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MINKOWSKI PROBLEMS FOR COMPLETE
NONCOMPACT CONVEX HYPERSURFACES

KAI-SENG CHOU — XU-J1A WANG

Dedicated to Professor L. Nirenberg on the occasion of his 70th birthday

We present some sufficient conditions on the existence of a complete non-
compact convex hypersurface whose Gauss curvature is equal to a prescribed
function on the unit sphere. By the Legendre transform this problem is reduced
to the solvability of the Monge—Ampere equation subject to certain boundary
conditions.

Introduction

Let X be a compact, strictly convex C2-hypersurface in the (n+1)-dimension-
al Euclidean space R™*!. The Gauss map of X maps the hypersurface one-to-one
and onto the unit n-sphere S™. One may parametrize X by the inverse of the
Gauss map. Consequently, the Gauss curvature can be regarded as a function
on S™. The classical Minkowski problem asks conversely when a positive function
K on S™ is the Gauss curvature of a compact convex hypersurface. It turns out
that a necessary and sufficient condition is
T
. o K@)

dx =0, i=1,...,n+1.

Furthermore, convex hypersurfaces with the same K (as functions of the outer
normal) are identical up to translations. For a detailed discussion on this problem
one may consult, for instance, [CY] and [P1].
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The same problem makes perfectly sense for complete, noncompact, convex
hypersurfaces. Now the spherical image of such a hypersurface is an open convex
subset of S™ contained in some hemisphere. We may ask: Given an open convex
proper subset D of S™ and a positive function K in D, when can we find a
complete convex hypersurface with spherical image D and Gauss curvature K7
And when is it unique? In this paper we give some sufficient conditions for
this to hold. Roughly speaking, the integrability condition (1) which ensures
the closedness of X will be replaced by a certain decay condition on K at the
boundary of D.

To proceed further we need to write down an equation for our problem. More
precisely, let X be a complete, noncompact, strictly convex C2-hypersurface in
R"*! and let D be its spherical image. By suitably rotating axes we may assume
D satisfies one and exactly one of the following conditions:

(I) D is strictly contained in S = {x € " : z,41 < 0},
(I) D=.8",
(ITI) D is a proper subset of S™ and it is not strictly contained in any hemi-
sphere.

We shall say X is of type I, II, or III according to whether (I), (II), or (III)
holds. Notice that by our choice of coordinates, X is the graph of a convex
function over a convex domain in the (z1,... ,z,)-space.

The support function of X is defined by

H(z) = sup(p, z), x €D,
peX

where (-, -) is the inner product in R"*1. It is well known that X can be recovered
from H and

det(Vi;H + 6;;H) =1/K on D
(V is the covariant differentiation on S™). If we extend H to be a 1-homogeneous
function over the cone {\x : x € D, X\ > 0}, then for Q@ = {A\x:2 € D,A >0} N
{z:zp41 = -1} and u(xy, ... ,2,) = H(x1,... ,2,,—1), this equation becomes

-1
(2) det V2u(z) = (1 + |z|?)~("+2/2 K1 (“’) zeQ.

NiERE
Whenever a convex solution of (2) is given, it determines X in the following way
(see [CY] or [P1]): Let Q* = Vu(Q) and
u (&) = sup{(¢,z) —u(x) :x€Q}, e

Then X is the graph {(£, u*(€)) : € € Q*}, and its Gauss curvature is equal to K.
Thus to solve the Minkowski problem we must solve (2). However, when is X
complete?
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When D is strictly contained in S, ) is a bounded convex domain in R".
It is clear that X is complete if and only if Q* = R™. We pose the following
Minkowski problem for type I hypersurfaces: For given D and K, solve (2)

subject to
(3) |Vu(z)| — oo as x — 0f),
(1) ulw) = d@),  © e,

where ¢ is prescribed. Our first result is

THEOREM A. Let D be a uniformly convex C?-domain strictly contained in
S™, K a positive function in C*(D), a € (0,1), and ¢ € C*(0D). Suppose there
exist two positive functions h and g defined in (0,ro], ro > 0, satisfying

(a) [;°h(t)dt = oo,
(b) Oro(fsro g(t) dt)t/™ ds < oo,
so that
h(dist(x,0D)) < K~ !(x) < g(dist(x,dD))
near D. Then the Minkowski problem (2)—(4) has a unique solution in C*<(D)
NnC(D).

