply a symmetric mountain-pass theorem for continuous
functionals.

Acknowledgements. The author wishes to thank Marco Degiovanni for

raising the problem and helpful discussions.

LAfter the completion of this paper, we learned about [2] where the existence of one
nontrivial solution for certain quasilinear equations is proved.
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1. Nonsmooth critical point theory

Let us begin by recalling from [11] and [12] some notions and results of
nonsmooth critical point theory.
In the following, X will denote a metric space endowed with the metric d.

DEFINITION 1.1. Let f : X — R be a continuous function and let u € X.
We denote by |df|(u) the supremum of the o’s in [0, 00[ such that there exist
0 > 0 and a continuous map

H: B(u,6) x [0,0] = X
such that

Vv € B(u,d), Vt € [0,6]: d(H(v,t),v) <t,
Vv € B(u,d), Vt € 10,9]: f(H(v,t)) < f(v) — ot.
The extended real number |df|(u) is called the weak slope of f at w.

Let us point out that the above notion has been independently introduced
also in [15], while a similar notion can be found in [14].
The following two definitions are related to the previous notion.

DEFINITION 1.2. Let f: X — R be a continuous function. A point u € X
is said to be (lower) critical for f if |df|(u) = 0. A real number c is said to be
a (lower) critical value for f if there exists v € X such that |df|(u) = 0 and

flu) =c.

DEFINITION 1.3. Let f : X — R be a continuous function and let ¢ € R.
We say that f satisfies (P-S),, i.e. the Palais-Smale condition at level ¢, if from
every sequence (up) in X with |df|(un) — 0 and f(up) — c it is possible to
extract a subsequence (up, ) converging in X.

Now, let us mention a fundamental theorem in critical point theory. By now,
it is a classical result for C''-functionals. Owing to the results in [11], we can
state a generalized version for the case of continuous functionals.

THEOREM 1.4. Let E be an infinite-dimensional Banach space and let f :
E — R be continuous, even and satisfying (P-S). for every ¢ € R. Assume that

(a) there exist o >0, a > f(0) and a subspace V C E of finite codimension

such that
(1.4.1) YueV: |ull=0= flu) > a,
(b) for every finite-dimensional subspace W C E, there exists R > 0 such
that
(1.4.2) YueW: Ju| >R= f(u) < f(0).

Then there exists a sequence (cp) of critical values of f with ¢, — co.
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ProoF. If f € C1(E), the result can be found in [16, Th. 9.12]. On the other
hand, the symmetric deformation lemma has been extended to the continuous
case in [11, Th. 2.16, 2.17]. Then the argument of [16, Th. 9.12] can be easily
adapted to our situation. O

In view of the application we shall consider in the next section, let us focus
our attention on the functional

f(u):/QL(Lu,Du) dz.

Let © be an open bounded subset of R™. For simplicity, assume n > 3. Consider
an integrand

L:OxRxR"—R
such that:

e for all (s,2z) € R xR, L(z,s, z) is measurable with respect to z,

o for a.e. z € Q, L(x,s,2) is of class C! with respect to (s, 2).
Let us impose the following growth conditions: there exist ag € L*(), by € R,
a1 € L (92) and by € L2, () such that

loc

(1) Lla,,2)] < aola) + (172 + 22,
oL

(12) S| < @) + n) (SO 4 1),
oL 2n/(n—2) 2

(1.3 OL (1,5, 2)| < an(a) + bu ) 2/ 22,

We want to provide us with some tools which allow handling the abstract notions
we have recalled.

THEOREM 1.5. Let f: H}(Q) — R be defined by
fu) = / L(z,u, Du) dx.
Q

Then f is continuous and for every u € H}(Q) we have

oL oL
> — — :
|df |(w) > sup {/Q [az (z,u, Du)Dv + s (x,u, Du)v| dx

vecﬁunmwmégl}

PROOF. It is easy to verify that f is continuous and that for every u € H}(Q)
and for every v € C§°(Q),

F)(v) = lim L0 =)

t—0 t

~ [ |00+ S o, Duyo
Q
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Moreover, for every v € C§°(Q) the function {u — f’(u)(v)} is continuous. Let
u be fixed. If

L L
sw{ [ |55t DD0+ G Du o0 € @) ol <1 =0
Q 4 S

the assertion is true.