The Minkowski problem for type I hypersurfaces was first studied by Pogo-
relov [P3]. He proved that if (i) K (z)/dist(x,dD) is bounded above and (ii)
K (x)/dist(z,0D)" =7 v > 0, is bounded below, then the Minkowski problem
has a unique solution. One can easily check that his result is contained in
Theorem A.

Next we consider type II hypersurfaces. By integrating (2) we find that

(5) 0| = /D 'f;(; do.

We distinguish two cases: |Q2*| < oo and |Q2*| = co. The first case is easier. Since

now {2 is the entire space, it is not appropriate to prescribe the boundary value.
Instead we prescribe Q*.

THEOREM B. Let K be a positive function in C2 (S™) and Q* a bounded
uniformly conver C*-domain in R™ satisfying (5). Then there exists a convex
hypersurface X, which is a graph over Q*, admitting K as its Gauss curvature.
X is unique up to translation along the x,11-axis. Furthermore, X is complete
if
(6) K(z) < Cxpya, —1 < xpy1 <O.

Theorems A and B are nearly optimal when one restricts to spherically sym-
metric hypersurfaces. However, when it comes to type I hypersurfaces satisfying
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|2*| = oo, our result is less general. In [CW] we show that the equation
det Vu(z) = f(z), 0<Cy<f<Cy, zeRY,

has infinitely many solutions subjecting to the normalization condition u(0) =
Vu(0) = 0. From this one deduces

THEOREM C. Let K be a positive function in CY

loc

(S™) satisfying
0<00§K($)$;ﬁf2§01, reS”.

Then there are infinitely many type I hypersurfaces whose Gauss curvature func-
tions are equal to K.

Recently we have generalized this theorem by relaxing the condition on K
to 0 < Cy < K(x)z,};” < Cy for v > 0. The proof will be published elsewhere.

1. Type I hypersurfaces

In this section we prove Theorem A. First we point out that it suffices to
produce a generalized solution u of (2) in C(Q) satisfying (3) and (4). Its unique-
ness follows from the comparison principle. Moreover, by [C1] and (3), u must
be strictly convex and hence belongs to C%%(Q) according to [C2].

To simplify notation write

_ 2\—(n+2)/2 71 z, —1
R(z) = (1 + |z|?)~("T2/2K <m>, x €,
and assume the boundary value ¢ belongs to C?(2) and is convex. Let Q(r) =
{z € Q : dist(z,080) > r). For ro > 0 small depending on the geometry of €,
Q(r) is still uniformly convex for r € (0,2rg). For z € Q,,, « can be represented
uniquely by xp + dn(zp), where z, € 09, d = dist(xz,dD), and n(x;) is the unit
inner normal at xp. For a function f defined near 092 we write f(z) = f(xy,d).
The proof of Theorem A relies on the following two lemmas.

LEMMA 1. Suppose there exists a positive function g satisfying (b) of Theo-
rem A such that R(xp,d) < g(d). Then (2) admits a unique generalized solution
uin C(Q) and u= ¢ on 0.

PRroOF. For z = xp, + dn(zp) in Q\Q,, we define

d 0 1/n
o(z) = o(d) = — / ( / g(t)dt) is.
We claim
g der o) = [T 5 gy ea)
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in Q\Q,,, where k;(zy) (i = 1,...,n — 1) are the principal curvatures of 02
at xp.

To prove (7) we first observe that the Monge—Ampére operator is invariant
under a rigid motion. So we can assume x;, is the origin, the positive x,-axis lies
in the inner normal direction, and moreover, the z;-axes (i = 1,...,n — 1) are
the principal directions of 9 at the origin. For the function v(z) = o(d),

v, 0d od , 0%d

al’ian e 8561 a.’Ej + e (9£L'28IJ '

By a direct computation,

d od
:O ':]_,..., _]-7 :17
ox; ! ! Oy,
2 . 2
0°d e i=1....m,

Or;0z; 1—ki(0)d Or;0x,

at = (0,...,0,d). Hence (7) follows.

Now observe that v(z) = const on 99, for r € [0,79]. We can extend v to
Q. so that det V2v =& > 0 in €2,,,. For & small, v is uniformly convex in 2. Let
w(z) = ¢(x) + Av(x). For A large enough we have

det V2w(x) > A" det VZo(z) > g

in 2. This means that w is a subsolution of (2) and (4).

Denote ® by the set of all subsolutions of (2) and (4), and let u(z) =
sup{u(z) : w € ®}. One can easily verify that w is a generalized solution of
(2). Since w € ® we conclude that v = ¢ on S O

LEMMA 2. Suppose that there exists a positive h satisfying (a) of Theorem A
such that h(d) < R(xy,d). Then the solution produced by Lemma 1 satisfies (3).

PRrROOF. For any boundary point xzg we shall assume xy is the origin and
the positive z,-axis is in the inner normal direction. Since ¢ € C%(Q) and
Q is uniformly convex, by adding a linear function to ¢ we may also assume
¢(x0) = maxgu = 0. To prove |Vu(z)| — oo as & — x¢, we introduce a function
v(x) as in the proof of Lemma 1 by

o(z) = o(d) = — /0 ’ ( / " ) dt) s zea\an,

Then |Vuv(z)| — 0o as z — 9Q. Extend v(z) to £, as in the proof of Lemma 1
and then modify v(x) to get a uniformly convex function v(x) € C?(Q) so that
o(x) = v(x) in Q\Q,, />. Then for & > 0 small enough, we have det V*(ev) < f(z)
and ev = 0 > u on 9. By the comparison principle, ev(z) > u(z) in Q. Hence
|[Vu(z)] — o0 as z — xp. O
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We remark that the same line of proof yields a similar result for type III
hypersurfaces. To formulate it we observe that for a type III hypersurface, 2 is
of the form w x R™, where w is a bounded convex domain in R®"~". Near dw
we may write T = (Z1,... ,Zn_m) = Tp + dn(Zp) as before. Then we have

THEOREM D. Let Q = w x R™, where w is a uniformly convez C?-domain
in R"=™. Suppose that ¢ can be extended to Q so that {V2¢(x)} > 5o I for
some positive constant dg, where I is the identity matriz. Suppose moreover

there exist two positive functions h and g satisfying
(a) [;°h(t)dt = oo,
(b) J3° (S g(t) dt)/ ("™ ds < oo,
such that
h(dist(Z,0w)) < f(z) < g(dist(T,0w)), T =Ty + dn(Tp),

near 0. Then there exists a unique solution u of (2)—(4) in C(2) N C%¥(Q).

2. An auxiliary proposition

PROPOSITION. Let Q and Q* be two bounded convexr domains in R™. Sup-
pose f(xz) and g(p) are two positively pinched functions which satisfy

(®) [ r@de= [ g <.
Then there exists a solution, unique up to an additive constant, to the problem
(9) g(Vu)det VZu = f(z) in Q,

(10) Vu maps Q bijectively onto Q.

PRrROOF. In the following proof we shall assume additionally that 2 is a uni-
formly convex C2-domain. This extra condition can be removed by an approxi-
mation argument.

Let fo(z,u) = e f(x), where € > 0 is a positive constant. We consider the
approximation problem

(9)e g(Vu) det V2u = f.(z,u) in Q.
For any € > 0, let ¥, be the set of all subsolutions u of (9). so that
(1) Nu(9) € T,

where N, () is the normal image of u over . It is easy to see that ¥, is not
empty. For any u € U., we have

0] > [N ()] > /Q e () da,
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which, together with (8), implies infg u(z) < 0. From (11) it follows that u(z) <
C*diam(f2), where C* = sup{|z| : x € Q*}. Let u.(z) = sup{u(x) : v € ¥.}.
One easily verifies that u. is a generalized solution of (9).. Since Q* is convex,
by (11) we have N,_(2) C Q*. Extend u. to R" by

ue () = sup{(§, z —y) +uly) : y € Q, £ € Nuly)}

so that N,,_ is well defined on 9. We claim that N,_(Q) = Q*. Indeed, suppose
there exists xg € 02 so that there is a point py € N,_(xo) which lies in the
interior of *. We will construct a subsolution u € ¥, so that u(zg) > u.(xo),
which contradicts the definition of wu.(x).

Without loss of generality we may suppose xq is the origin and 2 is contained
in {z, > 0}. Let

fo=sup{f(x)e*“/g(p) : x € Q, u < C*diam(Q), p € Q*},

and let ¢(x) = u:(0) + po -  be a supporting hyperplane of u.(z) at the origin.
Let

n—1
1 1
w(z) = (z) — 5fOM’Ha? + foM™ Yz, — 0)* + 7 § x?
=1

where § > 0 and M > 1 are respectively small and large constants to be specified
below. Then det V2w = 2" fo in Q. In QN {z,, < §} we have

2
_ n—1 “ . 1/2 n—1
[V — VO 20 oM™ + 23 fai] < O/ 4 6M7 7).