Otherwise, consider o > 0 such that

o < sup {/ {gL(x,u, Du)Dv + (zL(ac,mDu)v} dz v € C5(Q), vllm < 1};
o) z S

then there exists v € C§°(€2) with [jv[|gz <1 and

oL oL
o< /Q {&(x,u, Du)Dv + g(x,u, Du)v} dz.

Let 6 > 0 be such that for every w € B(u, ),

oL oL
(1.5.1) o< /Q {az(x,w,Dw)Dv + as(x,w,Dw)v] dz.

Define a continuous map
H : B(u,6) x [0,6] — HN(Q) (6 =45/2)
by H(w,t) = w — tv. It is trivial that |[H(w,t) — w|[z; < t. On the other hand,
by (1.5.1), it is easy to see that
f(H(w,t)) < f(w) — ot.

It follows that |df|(u) > o, whence the assertion follows by the arbitrariness
of 0. 0

We immediately draw the obvious conclusion:

COROLLARY 1.6. If u € H}(Q) is a critical point of f, we have

L L
/ a—(m,u, Du)Dv + 8—(95, u, Du)v| dz =0 Vv e C5°(Q).

In order to treat the Palais—Smale condition, let us introduce an auxiliary
notion.

DEFINITION 1.7. Let ¢ be a real number. We say that f satisfies the concrete
Palais—Smale condition at level ¢ (denoted by (C-P-S).) if from every sequence
(up) C H} () satisfying limy, f(up) = ¢ and

L L
(1.7.1) /Q [gz(m,uh,Duh)D0+ g—s(x,uh,Duh)v dx
= (ap,v) Yv e C3°(Q)
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with limy, a;, = 0 in H~1(Q), it is possible to extract a subsequence strongly
convergent in H} ().

COROLLARY 1.8. Let ¢ be a real number. If f satisfies (C-P-S)., then f
satisfies (P-S)..

PROOF. Let (up) C H () be such that limy, |df|(us) = 0 and limy, f(us)
= c¢. Of course we can assume |df|(up) < oco. By Theorem 1.5, there exists
ap € H=Y(Q) such that |jap || g-1 < |df|(up) and

L L
/ |:é;Z($,UhaDUh)D”U + %(x,uh,Duh)v dz = (ap,v) Yo e CE(Q).
Q

Then the conclusion follows. O

2. The main result
Let © be an open bounded subset of R™. For simplicity, suppose n > 3.
Let a;; : @ x R— R (1 <4,j < n) be such that
e for each s € R, a;;(z, s) is measurable with respect to z,
e for a.e. T €, a;j(w, s) is of class C' with respect to s.
Let us make the following assumptions:

e there exists v > 0 such that for a.e. x € 2, and all s € R and £ € R",

n

(2.1) > aijx,9)6& = v[E)

i,7=1

e there exists ¢ > 0 such that fora.e.z € Q,andalls e Rand 1 <1,j <mn,

(2.2) lai;j(z,s)| <e,
94ij )
(2.3) ‘ 5s (L8| =6

o forae.x €N, andallse Rand 1 <i,j <n,
(2.4) aij(z, s) = aj;(x, s).
Now, consider a Carathéodory function g : 2 x R — R such that
o for a.e. x € 2, and all s € R,
(2.5) lg(z, s)| < a(z) + b|s|”
with a € L>"/("+2)(Q), b€ R, and 1 < p < (n +2)/(n — 2).
Set .
G(z,s) :/ gz, t)dt
0

and suppose that:
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e there exist ¢ > 2, R > 0 such that for a.e. z € Q and all s € R with
|s| = R,

(2.6) 0 < ¢G(xz,s) < sg(x, s);

e there exists a < ¢—2 such that for a.e. x € (2, and all s € R and £ € R",

(2.7) 0<s Z 6;” (x,8)8& < a Z a;;i(z, 8)&&;.