For 6M™ ! small enough, we have Vw(z) C Q* for z € QN {z, < 6}. On
{z,, =0} NQ we have

1 co
w(z) < fa) - SfoM"10 + 27,

where C' depends on the lower bound of the principal curvatures of 9€). Let M
be large enough so that M"¢ > 2C/ fo. We obtain

(12) w(z) < l(x) < ue(zx) on {z, =06} NQ.
On the other hand,
w(0) = £(0) + % FoM™15% > u, (0).

Let w be the component of { € Q : w(x) > u(x)} containing the origin. By (12)
we have w C {z, <} N Q. Set

w(z) ifzrew,
U(I){ () ifwe

ue(z) else.
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Then wu(zx) is a subsolution of (9). with u(0) > wu.(0) so that N,(Q) C Q.
However, this is impossible by the definition of u.. We have proved that (9).,
(10) admits a solution wu.. Integrating (9). over € gives

/*g(p) dpz/ﬂe”f(x) dz.

By virtue of (8), we have infu. < 0 and supu. > 0. Hence there exists a
subsequence of u. which converges uniformly to some function ug in Q. And

ug is a generalized solution of (9) with N,,(Q) C Q*. We claim N,,,(Q) D Q*.
Indeed, let Qf = Q*\ N, (©2). By the definition of a generalized solution we have

/Qf(:r) dx/g*\n; 9(p) dp,

which by (8) implies QF = (). Thus ug is a generalized solution of (9), (10).

If the graph of ug contains a line segment, the endpoints of the segment lie
on the boundary of the graph according to [C1]. In this case the normal image
of up cannot be a convex domain. Hence ug must be strictly convex. By [C3], it
follows that ug € C1T%(Q) and so Vug maps Q bijectively onto Q*.

To show uniqueness suppose there are two solutions w1 and us so that u; = us
at some point and Q1 = {z € Q : u1(x) > uz(x)} is nonempty. By adding a
constant we may suppose the measure of Ny, (21)\ Ny, (1) is positive. On the
other hand, by the definition of generalized solution,

/ oo = [ o) de = / o(p) dp.
Nuy (1) ol Nuy (21)

This is impossible. O

It was Pogorelov [P3] who first proved the existence of a generalized solution
for the above problem. His proof is based on the approximation by polyhedra.
A more recent alternate proof was provided by Caffarelli [C4]. Here we have
presented an elementary proof. The advantage of our proof is that it can also
be used to treat the existence of solutions to the oblique derivative problem for
the Monge—Ampeére equations in all dimensions. Let us consider

(13) det VZu = f(z) in Q,
u(z + Ot) — u(x)
t

(14) Vsu = }in(l) = ¢(x,u) on 012,

where (2 is a uniformly convex domain in R™, 3, ¢ and f are continuous functions
of their arguments with ¢ nonincreasing in u, f > Cy > 0, and

(H1) B(z)-v(z) > Bo > 0 on 0N, where v is the unit outer normal to 052,
(H2) limyy|— oo sign(u)¢(x, u) = —oo uniformly for x € 9Q.
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We say a convex function u is a generalized solution (subsolution, resp.) of
(13), (14) if
det V2u = (>, resp.) f(z)

in Alexandrov’s sense, and
Vgu(z) = (<,resp.) ¢(z,u) on ON).

Let @ be the set of all subsolutions to the problem (13), (14). Let u(x) =
sup{w(z) : w € ®}. Following the proof above one sees that u is a generalized
solution of (13), (14). Note that for a Lipschitz convex function, (14) is well
defined.

It is worthwhile to point out that even when f, ¢, 6 and 992 are C*° smooth,
solutions of (13), (14) may fail to be C? (see [U2]).

3. Type II hypersurfaces over bounded domains
In this section we prove Theorem B.

LEMMA 3. Suppose that R is locally bounded and Q* is a convex domain
satisfying
(15) Q"] = R(z)dzx < 0.
R'n

Then there exists a unique solution u, up to an additive constant, of
(16) det VZu(z) = R(z), z e R",
so that Vu maps R™ bijectively onto 2.

PrROOF. Let Qf = {z € Q* : dist(x,00*) > §}. For k > 1, let ) = By (0)
and dj, > 0 be so that Q5 | = ka R(z) dz. By the above proposition there exists
a solution uy to the problem

det V2u = R(z) in Qy,
Vu maps (2 onto €23, .