4,5=1 4,j=1

Assumptions (2.1-2.6) seem to be very natural. On the contrary, hypothesis
(2.7) looks rather technical. However, conditions of this kind have already been
considered in the literature.

For instance, the sign condition

SZ ”acsflszo

i,j=1

has been assumed in [4], [7], while a condition like

n

5‘aij i
5 Z E(%S)&‘ﬁj <a Z aij(z, $)&i&;
1,j=1 1,j=1
is typical in superlinear problems (see e.g. [3], where a problem in one dimension
is treated).
We are interested in weak solutions u € H{ () of the quasilinear elliptic

equation

- 1 aai»
(P) = > Djlaij(x,u)Diu) + 5 3 asj (z,u)DiuDju

i,j=1 1,5=1

namely functions u € HE(Q) such that

(P /Za”quuDvder /Zaa”quuDuvdx

7,7=1

:/g(amu)vdx Yv € C3° ().
Q

To this end, define the functional f: Hg(2) — R by setting

/Za”quuDudz—/qu

1,7=1
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THEOREM 2.1. Let u € H}(Q) and o € H=1(Q) be such that

da;
/ZaumuDuDvdI—&— /Z a]quuDuvdx

3,j=1

— /Qg(x,u)v dx = (a,v) Yv € C§°(NQ).

Then
UZ ”quuDuEL(Q)
4,j=1
and
/ Z a;j(z, u)D;uDjudr + ~ / Z Oai; (z,u)D;uDjuu dx
S G5 0 j

_/Qg(x,u)udx = (o, u).

Proor. We have

Z aaa;'j (z,u)DjuDju — g(x,u) € L}OC(Q) N Hﬂ(Q)

J=

and
- 3aij
Z G—(x,u)D,;uDjuu —g(z,uv)u > —g(z,u)u
s
ij=1
with g(z,u)u € L'(Q). Then the conclusion follows by the result of [10]. O

THEOREM 2.2. For every real number c the functional f satisfies (C-P-S)..
To prove this theorem, we need some lemmas.

LEMMA 2.3. Let (up) be a bounded sequence in HE(Q) satisfying

(2.3.1) /Za”acuh )DiupDjvdr + — /Zaa” (z,un)DiupDjupv dx
3,j=1 i,7=1

= (Bn,v) Vo e C5°(Q)

with (By) strongly convergent to 3 in H=1(Q). Then Duj, — Du a.e. and there
exists a subsequence (up, ) weakly convergent to some u in HE with

da;
(2.3.2) /Za”xu)DuDvdx—i— /Z aJacu)DuDuvdm

1,7=1

= (B,v) Vv e G5 (Q).

The proof follows the argument of [7] and it will be given in the Appendix

for the reader’s convenience.
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LEMMA 2.4. Let (up) be a bounded sequence in HE(Q) satisfying

Oa;;
g; (2, un)DiupDjupv dz

n 1 n
(2.3.1) / E aij(x,uh)DiuhDjvdx+§/ E
i,j=1

4,J=1

= (B, v) Vv e 5o ()

with (Br) strongly convergent in H=1(2). Then it is possible to extract a subse-
quence (up, ) strongly convergent in Hg(£2).

PRrROOF. Denote still by (uz) a subsequence as in Lemma 2.3; without loss
of generality, we can assume that u, — u a.e. By Theorem 2.1, we have, in

particular,

/Q Z a;j(z, v)D;uDjudr + 3 /Q ijzﬂ aaasj (z,v)DjuDjuudr = (B, u),

ij=1

where 3 € H=1(Q) is the limit of (8).

Now, let us prove that

(2.4.1) limsup/ Z a;j(z,un)Djup Djup S/ Z a;j(x,w)D;uDju.
h Q Q.

ij=1 ij=1
By Fatou’s lemma, we have

- aaij . - 8aij
. . < ) ) '
/Q _ g s (z,u)DiuDjuudr < hmhlnf/Q | g s (@, un)DiupDjupuyp, dx

1,j=1 i,j=1

Therefore

limsup/ Z a;j(z, up)DjupDjup dz
h Q.

1,7=1

. 1 n 6&1“
= hmhsup {— 5 /Q Z 8; (x, up) DyupDjupuy, dz + (B, up)

ij=1

1 " da;;
<—- | >y = D;uDjuud
= 2[2 - 83 (I,C/Uz) u ]’U/LL {I?—f— </6,’LL>

/ Z a;j(z,u)D;uD udz.
Q.

ij=1



366 A. CANINO

Finally, let us show that u; converges to u in the strong topology of Hg ().
Observe that

(2.4.2) /Q Z aij(z, un)Di(up — uw)Dj(up — u) da

7,j=1

:/ Z aij(z, up)Dyup Djup do — 2/ Z aij(z, up)DyuDjup dx
Q Q-

4,7=1 i,j=1

+/ Z a;j(z, up)DyuDjude.
Q.

1,7=1

For every j = 1,... ,n, we have
n n
lilgn Z aij(z,up)Dju = Z a;j(z,u)Diu
i=1 i=1

in the strong topology of L?(£2). Then, passing to the lim sup in (2.4.2), we have,
by (2.4.1),

(24.3) lim sup/ Z a;j(z, un)Di(up —uw)Dj(up — u) de
h Q,

,j=1

n
= limsup/ Z aij(x, up)Dyup Djuy, da
h Q=1

n
—/ Z a;j(z,w)DyuDjudz < 0.
=1

Using (2.4.3) and hypothesis (2.1), we conclude that

vlimsup || Duy, — Dul|32
h

< limsup/ Z a;j(x,un)D;(up — u)Dj(up —u)de <O0.
h Q.

ij=1

Thus the assertion is proved. O

LEMMA 2.5. Let ¢ be a real number. Let (up) C HL(Q) be such that

(2.5.1) liirln flup) =c
and
- 1 2 aaij
(2.5.2) Z a;j(z,up)DyupDjv de + 3 Z s (2, un)DiupDjupv dz
4,j=1 4,j=1

- /Qg(x,uh)v dz = (ap,v) Yv e CP(Q)

with o, — 0 in H=Y(Q). Then (up,) is bounded in Hg (£2).
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PROOF. Since f(up) is bounded, we deduce from hypothesis (2.6) that there
exists k € R such that

1 - 1
(2.5.3) k> 5/ Z a;j(z, up)DijupDjup, dz — ;/ g(x, up)up, dz.
Q.

i,j=1 Q

Moreover, from (2.5.2) and Theorem 2.1, we have

(2.5.4) ‘/ Z a;j(z, up)DyupDjuy, dz
Q.

ij=1

1 n i
+§/Q Z a;SJ (I7uh)DiUhDjUhuh dx—/ﬂg(z,uh)uh dx

ij=1

< enllunllm (li}rlnsh =0).

Now, from (2.5.3) and (2.5.4), we deduce that
By S—
5= aij (@, up) Diup Djup, dx
2 q) Ja 2, ! !

1 "\ dayj
—Q—q/ Z g; (@, up) DjupDjupup dz
Qz,j:l

€h
< ?”Uh”Hé + k.

By hypotheses (2.1) and (2.7), the assertion follows. O

We now easily prove the previous theorem.