Since the Lipschitz constant of u; depends only on 2%, there exists a subsequence
of wy, = uy —ug(0) which converges to a function ug in R™. Obviously ug satisfies
(16) and Ny, (z) C Q* for any x € R™. By (8) we have N, (R") = Q*. As before
by [C1, C3], g is strictly convex and belongs to C\L*(R™). Similar to the proof
of the proposition above we have the uniqueness. O

Notice that when K € C_(S”), the hypersurface X determined by u is in
C?% ([C2)). It is a graph over Q* and |Vu*(x)| — oo as  — 9Q*. But X may
be bounded (such hypersurfaces have been studied by Urbas [U1]). To guarantee
completeness we need (6), which is equivalent to

(17) R(z) > C(1 + |z|?)~(+D/2,
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LEMMA 4. Suppose that R(z) € C2

loc

(S™) satisfies (15) and (17) and Q* is
a uniformly convex C?-domain. Then the hypersurface obtained by Lemma 3 is
complete.

PROOF. For a convex function u we define
Shwo (W) = {2 u(x) < h+u(wo) + Vu(wo) - (x — 20)},

and Sp g, (u) = 5‘S2)x0(u). The subscript xp will be omitted if u attains its
minimum at zg.

We may suppose u(0) = 0 and Vu(0) = 0. To prove Lemma 4 it suffices to
show that for any x # 0,

te - Vu(tz) — u(tz) — oo as t — oo.
We argue by contradiction. Suppose

(18) m= inf lim {tz- Vu(tzx) — utz)} < co.

zEeSn—1t—00

Let G be the graph of u. Let ® be the cone consisting of the rays {\x : A > 0}
which are contained in the convex body bounded by G. Let ® be the boundary
of ®. Then ® can be represented as the graph of a convex affine function ¢ over
R"™. By definition, we have

Sp(é) C Sp(w),  San(d) = ASw(9),

and for any h > 0, 52(¢) is a uniformly convex domain with C?-boundary.
Since u is convex and Vu(x) is bounded, it is easy to see that (18) is equivalent
to

(19) m = lim dist(Sx(¢), Sp(u)) < oo.

h—o0

For any h > 0, let x5, € Sp(u) and y;, € Sp(¢) so that
dist(xp, yn) = dist(Sk(u), Sp(@)).

We may suppose xp/|xp| — xo as h — oo. Then y,/|yn| — xo too. Suppose for
simplicity that xz,/|zn| = (1,0,...,0). Let £;(x) be the tangent hyperplane of
G at xp, and let

D.p ={z e R" :u(z) < lp(x) + ¢},

where € > 0 is chosen as the largest number so that D, j, C R*"N{h/2 < z1 < 2h}.
By (19) we have ¢ — 0 as h — o0. Let w, 5 (z) = u(z) — £ (x) —e. We have
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det VQwE,h = R(z) in D.y, wep =0 ondD.p

and inf w, p, = —¢.

Let F' be the minimum ellipsoid in D, j so that %(F—E) CD.p—a CF-=z,
where T is the center of F. Let T'= A(x — ) be an affine transformation with
det A = 1 so that T'(F') = Bs(0) for some 6 > 0. By the invariance of the Monge—-
Ampere operator under affine transformations and the comparison principle it
follows that

e" > Cinf{R(x) :x € D} - |Dep|*
Let E., = Do N {z1 = h}. By the choice of ¢ and the convexity of D, ) we
have
|D6,h| Z CHn_l(Ee,h)hu

where H"~! denotes the (n — 1)-dimensional Hausdorff measure. We claim that
(20) B,(0) C E.;,  withr > C(he)'/?,
from which it follows that

e" > Cinf{R(z) : x € D, }h"Tte" 1

i.e., inf{R(z): 2z € D} < Ceh™™"1. On the other hand, by the condition (17)
we have inf{R(z) : # € D.} > Ch~"1. This is a contradiction for € > 0 small.

PROOF OF (20). Suppose near the point zp, Sp(u) is represented by
Ty :Qu(%)a %:(an"' 79377,)7

and near the point yp,, Sp(¢) is represented by

1 = 04(2).

Then g, and g4 are concave functions with V,,(0) = V4(0) = 0. By the choice
of zj, and y;, we see that 0,(T) — 04() attains its minimum at Z = 0. Hence
{Z: 04(T) > 04(0) =6} C {Z: 0u,(T) > 0u(0) — 6} for § > 0 small. Note that the
principal radii of the level surface Sy, (¢) are greater than Ch for some C > 0.
We have

B, (0) C {Z: 04(T) > 04(0) — e} with r > C/(he)'/2.

Notice that {Z : 0,(T) > 0,(0) —¢/C} C E. for some C' > 0 depending on
inf{|Vu(z)| : x € Sp(u)}. Hence (20) holds. O
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