PROOF OF THEOREM 2.2. Let (u;) C H(Q) satisfy (2.5.1)-(2.5.2). By
Lemma 2.5, (up,) is bounded in H} (). By hypotheses on g, it follows that, up
to a subsequence, (g(x,uy)) is strongly convergent in H~1(Q). Therefore we can
apply Lemma 2.4 with §;, = g(z,up) + ap. O

Finally, we can state the main result of the paper.
THEOREM 2.6. Let a;; and g satisfy hypotheses (2.1)—(2.7). Moreover, let
aij(xvfs) :aij(xas)a g(xaf's) = 79(‘%55)'
Then there exists a sequence (uy) C HE(Q) of solutions of (P') with f(uy) — oco.

PROOF. The functional f : H}(Q) — R is evidently continuous and even.
Moreover, by Theorem 2.2 and Corollary 1.8, the functional f satisfies (P-S).
for every c € R.

For some constant k£ > 0, we also have

%/Q|Du|2dx—/QG(x,u)dx§f(U) Sk/ﬂ|Du\2dz—/QG(z,u) dz.
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Then the arguments of [16], [19] show that f satisfies conditions (a) and (b) of
Theorem 1.4. By Theorem 1.4 and Corollary 1.6, the conclusion follows. g

Appendix

ProoF or LEMMA 2.3. Up to a subsequence, uy is convergent to u weakly
in H}(Q), strongly in L?(Q) and a.e. in Q. Moreover, since (uy) satisfies (2.3.1),
by Theorem 2.1 of [6] we have, up to a further subsequence, Dup, — Du a.e.
in Q.

We will use the device of [7]. We consider the test functions
(2.3.3) vy, = pexp {—Mu; },

where ¢ € H}(Q) N L>®(Q), ¢ > 0, u) is the positive part of up, and M > 0,
according to (2.1) and (2.3), is such that

n

1 8@2“
5| 2o e (@98

ij=1

<MD ai(@,9)&8E;

ij=1

Since (2.3.1) holds by density for every v € H}(Q) N L>(Q), we can put v = vy,
in (2.3.1), obtaining

(2.34) / Z a;j(z, up)DjupDjp exp{—MuZ}d:r
Q.

ij=1
n

1 80,2"
+A |:2 Z asj (:E,uh)DiuhDjuh

ij=1

- M Z aij(x,uh)DiuhDju; © exp {—Mu;} dx
ij=1

— (Bn, pexp{—Mu;}) = 0.

Since

n

1 Oayj
{2 > 8: (@, un) DiunDjup

1,j=1

- M Z aij(x,uh)DiuhDju;f wexp{—Mu;f} <0,
ig—1

by Fatou’s lemma, we have
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2.3.5) a;j(z, u)D;uD;pexp —Mut) dx
J

Y

- M Z aij(m,u)DiuDju+}ganp{Mu+}dx

1,j=1

n

Z

L\DM—*

> (B, pexp{—Mut}) Vo e Hi(Q)NL¥(Q), ¢ >0.
Now, we consider the test functions
(2.3.6) on = pH(u/h) exp {Mu*}
with ¢ € C§°(2), ¢ > 0 and
H:R—R, HecCYR), 0<H<I,
H=1 on[-1/2,1/2], H=0 on]—oo0,—1]U]Il, 0.
Putting them in (2.3.5), we obtain

(2.3.7) / Z a;j(z,u)D;uD;(@H (u/h)) dx

1,7=1

/ Z 8a” (x,u)D;uDjupH (u/h) dx

1,j=1

> (B,pH(u/h)) Ve € C5E(Q), ¢ = 0.

Passing to the limit as h — oo in (2.3.7), we obtain

da;
(2.3.8) /Za”quuDgodx—i—/ Z a, w)DjuDjup dx

1,7=1
_<6, p) Yo e C5e(Q), ¢ >0.

In a similar way, by considering the test functions v, = pexp{—Mu,, }, it is

possible to prove the opposite inequality. It follows that

(2.3.9) / Z ai;(z,u)D; uchpdm—i—/ Z &Z” (z,u)DijuDjup dx

3,j=1 i,j=1
= (B:p) Ve C(Q), v 20
By (2.3.9), we deduce (2.3.2). O
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